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We investigate single-photon scattering properties in a one-dimensional waveguide coupled to a quantum
emitter’s chain with dipole-dipole interaction (DDI). The photon transport is extremely sensitive to the location
of the evanescently coupled atoms. The analytical expressions of reflection and transmission amplitudes for the
chain containing two emitters with DDI are deduced by using a real-space Hamiltonian. Two cases, where the
two emitters symmetrically or asymmetrically couple to the waveguide, are discussed in detail. It shows that
the reflection and transmission typical spectra split into two peaks due to the DDI. The Fano minimum in the
spectra can be used to estimate the strength of the DDI. Furthermore, the DDI makes spectra strongly asymmetric
and creates a transmission window in the region where there was zero transmission. The scattering spectra for
the chain consisting of multiple emitters are also given. Our key finding is that DDI can broaden the frequency
bandwidth for high reflection when the chain consists of many emitters.
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I. INTRODUCTION

Strong coupling between photons and atoms plays impor-
tant roles in quantum information processing and quantum
computation. Nanocavities, which can possess ultrasmall
mode volumes, are often used to realize strong coupling [1,2].
Recently, both theoretical [3,4] and experimental [5–15] works
reported strong coupling between the atoms and propagating
photons in a one-dimensional waveguide. Here, strong cou-
pling means that most of the energy from the atoms decays into
the propagating modes of the waveguide. Based on the strong
coupling, the photon scattering properties in a one-dimensional
waveguide have been extensively investigated [16–41] and are
reviewed in Ref. [42]. Many quantum devices, such as single-
photon switching [16–25], routers [36–38], isolation [43],
transistors [35,44,45], frequency comb generators [46], and
single-photon frequency converters [34] have been proposed
or realized. The one-dimensional waveguide can be a photonic
crystal waveguide [14], metal nanowire [5,6], superconducting
microwave transmission lines [10,11], fiber [12], and diamond
waveguides [15]. Atoms and cavities can play the role of
scatterer. The atomic chain is also an important scatterer.
The coupling between a one-dimensional waveguide and an
atomic chain can lead to many interesting phenomena, such as
superradiant decays [14], and changing optical band structure
[47]. It can also be used to realize Bragg mirrors [48,49] and
single-photon isolators [50].

It is well known that if the separation between two atoms is
much smaller than the resonance wavelength, the dipole-dipole
interaction (DDI) can be strong [51]. It has been shown that
the DDI can change the single-photon scattering properties
[52–54]. But in these studies, the two atoms are localized in
one cavity [52,53] or in the same place along the waveguide
[54]. The spatial separation between the two atoms along the
waveguide direction is not involved. However, the separation
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plays an important role in some important phenomena, such as
quantum beats [55], generation entanglement [56–59], single-
photon switching [21], and Bragg mirrors [48,49]. Recently,
Liao et al. investigated the time evolution of emitter excitations
and photon pulses in the one-dimensional waveguide coupled
to multiple emitters with DDI [60]. In this paper, we study
the single-photon scattering properties by using the real-space
Hamiltonian. The analytical expressions for reflection and
transmission amplitudes for the case of two quantum emitters
(QEs) with DDI are given. The single-photon scattering
properties for many QEs with DDI are also exhibited. The
results show that the DDI can significantly affect single-photon
scattering properties.

The structure of this paper is organized as follows. In Sec. II,
we present the model of single-photon transport in a waveguide
coupled to atoms. In Sec. III, we recall the known results for
the case of a single atom. In Sec. IV, we present features of the
two-atom coupling. In Sec. V, we discuss the trend for many
atoms, with conclusions in Sec. VI.

II. MODEL AND HAMILTONIAN

The system considered in this paper is shown in Fig. 1.
N QEs with equal separation L side-couple to a waveguide.
The QEs are modeled as two-level systems with ground state
|g〉 and excited state |e〉. The transition frequency of the QEs
is ωA.

When ωA is much larger than the cutoff frequency ωc of
the waveguide, the dispersion relation of the waveguide near
the resonant frequency can be taken as linear [26]. Then the
Hamiltonian in the real space is given by H = Hf + Hi + Hd ,
with h̄ = 1 [26,56],

Hf = ivg

∫
dx

(
a
†
L(x)

∂aL(x)

∂x
− a

†
R(x)

∂aR(x)

∂x

)

+
N∑

j=1

(ωA − i�
′
0j /2)σ (j )

ee , (1)
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FIG. 1. The system considered in the manuscript. A chain of N

QEs with equal separation L coupled to one-dimensional waveguide.

being the free propagation photon in the waveguide and the
QEs; vg is the group velocity of the photon, and a

†
R(x) [a†

L(x)]
means creation of a right-propagating (left-propagating) pho-
ton at x. σ (j )

ee = |e〉j 〈e|. We have supposed that all the transition
frequencies of the atoms are the same and the energy of the
QE’s ground state is zero. �

′
0j is the energy decay rate into the

nonwaveguide modes, and

Hi =
N∑

j=1

Jj

∫
dx{δ(x − xj )[a†

R(x) + a
†
L(x)]σj + H.c.} (2)

denotes the interaction between the QEs and the waveguide
photon. Jj is the coupling strength between the j th QE and
the waveguide photon. σj = |g〉j 〈e| is the ladder operator for
the j th QE. Finally,

Hd = �i,j

N∑
i,j=1

(σ †
i σj + σ

†
j σi) (3)

describes the DDI. �ij = 3
4�0[( cos x

x3 + sin x
x2 − cos x

x
) +

cos2 θ ( cos x
x

− 3 cos x
x3 − 3 sin x

x2 )] is the DDI strength between
the ith QE and the j th QE [51]. x ≡ ωA

c
|�ri − �rj |.

cos2 θ = ( �p·(�ri−�rj )
|p|·|�ri−�rj | )

2
, where �rj is the location coordinate of

the j th QE and �p is the dipole. We suppose that all the QEs
have the same dipoles and their directions are all in −y. �0 is
the decay rate of QE in free space, which is taken about 7.5
MHz in the following calculations.

Since only one excitation exists in this system, the eigen-
state of H takes the form

|Ek〉 =
∫

dx[φkR(x)a†
R(x) + φkL(x)a†

L(x)]|0,g〉

+
N∑

j=1

e
(j )
k |0,ej 〉, (4)

where Ek = h̄ωk is the eigenvalue of H ; |0,g〉 represents all
the QEs in the ground state and no photon in the system, |0,ej 〉
denotes no photon in the system and the j th QE in the excited
state |e〉 while all other QEs are in the ground state, e

(j )
k is

the probability amplitude of the state |0,ej 〉, and φkR(x) and
φkL(x) are the amplitudes of the fields going to the right and left
in the waveguide. These are continuous except at the positions
of the atoms and thus we write these in the form [26,27]

φkR(x) =

⎧⎪⎨
⎪⎩

eikx, x < 0

tj e
ik(x−jL), (j − 1)L < x < jL

tNeik(x−NL), x > (N − 1)L,

(5)

and

φkL(x) =

⎧⎪⎨
⎪⎩

r1e
−ikx, x < 0

rj+1e
−ik(x−jL), (j − 1)L < x < jL

0, x > (N − 1)L,

(6)

where tj and rj are the coefficients to be determined.
Substituting Eqs. (5) and (6) into the Schrödinger equation
H |Ek〉 = Ek|Ek〉, we obtain [26]

tj e
−ikL − tj−1 + iJj e

(j )
k

vg

= 0, (7a)

rj+1e
ikL − rj − iJj e

(j )
k

vg

= 0, (7b)

tj−1 + rj +
∑j−1

i=1 �j,ie
(i)
k + ∑N

i=j+1 �j,ie
(i)
k

Jj

−
(



(j )
k + i�

′
0j /2

)
e

(j )
k

Jj

= 0, (7c)

where 

(j )
k = ωk − ω

(j )
A . t0 = 1 and rN+1 = 0 are used in the

following calculations. Clearly from Eqs. (5) and (6), the
transmission and reflection coefficients will be t = tNe−ikNL

and r = r1, respectively.

III. SINGLE EMITTERS

Before showing how DDI affects the single-photon scat-
tering properties, we review a single photon scattered by one

FIG. 2. R and T as a function of 
k . The solid blue lines are the
results for single QDs. The dash-dotted red lines denote the results for
a pair of QDs with DDI and the dashed green lines for a pair of QDs
without DDI. In (a) and (b), the two QDs are located at �r1(x,y,z) =
(0, 17 nm, 0) and �r2(x,y,z) = (32.75 nm, 17 nm, 0), respectively,
corresponding to the separation between the two QDs, L = λqd/20.
� = 11.03�0 and �

′
0 = 6.86�0 are used in the calculations. In

(c) and (d), the two QDs are placed at �r1(x,y,z) = (0, 37 nm, 0)
and �r2(x,y,z) = (32.75 nm, 37 nm, 0), respectively. � = 1.06�0

and �
′
0 = 1.26�0. The single QD is located at (0, 17 nm, 0) and

(0, 37 nm, 0) when the solid blue lines are plotted in (a) and (b) and
in (c) and (d), respectively. In the calculations, � = 23.08�0.
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QE first. The single-photon transmission and reflection ampli-
tudes are, respectively, given by [16,37]

t = 
k + i�
′
0/2

i� + 
k + i�
′
0/2

, (8a)

r = −i�

i� + 
k + i�
′
0/2

, (8b)

where 
k = ωk − ωA and � = J 2/vg . Equations (8a) and (8b)
show that reflection probability R ≡ |r|2 reaches the maximum
and transmission probability T ≡ |t |2 reaches the minimum
when 
k = 0.

The solid blue lines in Fig. 2 exhibit the numerical results
T and R with different coupling strengths between the QE and
the photon in the nanowaveguide. In the numerical model, a
semiconductor quantum dot (QD) with resonant wavelength
λqd = 655 nm (transition frequency ωA/(2π ) ≈ 457.7 THz) is
placed near a Ag nanowire, which was realized in experiments

[5]. The radius of the Ag nanowire is 10 nm, and the corre-
sponding wavelength of the propagating surface plasmon (SP),
λsp, is about 211.8 nm [3], which is much shorter than
the resonant wavelength of the QD due to the reduced
group velocity. The spontaneous emission rate �pl into the
propagation surface plasmon modes; the energy loss rate �

′
0,

which consists of radiating into the free space rate �rad; and
the nonradiative emission rate into the Ag nanowire, �nonrad,
are calculated by using the formulas given in Ref. [3].

IV. TWO QUANTUM EMITTERS

A. Symmetric coupling

We now show how the DDI affects the single-photon
scattering properties for the case of a pair of QEs coupling to
the waveguide. First, we discuss the results for the symmetric
coupling (J1 = J2 = J ). From Eqs. (7a)–(7c), one can obtain
the analytical solutions to t and r , which are given by

t = e−ikL{−i�� + ie2ikL�� + eikL[(
k + i�
′
0/2)2 − �2]}

(−1 + e2ikL)�2 + 2i�(
k + i�
′
0/2 + eikL�) + (
k + i�

′
0/2)2 − �2

, (9a)

r = (1 − e2ikL)�2 − i�[(1 + e2ikL)(
k + i�
′
0/2) + 2eikL�]

(−1 + e2ikL)�2 + 2i�(
k + i�
′
0/2 + eikL�) + (
k + i�

′
0/2)2 − �2

, (9b)

where � is the DDI strength between the two QEs. When
� = 0, which means that DDI is not considered, one can obtain

t = (
k + i�
′
0/2)2

(−1 + e2ikL)�2 + 2i�(
k + i�
′
0/2) + (
k + i�

′
0/2)2

,

(10a)

r = (1 − e2ikL)�2 − i�(1 + e2ikL)(
k + i�
′
0/2)

(−1 + e2ikL)�2 + 2i�(
k + i�
′
0/2) + (
k + i�

′
0/2)2

,

(10b)

which is consistent with previous reports [55,61].
Note that we can write the denominator in Eq. (10a) as

(
k + i�′
0

2 + i�)2 + �2e2ikL. The term �2e2ikL arises from
the waveguide-mediated interactions between two QEs even
if the direct DDI is � = 0. Thus, it plays the role of
waveguide-mediated DDI. To show this, if we drop �2e2ikL,
then transmission t (2) for the two-QE case is the square of
the transmission t (1) for the single-QE case. Thus, in the
absence of the �2e2ikL term, the field transmitted by the first
QE is transmitted by the second QE, leading to the result
t (2) = (t (1))2. However, the physics is different. The field
reflected by the second QE affects the first QE by changing
its transmission, which then changes the fields produced by
the second QE. In principle, one has a whole series of such
processes and this just happens to be the physics of DDI. Hence
we refer to the term �2e2ikL as waveguide-mediated DDI. We
have checked that this DDI affects line shapes but does not
produce splitting.

The transmission and reflection spectra for the case of
|�r1 − �r2| = λqd/20 are shown in Fig. 2. Here, kL ≈ 0.31π ,

which is due to the short wavelength of the SP. Without
considering the DDI, the reflection spectrum reaches the
maximum at 
k = 0 and a Fano line shape appears [61].
Compared to the single-QE case, the two-QE spectra display
considerable asymmetries even in the absence of DDI. The
position of the Fano minimum can be estimated from the zero
of the numerator in Eq. (9b). For �

′
0 = 0, it is found to occur

at 
k = 
r min
k = −�(tan kL + �

�
sec kL), which depends on

the strength of the DDI. Clearly, the position of the Fano
minimum can be used to get an estimate of the DDI strength
and this is displayed more clearly in Fig. 3. The distance
between the two dips in Fig. 3 is related to � sec kL. The
Fano line shapes in the reflection spectra are reduced strongly

FIG. 3. Fano shape of the reflection spectrum [the region of
minimum in Fig. 2(a)].
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FIG. 4. Reflection spectra for the two identical QDs with different
decays. In the calculations, � = 11.03�0, L = 32.75 nm, and
� = 23.08�0.

but still exist. Equations (9a) and (9b) also give that the
single-photon reflection spectrum splits into two main peaks
at 
k = 
r max

k = ±
√

2�� sin(kL) + �2 when �
′
0 = 0. These

values give the positions where R = 1, T = 0. Note that 
r max
k

depends on both DDI and kL but the DDI is absolutely essential
for 
r max

k �= 0. These also correspond to the positions of dips in
the transmission spectrum. The differences of the main peaks
of the reflection spectrum in Fig. 2 result from the energy
losses. To show this claim clearly, we present Fig. 4, which
shows that when energy loss is zero, both of the peaks reach
the maximum of one. However, when the energy loss increases
from 3.43�0 to 6.86�0, the difference between the heights of
the two peaks increases from about 0.25 to about 0.31. In
the numerical calculations, we take kL = (ωA + 
k)/vg ≈
2πL/λsp since ωA 	 �0 and 
k [21,26].

Many reports show that single-photon scattering properties
and their applications such as single-photon switching and
generation entanglement are strongly related to the distance
between two QEs. The DDI strength also depends strongly
on the distance between the two QEs. Figure 5(a) shows �

as a function of L for the two QDs with resonant wavelength
λqd = 655 nm. The � decreases from 23.08�0 to 0.28�0 as
L increases from 32.75 to 240 nm. Figures 5(b) and 5(c)
exhibit single-photon reflection spectra for L = 52.95 nm
(corresponding to L = λsp/4, kL = π/2) and L = 105.9 nm
(corresponding to L = λsp/2, kL = π ), respectively. It in-
dicates that DDI can play significant roles even though the
separation between the two QDs reaches L = λsp/4. However,
when the distance increases to L = λsp/2, the influence of DDI
can be neglected; i.e., the numerical results with and without
DDI are almost indistinguishable but not identical.

It is necessary to point out that spatial separation between
the two QDs along the waveguide direction plays an important
role in splitting the reflection spectrum. There are special
cases when the DDI yields a shift in spectrum rather than
splitting. This happens when the numerator and denominator

FIG. 5. (a) DDI strength as a function of the distance L be-
tween the two QDs, i.e., dots located at (x,y,z) and (x + L,y,z).
Single-photon reflection spectra for the case of (b) L = λsp/4 =
52.95 nm and (c) L = λsp/2 = 105.9 nm. In (b), �r1(x,y,z) =
(0,17 nm, 0), �r2(x,y,z) = (52.95 nm, 17 nm, 0), and � = 5.12�0.
In (c) �r1(x,y,z) = (0, 17 nm, 0), �r2(x,y,z) = (105.9 nm, 17 nm, 0),
and � = 0.61�0. In both (b) and (c), � = 11.03�0 and �

′
0 = 6.86�0.

share a common zero. As an example if kL = 0, which can be
realized, for example, for the two QDs located at �r1(x,y,z) =
(0,0,37 nm) and �r2(x,y,z) = (0,37 nm,0), respectively,
then t = (
k − � + i�

′
0/2)/[(
k − � + i�

′
0/2) + 2i�], and

r = −2i�/[(
k − � + i�
′
0/2) + 2i�]. The collective behav-

ior is still present as the effective linewidth parameter is
changed from � to 2�. There is no splitting in the reflection
spectrum but the location of the peak in the reflection spectrum
shifts to ωk = ωA + �. A similar result is obtained for kL =
π ; one needs to replace � by −�. Thus, the relative phase
factor kL produced by the propagation of the light from QE
1 and to QE 2 is important in the transport of light through a
waveguide coupled to QEs.

B. Asymmetric coupling

We now discuss the single-photon scattering with asym-
metric coupling. If the distances between the surface of the
nanowire and the two QDs are different, then the coupling
strengths J1 �= J2. From Eqs. (7a)–(7c), one can get

t = e−ikL
{ − i

√
�1�2� + ie2ikL

√
�1�2� + eikL

(
δ

(1)
k δ

(2)
k − �2

)}
(−1 + e2ikL)�1�2 + i

(
�1δ

(2)
k + �2δ

(1)
k

) + 2ieikL
√

�1�2� + δ
(1)
k δ

(2)
k − �2

, (11a)
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r = (1 − e2ikL)�1�2 − ie2ikL�2δ
(1)
k − i�1δ

(2)
k − 2ieikL

√
�1�2�

(−1 + e2ikL)�1�2 + i
(
�1δ

(2)
k + �2δ

(1)
k

) + 2ieikL
√

�1�2� + δ
(1)
k δ

(2)
k − �2

, (11b)

where �j = J 2
j /vg , δj = 
k + i�

′
0j /2 (j = 1,2). Equations

(11a) and (11b) indicate that when 
2
k = √

�1�2� sin(kL) +
�2 is satisfied, T = 0 and R = 1 if �

′
0j = 0. Furthermore, if

L = 0, which can be realized for the two QDs with the same
location coordinates x,z but different y, the condition changes
to be 
2

k = �2. This means that the distance between the two
peaks in the reflection spectrum is dependent not only on the
coupling strength via � but also on �. However, if � = 0,
Eqs. (11a) and (11b) degenerate into

t = δ
(1)
k δ

(2)
k

(−1 + e2ikL)�1�2 + i
(
�1δ

(2)
k + �2δ

(1)
k

) + δ
(1)
k δ

(2)
k

,

(12a)

r = (1 − e2ikL)�1�2 − ie2ikL�2δ
(1)
k − i�1δ

(2)
k

(−1 + e2ikL)�1�2 + i
(
�1δ

(2)
k + �2δ

(1)
k

) + δ
(1)
k δ

(2)
k

.

(12b)

There is no splitting in the reflection spectrum. Figure 6 shows
R and T as a function of 
k for asymmetric coupling. Both
the cases kL �= 0 and kL = 0 are shown. It exhibits clearly
that the DDI splits the reflection and transmission spectrum.

V. MULTIPLE QUANTUM EMITTERS

If one QE couples to the waveguide, only the photon with
frequency equal to the transition frequency of the QE reflects
perfectly. Based on the coupled-resonator waveguide, Chang

FIG. 6. The single-photon reflection and transmission spectra
for the two QDs placed in different locations. In (a) and (b),
and �r2(x,y,z) = (20 nm, 37 nm, 0), corresponding to kL = 0.19π .
�1 = 11.03�0 and �

′
01 = 6.86�0, �2 = 1.06�0, �

′
02 = 1.26�0,

and � = −20.79�0. In (c) and (d), �r1(x,y,z) = (0, 17 nm, 0)
and �r2(x,y,z) = (0, 49.75 nm, 0), corresponding to kL = 0.
�1 = 11.03�0 and �

′
01 = 6.86�0, �2 = 0.33�0, �

′
02 = 1.12�0, and

� = −50.71�0.

et al. proposed using many atoms individually in the resonators
to realize perfect reflection of a single photon in a wide band
of frequency [62]. Here, we exhibit that the DDI can broaden
the bandwidth. Figure 7 shows the single-photon reflection
spectra where five QDs couple to the Ag nanowire. The
separations between the two neighboring QDs are 32.75 nm
[Figs. 7(a) and 7(b)], 52.95 nm [Figs. 7(c) and 7(d)], and
105.9 nm [Figs. 7(e) and 7(f)], where the distance-dependent
� is considered, which can be found in Fig. 5(a). In Fig. 7(a),
the width is broadened by about 2.5 times that without DDI.
Furthermore, the maximum of the peak in the reflection spectra
is also enhanced. Figure 6(c) shows that the bandwidth of the
reflection spectrum is broadened and the peak is increased
even though L reaches λsp/4(kL = π/2). However, if L

further increases to λsp/2(kL = π ), the numerical results with
and without DDI are almost indistinguishable, as shown in
Fig. 7(e).

To exhibit how DDI broadens reflection spectra clearly, we
present R as a function of 
k and kL with and without DDI in
Fig. 8. When kL ≈ 0.31π , � is about 23.08�0. It can affect the
scattering spectrum strongly, as we discussed above. It shows

FIG. 7. The single-photon reflection and transmission spectra for
the case of five QDs coupled to the nanowire. The separations between
two neighboring QDs along the x direction are (a), (b) λqd/20 =
32.75 nm, (c), (d) λsp/4 = 52.95 nm, and (e), (f) λsp/2 = 105.9 nm.
In the calculations, � = 11.03�0 and �

′
0 = 6.86�0. The DDI coupling

for each pair has been calculated using Fig. 5(a). As an example, in
(a), the coupling between the first and second is 23.08�0 and between
the first and third is 2.60�0.
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FIG. 8. The single-photon reflection spectra as a function of 
k

and kL (a) with and (b) without DDI. In the calculations, � = 11.03�0

and �
′
0 = 6.86�0. The DDI coupling was calculated using Fig. 5(a).

that the red region in the direction of 
k in Fig. 8(a) is much
larger than in Fig. 8(b). However, when kL increases to more
than π , the influence of DDI can be neglected; then there is no
obvious difference between Figs. 8(a) and 8(b).

VI. CONCLUSIONS

In summary, we have investigated single-photon scattering
properties in a one-dimensional waveguide coupled to an array
of QEs with DDI by using a real-space Hamiltonian. For
the case of the chain consisting of two QEs with symmetric
coupling, the reflection spectrum splits into two peaks due
to the DDI; however, the splitting depends on both the DDI

coupling and the spatial separation between the two QEs
along the photon propagation direction in waveguide. The
spectra also display the Fano interference minimum. With two
QEs, there are new pathways which lead to transmission and
reflection. For example, a new pathway will consist of the
radiation, after being scattered by QE1, interacting with QE2;
the scattered radiation from QE2 interacts back with QE1.
Thus, the transmitted wave has an additional contribution from
this pathway. The new pathways result in a Fano minimum. For
both symmetric and asymmetric couplings, the DDI can induce
reflection spectrum splitting. The distance between the two
peaks in the reflection spectrum depends on the DDI strength
strongly in both symmetric and asymmetrical coupling cases.
DDI can also broaden the frequency bandwidth of the high
reflection probability of a single photon when many QEs
couple to the waveguide. Our results may find applications
in design of single-photon devices and quantum-information
processing.
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