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We show how to solve a large class of Lindblad master equations for noninteracting particles on L sites. In the
first portion we concentrate on bosonic particles, while in the second we will address fermionic particles. In both
cases we show how to reduce the problem to diagonalizing an L x L non-Hermitian matrix. In particular, for
boundary dissipative driving of a uniform chain, the matrix is a tridiagonal bordered Toeplitz matrix which can
be solved analytically for the normal master modes and their relaxation rates (rapidities). In the regimes in which
an analytical solution cannot be found, our approach can still provide a speedup in the numerical evaluation. For
bosonic particles, we use this numerical method to study the relaxation gap at nonequilibrium phase transitions
in a boundary driven bosonic ladder with synthetic gauge fields. We conclude by showing how to construct
the nonequilibrium steady state. The analysis for fermionic particles closely follows that of bosons, but with
important differences due to the different commutation rules.
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I. INTRODUCTION

Quantum systems in contact with an environment display
a very rich physics including emergence of nonequilibrium
phase transitions [1-3] which can be used to engineer
particularly interesting nonequilibrium steady states (NESSs).
Moreover, also the relaxation towards an asymptotic or steady
state can, for example, manifest a nontrivial dynamics, from
power law to stretched exponentials and even aging [4-7]. A
particularly important class of open quantum systems is that of
boundary driven systems, in which a current may be induced
by the coupling, only at the extremities, of the system to the
environment. This class of systems is of particular relevance
in the study of quantum transport.

The knowledge of analytical solutions for open quantum
systems would allow us to build a better intuition of the physics
of these systems and to test numerical methods. The NESSs of
a boundary driven Heisenberg model can, in many regimes, be
computed analytically using a matrix product ansatz as shown
in [8—13] (for a review see [14]). In [15] an exact solution for
a diffusive XX chain is presented using a cleverly designed
ansatz. For a boundary driven bosonic noninteracting system,
in [16] the authors showed how to analytically compute the
local densities and the current. In the seminal article [17],
which is particularly relevant to our work, Prosen showed that
for a quadratic open fermionic model with L sites, solving for
the relaxation rates of the quantum Lindblad equation can be
reduced to the diagonalization of a 4L x 4L antisymmetric
matrix, which can be further reduced to the diagonalization
of a2L x 2L general matrix [18]. A similar method was also
applied to quadratic open bosonic model [19].

Here we build on this strategy while focusing on a boundary
dissipative driven quadratic bosonic or fermionic system with
number-conserving Hamiltonians. We are able to reduce the
problem to the diagonalization of a L x L matrix which can
thus be studied numerically more effectively [20]. Moreover
we show that in many physically relevant cases the matrix
to be diagonalized is a tridiagonal bordered Toeplitz matrix
for which analytical expressions for the eigenvalues and
eigenvectors are known. We also show examples for which
we can explicitly write the relaxation rates (rapidities) of all
the normal master modes of the Lindblad master equation
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(uniform noninteracting bosonic chain and XX chain). This
can be used, for example, to compute the relaxation gap, that
is the rapidity of the slowest decaying normal master mode.
Based on the equations we found, we propose an efficient
algorithm to compute the rapidities. We use this method to
study the scaling of the relaxation gap in a system with two
phase transitions of different nature. We show that the scaling
of the relaxation gap is different in the two cases. We also
show that our approach can be used to give an expression
for the steady state. We should stress that imposing fermionic
anticommutation relations between the normal master modes
requires a few further steps compared to the bosonic case, and
while the structure of the equations found may be similar, the
matrices involved have important differences.

This paper is divided in two large sections: in the first we
study the bosonic case and in the second the fermionic case.
To help the reader understand the material without having
to go back and forth between the sections, we have chosen
to write the parts on the bosons and that on the fermions
almost independently and with a similar structure: in Secs. IT A
and IIT A we introduce the bosonic or fermionic model we
study. In Secs. II B and III B, we show how to diagonalize the
Lindblad master equation and obtain the normal master modes.
In Secs. II C and IIIC we show how to solve analytically the
boundary driven bosonic or XX chain and study the scaling
of the relaxation gap. In Secs. IID and III D we analytically
construct similarity transformations which map the vacuum
state to the steady state of the system. In Sec. IIC 1, we
introduce an efficient numerical algorithm to compute the
quadratic observables such as currents and densities which
we then use to study the relaxation gap of systems which
present nonequilibrium phase transitions. This is exemplified
only for bosonic particles as the algorithm is based solely on the
structure of the equations. In Sec. IV, we draw our conclusions.

II. BOSONIC PARTICLES
A. Model

We consider an open quantum system of L sites with
bosonic particles. Its dynamics is described by the quantum
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Lindblad master equation [21,22] with Lindbladian £,

d

— 0 = E o) =
7,0 =L
Here p is the density operator of the system, H is the
Hamiltonian, and D, the dissipator, describes the dissipative
part of the evolution. The Hamiltonian H is given by

L
Z PR 6)

where h is an L x L Hermitian matrix, and a (&;) creates
(annihilates) one boson on site j. The d1ss1pat1ve part is given
by

—;—[ﬁ,m +D(p). (1)

L
Z r@lpa; —aalp)

+A;@pa) —ajaip) + Hel, ()
where A1 and A~ are L x L Hermitian and non-negative
matrices. In the trivial case of only one site, the dissipator has
the familiar form D(p) = AT (&1 pa — aa’p) + A~ (@pa’ —
&'ap) + H.c., where A* is the heating or cooling rate.
In general, one can make a unitary transformation to the
creation and annihilation operators so that A™ and A~ become
diagonal.

B. Solving the master equation
1. Reshaping the density operator in a different representation
We perform a one-to-one mapping from the density operator
basis elements |ny,n,, ...n1){n},n},...n} | to a state vector
basis (with 2L sites) |ny,...nz,n},...n}) (see for example
[18,23-25]). From this, the operator ¢&; acting on site i on the
left of the density matrix is mapped to &; acting on the state
vector on the ith site, while the operator &; acting on the right of

the density matrix is mapped to &'lL' 4; acting on the state vector.

We denote the density operator to be |p) in our representation.
2. Master equation in our representation

L in Eq. (1) can thus be written as

t ! a_
AL+1-2L A7 1521

! i
) (s)
AL 11521 AL+1-2L
+ (A — AT, 4)

where M is a 2L x 2L matrix,

K At
M= (A_, KT). )

Here K = (—ih/ii — A* — A™")/2, where with A’ we in-
dicate the transpose of the matrix A. We have also used
the notation a;_,; to denote the column vector made of
operators a,a, ...,ar and 31% ;. for the column vector made

At . T
of a al,az, ...,d; ; the same applies for ay 11,27 anda; ;_,;.
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Indeed, we note that the Liouvillian £ can be written in the
simple form of Eq. (4) because we study a number conserving
Hamiltonian. If the Hamiltonian is not number conserving, the
coefficient matrix will be a 4L x 4L matrix.

3. Normal master modes of the master equation

In general M is not Hermitian and it cannot always
be diagonalized, however in the following we start from
the assumption that we know a transformation which can
diagonalize M and preserves bosonic commutation relations.
This assumption is a posteriori verified in all the cases we
considered. This transformation is given by the matrices W
and W, as follows:

a1 blﬁL
= W1< / ) (6)
<3TL+1—>2L) b1
! b
AL =W 1>L 7
(aL+1_>2L) z(bL+l—>2L)’ ™

whereas for a;_,; and a'L .» b1 means the column vector
made of operators l;l ,52, . ,ISL and b’lé ;. means the column
vector made of 13/1 ,5’2, e ,B/L. Again the same notation applies
forbyyi1op and b} ;5.

Using this transformation we get

b’ ! b,
L= =L ) W MW -
<bL+1*>2L) 2 : <b/L+l—>2L

t /
() wivew, (Pt
Litsan) bryior
+tr(A~" = A™). (8)

The bosonic commutation relation can be written as

T t
< a_p )( a_,, ) —7,
32“%% "\aryioor ’

and requiring for the bosonic commutation relation to apply
also to the b we get

b VIR _7
by imor ) \BrLsisar t

7, = W1ZLWI2 — W,

1. 0
Z, = (0 _1L>, (10)

where we have denoted 1; for an identity matrix of size /. In
the following we will also use the matrices

0 1

(0 1
. (—1L OL). (12)

and hence
=Z, W, '7,. )

Here we have used

and
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Matrices in Egs. (10)—(12), being given by a tensor product
between Pauli matrices and identity, satisfy the relations

Z] =1y, Xj=1ly, (13)

Y; =1, Z;X;=-X,Z; =iY;. (14)

It follows that

b, ' b,
£:< 1—L )sz;lzLMwl( =L )

br 1501 by ioor
b ! _ b’
+< , 1-L )WEMZZLWII lZL( 1-L >
LY} bii1-2L
+tr(A~" = A"
b/ ! b
:< =L )zL(wllzLMW1)< ) =L >
bri1-21 LY}
b ! b’
+< e ) (W11ZLMW1)’ZL< 1L )
LISy} biii-oL
+tr(A~ = A). (15)

This implies that the problem of finding the normal modes
of the system reduces to finding a W, such that Z; M can be
diagonalized, that is,

W N Z MW, = diag(B1,p2, - ,far), (16)

where diag(v) is a diagonal matrix with the elements of the
vector ¥ on its diagonal. It would then be possible to write the
following compact form for L:

L
L =2 Z(,Bil;ﬂ;i — Br+ib yibrii)

i=1

L
+ 3B = B AT —AD.(AD)
i=1
4. Diagonalizing Z; M

Here we will explicitly construct the eigenvalues and
eigenvectors of the matrix Z; M. From Eq. (5) we note the
relation

X, MX; = M'; (18)

()

is a right eigenvector of Z; M with eigenvalue w, then x'Y is
a left eigenvector of Z; M with eigenvalue —w*. In fact, using
Eq. (13),

we find that if

Z;Mx = wx — x'M'Z; = o*x!
> X, XM X, =0*x'Z,X,
- xIX;M = o*x'Z,X].

This implies, using Eq. (14), that X, Z,2,M = xTX, M =
w*xTZ,;X,, which means x'Y;Z; M = —o*x'Y,. Thus it
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follows that
Y (ZM) = —o*xTY,, (19)

ie., x'Y, is aleft eigenvector of Z; M.
Moreover if x; is a right eigenvector of Z;M with
eigenvalue w;, and x, is a right eigenvector of Z;M with

eigenvalue w,, thenif w; 4+ wj; # Oitfollows thatxlTYsz =0.
In fact

Z;Mx; = wx1;
Z;Mx; = wrx7,
then
XY ZM = —olx|Y,;
Z; Mx, = wrxy;
— (0} + )XY x; = 0.

Since the eigenvalues of Z; M always appear in pairs, we
could list the eigenvalues and the corresponding eigenvectors
of ZtM as wy,m,, ...,0r, — o, ...,0;, with the matrix
W, composed in each column by the right eigenvectors
Wi = (X1,X2, ...,X21). Then following Eq. (19) we know that
fcz +; Y1 is the left eigenvector of Z; M correponding to w;,

and )?j.YL is the left eigenvector corresponding to —a)’;., for
1 < j < L. Therefore the left eigenvectors of Z; M constitute

the matrix XLWIYL. We can now choose to renormalize the
right eigenvectors as

X, WY, W, =Z, & Y, WY, W, =—-1,, (20)

so that we have
Wl = -y, Wy, Q1)

W, = X, WiX;. (22)

At this point we define a new L x L matrix P, which
satisfies

P=K+ A"t =(—ih/h+ AT —A7"))2, (23)
for which we assume to have the eigendecomposition
PWp = Wpehp, (24)

where Wp and A p are eigenvectors and eigenvalues. Then we
find that the 2L x L matrix formed by (g—i) constitutes L right
eigenvectors of Z; M, corresponding to Ap, and the L x 2L

matrix (WJ;, , —WTP) constitutes L left eigenvectors of Z; M,
corresponding to —A%. This can be shown from

PW
ZM W _ P\ = (Ve Ap
Wp PW, Wp

(Wi, —WhZ,M = (-WLPf Wi,p)

and

= —AL(Wh,—Wh),

Hence by denoting the remaining L right eigenvectors of Z; M
as (%), where C, D are L x L matrices, we know that they
form the right eigenvectors with eigenvalues —A%, which are
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paired with the left eigenvectors (W, — W), Also (—D CT)

will be the left eigenvectors corresponding to the eigenvalues

A p, which are paired with the right eigenvectors (a—ﬁ).
Therefore W and W, can be written more explicitly as

(W, C L —Df Ct
W1_<WP D)’ W, _(W];J —W];J , (25)

D* W _ Ww! —-W,
W2 = _(C* W!k; )9 ‘RIZ1 = (_Cpt DI‘P )9 (26)

which means

ai;, =Wpbi +Cb, (272)
aTL+l—>2L =Wpbi_. + Db/L+I—>2L; (27b)
al_, =-Db_, —Wibsyio:  (270)
AL 41520 = _C*b/l—>L - W;bL+l—>2L (27d)
and the inverse equation
b, = -Dlaj, +Cla}, (28a)
By = Whar —Whay oy (28b)
b, = WlpaJ{ﬁL —Whapor; (28¢)
brt1520 = —Ctai%L +D'a; 1501 (28d)
Noticing that > rpi = tr(P) = [—i tr(h/F)
—tr(A™" = A")]/2 and since the (Apy,...Apr, —
)\’12’1, cee— )L’;,’L) correspond to (By, ... B21), the eigenvalues

of Z; M, we get the following identity:

L L
D (B = Bre) =D _Opi+25,) =tr(AT — A7), (29)
i=1 i=1
which exactly cancels the last term in the expression of £ in
Eq. (17).

We can then write £ as

L L
L=2Y npibibi+2> x5 b b (30)
i=1 i=1

The state |pss) which annihilates all the operator by_.,; is
the steady state because L|p;s) = 0. The b; are the normal
master modes of the Lindblad master equation and the A p ; the
rapidities.

5. Nonpositivity of the eigenvalues of the Lindbladian
To prove the eigenvalues of £ are nonpositive, it is sufficient
to prove that all the eigenvalues of the matrix P are nonpositive.

The proof is similar as in [18]. Assuming Px = wx, therefore
xIPt = w*x1, then we have

xT(PT +P)x = xPix + x'Px = 2R(a))x‘tx, 31D
where R(w) means the real part of w. Moreover P +P=
A" — A" hence all the eigenvalues of the matrix on the right-

hand side have to be nonpositive for the master equation to have
a steady state. Hence we can conclude that

R(w) <0, (32)
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i.e., the real part of eigenvalues of the Lindbladian is
nonpositive.

6. Computing the expectation value (6(;r a;)

We denote |1) = Zil,iz ’’’’’ i i, i i, o Lip) to
be the state vector resulting from the mapping of an identity
operator, and (1| to be its transpose. Computing the expectation
value of observable O on the steady state pg;, which is
tr(Opys), is equivalent to the expression (1|/O|pss) where
we have simply rewritten the trace of an operator times the
density operator in the enlarged space. Of course the operator
O has also been mapped to the new space. In order to
compute quadratic expectation values such as tr(&; Qjpss) =

(1|€ziT aj|pss) it is convenient to rewrite the eigenequation
Eq. (16) in a different form.

To do so we start from W1_1 W, = 1,; and using Eq. (25),
we have

L —1
D=C-W, (33)

C=W,Q, (34)

where Q is a L x L Hermitian matrix. Therefore W can also
be written as

W W
w=(" Q- (35)
W, WpQ-W,
From Eq. (16), which can be written now as
A 0
Z, MW, =W, ( o A ) (36)

and using Eq. (35), together with Q = W pQW} we have
PQ + QP = A", 37

Solving this equation for 2 will prove very useful in the
following.
Using Eqgs. (27) we get

L L
aj ==Y Db =Y Wplih. (38)
k=1 k=1
L L
a; = ZWPj,kbk + Z Cjxbl ik (39)
k=1 k=1

for 1 <i,j < L. Using this we can write

L
ala; =— D Wp,, b.b, —
%) = i,k YV P jmPrYm
k 1

s

L
* NN
§ Di,kchmbkwaLm

k,m=1

3
Il

i P
WeiiWejmbrikbm

k 1

~

Wi Cimbriih) (40)

i,
1

M- M-

=

m

We then show that (1| is annihilated by all the operators b’ _ ,, .
It is actually sufficient to prove it for all the b_, , because the
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b’ ,,_,,; have the same structure. Taking 1 < i
Eq. (28), we have

(11p; = Z 1|<ZWP11<“1< przkaL+k>

i1,02,.000L

< L, and using

L

=Y Whoo Y (@] —arw)

k=1 [IREIINT)

=Z biVic Y (e ]

= i1,00,.00L

_Zszlek+ Z

[1,02,000l]

~

Y PR T

L

ZZWrPllek—‘r Z
k=1

= l] lz ..... iL

S+ 1]

_prlkvlk+ Z

[1,02,0000]

=0. (1)

Y PR T

Hence, computing the trace of Eq. (40) we find that only the
last term does not vanish and gives

L
<1|&l{aj|p“> =—(1] Z szij’m5L+k5/L+m|pw>
k,m=1
L
=— Z Wi Cimbii = —(CWp');;
k,m=1
= —(WpQW5),s =~ (42)

A ata

The observable matrix O;; = tr(p&&;) = (1)a/a;|pys) is
then given by

0=-9. (43)

C. Exact solution of a boundary driven bosonic chain

Here we apply our method to directly obtain the spectrum
of Eq. (4) for a class of linear chains (LCs) which can then be
solved analytically in the limit of a long chain. We consider a
linear lattice of L sites in which each site can have identical
bosons and which is driven at boundaries (similar, for example,
to [26]). The Lindbladian £ ¢ then becomes

R Lo~ R
Lic(p) = _E[HLCMO] + Drc(p) (44)
with
L-1
Hic=—J) (@&la +a/,a) (45)
=1
and
Dic(p) = Y [A[ (@] pay — aafp)

I=1,L

+ A7 (@upa) —&lap)+Hel,  (46)
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where Af and A, are respectively the raising and lowering
rates at site [, while J is the tunneling amplitude.
In this case, the only nonzero elements of the matrix h are

hjjpi=hj;=-J. (47)

For the dissipation we rewrite the four coefficients Aj with
four new parameters:

A+
Ty =A7 —Af, A==k, (48)
I
A+
IL=A; — A}, L= (49)
T,
Therefore, all the nonzero elements of matrix P are
P=-11 p I (50)
1,1 — ) ) L.L = ) )
iJ
Pm m = Pm m = S5 51
m+1 +1, T (5D

for 1 < m < L.Notethati and i donotappear in the matrix
P, and hence will not affect the rapidities.

This results in the important fact that P is a tridiagonal
matrix whose elements are constant along the diagonals (i.e.,
Toeplitz) except for top-left and bottom-right corners (i.e.,
bordered). The eigenvalues and eigenvectors of this matrix can
be analytically computed [27] (for the eigendecomposition of
more general tridiagonal matrices see for example [28,29]).
Assuming that A is an eigenvalue of P, and u is the
corresponding right eigenvector so that Pu = Au, then we find
that A and u are given by

J
A= i% cos (0) (52)
and the L elements of u are

[ AT
uj_sin(e){sm(jé) lJ sin[(j 1)9]}- (53)

In Egs. (52) and (53) 0 is a complex number which satisfies
the equality

J? J
- sin[(L + 18] + ig(l“l + ;) sin (L)

+ [Ty sin[(L — 1)0] =0 (54)

except the trivial solutions 6 # mmx withm € Z.
Denoting 6§ = o + i, we transform the above equation into
two equations of real numbers,

2
— sin[(L 4+ Da] cosh[(L + 1)f]

n %(r, + 1) cos (La) sinh(LB)

— T Ty sin[(L — Dalcosh[(L — DB] =0,  (55)

2
% cos[(L 4+ Da]sinh[(L + 1)B]

— %(F, + I'p) sin(La) cosh(LB)

— T Tycos[(L — Dalsinh[(L — 1)B]1=0.  (56)
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In the following we solve the above equation approximately,
in the limit L — oo. All the solutions are found for « € [0,7]
[29]. We then make the approximation that

sinh[(L + 1)8] ~ sinh[(L — 1)B] ~ sinh[LB],  (57)

cosh[(L + 1)B] =~ cosh[(L — 1)B] =~ cosh[Lp] (58)
with which Egs. (55) and (56) become

2
% sin[(L 4+ Da] + %(Fl + I') cos (La) tanh (LB)

— T Tysin[(L — Da] =0, (59)

2
% cos[(L + Na]tanh (LB) — %(Fl +I'p)sin(La)

— I''T'p cos [(L — D] tanh (LB) = 0. (60)
Combining Eqs. (59) and (60) we get
J2sin [(L + Da] — AT Ty sin[(L — Dea]
hJ(T'y +T'p)cos(La)
RJ('; + IT'p)sin(La)

= BT cos [(L — Da] — J2cos[(L + Da]’ D
which can be rewritten as
(k1 + k) sin(2La) + sin [2(L — 1)«]
+ Kkikp sin[2(L 4+ D] =0, (62)

where «; = J2/(h*T'?) and «; = J?/(h°T'?). Equation (62)
can be solved analytically when J 2 = i’ Tz, In fact k; =
L =k and Eq. (62) reduces to

(K + l) sin(2La) + sin[2(L — 1)a] + sin[2(L 4+ Da] =0
K

(63)

or equivalently [« + % + 2cos ()] sin(2La) = 0. Since « +
1/k > 2, the real solutions are

with 1 < k < L. Note that the solutions of Eq. (63) o =
km/2L with k odd have been discarded because they are
inconsistent with Egs. (59) and (60).

We then get for 8
2Jk . km
h(LB) = — in —
tanh (LB) P sin 7 (65)
which results in
1 1 - 2‘@ sin 1%
B=—1In (;+— . (66)
K ik
2L 1+ 27 sinf

Using Eqgs. (52) and that 8 = « + i8 we can write
J J
A= N sin () sinh (B) + iﬁ cos () cosh (B) (67)
and inserting the various « and 8 from Egs. (64) and (66) we

have an analytical solution for the eigenvalues. In Fig. 1 we
compare the analytical solution Eq. (67), blue diamonds, with
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FIG. 1. Eigenvalues Ap of P which correspond to the spectrum
of the Lindbladian L;c of Egs. (44)—(46), for a boundary driven
bosonic chain of length L =100, #I'y/J =5, hil'y/J =1/5. The
blue diamonds are given by the numerical solution of Eq. (24), while
the red circles are given by the analytical solution Eq. (67) using
Egs. (64) and (66). Re(w) and Im(w) mean respectively the real and
the imaginary part of the complex number w.

numerical evaluation of the spectrum for Eq. (44), red circles,
for a system of length L = 100. The figure shows a remarkable
match of the analytical and numerical spectra.

A natural consequence of knowing the spectrum is that it is
possible to compute the relaxation gap A, which is given by
the eigenvalues of the Lindbladian with the real part closest to
zero. We thus get

J 1 1+ 2K Gin (%
A= = sin <%> sinh |:i In (%(L)
. g
1= & sin (%)
2Jkd ., (n)

>~ —— SIn —
Ak + 1)L

L
2k T
Tk + 1) L3

(68)

which thus scales as 1/L3, in agreement with the predictions
in [17,30].

1. Efficient algorithm to compute quadratic observables

Equation (37) is a Lyapunov equation, which is a special
case of Sylvester equations [31,32]. For this type of equations
there exist numerical methods to efficiently solve them of order
O(L?). In this section we also propose an O(L?) algorithm
to solve Eq. (37) based on findings in the previous sections.
We start by solving the eigenvalue decomposition problem
of matrix P, to get the left eigenvector space WIP, the right
eigenvector space W p, and the diagonal matrix of eigenvalues
Ap =diag(Ap 1, ... Ap ). At this point it is already possible
to figure whether the system has any dark mode; In fact this
would be manifested by the existence of eigenvalues with zero
real part. If the real part of all eigenvalues of P is strictly
smaller than 0, then the system has no dark modes, the steady
state is unique, and the following algorithm can be used. We
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can thus write Q = WpQW; which gives

PQ + QP (69)
=PW,QW, + W,QW.,Pf
= WpdpQWh + WrQAp W/,
—A'.

We can renormalize Wp and W/, so that W), = W},'. From
Eq. (69) we get the elements of the Hermitian matrix Q by

2pQ+ QL = Wi AT(W;) = WL ATW,'

w! A+W1T
oA W)

< Qman =
Q, )"P,m‘i‘)\;n

f

The elements of the matrix corresponding to (&;&;), i.e.,

0;; = tr(,é&j @) are then given by, using Eq. (43),

0i;=-Qj;i=— ZWPj,QO,n Pin (71)

m,n

Note that with this approach we only need to solve an
eigenvalue decomposition problem, plus a few matrix multi-
plications. All the matrices involved in these procedures are
of size L x L. The complexity of this algorithm is thus O(L?)
which is the complexity of solving a L x L non-Hermitian
eigendecomposition problem.

It should also be noted that because of the structure
of Eq. (70), this approach can become unstable if P has
eigenvalues whose real part is very close to 0.

2. Scaling of the relaxation time across the phase transition

With the algorithm introduced by Egs. (70) and (71),
we can more effectively explore larger systems allowing us
to easily study the scaling of the relaxation gap in various
nonequilibrium phases. In the following we apply our method
to study the boundary driven bosonic ladder when also a
magnetic field is imposed on it. This system is depicted in
Fig. 2(a). The Lindblad master equation for this bosonic ladder
(BL) is

LeL(p) = —;—[I:IBL,ﬁ] + DpL(h), (72)

with Hamiltonian Ag; given by

A F— 1 N A~ A A
Ap = —[ 71002t a ,+ 0+ al a0
p.J J
+ H.c. (73)

Here J! is the tunneling constant in the legs, and J=+ for the
rungs. &; , (&; ») annihilates (creates) a boson in the upper
(for p = 1) or lower (for p = 2) chain at the jth rung of the
ladder. A particle tunneling around a plaquette would acquire
a net phase of ¢. We consider a dissipative coupling Dy on
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Tz L

FIG. 2. (a) Ladder made of two coupled linear chains, with local
bosonic excitations described by the annihilation operators at site j,
&j,p, where p = 1,2 for the upper and the lower leg respectively. J+
is the tunneling between the legs, while J! is the tunneling between
sites in the legs. A gauge field imposes a phase ¢. (b) Chiral current
J. as a function of J* and ¢ for L = 500. The white dashed and
the white dot-dashed lines correspond respectively to the two phase
transitions in Eqs. (79) and (80) respectively. The black horizonal line
corresponds to the line J+ = 1.7, and the four white circles a, b, ¢, and
d on this line correspond to ¢ = ¢.1,0.5,¢.1,0.6 respectively. Panels
(a) and (b) are similar to [33]. (c) The relaxation time ZA /J! vs the
length of the ladder L. Both AA /J! and L are shown in log scale so
that an algebraic decay is clearly represented by a straight line. The
four lines correspond to the points a, b, ¢, and d in panel (b). The line
marked with green diamonds (line ¢) shows the scaling at ¢ = 0.5398
which corresponds to the nonequilibrium phase transition described
by Eq. (80). The red dashed line is a linear fitting of line ¢, which
has the exponent —5. The other three straight dashed lines are linear
fittings of a, b, and d, all with the same exponent —3.

the two edges modelled by

Dpr(0)= Y Tl (@;, 0], —a;.al,0)
j=1,L

+ (ij0 + 1)@}, 06,1 —a},4;,0) +Hel,
(714)
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where I is the coupling constant of the bosons at sites j =
1,L, while 71 ; ; is the local particle density that the dissipator
would impose to the bosonic site if the site was isolated. The
dissipator is only coupled to the sites at the extremeties of the
upper leg [see Fig. 2(a)].

The unitary counterpart of this system is known to exhibit
a quantum phase transition from the Meissner to the vortex
phase. The transition between the two phases is characterized
by the chiral current 7., defined as the difference of the current
between the upper and the lower leg,

Je=Y (Jn—Ti2/L, (75)

J

where J; , = (iJle!= D921 ipQj+1,p +He.) is the parti-
cle current out of site j on the pth leg. In the Meissner phase, .7,
is nonzero, while in the vortex phase, 7, is greatly suppressed
[34-36]. For an experimental realization with ultracold gases
see [37].

For the open case this system was studied in detail in [33]
where it was shown that two nonequilibrium phase transitions
can emerge between phases with or without chiral current.
Moreover, one of the two transitions would also be signalled
by a sudden suppression of the current. The coupling to the
baths studied here corresponds to the R configuration of [33]
for which these two transitions can occur.

Translating this model to the elements of P we get

Pun.an=Penen=-T, (76)
JJ_
Pin.go =Pjogn = TR )
.]II

; p+1

Pip)G+1,p = P:]‘-H,p),(j,p) = ’ﬁel(_l)[ ¢/ (78)
for 1 < j < L [except in Eq. (78) for which j < L]. All the
other elements of P are zero. We note that in this case P
is a block bordered Toeplitz matrix for which, to the best
of our knowledge, the analytical eigendecomposition is not
known [17]. The two phase transitions occur, respectively, for
¢ =¢,pand J* = J+, J* given by

Ji =2J"cos(¢/2), (79)

J1 =2J"tan(¢/2) sin(¢/2) (80)

as shown in Fig. 2(b). The transition line Eq. (79) is depicted
by a white dashed line, while the other transition line, Eq. (80),
is represented by a white dot-dashed line.

Here we focus on the scaling of the relaxation gap of
the Lindbladian (72) across the two open quantum phase
transitions. In Fig. 2(b), we have chosen J*/J! = 1.7, where
the system exhibits two phase transitions at ¢ = ¢.; ~ 0.3532
and ¢ = ¢, ~ 0.5398, calculated from Eqs. (79) and (80).
In Fig. 2(c) we show the scaling of the relaxation gap as the
size of the system increases (we consider L = 10 — 1000).
The gap is analyzed in four distinct points a, b, ¢, and d
for ¢ = ¢.1, 0.5, ¢z, and 0.6 as shown by the white dots in
Fig. 2(b). For the parameters corresponding to points a, b,
and d the scaling of the gap is proportional to L~ as shown
by, respectively, the blue crosses, the pink circles, and the
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red stars in Fig. 2(c). All the fits are represented by dashed
lines. For the transition point ¢, green diamonds, the scaling
is instead L~ as predicted in [17,30]. It is here important to
discuss the difference in scaling of the relaxation gap in the
two transition lines. For the line given by Eq. (80), and hence
also point ¢, the Hamiltonian of the bulk system presents a
quantum phase transition, and the energy spectrum goes from
one to two minima. At the transition point the spectrum is not
quadratic but quartic thus affecting the scaling of the relaxation
gap. Instead, for the line given by Eq. (79) the low-energy
spectrum is not qualitatively changed; instead a gap opens
(see [33]). While the opening of the gap affects the total and
chiral currents, it does not change the scaling of the relaxation
gap. At the intersection point between the two transition lines
the scaling is indeed L3

D. Computing the steady state

From Eq. (30) we understand that the steady state of the
system is the vacuum of the operators b j» thatis [pg) = 10)5.
This is related to the vacuum of the &;, |0),, by a linear
transformation. We can then write

0ss) = S710),. (81)

In the followmg we show how to compute S from W;. First
we write § = e’ where 7" is

S
PACTASESTAAN SR AT VTEeY)

1/ a, >l (U’ I’)( al )
+- 1L ), 82
2 (a'HHzL AR AT TRTEYY) ®2

where U,V,I,J are L x L matrix. Hereafter we will write

U VvV
W:(I J>. (83)

f ~T_we use the relations

To calculate e’ @je™" and e’ ar e

o0
. T 1 .
o T AT —T _ AT
E:=eldle™ = E E[T,aj]m,
m=1
=1
F:=e ElﬁTa
m=

where the nested commutator is defined recursively as
[A,Blyi1 = [A,[A,B],] with [A,B]o = B
After a little algebra it is possible to show that

R T .
S( AL ) 5! (84)
AL 4+152L
. t
:( a{%l’ ) eWZL.
aAr4+1-52L
Similarly, we have
~( aj. . B a_,
S(T1L>S1=eZLW(T1L>. (85)
A 1501 A 11521
We now denote W, = ¢~ ZW W, = ¢WZ._and we see that
In(W)Z; + Z;In(W,) = 0, (86)
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which allows us to write
W, =2, W,'Z,. (87)

Therefore we have that

T t
A A a 1—
Scst = I=>L W2MW1< L )
ar {121 aL+1»2L

t L
+< TalﬁL ) WIMIWI( aj1—>L )
AL 11501 : Nagio

+t(A™ = AT)

T
= ( Aot ) ZLW ZLMW1< AL )
AL +1-2L aL+1—>2L

r o T
+< e )W’IM’ZL(W’I) lzL< aj_,, )

AL 11521 AL+1-2L

+t(A™ = A7T). (88)

Thus we see that if we set W; = W, which means

W = —ZLlIlWI, (89)

then following from Eq. (17) and the explicit construction of
W, in Sec. II B, Eq. (88) can be simply written as

L L
S8 =23 apsaja; +2) Xpa) ar. (90)

i=l1 i=1

It follows that the vacuum |0), is the steady state of Scs1
which implies that the steady state of £ is given by Eq. (81).
Since W is given by Eq. (89), we can also reconstruct 7' from
Eq. (82).

III. FERMIONIC PARTICLE
A. Model

We consider an open quantum system of L sites with
fermionic particles. Its dynamics is described by the quantum
Lindblad master equation, Hamiltonian, and dissipators given,
respectively, by Eqgs. (1)—(3), however now the operators &;

and d; are fermionic.

B. Solving the master equation
1. Mapping the density operator into new representations

In order to be able to treat the open fermionic sys-
tem, we proceed similarly to the bosonic case, how-
ever, in order to preserve anticommutation relations be-
tween the operators, we will have to use an ulterior
transformation.

First we perform a one-to-one mapping from the den-
sity operator basis elements |ny,ns,...n){(n},n,,...1n5| to
a state vector basis (with 2L sites) which we denote as
|y, ...np,n,...n7 )4 (see for example [18,23-25]). As a
result, the operator &; acting on site i to the left of the
density matrix is mapped to 4; acting on the state vector
on the ith site too, while the operator &; acting on the right

of the density matrix is mapped to az 4; acting on the state
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vector. We refer to this new representation defined by the
2L modes @ as A. The 2L modes 4; satisfy the following
relations:

{a.a;3 =0, {al.aly=o0, 9la)
{arsnare) =0, {a),.ab,) =0, (91b)
{.al} =8y, {apwal, ) =8, (o)
[a;.a,4,1=0, [al.a},1=0, (91d)
[a;.a) 1=0. [al.a;]=0. le)

The operators acting on the group of sites 1 — L and the
group of sites L + 1 — 2L satisfy fermionic anticommutation
relations among themselves separately. However, the operators
between these two groups commute with each other.

To enforce the fermionic anticommutation relations over
all the sites, we perform a second mapping from 2L modes
4; to another set of 2L modes b;, which we refer to as the B
representation:

bl =al.

b =a;, b, i (92a)

il (92b)

by =Paryi, bl =al, P,
where P is the parity operator defined as (following [17])
2L
P=e™, N=> blb;. (93)
j=1

We note that P anticommutes with all the operators 13,13T,
which means

{P.b} =0, {Pbl}=0, (94)

forl <i <2L.
Now it is straightforward to verify that the 2L modes b
satisfy the fermionic anticommutation relations

{bibry )} = {ai,Pary,} =0, (95a)
{b].by, = 1{al.al, ;Py=0, (95b)
{bi.b), ) = {ar.a}, Py =0, (95¢)
{bi7bL+j} = {fli JPa,;} =0, (95d)
{briibrij} = {Papsi, Parsj} =0, (95e)
{bL+w L+j} = {PaL-H’aL-wP} =0, (956)
(bi.b1) = (Pai.alPy = 5, (95¢)
(brvibl .} = {Paryiay, Py =85 (95h)

The unitary part of Eq. (1) can be written in the B
representation as

L
[A.pls =Y (hi;blb; —hjib} b plp)s,  (96)

ij=1
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and the dissipative part of Eq. (1) can be written in the B
representation as

L
= S (ASBIBL, P — ALBB! + AsbLy b P
ij=1

— A5 blb; —

Jjii

D|p)s

gt
A+*bL+ij,P A+*bL+lbL+j

—_kp o

— A} bibi P — A, bL+lbL+j)|p) o7
where D5 is the dissipator D in the B representation while
|p) 5 the density operator p in B. .

Now the system is almost in quadratic form of operators b;,

Bj except for the presence of the parity operator P. To remove
the P operators, we first note that in general we can write |0) 3

as
Y

ny,.onp,nY,.ny

0)5 = by by L. By 0)s. (98)

where ni,ni =0,1for1 <i < L, and |0)p is the vacuum state
|0) (0] in the 5 representation. We can see that P conserves the
parity of the number of operators of each term in Eq. (98),
which is N = ZiL:,(n,- + ng). Therefore, the even sector,
defined as the group of terms for which N is even, and the
odd sector, defined as the group of terms for which N is
odd, of |p)s, when acted on by P, will obtain opposite signs.
Moreover, we can see that each term in Egs. (96) and (97)
does not change the parity of N, which means the even sector
and the odd sector of | p); are decoupled under the evolution of
Eq. (1). Thus we can treat them separately, and in the following
we only consider the even sector for which we can just set
P =1 [38]. Hence we have

DEp)s Z(A;bj Voi = ALbibt + ATy yib;
i,j=1

515 5t gt +p
— AGblb; — AFBY B — A bpiby

- A;i bibL+j - A;i bL+ibL+j)|p>B- (99)

2. Master equation in the new representation

Combining Eqs. (96) and (99), the Lindbladian £ of Eq. (1)
can be written in the B representation as

T t
LB =( bl*)L )M( er1—>L )
biii-or b o

_( b1—>L )tMt< bJ{ﬁL )
bTL+H2L bii1-2r

—tr(A™ 4+ A7), (100)
where M is a 2L x 2L matrix,
K At
M= ( N _KT), (101)

and K = (—ih/h + AT — A_t)/2, where with A’ we indicate
the transpose of the matrix A. We have also used the notation
b;_.; to mean a column vector with elements 131 ,132, - ,13L
and lef% ;. a column vector with elements EIE; . BTL (and

similarly for both by _,; and b;+1»21‘)~ We should note
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here the difference of the last term of Eq. (100), (A" +
A™), compared to the bosonic case, tr(A~" — A™). As for the
bosonic case in Sec. II, we stress here that the simple form
of Eq. (100) is due to our choice of a number conserving
Hamiltonian.

3. Normal master modes of the master equation

In general M is not Hermitian and it cannot always be
diagonalized, however in the following we start from the
assumption that we know a transformation which can diag-
onalize M and preserves fermionic anticommutation relations.
This assumption is a posteriori verified in all the cases we
considered. This transformation is given by the matrices W
and W, as follows:

b—> —
<f' - ):wl(/c‘ - ) (102)
b, 10 CLii-oL

T /
< bl_, ):w2< € > (103)
bLJrlﬁzL CL+1-2L

where as for by_,; and bTL_) > €11 means the column vector
made of operators ¢;,¢,, . ..,¢ and ¢|_,; means the column
vector made of ¢{,¢5, ...,¢;, and similarly for ¢, 41>, and
€} . 1_»;- In the following we refer to the new representation
defined by ¢ as the C representation. Using this transformation

we get
t
c c
L= "L ) WMW (T
CrLt1-2L cLJrl*)ZL

t ’
— (. Y wimrw, (G-
Cri1soL CL+1-2L

— (A~ + A, (104)

where £¢ denotes the Lindbladian £ in the C representation.
The fermionic anticommutation relation can be written as

t
<Tbl—>L >( biﬁL ) — 1.
b, 1o/ \brLyisor

and requiring for the fermionic anticommutation relation to
apply also to the ¢ we get

/ t
Cl>L C
/ s =L = 12L
Cri1-21) \CL+1-2L

W, =W "

and hence
(105)

Using the properties of the Z; , X, and Y, matrices, Egs. (10)—
(14), it again follows that

/ t
= =t ywitmw, (St
- /
CLi1-2L ! Cri1-2L

1 ’
— (.=t Y wemrwe (G
/ 1 1
Cri12L Crt1-2L

— (A~ + A). (106)

This implies that the problem of finding the normal modes
of the system reduces to finding a W; such that M can be
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diagonalized, that is,

W, 'MW, = diag(B1,5s. - . ..far),

where diag(v) is a diagonal matrix with the elements of the
vector v on its diagonal. It is then possible to write the
following compact form for £C:

L
LO=2) (Biei; —
i=1

(107)

Br+iCy i iCrri)

L
— > (B — Brai) — (AT + AT, (108)

i=1

4. Diagonalizing M

As we have seen until now, due to the different statistics of
fermions and bosons, in order to preserve their commutation
or anticommutation, for the bosonic case we diagonalize the
matrix Z; M (see Sec. II), while for the fermionic case the
relevant matrix to be diagonalized is M. Now we explicitly
construct the eigenvalues and eigenvectors of the matrix M.
Noticing the relation

Y, MY; = M

()

is a right eigenvector of M with eigenvalue w, then xY is a
left eigenvector of M with eigenvalue —w*. In fact

(109)
we find that if

Mx = ox — x' Ml = w*XT,
— x'Y, Y, MY, = 0*x'Y,,

— 'Y, M = —o*x'Y;. (110)

Moreover if x; is a right eigenvector of M with eigenvalue
wy, and x; is a right eigenvector of M with eigenvalue w,, then

if ) + @} # 0 then x| Y, x5 = 0. In fact
Mix; = wixy;
Mx; = wxz,
then
XYM = —ofx]Y,;
Mix; = wyxz;
— (o] + a)g)x;(Ysz =0.

Since the eigenvalues of M always appear in pairs, we
could list the eigenvalues and the corresponding eigenvectors
of M as wi,ws, ...,0r, — o], ... 0], with the matrix W,
composed in each column by the right eigenvectors W; =

(X1,X2, ...,Xy1). Then following Eq. (110) we know that
552 +; Yo is the left eigenvector of M corresponding to w;,

and ijL is the left eigenvector corresponding to —w?, for
1<j< L. Therefore the left eigenvectors of M constltute
the matrix X LW1YL. We can now choose to renormalize the
right eigenvectors as

X, WY, W, =Z, & Y, WY, W =—1,, (111

PHYSICAL REVIEW A 95, 052107 (2017)

so that we have

w!l= v, Wy, (112)

W, = -Y, WY,. (113)

At this point we define a new L x L matrix P, which
satisfies

P=K-— A"t =(—ih/i—AT—A"")/2, (114
for which we assume to have the eigendecomposition
PWp = Wpip, (115)

where Wp and A p are eigenvectors and eigenvalues. Then we
find that the 2L x L matrix formed by (= Wp ) constitutes L
right eigenvectors of M, corresponding to A p, and the L x
2L matrix (W} W;) constitutes L left eigenvectors of M,
corresponding to —A%. This can be shown from

(W) = o) = (G

_ W;PT)

and
WhL, WM = (—WhPT,
= —A5(Wh Wh).
By denoting the remaining L right eigenvectors of M as ( %),

where C, D are L x L matrices, we know that they form
the right eigenvectors with eigenvalues —A’,, which are paired

with the left eigenvectors (W), , Wh). Also (DT , CT) will be
the left elgenvectors correspondmg the elgenvalues A p, which

Therefore W and W, can be wrltten more explicitly as

_(W» C o _(-DF i
o (N, 5 ) = (G g )

_(-D* —W (W —W,
Wz—(c* -W;, ) W2 _<C’ |
(117)

which means

b =Wpeinr+CC) o (118a)
bTL—H—>2L =-Wpeinp +Dc; o (118b)
bl ., =-D*¢ , —Wherina;  (118¢)
briimo = C¢L, — Whertioor (118d)
and the inverse equation
¢y =-Dbi, +Cbl (1192)
¢imar = Wb =Wpb s (119b)
¢, =W.bl_, —Wib10: (119¢)
Creimar = Cbl, + Dby (119d)

Noticing that Y Ap; = tr(P) = [—i tr(h//i) + (A~ —

A)]/2 and since the (Ap1,...Apr, —Ap ... —Ap )
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correspond to the eigenvalues of M, (B, ...
following identity:

L
> 8
i=l

BoL), we get the

L
—Brsi) =Y (hpi+2p,) = —t(AT + AT,

i=1

(120)

which exactly cancels the last term in the expression of £ in
Eq. (108).
We can then write £C as

L L
C_ Al A % A/ A
LY =2 E )\p’,’CiC[ +2 E )"P,iCL+iCL+i'

i=1

(121)

The state |pys)¢ which annihilates all the operator ¢, is
the steady state because L|ps)c = 0. The ¢&; are the normal
master modes of the Lindblad master equation and the A p ; the
rapidities.

5. Computing the expectation value (&;r a;)

The expectation value (&T& ;) is given by tr(écl.T Q. Pys). In the

A representation this is written as A(1|&j& i10ss) 4 where 4(1]
is the transpose of the identity operator in the A representation,
Wa=2 0 i, .. ir) 4. In the follow-

ing we will compute this quantity by transforming the &j and
a; in the C representation, and using the fact that the steady
state is the vacuum of the ¢;, i.e., | pss)a = |0)c.

SUL U102, o e ey

Sincefor1 < j < L,a; = l;j,&} = B;, we have tr(,é&;[&j)
= A(1|b; bj|0)c. Usmg Egs. (118) we get
, L L

b = ZDj‘k” ZWP, xCLrks (122)

k=1 k=1

L L
by =Y Wrlr+ Y Ciull (123)

k=1 k=1

Using this we can write

L
blb; = Wp jnliln — Y DFCjuéé
l lk P jmCrtm ik~ jmCkCL4m
k,m=1 k,m=1

L
* PN A
— E WPi,kWPj,mCL-&-kcm
k,m=1
L
* N Al
— D WelCimlrakly
k,m=1

(124)

We then show that 4(1| is annihilated by all the operators
¢_,; - From Eq. (119) we note that

L
A W (B

A=y —brw). (129
Nlyeeey np k=1
L

alley == Y A1) Wh (b +b}). (126)

ni,..., nr k=1
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for 1 <i < L andn; = 0,1. It is thus sufficient to prove that
Y AllG =br)=0 (127)
RiyeesL
and
> AU+ b} =0 (128)
T
for 1 < k < L. We have, using the operator N = ZI;:1 i

and considering that P|1) 4 = |1) 4 (there is always an even
number of particles in the identity of the A representation),

> U] — by
ny,..., nr
= Y 4@ = Parw)
NYyenny nr
= Z alllaf = 7 a@lap
..... ny,...,np
= Z( DM a. N T
= Y EDM A =m0l =g
Nlyeny nr
= Y DM = mal T =g
Ny, np
Z DM A = n)ale s gy oo =g, .|
Nyyeeny nr
=0, (129)
and
> Al + b},
Nlyenes np
= Y a@+al,P
Npyeeny nr
= Z alllay — Z AlPaj
= ) (- 1)M1<1—nk> Al =me
Nlyeeny nr
= Y DN Al =g
Ni,...,
= Y DM =g
Nlyenes nr
— Z (—I)Nk*‘nk A(...,nk,...,l—nk,...|
Nlyeeny np

=0. (130)

In both cases we have changed n;y — 1 — n; to get the terms
to cancel. Using Wfl W, = 1,; and Eq. (116) we can write

1

D=-C-W, , (131)

C=W;Q, (132)
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where Q is a L x L Hermitian matrix. This allows us to write
W WrQ
Wl = g F 1 —1
-Wp —-W,Q-W,
and, from Eq. (133), together with the definition Q =
W,»QW/,, we have

(133)

PQ + QP = A*. (134)

Hence, we find that only the last term of Eq. (124) does not
vanish and gives

L
—alll Y WplCimlranéy 10

k,m=1

ALlalaj|pe)a =

L
=— > WpiCindis=—(CWph);,
k,m=1
:_(WPQW )jl—_ i
In complete analogy to the bosonic case, the observable matrix

0; ; = tr(pa Toc j) is then given by
0=-9.

(135)

(136)

C. Exact solution of a boundary driven X X model

Here we apply our method to directly obtain the spectrum
of the Eq. (100) for the boundary driven X X model, which can
then be solved analytically in the limit of a long chain. We note
that an approximate steady-state solution, and exact one- and
two-point correlations of the X X chain, including also local
dephasing, were computed in [15]. The Lindblad equation we
consider is

i
Lxx(p) = —E[Hxx,ﬁ] + Dxx(p) (137)
with
L—-1 L
Axx =7 (6 67, +6, 6 ) +h. Yy 67 (138)
=1 =1
and
Dxx(p) = Y (A6, p67 — (6766 (139)
I=1,L
+ A7 Q67 p6 — (6,767 .pD). (140)

First we apply the Jordan-Wigner transformation [39,40] to
make it a fermionic chain,

&F = emim i fidngh, (141)
67 = TNl ng (142)
55 = 2ala; — 1, (143)
with Hamiltonian
L—1
HF =J Z(&;‘ Om+1 +am+lam)
m=1
L
+ he Y (266 — (144)

m=1
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In this case, the nonzero elements of the matrix h from Eq. (2)
are

h;; = 2h.,

(145)

hjji=hj;=J (146)

The dissipation instead becomes
D(p)
= Y Ap(2em T GGt pei™ Yict Gilng,
m=1,L
— {anal,.p})

DA

m=1,L

. 1ot
zel” i "‘kaka pg*’” hyy "‘k"‘k&jn

— {&),@n.p})

= AT a]pa1 — {@al.p)) + AT apa] — (alar.p)

+ A+(2871n S a,(ak&Jf pelrr > &k&k&L _ {&L&T ”0'\})
+ A} (26’” Yt alug Lpe ™ T lo‘k"‘ka {aLotL,,o})

= ATQalpa — (@al o) + AT Qanpa] — (@lar.p)
+ A*(Z&Te_i” zf:,ai&kﬁem Zf:,aZ&k&L . {&L&Z,ﬁ})
+ A; (20,67 Din da pemin i adngt _(ala, p)),

(147)

where in the last lines we have included an extra term in the
string operator and shifted its position. Therefore, in the A
representation, we have

DA = AfQaja],, — aa] —arpal,)
+ AT Qaary —alay — al,ap4)
+ A+(2aLa2LP - &L&z - &2L512TL)
+ A, QaLay P —ala, —al a). (148)
which is, in the B representation,

DB = AT QbIb) P —bib} —by11b) )
+ A7 (=2bibp P = biby — b} brw)
+ ATQDIBY, — bbbt — by b))
+ A (=2bpby, — bl by — b, by ). (149)

Then, restricting ourselves to the even sector as in Sec. II B,
we can simply write D as

DB = AYQBIBY,, — 1Bl — by, )

+ AT (=2bibyyy = blby — b, bry)
+ AFQbLBY, — bibl — by bl,)

+ A (=2bpby, — bl by — B, byy), (150)

052107-13



CHU GUO AND DARIO POLETTI

which is exactly the same as Eq. (99). Hence we can follow the
derivation in Sec. II B, and reduce the problem of diagonalizing
L to the eigendecomposition of the matrix P defined in
Eq. (23).

For convenience we rewrite the four coefficients A} with
four new parameters:

A+
Ci=Ay+Af, A= (151)

1

A+
TL=A; +A}, ==L (152)

'y

and then all the nonzero elements of matrix P are
p A Dy B D (153a)
=—l— - 7=, =—i— - —, a
R Y )
P, = —iﬁz, forl <m < L, (153b)
iJ

Pym+1 =Puyim = BT forl <m < L. (153¢)

It thus results in that P is a bordered tridiagonal Toeplitz
matrix, whose eigenvalues and eigenvectors can be analytically
computed [27], and we can follow the derivation in Sec. II to
get the explicit spectrum under the condition J2 = /I T;.
The only difference is that here there is a constant shift i/
for the diagonal terms of matrix P which was not present in
Sec. II. As a result, the eigenvalues of P are

i) = —J sin(a)sinh (B8) — i[h; + J cos (@) cosh (B)] (154)

with
km

= —, 155
@= (155)

1 1+ 2‘@ sin’%
B=—In (2+— , (156)

\/l? :kmw

2L 1— mSlHT

where k is an integer 1 < k < L and « = [J/(RT)]?. For
more details on the steps from Eq. (153) to Eqgs. (154)-(156)
see Sec. II.

D. Computing the steady state

From Eq. (30) we understand that the steady state of the
system is the vacuum of the operators ¢;, that is | o) = |0)c.

This is related to the vacuum of the b i»10)5 = 10) 4, by alinear
transformation. We can then write

|pss) = 10)c = $7110)5.

In the following we show how to compute § from W/ . First
we write § = e7, where T is

t
T=l< b, > (U V)( _P]—»L )
2 bLJrl%ZL I J bL+l—>2L

1/ by )t<U’ I’>< b]; L )
- — - 158
2 <b2+l—>2L Ve ) \bryisor (158)

and where U,V,1,]J are L x L matrices. It should be noted that
the presence of a minus sign in the second line of Eq. (158) is

(157)

PHYSICAL REVIEW A 95, 052107 (2017)

different from the bosonic case. Hereafter we will write

U Vv
w= (U V)
T

To calculate eTbje’T and e’ by ;e ", we use the relations

(159)

A

E = eTbj"e_T =

~>

M2

ot
w[ 7bj]m9

e -

. 5 A 5 ) BN
F = eTbL+je_T = J[T9b1‘+j]ma

m=1

where the nested commutator is defined recursively as
[A,Bln+1 =[A.[A,B],»] with [A, B]p = B. This results in

. T l,\ J[ t
S< b, >Sl :( b, >eW. (160)
briioor bry1or
Similarly we can write
~( b A b
S( s )S—l =e_W( s ) (161)
b0 LY}
which results in
Scs!
bt ' W w bl—>L
(B (e
LTRSS bL+1—>2L
t
— ( Tbl—% )e—W’MteW’< bJ{—)L )
b, 1o bi1-oL
— (A~ + A, (162)

Thus, as in the bosonic case by setting W = ¢~ W, which
means

W = —InW,, (163)

we can diagonalize S£81 whose steady state is |0). This
then allows us to derive Eq. (157).

IV. CONCLUSIONS

We have shown how to map the problem of computing
the relaxation rates and the normal master modes of a
Lindblad master equation for the dissipatively boundary driven
uniform noninteracting bosonic chain and the XX chain,
to the diagonalization of a tridiagonal bordered Toeplitz
matrix. This special structure of the matrix also allows us
to find explicit analytical solutions and we have shown an
approximate solution for a large system. With the approach
presented, for a system of size L, the matrix to be diagonalized
is only of size L x L (when considering Hamiltonians which
conserve the total number of particles, i.e., there are no terms
of the type &;&; or o?j &j.). For more general Hamiltonians
our approach can be readily extended, however the matrix
to be diagonalized would be a 2L x 2L block bordered
Toeplitz matrix (for a uniform bulk Hamiltonian with boundary
dissipative driving) which cannot be diagonalized with the
same analytical formulas. The method here presented can be
useful to study both the time evolution (since it gives access to
all the normal master modes and rapidities) and steady states
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for open bosonic and fermionic systems far from equilibrium.
Due to its simplicity, this method can allow one to find more
analytically solvable solutions.

We have also proposed a numerical algorithm which can
efficiently compute observables of the type (éziT &;). We have
then used this method to compute the relaxation gap of a
boundary driven bosonic quadratic system which presents two
different nonequilibrium phase transitions. A scaling analysis
of the gap shows that the gap scale as 1/L? in all the parameter
space except at one of the two phase transitions, for which the

PHYSICAL REVIEW A 95, 052107 (2017)

relaxation gap scales as 1/L°. This is due to the different
behavior of the spectrum of the Hamiltonian of the bulk of the
system at the two transition points.
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