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Decomposition of split-step quantum walks for simulating Majorana modes and edge states
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We construct a decomposition procedure for converting split-step quantum walks into ordinary quantum walks
with alternating coins, and we show that this decomposition enables a feasible linear optical realization of
split-step quantum walks by eliminating quantum-control requirements. As salient applications, we show how
our scheme will simulate Majorana modes and edge states.
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I. INTRODUCTION

Topologically ordered quantum states demonstrate many
interesting properties such as fractional statistics, spin liquids,
and robust ground-state degeneracy, which are the basis of
topological and fault-tolerant quantum computation [1–14].
One-dimensional discrete time quantum walks and their
one- and two-dimensional generalizations called split-step
quantum walk (SSQW) exhibit a rich class of topological
phases and exotic phases such as Majorana modes and edge
states [15–22]. We present a procedure to decompose one-
and two-dimensional SSQWs into ordinary one-dimensional
quantum walks (OQWs) with alternating coins. Using this
decomposition we propose simple implementation schemes to
realize one- and two-dimensional SSQWs in the linear optical
setup.

The interface of two distinct topological phases can host
topologically protected bounded states such as Majorana
modes and edge states [6,15,22,23]. Majorana modes [23] are
quasiparticles which are their own antiparticles and the edge
states are the low energy conducting states which exist on the
surface (or the edges) of an insulating material [10,24,25].
Edge states have been used to understand topological in-
sulators and the Hawking radiations in black holes [26,27].
Discrete time quantum walks provide controllable platforms
to simulate and manipulate these exotic phases [15–21].

The OQW and the SSQW exhibit a large class of topological
phases, the Majorana modes and the edge states [15,17,22].
Despite these advantages, the two-dimensional SSQW has
never been implemented, whereas the realization of the one-
dimensional SSQW was reported only in Ref. [28]. This is
partly due to the difficulty in implementing quantum walks in
more than one dimension in a controllable way and partly due
to an inadequate understanding of the SSQW.
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In this article, we show that in spite of having very different
propagators, the one- and the two-dimensional SSQWs and
the OQW are closely related; each step of the one-dimensional
SSQW can be decomposed into two steps of the OQW with
alternating coin-flip operations. Similarly, every step of the
two-dimensional SSQW can be decomposed into two steps
of one-dimensional SSQW performed over two independent
degrees of freedom in sequence with the same coin.

The decomposition of the SSQW in terms of the OQW pre-
sented here yields a direct relation between the Hamiltonian of
the OQW and the Hamiltonian for the SSQW. This decompo-
sition shows that the SSQW can be thought of as a special case
of alternate quantum walks [29–31]. It also paves the way to
simulate more complicated Hamiltonians using only the OQW.
Furthermore, it enables simple schemes to implement com-
plicated quantum walks on any accessible systems. Using our
decompositions we present implementation schemes to realize
one- and two-dimensional SSQWs using a linear optical setup.

In our scheme, the one-dimensional quantum walk is
performed over the orbital angular momentum (OAM) states of
a single photon (or a light pulse), whereas we use the time-bins
along with the OAM of light to realize two-dimensional
SSQWs. The polarization of light serves as the coin in our
scheme. The proposed setup requires a simple combination of
wave plates, q-plate, polarizing beam splitters, and mirrors,
and a ring interferometer is used to implement progressive
steps in the walk.

Since both classical light pulses as well as single photons
can possess the OAM and the time-bin degrees of freedom
(DoFs), and the proposed setup for the implementation consists
of only linear optical elements, our scheme works equally
well for single photons and classical light pulses. Simulating
quantum protocols with classical light offers advantages over
the single photons such as noninvasive and real-time mea-
surements, which is not possible with single photons [32–34].
Furthermore, classical light is robust against losses and easy
to produce. Our scheme is capable of simulating the Majorana
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modes and the edge states with classical light, and the setup
size does not increase with increasing number of steps in the
walk, as was the case in the earlier implementation [28]. This
is the first scheme where the realization of such exotic modes
in two dimensions is addressed.

The article is organized as follows: In Sec. II we describe
the one- and two-dimensional SSQWs, and the topological
properties of the underlying Hamiltonians. Section III deals
with the decomposition of SSQWs into OQWs. In Sec. IV
we present our implementation schemes and the methods to
simulate the Majorana modes and the edge states. We conclude
in Sec. V.

II. BACKGROUND

In this section, we present the relevant background of the
OQW and SSQW, and the topological nature of these quantum
walks.

A. Ordinary and split-step quantum walk

We start with the OQW where the coin-flip operator Cθ and
the conditional propagator S are

Cθ ≡ C(θ ) = cos θ1 − i sin θσy, (1)

S = F ⊗ | ↑〉〈↑ | + F † ⊗ | ↓〉〈↓ |. (2)

Here, {| ↑〉,| ↓〉} are the two orthogonal states in the coin
space, {|x〉,x ∈ Z} are the position states of the walker such
that F = ∑

x |x + 1〉 〈x| is the forward propagator, and σy is
the Pauli spin matrix along the y axis. The coin parameter
θ ∈ (−π,π ].

Repeated action of the propagator Z(θ ),

Z(θ ) = (1 ⊗ Cθ )S, (3)

on the states of the walker results in the quantum walk
evolution. Note that the operator Z̄(θ ) = S(1 ⊗ Cθ ) also yields
the same quantum walk dynamics as the propagator Z(θ ) for
different initial states which are related to each other by the
unitary operator S. Thus, the two operators, Z(θ ) and Z̄(θ ), are
equivalent. We shall call it the cyclic property of the quantum
walk propagator.

In a one-dimensional SSQW [15] the conditional propaga-
tor S (2) is divided into the left propagator T− and the right
propagator T+ which are separated by a coin-flip operation Cθ .
Thus, the new quantum walk propagator reads

Zss(θ1,θ2) = (1 ⊗ Cθ1 )T−(1 ⊗ Cθ2 )T+ ≡ (1 ⊗ Cθ1 )Tθ2 , (4)

where

T+ = F ⊗ |↑〉 〈↑| + 1 ⊗ |↓〉 〈↓| , (5)

T− = 1 ⊗ |↑〉 〈↑| + F † ⊗ |↓〉 〈↓| , (6)

Tθ2 = T−(1 ⊗ Cθ2 )T+. (7)

The propagator Z2D(θ1,θ2) for the two-dimensional analog
of a SSQW on a triangular lattice consists of three conditional
propagators Si applied in series, separated by the coin

S2 S3

S1

FIG. 1. Schematics representation of two-dimensional SSQW on
a triangular lattice. Here we show the directions of the conditional
propagators S1 and S2 defined in Eqs. (9) and (10), and S3 = S1S2.

operations Cθ [15],

Z2D(θ1,θ2) = S3Cθ1S2Cθ2S1Cθ1 , (8)

where (see Fig. 1)

S1 = (F ⊗ 1) ⊗ | ↑〉〈↑ | + (F † ⊗ 1) ⊗ | ↓〉〈↓ |, (9)

S2 = (1 ⊗ F ) ⊗ | ↑〉〈↑ | + (1 ⊗ F †) ⊗ | ↓〉〈↓ | (10)

are the conditional propagators on the two principal axes in
the triangular lattice and S3 = S1S2. The coin operator Cθi

=
1 ⊗ 1 ⊗ Cθi

.

B. Topological phases in quantum walk

The OQW (3) exhibits two distinct topological phases
which can be characterized by the sign of the parameter
θ [15,17]. The interface of these two topological phases
supports two bound states corresponding to (quasi-) energy
E = 0,π [15,17,22]. The underlying Hamiltonian of this
dynamics possesses the particle-hole symmetry which implies
that creating a particle with energy E is equivalent to
annihilating a hole with energy −E. Since the two bound
states in the quantum walk satisfy E = −E, the creation and
the annihilation operators for these states are the same. Thus,
the corresponding modes are the Majorana modes [22].

Both one- and two-dimensional SSQWs exhibit topological
phases in the parameter space of θ1,θ2. Moreover, choosing
site-dependent θ2 while keeping θ1 uniform over the lattice can
result in a boundary such that we observe different topological
phases on both sides of the boundary. Such boundaries support
topologically protected bound states in the one-dimensional
SSQW and edge states in the two-dimensional case [15].

Although SSQWs are known to simulate a large class
of topological phases, schemes to implement these quantum
walks in a controllable manner are not known. In the next
section, we present a procedure for converting the SSQW into
the OQW.

III. DECOMPOSING SSQW

In this section, we present the decomposition procedure for
a single step of the one- and the two-dimensional SSQWs in
terms of OQWs. First, we decompose each step of the one-
dimensional SSQW into two steps of an OQW with different
coin operators (Sec. III A), and then we decompose the two-
dimensional SSQW in terms of two one-dimensional SSQWs
being performed on two different degrees of freedom or two
different lattices (Sec. III B).
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A. Decomposing one-dimensional SSQW

Here, we show that a single step of the one-dimensional
SSQW is isomorphic to two steps of the OQW. This isomor-
phism can be established easily by replacing the left and right
propagators T− and T+ in Eqs. (5) and (6) by T 2

− and T 2
+. Thus,

the new one-dimensional SSQW propagator reads

Z̃ss(θ1,θ2) = (
1 ⊗ Cθ1

)
T 2

−
(
1 ⊗ Cθ2

)
T 2

+. (11)

Qualitatively, there is no difference between the propagator
Zss(θ1,θ2) (4) and the propagator Z̃ss(θ1,θ2) (11). The only
difference is in the former one, in which the walker jumps on
the neighboring sites and in the latter one the walker skips one
site in every jump.

Since the one-dimensional SSQW is translation invariant,
we can write

Z̃ss(θ1,θ2) = −→
T Z̃ss(θ1,θ2)

←−
T

= (
1 ⊗ Cθ1

)−→
T T 2

−
(
1 ⊗ Cθ2

)←−
T T 2

+
= Z(θ2)Z(θ1). (12)

Here the coin-independent translation operators
−→
T = ←−

T † =
F ⊗ 1 commute with T̃± operators. The operator S = −→

T T 2
− =←−

T T 2
+ is the conditional shift operator (2). Thus, the one-

dimensional SSQW operator can be decomposed into two steps
of the OQW propagators with alternating coin operators Cθ1

and Cθ2 . In other words, we can perform the one-dimensional
SSQW on a lattice which consists of only the even- (or the
odd-) numbered lattice sites by performing two steps of the
OQW with alternatively changing coin operators.

B. Decomposing two-dimensional SSQW

A decomposition similar to (12) can also be obtained for the
two-dimensional SSQW propagator Z2D(θ1,θ2) (8) in terms of
two one-dimensional SSQWs performed on independent one-
dimensional lattices. Using the definitions (9), (10), S3 = S1S2,
and the cyclic property of the quantum walk propagators we
can simplify the propagator Z2D(θ1,θ2) as

Z2D(θ1,θ2) = S2Cθ1S2Cθ2S1Cθ1S1 (13)

= Z(2)
ss (0,θ1)Z(1)

ss (θ2,θ1), (14)

where we have used the definition of the OQW propagator
Z(θ ) (3) and the decomposition (12). Here the superscript
(i) ∈ {(1),(2)} denotes the DoF the operator is acting on.
Equation (14) clearly shows that the two-dimensional SSQW
on a triangular lattice can be decomposed into two one-
dimensional SSQWs performed in series on two different
DoFs.

One of the advantages of the decompositions (12)
and (14) is that now we can write the Hamiltonian Hss =
i ln[Zss(θ1,θ2)] and H2Dss = i ln[Z2D(θ1,θ2)] which govern
the dynamics in one- and two-dimensional SSQWs as a
function of the Hamiltonian Hθ = i ln[Z(θ )] of OQWs (see
Appendix). Hence, these decompositions offer an alternative
way to express complicated Hamiltonians in terms of simple,
well-understood one-dimensional quantum walk Hamiltoni-
ans.

So far, we have shown a procedure to express one- and
two-dimensional SSQWs using only OQWs on different DoFs

or on different one-dimensional lattices. In the following, we
present optical implementation schemes to simulate a SSQW
in the OAM and the time-bin space of light. We also propose
methods to simulate Majorana modes, edge states, and the
topologically protected bound states in these systems.

IV. OPTICAL IMPLEMENTATION SCHEMES FOR SSQW

Here we present optical implementation schemes to simu-
late the one- and the two-dimensional SSQWs. We also present
a scheme to simulate the exotic phases such as Majorana
modes and edge states. The schemes presented here are based
on the decompositions constructed in the previous section,
which make use of the one-dimensional OQW. Hence, our
implementation scheme for a SSQW uses earlier schemes for
OQWs [34–39].

This section is organized as follows: In Sec. IV A we
detail the implementation of the one-dimensional SSQW in
OAM and in time-bins space. The implementation scheme
for the two-dimensional SSQW is presented in Sec. IV B.
Section IV C contains the method to simulate Majorana modes
and edge states in optical systems.

A. One-dimensional SSQW

The one-dimensional SSQW propagator Zss (4) in the OAM
space of light can be implemented by two propagators Z(θ1)
and Z(θ2) in series (12). To implement the OQW propagator
Z(θ ) in the OAM space we can use the scheme presented
in [34]. In this scheme, the OAM states {|�〉 ,� ∈ Z} represent
the lattice sites and the right- (|R〉) and the left-handed
(|L〉) circular polarization states of light represent the two
orthogonal states of the coin [34]. The coin-flip operator Cθ is
realized using the Simon-Mukunda polarization (SMP) gadget
which consists of a combination of two half-wave plates and
two quarter-wave plates mounted in series [40]. By rotating
the wave plates one can realize an arbitrary SU(2) rotation in
the polarization states of light.

The conditional propagator S (2) in this scheme is realized
by a combination of a half-wave plate and an optical device
called q plate. The q plate is a linear optical device which cou-
ples the OAM of light with its polarization. It is a birefringent
plate made of a thin liquid crystal film sandwiched between
glass substrates with a phase retardation δ. Its inhomogeneous
birefringence optical axis is distributed in space according to
a singular pattern characterized by the topological charge q

which is the nematic-order defect exhibited in the center of the
plate. Here q can be an integer or half-integer number [41,42].
The action of the q plate on the state of a light beam can be
represented by the operator Q

(q)
δ as

Q
(q)
δ = cos δ1 − i sin δ(F2q ⊗ |L〉 〈R| + F

†
2q ⊗ |R〉 〈L|),

(15)

where F2q = ∑
� |� + 2q〉 〈�| represents the forward shift

operator in the OAM of light. The phase retardation δ of
the q plate can be controlled by applying an external electric
potential [41,43,44] and can take any value between 0 and π .

The conditional propagator S (2) is realized by setting q =
1/2 and δ = π/2 [41,43,44]. Thus, concatenating an SMP
gadget, a q plate, and a half-wave plate we can realize the
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OQW propagator Z(θ ) (3) which can perform a single step of
quantum walk on the OAM of light. Placing two such setups
in series in a ring interferometer, one can simulate the one-
dimensional SSQW.

The one-dimensional SSQW in the time-bins space of light
can be performed using the scheme presented in [35,36]. In this
scheme, the time-bins form the one-dimensional lattice and the
polarization serves as the coin. The conditional propagator
S (2) is realized by splitting the incoming light pulse (or
single photon) into two spatial modes using a polarizing beam
splitter and introducing different optical paths in the two spatial
modes. The SMP gadget is used as the coin operator Cθ . Thus,
a single step of the OQW is performed by introducing different
delays corresponding to the different orthogonal polarization
states of light followed by an SMP gadget. Repeating this
process twice with different SMP gadgets corresponding to
the parameter θ1 and θ2 results in the one-dimensional SSQW.

Although the relation (12) between the SSQWs and the
OQW makes the implementation of the one-dimensional
SSQW feasible in almost any quantum system, a much-
simplified scheme can be achieved while realizing the quantum
walk in the OAM space. To see this, we recall the SSQW
propagator Zss(θ1,θ2) (4) which contains an effective shift
operator Tθ (7) and a coin-flip operator Cθ . The operator Tθ can
be realized using only a q plate and wave plates by choosing
the phase retardation δ = π/2 − θ and q = 1/2 for the q plate;
the operator Q

(q)
δ (see Appendix) reads

Q
(1/2)
δ = −i(1 ⊗ σx)[cos θS + i sin θ (1 ⊗ σx)]. (16)

Clearly, by redefining the coin-flip operator Cθ1 in the SSQW
propagator Zss(θ1,θ2) in the following manner,

C̃θ1 = e−i πσz/4Cθ1σxe
i πσz/4, (17)

which can be realized by an SMP device, we can realize the
SSQW using a single q plate and a single SMP gadget instead
of using two of each as was done in the previous scheme.

A similar scheme was implemented by Cardano et al.
in [39] with a different coin operation. Although they also
showed the topological order in their experiment, it was not
clear if their experiment yielded the one-dimensional SSQW
presented in [15]. From our discussion, this question is now
settled.

Next, we present an implementation scheme to perform
two-dimensional SSQWs on the triangular lattice.

B. Two-dimensional SSQW

In this scheme, we use both the OAM and the time-
bins to perform two-dimensional SSQWs. We choose these
DoFs because these are one of the most favored DoFs of
light to perform quantum walks [34–39]. A sketch of our
implementation scheme is presented in Fig. 2.

Here OAM is used as the first principal axis and time-
bins are used as the second principal axis in the triangular
lattice. Therefore, S1 represents the conditional propagator on
OAM and S2 on time-bins. In order to realize the Z(1)

ss (θ2,θ1) in
Eq. (14) we use the q plate and an SMP device as was done in
the one-dimensional SSQW in OAM space. The Z(2)

ss (0,θ1) =
S2Cθ1S2 operation in the quantum walk is performed over the

PBS PBS PBS PBS

S2 S2

Cθ1

Z
(1)
ss (θ2, θ1)

B

FIG. 2. Optical implementation scheme for the two-dimensional
SSQW based on Eq. (14). Here the operator Z(1)

ss (θ2,θ1) is performed
over the OAM of light (lower part of the ring interferometer) and the
operator Z(2)

ss (0,θ1) is performed over the time-bins. In this scheme,
the incoming light enters the setup through the beam splitter B which
has a very high reflectance (r ≈ 1) (bottom left corner). The light
entering the setup is first transformed by a combination of an SMP
gadget and a phase-retarded q plate and then by two time-shift loops
which are separated by an SMP gadget. The time-shift loops are
realized by sorting the two orthogonal polarization components of
light [using polarizing beam splitters (PBS)] in different spatial modes
with unequal path lengths which can be achieved by multimode
optical fibers. One step of the two-dimensional SSQW is completed
upon completion of a full circle in the setup. Upon returning to the
beam splitter B a small fraction of the light will pass through the beam
splitter and the rest will be reflected back in the setup. The transmitted
part of the light can be used to perform real-time measurements on
the OAM and the time-bins.

time-bins space of light, as discussed earlier. The details of the
scheme can be found in the caption of Fig. 2.

C. Simulating Majorana modes and edge states

To simulate the topologically protected bound states in
quantum walks we need to create a boundary with two
distinct topological phases on either side by assigning position-
dependent values to the coin parameter θ . It is often hard to
realize such coin operator. Here we propose a simple linear
optical device, a generalized SMP gadget, which can be used
to realize two different values of θ for different sections of the
OAM lattice.

A light beam having the OAM proportional to the value
�h̄ has a ring-shaped intensity distribution with radius r�

max of
maximum intensity given by

r�
max = w(z)

√
|�|
2

, (18)

i.e., the radius of the ring is proportional to the square root
of the absolute value of � of the OAM mode [45]. Here w(z)
is the width of the laser beam at the position z. Therefore, an
SMP gadget with wave plates of radius r� = (r�

max + r�+1
max )/2

will cause rotations only for the polarization states of the OAM
modes between −� and �. The rest of the modes will remain
unchanged.

A generalized SMP gadget consists of two coaxial SMP
gadgets, one with radius r� and the other, annular shaped, with
inner radius r� and large outer radius (see Fig. 3). Since the
two SMP gadgets used here are independent of each other,
they can be set to realize Cθ and Cθ ′ coin operations which
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θ

θ′

→ →

�

θ

FIG. 3. Generalized SMP gadget. A generalized SMP gadget is
realized by coaxial placement of two SMP gadgets containing wave
plates of different radii. The radius r� of the smaller SMP gadget
is chosen such that it affects only the polarization states of light
corresponding to the OAM modes between −� and �. The rest of the
polarization is transformed by the larger SMP gadget.

result in different coin operations on different sections of the
OAM lattice.

Using the generalized SMP device, different values of
the parameters θ and θ ′ can be chosen which correspond to
distinct topological phases, thus making a boundary which
supports bound states. In one-dimensional SSQWs, if initially
the walker is localized at the boundary, it remains localized
with large probability. These bound states correspond to
Majorana modes. Since the two-dimensional SSQW can be
decomposed into two one-dimensional SSQWs and we need
the boundary only in one direction, we can use the same
generalized SMP gadget to simulate the edge states in two-
dimensional SSQWs. These bounded states can be observed
as partially localized states, i.e., localized in the OAM space
but spreading in the time-bin space. Both Majorana modes
and topologically protected edge states are robust against
environmental interactions.

Although the generalized SMP gadget provides a sharp
transition in the value of the parameter θ , it may not be sharp
on the OAM lattice. This is because the radius of the intensity
ring for a given OAM mode � is not sharp. This may cause
an aberration in the bound states if the parameter θ varies
slightly across the boundary. However, if the two distinct
topological phases require well-separated values of θ across
the boundary, we will observe topologically protected bound
states.

V. CONCLUSION

To conclude, we have presented schemes to realize SSQWs
on one- and two-dimensional lattices in optical systems. We
have used the OAM and time-bin DoFs for our schemes. The
key finding in this article which made these implementations
feasible is the decomposition of SSQW in terms of OQWs.
We have shown that a single step in a one-dimensional SSQW
as defined in [15] is nothing but two steps of the OQW with
alternating coins. Similarly, a two-dimensional SSQW (on a
triangular lattice) can be decomposed as two one-dimensional

SSQWs performed on two independent DoFs in sequence.
We have exploited this nature of SSQWs to simulate exotic
topologically bound states.

We can also interpret the decomposition of SSQWs in terms
of the OQWs as follows: the Hamiltonian which governs the
dynamics of a two-dimensional SSQW can be simulated by
the Hamiltonians of a one-dimensional SSQW which in turn
can be simulated by OQW Hamiltonians. This decomposition
can be extended to realize more complicated quantum walks
by incorporating multiple steps of the one-dimensional OQW
with different coin parameters. Thus, our decomposition brings
us a step closer to realizing a universal quantum simulator
based purely on quantum walks.
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APPENDIX: WRITING Hss AND H2Dss IN TERMS OF Hθ

The Hamiltonian Hθ which governs the dynamics in the
ordinary one-dimensional quantum walk can be calculated by

Hθ = i log[Z(θ )]. (A1)

Since the propagator Z(θ ) is translation invariant, the Hamil-
tonian Hθ can be block diagonalized in momentum eigenbasis
{|k〉} which are

|k〉 =
∑

x

exp(−ikx) |x〉 , (A2)

where {|x〉} represents the position basis. In the momentum
basis the Hamiltonian Hθ reads

Hθ =
⊕

k∈[−π,π)

H (k), (A3)

where

H (k) = E(k)n(k) · σ . (A4)

The vector n(k) = [n1(k),n2(k),n3(k)] is a three-dimensional
real vector. The explicit form of the vector n(k) and the energy
E(k) is given by

n1(k) = sin θ sin k

sin[E(k)]
, (A5)

n2(k) = sin θ cos k

sin[E(k)]
, (A6)

n3(k) = −cos θ sin k

sin[E(k)]
, (A7)

E(k) = cos−1(cos θ cos k). (A8)
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The relation between the Hamiltonians Hss and Hθ can be derived using the decomposition (12) and the Baker–Campbell–
Hausdorff formula [46]

Hss(k) = Hθ1 (k) + Hθ2 (k) − i

2

[
Hθ1 (k),Hθ2 (k)

] − 1

12

{[
Hθ1 (k),

[
Hθ1 (k),Hθ2 (k)

]] + [
Hθ2 (k),

[
Hθ2 (k),Hθ1 (k)

]]} · · · , (A9)

whereas Hss = i log[Zss(θ1,θ2)] yields

Hss(k) = Ess(k)

sin[Ess(k)]
[cos E1(k) sin E2(k)n2(k) + cos E2(k) sin E1(k)n1(k) + sin E1(k) sin E2(k)n1(k) × n2(k)] · σ (A10)

≡ Ess(k)N(k) · σ , (A11)

Ess(k) = cos−1[cos E1(k) cos E2(k) − sin E1(k) sin E2(k)n1(k) · n2(k)], (A12)

Ei(k) = cos−1(cos θi cos k). (A13)

Here Ei(k)ni · σ = H (θi).
Similarly, the Hamiltonian H2Dss can be written in terms of Hss as

H2Dss(kx,ky) = Hss(kx) + Hss(ky) − i

2
[Hss(kx),Hss(ky)]

− 1

12
{[Hss(kx),[Hss(kx),Hss(ky)]] + [Hss(ky),[Hss(ky),Hss(kx)]]} · · · (A14)

= E2Dss(kx,ky)

sin[E2Dss(kx,ky)]
[cos Ess(kx) sin Ess(ky)N(ky) + cos Ess(ky) sin Ess(kx)N(kx)

+ sin Ess(kx) sin Ess(ky)N(kx) × N(ky)] · σ , (A15)

E2Dss(kx,ky) = cos−1[cos Ess(kx) cos Ess(ky) − sin Ess(kx) sin Ess(ky)N(kx) · N(ky)]. (A16)
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