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The interaction of light with an atomic sample containing a large number of particles gives rise to many
collective (or cooperative) effects, such as multiple scattering, superradiance, and subradiance, even if the atomic
density is low and the incident optical intensity weak (linear optics regime). Tracing over the degrees of freedom
of the light field, the system can be well described by an effective atomic Hamiltonian, which contains the
light-mediated dipole-dipole interaction between atoms. This long-range interaction is at the origin of the various
collective effects, or of collective excitation modes of the system. Even though an analysis of the eigenvalues and
eigenfunctions of these collective modes does allow distinguishing superradiant modes, for instance, from other
collective modes, this is not sufficient to understand the dynamics of a driven system, as not all collective modes
are significantly populated. Here, we study how the excitation parameters, i.e., the driving field, determines the
population of the collective modes. We investigate in particular the role of the laser detuning from the atomic
transition, and demonstrate a simple relation between the detuning and the steady-state population of the modes.
This relation allows understanding several properties of cooperative scattering, such as why superradiance
and subradiance become independent of the detuning at large enough detuning without vanishing, and why
superradiance, but not subradiance, is suppressed near resonance. We also show that the spatial properties of the
collective modes allow distinguishing diffusive modes, responsible for radiation trapping, from subradiant modes.
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I. INTRODUCTION

Collective effects in light scattering by atomic ensembles
are at the focus of intense research, both theoretically and
experimentally [1]. Recently, the question of light localization
in atomic media has been the subject of several studies based
on an effective Hamiltonian approach [2-9]. From a total
Hamiltonian describing a system of N atoms with at most one
quantum of excitation (one photon), the degrees of freedom of
the light field are traced over to get an effective non-Hermitian
atomic Hamiltonian Hg. In this approach, the eigenmodes
and eigenvalues of H.g are computed and analyzed. However,
these quantities are not direct experimental observables, which
makes the interpretation more difficult, in particular because
the way the initial excitation entered the system is not specified.
In a real experiment, the system is driven or excited by some
external field and the outcome of the experiment depends on
the parameters of this field.

Another, complementary approach has been used re-
cently in the context of single-photon superradiance [10-13]:
coupled-dipole equations (CDEs) [14,15]. This approach is
based on the same effective Hamiltonian, but adding an ex-
ternal driving field is straightforward [16—-18]. This describes
the dynamics of the system in the low-intensity regime of
excitation (linear optics) and allows computing experimental
observables, such as the emission diagram [16,17], collective
line shape and width [19-25], or the temporal dynamics of the
scattered light [12,13,26-28].

The coupled-dipole equations including the external drive
read
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where B; is the amplitude of the single-excited-atom state |i) =
|g---e---g) with |g) (Je)) denoting the ground (excited)
state, A is the detuning of the driving field from the two-level
atomic dipolar transition, Q(r) = —d E(r)/F its complex Rabi
frequency with E(r) the driving electric field, I'y the natural
decay rate for a single excited atoms, and V;;(r;;) is the
dipole-dipole interaction (DDI) between atoms i and j, which
depends on their separation r;;. For simplicity we will consider
only the scalar model of the DDI, which is relevant at low
density. We will also set I'g = 1 and drop it in the following.
The first term of Eq. (1) corresponds to the natural evolution
of the dipoles (oscillation and damping), the second one to the
driving by the external laser, and the last term corresponds to
the DDI interaction.

In the CDEs, the detuning A of the driving field is taken
into account, but all collective effects [1]—the trivial ones
like the refractive index and the beam attenuation, as well
as the nontrivial ones like multiple scattering and super-
and subradiance—come from the DDI term, in which the
detuning does not directly enter. Since many collective effects
obviously depend on the detuning, this can seem puzzling.
Moreover, the long-lived modes discussed in the effective
Hamiltonian approach [5-8] may be given different interpre-
tations depending on the detuning (e.g., radiation trapping
near resonance [29], or subradiance far from resonance [27]),
although the eigenmodes themselves do not depend on the
detuning. Understanding the influence of the detuning is thus
crucial to making the link between the CDE and the effective
Hamiltonian approach.

In this paper, we study the influence of the detuning on
the populations of the collective modes, a quantity that has
been overlooked so far, except in very few works [30,31]. In
Sec. II we derive a simple and intuitive analytical expression
relating the steady-state mode populations and the detuning.
Although the result [Eq. (9)] is well known, we show in Sec.
IIT that it has interesting and nonobvious consequences. In
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particular, it allows us to understand why cooperative effects
such as super- and subradiance become independent of the
detuning at large detuning and why superradiance vanishes
near resonance but not subradiance. Those behaviors are not
intuitive and have already been observed experimentally and
numerically [12,26,27]. We also show that subradiance and
radiation trapping [29] can be attributed to collective modes
with different eigenvalues, an interpretation supported by
an analysis of the spatial properties of the corresponding
eigenmodes. Finally, in Sec. IV, we present a numerical
analysis of the weighted average of the eigenvalues, which
puts in evidence empirical scaling laws.

II. ANALYTICAL RESULT
Let us first write the CDEs [Eq. (1)] in a matrix form,

B=MxB+, (2)
with B =[B1,....0....BN]T, = —i/2 x [Q(r1), . . .,
Qr;), ...,2(ry)]T, and

—1/24iA ... Vin
V2’1 szN
M= 3)
Vi . —=1240A

We note that the detuning A appears as a constant shift of the
imaginary part of the diagonal elements of the coupling matrix
M. As a consequence, it corresponds to a constant shift of all
eigenfrequencies and does not change the eigenvectors. That
is the reason why its influence is not discussed in the effective
Hamiltonian approach [2-9], in which Hey = iAiM(A = 0) is
used, although the correct definition of Hg should in principle
include the detuning [32].

By definition, the eigenvalues A; and eigenvectors Vj
are such that M = VDV~! and D = V'!MV, where D =
diag(A1, ..., Ak, ..., Ay)and V = [V, ..., Vi, .., VN

Many experiments [12,27,29] consist of studying the
dynamics of the system when it relaxes from the steady state to
the ground state after the switch-off of the driving laser. This
dynamics is then given by the natural evolution of each mode,

B() =) axVie' )
k

where the o are the complex coefficients of each mode, as
given by the initial condition. In the case we consider here,
the initial condition corresponds to the steady state reached
when the driving laser is on. Let us call this steady state By.
Obviously,

Bo=-M'Q@=—vVDVH'e=—-vD'ViQ. (3

Let us also project the steady state By on the eigenmodes of
the system, we have

BO = Zaka s (6)
k
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where the coefficients of the decomposition are
Lay]T=V'By. (7)

o=lay,...,a,..

Using the expression (5) above for By, « = —D~!V~!Q, and
we obtain, using the fact that D is diagonal,

o vV'ey P
Qp = — - 5

Ak Ak

®)

where we note Py(S2) the kth coefficient of the decomposition
of  onto the basis made of all V.

This relation is interesting because the weight of each
eigenmode in the steady state appears as the product of
two factors, one purely “geometrical,” V-1, which is the
projection of the driving field on the eigenmodes, independent
of the detuning, and one purely “spectral,” the inverse of the
corresponding eigenvalue, which does depend on the detuning.
Defining the “population” p; = |a|? of the modes, and noting
M = —Tx/2 4+ i Ey, we have

e PP
r2/4+ (E9+ A)

(©))

where E} is the eigenfrequency for A =0 as in the Hef
approach. We recover an intuitive result, which describes a
Lorentzian coupling efficiency to each mode. This Lorentzian
depends on the width of the modes I'y and is shifted by the
detuning A.

Note that this derivation and the result of Egs. (8) and
(9) is a simple example of the more general relations that
exist between the effective Hamiltonian, its related scattering
matrix, and decay rates, which are well known in the context
of open quantum systems [see the reviews [32-35] and,
for instance, Eq. (44) of [32]]. The similarities between
cooperative scattering and the physics of open quantum
systems has started to be discussed only recently [36,37]. Here,
we just aim at discussing the consequences of this result on the
decay of the steady state after the driving laser is switched off,
and in particular the role of the initial detuning of the laser.

III. QUALITATIVE ANALYSIS

To fully understand the consequences of this result, let
us turn to some graphical representations, where we plot
the eigenvalue distribution of the coupling matrix in the
complex plane. The main consequence of Eq. (9) is that the
spectral factor 1/|A,|? favors the modes located near the origin
E,=Ty=0.

In the following, for simplicity, we will focus on the dilute
limit, we thus do not discuss the localization problem [2-9],
and we discard the near-field terms of the DDI, which are
negligible in this limit. Our investigation is thus relevant, for
example, to discuss the difference between subradiance [27]
and radiation trapping [29], or the suppression of superradi-
ance near resonance, as observed in a recent experiment [12].
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In this dilute limit the DDI term is
eik”ij
Vij(rij) = o

ij

rij =|ri —rjl, (10)

where k = 2 /X is the wave vector of the associated atomic
transition.

Still for simplicity, we will also take the electric field E(r)
as a plane wave such that

Q= —%[ei’m,...,e""Zf,...,e""ZN]T. (11)
We draw N random positions for the atoms in a spherical
Gaussian distribution (rms width R) such that the density
varies smoothly, thus avoiding sharp edges responsible for
internal reflection of light [38,39]. We also apply an exclusion
volume kr;; > 3 to avoid pairs of very close atoms responsible
for subradiant and superradiant branches in the complex
plane [3,6,40,41]. These two phenomena are interesting in
themselves but complicate the interpretation, because they
can produce long-lived modes that are related to neither the
collective N-body subradiance nor the diffusion of light. Then
we diagonalize the coupling matrix M and compute the weight
of the different modes using Eq. (9).

A. Influence of detuning

We show in Figs. 1 and 2 the outcome of such a
computation, in which each panel shows the eigenvalue
distribution in the complex plane for a single realization of
the positions. Similar distributions have been studied before
[2-9,40]. It is known that the eigenvalue distribution spreads
from the single-atom limit {E; = A, Iy = 1} as the on-
resonance optical thickness by = 2N /(koR)? increases, first
forming a disk of radius ocy/bg for by < 1, and then deforms
at high by with an accumulation of eigenvalues at small T’y < 1
and a corresponding spreading at high I'y > 1 [40]. This
departure from single-atom physics exists at low density and is
responsible for many collective effects in light scattering [1].
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FIG. 1. Distribution of the eigenvalues A, = —I';/2 + i E; in the
complex plane (for A =0) with the geometrical factor |P;(R2)[?
represented in the color scale. The parameters of the atomic sample
are N = 3000 and kR ~ 26.3, yielding by ~ 8.7 and ppk—> ~ 1072,
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FIG. 2. Same as in Fig. 1 but the color scale now shows the
spectral factor 1/|A;|* (left column) and the populations p; (right
column). The different rows are for different detunings, from top to
bottom A = 0,1,10. Note the different color scale for each panel,
showing that at large detuning, the spectral factor is almost uniform.

Here, we also show the geometrical factor | P, (R)|? (Fig. 1),
the spectral factor 1/|A¢|> (Fig. 2, left column), and the
population of the modes p; (Fig. 2, right column) encoded
in the color scale. The different rows of Fig. 2 are for different
detunings, on resonance A = 0 (first row), slightly detuned
A =1 (second row), and far detuned A = 10 (third row). The
geometrical factor (Fig. 1) does not depend on the detuning.
Here we have chosen a moderately large on-resonance optical
thickness by >~ 9 and a low density pok =3 ~ 1072 (p, is the
peak atomic density). Since the problem is linear, the value of
Q can be chosen at will and we have taken Q = 2/+/N such
that €2 is normalized to unity.

From these figures, several relevant observations can
be made: (1) Only a few modes, mainly selected by the
geometrical factor, have a non-negligible population and thus
contribute to the dynamics of the system. Studying the whole
eigenvalue distribution is thus not directly relevant to the
experiment. In particular, the extreme modes, for example,
the most superradiant ones, whose eigenvalues lie on the
border of the distribution, are not significantly populated.
(2) The geometrical factor favors the short-lived modes, i.e.,
the superradiant modes (I';y > 1). This was expected from
the idea that superradiant modes are more coupled to the
environment than subradiant modes. (3) Far from resonance,
the spectral factor only induces an overall decrease of the
populations and has a negligible effect on the mode selection.
(4) It is very hard, if not impossible, to select any specific
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FIG. 3. Close-up of the populations of the long-lived modes, at
resonance (a) and far from resonance (b). Same parameters as in
Fig. 1.

mode by tuning the driving field frequency. For the A =1
case, for example, one might expect to selectively populate
modes on the left border of the distribution, but that is
actually not the case. The geometrical factor dominates over
the spectral factor. Other strategies, based for instance on the
spatial shaping of the driving field, are needed to selectively
populate targeted modes [42]. (5) The spectral factor has an
important effect only near resonance. It strongly favors the
long-lived modes and thus decreases considerably the relative
population of the superradiant modes. This demonstrates
that superradiance disappears near resonance, as observed in
previous experiments and numerical simulations [12,43].

A closer look on the populations of the long-lived modes
is shown in Fig. 3(a) for the resonant case and in Fig. 3(b)
for the far-detuned case. Even on resonance, only a few
modes are strongly populated, showing that the geometrical
factor still plays an important role. At large detuning, the
long-lived modes that are populated are responsible for
subradiance. These modes are still populated (and even
more) near resonance, showing that the relative weight of
subradiance increases near resonance, as seen experimentally
[27]. Moreover, in addition to the modes strongly populated
at large detuning, additional eigenmodes acquire noticeable
population near resonance, with even longer lifetimes. These
modes are responsible for radiation trapping due to multiple
scattering [29]. This interpretation is validated by an analysis
of the spatial properties of the modes, summarized in Fig. 4
and detailed in the next section.

At large detuning, the effect of the spectral factor on
the relative population of the eigenmodes is negligible and
completely vanishes for A — oo, such that the relative
populations are only given by the geometrical factor | P(2)|?,
which actually means that the steady state By is proportional to
2. This is precisely the timed-Dicke (TD) state approximation,
introduced for single-photon excitation by Scully et al. [10]
and further developed for continuous driving in Refs. [16-18].
Although this state is mainly superradiant, even though not
the largest ['; of the distribution, it also contains subradiant
components [Fig. 3(b)], as recently observed experimentally
[27]. In other words, using a large detuning causes the driving
field to couple weakly, but equally, to all modes having a good
geometrical overlap with the driving field, and it thus reveals a
part of the underlying mode structure, which is independent of
the detuning. The consequence is that the collective dynamics
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after switching off the driving field is still cooperative at very
large detuning, with superradiant and subradiant decay rates
becoming asymptotically independent of the detuning.

B. Spatial properties of the modes

It is also interesting to study the spatial properties of the
collective modes in order to identify their physical meaning.
Two quantities are useful to characterize the mode spatial
properties: the rms size of the modes o} and the participation
ratio (PR), defined as

RP — Zi |Vki|2
Y IVl

which indicates the number of atoms participating significantly
to the mode [5,44]. We represent in Figs. 4(a) and 4(b)
these two quantities in the color scale of the eigenvalue
distribution. We observe three distinctive areas: (i) Near the
single-atom-physics case {E; = 0,I'y = 1}, the modes have a
larger rms size than the Gaussian atomic sample, oy > R, and
a local minimum of the PR. This denotes modes delocalized
at the boundary of the sample. Physically, this situation
corresponds to single scattering (or low-order scattering) on
the edges of the sample, as confirmed by the profile shown
in Fig. 4(c). (ii) For the longest-lived modes (I';y < 1, at
the border of the distribution), the size and the PR are both
small, which means that the modes are not very extended.
As seen in Fig. 4(d), they are located at the center of the
sample. We attribute this behavior to diffusive modes due to
multiple scattering. (iii) In the rest of the complex plane (most
modes), the modes have approximately the same size as the
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FIG. 4. Spatial properties of the collective modes. Same param-
eters are in Fig. 1, but the color scale now shows (a) the rms size
oy of the modes (normalized by the sample size R), and (b) the
participation ratio RY (normalized by the atom number N). We show
in panels (c)—(e) the average over 120 realizations of the excitation
probability (mode intensity divided by atomic density) for atoms
located in a slice |z| < R/S, for each kind of mode, selected by the
following conditions: (c) 0.9 < 'y < 1.1 and —0.1 < E; < 0.1; (d)
'y <0.2;(e) PRy > 0.45.
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sample (o ~ R) and a maximum PR (around N/2). They
correspond to collective and extended modes, with almost
uniform excitation probability across the sample Fig. 4(e).
These modes can exhibit superradiant (I'; > 1) or subradiant
('t < 1or Ty « 1) behavior.

This analysis validates the interpretation given above on the
different nature of the long-lived modes that are populated near
resonance (diffusive modes responsible for radiation trapping
[29]) compared to those excited far from resonance (subradiant
modes).

IV. NUMERICAL STUDY

Many statistical quantities can in principle be computed and
studied from the eigenvalue distribution [2-9,40]. Here we will
focus on quantities that use the information contained in the
populations p;. These quantities, not studied before, are thus
not only related to the properties of the effective Hamiltonian,
but also to the way the system is excited. In particular, they
will depend on the detuning A. They are thus less universal,
but they are more related to experimental observables. One can
thus expect to recover qualitative behaviors similar to what has
been observed in experiments or in numerical simulations of
the CDE:s.

A. Behavior of the weighted averages

Let us now turn to a systematic analysis of the weighted
averages of the eigenfrequencies (or eigenenergies) and decay
rates (or linewidth), defined as

<E)=M and <r)=M, (13)

Zk Pk Zk Pk

We show in Fig. 5 a systematic study of these quantities as
a function of the on-resonance optical thickness by and on
the detuning A. For each by, 120 realizations of the disorder
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We observe that the average eigenenergy is slightly shifted
from A and the shift (E) — A displays a dispersion-like
behavior, which becomes higher and broader as the optical
thickness increases. On the contrary, the average decay rate
(T") exhibits a negative resonance-like structure, which is also
more important at larger by. These behaviors are due to the
spectral factor and can be qualitatively understood as follows.

First, on resonance (A = 0), positive and negative values
of E; compensate so that (E) = 0 after averaging over the
disorder configurations (we remain here in the dilute limit such
that the cooperative Lamb shift is negligible [20-24,45-51]).
The same applies at very large detuning, for which the spectral
factor plays a negligible role on the relative populations. At
intermediate detuning, the spectral factor favors one side of the
eigenvalue distribution, such that (E) departs from A to get
slightly closer to zero [Fig. 2]. The difference (E) — A has thus
an opposite sign from A, which produces a dispersion behavior
for the frequency shift, similar to an effective refractive index.
This effect is more important as the eigenvalue distribution
spreads for increasing by.

Similarly for (I"), at large detuning, the geometrical factor
dominates and we have seen previously that it favors the
superradiant modes, such that (I') > 1, and superradiance
is stronger as by increases. We can actually compute (I")
in the A — oo limit (TD approximation) by replacing the
populations by the geometrical factor in the averaging Eq. (13).
We clearly observe in Fig. 5(c) a linear scaling with by:

bo

TR (14)

(F)A—mo =1+
We note that a similar linear scaling is expected for the
superradiant decay rate of the TD state [12,13,16,52-56].

On resonance, however, the spectral factor favors the long-
lived modes [Fig. 2] and thus (I") drops to values smaller than
unity. Interestingly, we have found [Fig. 5(c)] that the data
follow very closely the empirical relationship

configuration have been used. (Thazo=1— %(l — e h/®y, (15)
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FIG. 5. Study of the weighted averages (E) and (I') [Eq. (13)] as a function of the detuning A and the on-resonance optical thickness by.
(a) The frequency shift (E) — A is plotted as a function of A for different by. (b) (I') is plotted as a function of A for different b. (c) (I') is
plotted as a function of b, for the two extreme cases, A — 0o (red circles) and A = 0 (blue diamonds). The dashed lines correspond to the

empirical relations given in Egs. (14) and (15).
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FIG. 6. Same numerical data as in Figs. 5(a) and 5(b) but
(') — (1 4 by/4) is plotted as a function of b((E)) = by/(1 + 4(E)?)
(log scale). All points collapse on a single curve (dashed line), well
described by Eq. (17) .

which denotes an exponential decrease of (I") with the optical
thickness, with a saturation effect. This is consistent with
the idea that attenuation and multiple scattering suppress
superradiance, as observed in Ref. [12] and in Fig. 2, but the
plane-wave illumination ensures that there is always a large
proportion of single scattering at the borders of the atomic
cloud, and thus a large fraction of modes with I'; ~ 1, such
that (I") o—¢ does not decrease to zero as by increases.

Given the relatively simple behaviors of (I") and (E), one
can wonder whether a more general relationship between
(T'), (E), and by can be found. The limit cases [Eqgs. (14)
and (15)] suggest a route to a more refined scaling law.
Plotting (I') — (1 + bo/24) as a function of the detuning A
exhibits a Lorentzian absorption profile whose depth and width
depends on by. It is thus natural to plot it as a function of
b(A) = by/(1 + 4A2). The points then tend to collapse on
a single curve, but with significant deviations. In fact, b(A)
would be the actual optical thickness at the laser detuning
without cooperativity. To take into account the spreading of
the eigenvalue distribution, it makes sense to replace b(A) by

bo

b((E)) = TEaER

(16)

In that case, all data points collapse almost perfectly on a single
curve (Fig. 6). This curve is well described by

or, in a more compact form, defining b = b((E)),

= 141|220
R G

-1~ e”“)}, (18)

which contains the previous limiting cases. The quality of
the collapse on such a universal curve as seen in Fig. 6 and
expressed by Eq. (18) suggests that it should be possible to
obtain analytical results describing the observed behaviors.
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FIG. 7. Linewidth distribution P(I"y) without weighting (dashed
black line) and with weighting corresponding to the populations py
computed far from resonance (A — 00, solid red line) or at resonance
(A =0, dotted blue line). The parameters of the atomic sample
are N = 5000, kR ~ 27.3 yielding by ~ 13.4, pok=3 ~ 1.55 x 1072,
and we used 120 realizations.

B. Linewidth distribution

Another interesting quantity is the distribution of the
linewidths, P(I";). This distribution has been studied in several
papers [4,6,57,58], but here we include p;, as a weighting factor
of the I'; in the distribution P(Iy), still computed over 120
realizations of the positions.

We show in Fig. 7 the comparison of the distribution P(I';)
without weighting (and thus independent of A), with the
ones computed with weighting corresponding to A — oo and
A =0 (and excitation by a plane wave, as previously). As
expected from the previous discussions, taking into account the
weighting due to the population py increases the probability
density of the short-lived (superradiant) modes far from
resonance and of the long-lived modes near resonance. We
note that this distribution P(I";) has a strong dependance on the
detuning. This suggests that a characterization of the transport
properties of light through resonant two-level systems needs to
go beyond a mere eigenvalues analysis [4], since the transport
properties obviously depend on the detuning. In general, the
distribution P(I'y) depends on the way the system is coupled
to the environment [33,58].

We also note that the linewidth distribution does not allow
us to extract any specific value for the long-lived modes
effectively populated by an external drive, even when taking
into account the weighting function of Eq. (9). Therefore,
we cannot recover the scaling laws that can be observed in
experiments on subradiance [27] or radiation trapping [29],
indicating that the approach presented in this paper is not
sufficient to recover experimentally observed scaling laws.

C. Discussion

We attribute this limitation to the fact that the quantities
studied in this paper (such as the Iy ) are not direct experimental
observables. Indeed, when measuring the light escaping from
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the atomic sample, for example, the total scattered power [41]
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the nonorthogonality of the eigenmodes V; (due to the non-
Hermiticity of the effective Hamiltonian) are at the origin of
oscillating terms [34], which may change the dynamics of
the decay, even after configuration averaging. It is thus not
surprising to find a quantitative difference in the decay rates.
For example, the linear scaling of (I") with by obtained at Eq.
(14) does not have the same slope as what has been found by
studying the decay of the scattered light in the coupled-dipole
model [12,41]. Obtaining analytical results on experimental
observables remains thus an open problem.

In the framework of the effective Hamiltonian approach,
one can also study the spectrum of the Hermitian operator
Im(Her) [59]. In that case, the eigenvalues are directly related
to the probability of returning in the ground state, and thus
correspond to the light escape rates from the sample [60,61].
However, this is only valid when the initial state contains one
excitation but no coherence, and thus does not apply to driven
systems.

V. CONCLUSION

Several properties of cooperative scattering, such as the
enhancement of subradiance and suppression of superradiance

PHYSICAL REVIEW A 95, 053865 (2017)

near resonance [12,27], and the very existence of cooperative
decay at very large detuning, are highly nonintuitive. We have
shown in this paper that they are consequences of the simple
analytical relationship that exists between the population of
the collective modes of the effective Hamiltonian and the
detuning of the driving field [Eq. (9)]. We have also put in
evidence an empirical scaling law on the weighted averages of
the eigenvalues of the effective Hamiltonian, which suggests
the possibility of further analytical results.

In general, statistical properties of the eigenvalues of
the effective Hamiltonian can be efficiently studied using
random matrix theory [40], whereas very few analytical
results have been obtained from the coupled-dipole equation
model [15,54]. The populations of the collective modes and
their dependence on the parameters of the driving field is
an important ingredient bridging the gap between the two
approaches.

We also discussed the spatial properties of the modes and
showed that we can distinguish two kinds of long-lived modes
that can be associated with radiation trapping and subradiance.
Extending this analysis to the high-density case could be useful
to better understand the transition to Anderson localization
[5.6].
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