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Temporal-dissipative Kerr solitons are self-localized light pulses sustained in driven nonlinear optical
resonators. Their realization in microresonators has enabled compact sources of coherent optical frequency combs
as well as the study of dissipative solitons. A key parameter of their dynamics is the effective detuning of the pump
laser to the thermally and Kerr-shifted cavity resonance. Together with the free spectral range and dispersion,
it governs the soliton-pulse duration, as predicted by an approximate analytical solution of the Lugiato-Lefever
equation. Yet a precise experimental verification of this relation has been lacking so far. Here, by measuring and
controlling the effective detuning, we establish a way of stabilizing solitons in microresonators and demonstrate
that the measured relation linking soliton width and detuning deviates by less than 1% from the approximate
expression, validating its excellent predictive power. Furthermore, a detuning-dependent enhancement of specific
comb lines is revealed due to linear couplings between mode families. They cause deviations from the predicted
comb power evolution and induce a detuning-dependent soliton recoil that modifies the pulse repetition rate,
explaining its unexpected dependence on laser detuning. Finally, we observe that detuning-dependent mode
crossings can destabilize the soliton, leading to an unpredicted soliton breathing regime (oscillations of the
pulse) that occurs in a normally stable regime. Our results test the approximate analytical solutions with an

unprecedented degree of accuracy and provide insights into dissipative-soliton dynamics.
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I. INTRODUCTION

Dissipative Kerr-cavity solitons (DKS) are self-localized
pulses of light that can be excited in coherently driven nonlin-
ear optical resonators. Following earlier studies of externally
induced dissipative solitons in fiber cavities [1], they were
shown to spontaneously form in microresonators [2]. From an
applied perspective, DKS generation in microresonators en-
ables high-repetition-rate sources of ultrashort pulses, produc-
ing coherent, broadband optical “Kerr” frequency combs [3].
Kerr frequency combs are generated by coupling a strong
continuous-wave laser into a nonlinear microresonator that
converts the initial frequency into a set of equidistant comb
lines via a cascade of parametric effects [4]. With proper tuning
of the pump laser, these processes result in the formation
of DKS in the cavity sustained via the double balance
between cavity loss and parametric gain, as well as dispersion
and Kerr nonlinearity [1,2,5-7]. These DKS-based frequency
combs have been demonstrated in several microresonator
platforms, enabling on-chip photonic integration [2,8—10].
Compared to other optical-frequency-comb platforms, DKS
combs extend the repetition rate to the microwave and
millimeter-wave domain while simultaneously providing wide
bandwidth and a compact form factor. They have already been
successfully used for coherent terabit communications [11],
microwave-to-optical phase-coherent links [12—14], and the
generation of low-noise microwaves [15]. The interplay of
the fundamental aspects of soliton physics and their ap-
plications has shown the suitability of the microresonator
platform to study soliton properties. A recent demonstration
evidenced how soliton Cherenkov radiation in a dispersion-
managed resonator [8,16,17] can extend the frequency-
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comb bandwidth, enabling self-referencing without external
broadening [14].

Fundamentally, the dynamics of the DKS rely on the
resonator properties and two external parameters of the pump
laser: the power and the detuning to the pumped resonance. An
analytical estimate [2,18] predicts that the soliton duration (and
thus the comb bandwidth) depends only on the resonator free
spectral range (FSR), dispersion, and detuning. While the for-
mer two parameters are readily accessible and measurable with
high precision, the detuning of the nonlinear system is more
challenging to determine, in particular since microresonators
are susceptible to thermal nonlinearities [19,20]. Here, we
apply a recently introduced method [21,22] enabling detuning
measurement to carry out a controlled study of the effect of the
detuning on the properties of a single soliton in a crystalline
magnesium fluoride (MgF,) resonator and perform a careful
comparison of the measurements to the theoretical predictions.
This is achieved via a feedback stabilization of the detuning
parameter, which ensures the stability over the measurement
duration and enables long-term soliton stabilization. The
results show very good agreement between the soliton pulse
bandwidth and the analytical approximation, which deviate
by less than 1%. Local features in the resonator dispersion
caused by coupling of other spatial mode families induce
detuning-dependent spectral features, which are shown to
cause a soliton recoil and affect the repetition rate as well as the
total comb power. Unexpectedly, mode crossings are further
shown to alter the soliton stability, leading to a “breathing”
regime in which the soliton amplitude and width oscillate.
This soliton breathing occurs at a detuning range where the
solitons are expected to be stable. Beyond elucidating the
detuning dependence of temporal solitons, this work, to the
best of the authors’ knowledge, constitutes direct experimental
verification of the DKS models with an accuracy that has not
been attained in previous studies of this class of solitons.
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II. ANALYTICAL DESCRIPTION

The complex dynamics of a continuous-wave (cw) laser-
driven nonlinear optical microresonator can be described
in both the frequency and time domains via coupled-mode
equations [23] or via a spatiotemporal description [24,25]. In
the time domain, the equation of motion for the envelope of
the cavity field is given by
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where « denotes the loaded resonator linewidth (Q = wy/x,
loaded quality factor), n = k.. /k is the coupling coefficient,
Py, is the pump power, wy is the pumped resonance frequency
(thermally shifted), and §w = wy — w), is the detuning of the
pump laser to this resonance. The dispersion of the resonator is
described by expressing the resonance frequency as a function
of the mode number p (relative to the pumped mode) as
w, = wy+ uDy + M2D2/2,Where D corresponds to the FSR
(in rad/s) and D, is related to the group velocity dispersion
(GVD) parameter 8, (D, = —p; D,zc /ngp). The nonlinearity is
described via the (per photon Kerr frequency shift) coefficient
g0 =ﬁw(2)cn2 / n(z) Vetr, With no being the refractive index of
MgF,, n, being the nonlinear refractive index, and Vg =
AerL being the effective cavity nonlinear volume (Aeg =
150 m? is the effective nonlinear optical mode area, and L is
the circumference of the cavity). Under suitable normalization,
the above equation has been shown to be equivalent to
the Lugiato-Lefever equation (LLE) that originally described
spatial pattern formation in diffractive cavities [2,6,24,26].
For anomalous group-velocity dispersion (D, > 0), there exist
stable solutions consisting of DKS on top of a weak continuous
field. The approximate expression for the soliton component
yields a hyperbolic secant pulse such that for a single soliton in
the microresonator, the comb-power spectral envelope follows
a sech? spectral profile [2,18]:

T n DyngA T
P(p) ~ e ST sech? (7MD1)

20D m
oy
~ M Sechz(n_TMDl), (2)
4g0 2
1 D, 3)
TR ——,
D1 28w

where 7 is the pulse duration [corresponding pulse FWHM
TEWHM = Zacosh(ﬁ) t]. Therefore, following this approxi-
mation, the soliton pulse duration is determined by only three
frequencies, while the other cavity properties determine the
soliton’s power levels.

Equation (3) is at the core of several recent works on
solitons, as in [9], where it was employed to replace éw depen-
dencies with 7. A direct verification of this approximation with
experiment would further consolidate the validity of such an
approach. Surprisingly, although simulations of the LLE and
comparisons to soliton experiments have rapidly advanced in
recent years, the fundamental test of (3) in microresonators has
not been directly performed due to the lack of direct access to
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dw in the driven nonlinear system in the presence of solitons.
In microresonators, photothermal and Kerr effects play a key
role [19]. When tuning the laser across a resonance to obtain
a soliton state, the thermal effect shifts the cavity resonance
from its original cold position [2,8], making it difficult to
precisely infer the effective laser detuning from this “hot”
cavity resonance.

In addition, this detuning determines not only the soliton
duration but also if the soliton can be sustained. The soliton
is indeed supported in the cavity over a limited range of
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effective red detuning (‘/T§K < 8w < dWmax = K’{G ;,)‘:, where
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Py== ﬁ“’“) referred to as the soliton existence range. There-

8ngo
fore, thermal drifts of the microresonator cavity can cause the

effective detuning to walk outside of these limits, leading to
the decay of the soliton state.

III. RESULTS

A. Effective detuning probing and stabilization of a dissipative
Kerr soliton state

In order to study the soliton properties as a function of
the effective detuning, this parameter must be measured,
stabilized, and tuned in a controlled way. We recently
demonstrated a way to probe the effective detuning within
the soliton state [22], akin to techniques employed in ultrafast
lasers [27,28]. The underlying idea is to frequency sweep
weak-phase-modulation sidebands imprinted onto the pump
laser and record the resulting amplitude modulation of the
optical power coming out of the cavity. The sweep is generated
with a vector network analyzer (VNA) and converted to a phase
modulation on the laser with an electro-optical modulator
(EOM). After the resonator, the corresponding amplitude
modulation is recorded on a photodiode and demodulated by
the VNA [see Fig. 1(a)]. When solitons propagate in the cavity,
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FIG. 1. Kerr-comb generation, probing, and stabilization.
(a) Experimental setup: vector network analyzer (VNA), electro-optic
phase modulator (EOPM), erbium-doped fiber amplifier (EDFA),
and optical spectrum analyzer (OSA). (b) Double-resonance cavity
transfer function in the soliton state, as measured on the VNA.
The frequency of the C resonance indicates the pump-resonator
detuning. (c) Principle of microresonator frequency-comb generation
and formation of dissipative Kerr solitons.
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the system’s transfer function exhibits a double-resonance
feature, related to the strong bistability of the cavity that
supports both a weak cw background and high-intensity
solitons. A first small peak at low modulation frequencies
is observed (S resonance) that is related to a resonance of
the soliton and is weakly dependent on the detuning. A second
stronger peak (C resonance) is also measured, whose frequency
corresponds to the effective detuning o of the pump laser to
the optical resonance of the microresonator when dw > «.
The soliton existence range can be determined easily with this
probing technique by detuning the laser until the soliton is
lost. We measured it to range from dw/2m ~ 2 to ~ 30 MHz,
which corresponds to an effective laser-cavity detuning of
Sw/k ~ 160 times the resonance linewidth. This is enabled
by the strong pumping of the resonator, which is ~ 440
times above the parametric threshold (P, ~ 215 mW, intrinsic
linewidth «o /27 =~ 100 kHz, n ~ 0.43) [23].

We implemented a digital feedback stabilization of the
effective detuning, as shown in Fig. 1(a). The response
of the system is measured with the VNA (sweep time
~ 100 ms) and recorded with a computer. The detuning value
is identified by detecting the C resonance frequency with a
peak detection algorithm, and the program determines the
required feedback to apply to the pump-laser frequency to
stabilize the detuning to a given value. The overall feedback
is slow (~ 10 Hz) but sufficient to compensate the thermal
drift, which is the main source of variations. This method
enabled the long-term stabilization of a single soliton in the
crystalline microresonator over 15 h, as presented in Fig. 2.
Over this period, the laser frequency was adjusted by more
than 350 MHz, which represents over 10 times the existence
range of the soliton. The active compensation maintained the
effective detuning fixed at 10 MHz and stabilized the comb
bandwidth [Figs. 2(c) and 2(e)]. However, the parameters of
the resulting frequency comb are not stabilized since the cavity
FSR drifts thermally and so does the pulse repetition rate. To
highlight the effect of the stabilization, the lock was disabled
on purpose after ~ 15 h, and the thermal drifts caused the comb
properties to drift until the soliton state decayed after 17 min.

B. Study of the detuning-dependent dissipative
Kerr soliton duration

In order to study the dependence of the soliton on the
effective detuning, this parameter was swept by changing the
set point in the computer. Figure 3(a) shows a sweep of the
effective detuning from 6 to 28 MHz in 50 steps. At each
step, once the detuning was stabilized, an optical spectrum
was acquired (optical spectrum analyzer scan time ~ 30 s),
and the comb average power (after suppressing the pump
with a narrowband fiber Bragg grating) was measured with
a photodiode before moving to the next detuning value. At the
same time, w, was measured with a frequency counter after
photodetection and down-mixing. The overall measurement
duration is ~ 30 min, and the active detuning stabilization is
required to counteract the environmental drifts. Each optical
spectrum was fitted with the following expression:

r — Q2
A sechz(ﬂw—), 4)
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FIG. 2. Effective detuning stabilization of a dissipative Kerr
soliton state. (a) and (b) Close-up view of the lock enabling and
disabling. The color maps in (a) show the concatenated set of acquired
VNA traces used to determine the detuning. The plots in (b) trace the
pump frequency. If the lock is enabled, the laser is tuned to keep
the effective detuning at a fixed value. When the lock is disabled,
the laser frequency is fixed, but the soliton is lost after 17 min. (c)
and (d) Stabilization and continuous soliton measurement over 15 h.
(c) The blue line indicates the evolution of the pump-laser frequency
when tracking the microresonator resonance, which is measured by
counting the heterodyne beat of the pump with an ultrastable laser.
The temperature drifts of the microresonator cavity are the main
source of variations, and the slow oscillations are caused by the air
conditioning. The red line indicates the stabilized effective detuning
(at 10 MHz) that remains within the soliton existence range. (d) The
comb power and the 3-dB bandwidth (obtained by fitting the optical
spectra) are stabilized when the laser compensates the drifts.

where 1 is the relative mode number, w, is the repetition rate
of the comb, B = 2/(x ) is the bandwidth, A is the peak
power of the comb envelope, and €2 is the spectral shift of the
comb centroid from the pump.

The presented method enables a precise comparison be-
tween the measured comb properties and the theoretical
predictions. The dispersion properties of the resonator were
measured experimentally via frequency-comb-assisted scan-
ning laser spectroscopy [29,30] and are shown in Fig. 5(d)
below (the corresponding dispersion parameters are D, /27 =
14.094 GHz, D,/2m = 1.96 kHz, D3/27w = —1.39 Hz). The
soliton spectral bandwidth (and deduced pulse duration)
obtained experimentally is compared with the approximate
expression (3), using the measured dispersion and detuning
parameters [Fig. 3(a)]. We observe excellent agreement of the
two curves (normalized rms deviation of 0.8%), supporting the
validity of the approximation. The results also show that the
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FIG. 3. Tuning of the effective detuning and evolution of the soliton duration. (a) Map showing the evolution of the modulation response
(log scale) as the effective detuning is swept. The detuning is stabilized at each step. (b) The observed VNA traces at the extrema of the effective
detuning dw. (c) The measured soliton FWHM (derived from a sech? fit) is plotted versus the detuning (blue dots) with comparison to the
expression in Eq. (3) (red line). (d) Corresponding spectra at the limits of the sweep. As expected, the comb bandwidth increases with larger

effective detuning. The black lines mark a sech? fit of the combs.

soliton duration can be tuned by more than a factor of 2 by
changing the detuning.

C. Study of the detuning-dependent mode crossings
and soliton recoil

The relation between the average power of the out-coupled
pulse train and detuning is obtained by integrating Eq. (2):

oA o
p = MK s = 2 SDsw.  (5)
8o

n2w0D1 T

The evolution of the measured comb power, shown in Fig. 4(a),
follows the trend of the previous equation, but significant
discrepancies are observed at some detuning values, such as
for w/2m = 12 MHz, where a large spike in the comb power
is measured. Integrating the fit expression (4) reveals that the
power in the soliton is reduced at these points [blue dots in
Fig. 4(a)]. The corresponding spectrum exhibits specific comb
lines that are strongly enhanced [Fig. 4(b)]. This effect is
typically caused by avoided mode crossing, where the coupling
between two spatial mode families causes a local disruption
in the resonator dispersion, leading to a modification of the
phase-matching condition between the pump and the crossing
mode. This is associated with an enhancement or suppression
of the comb generation at the crossing position [29,31,32]. The
excess power in certain lines (spikes) makes the frequency
comb asymmetric, which induces a recoil, i.e., a shift in
the soliton center frequency with respect to the pump, in
the opposite direction in order to keep the spectral center
of mass invariant [17,33,34]. In the time domain, the spike
beats with the pump laser, leading to an oscillating intracavity
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FIG. 4. Evolution of the soliton power. (a) Evolution of the
measured comb power with the effective detuning (green dots),
compared to Eq. (5), and the estimated power in the soliton
component (blue dots, derived from the sech? fit). (b) Comb spectrum
corresponding to the arrow in (a). The black dashed line marks
the pump position (i = 0). Two strong avoided mode crossings are
visible at s = —31 and pu = —106 and induce a shift of the sech’
centroid from the pump toward shorter wavelength, marked by the
red arrows.
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FIG. 5. Effect of detuning-dependent avoided mode crossings on the soliton frequency comb. (a) Map of A P indicating the spurs and dips

in the spectrum after subtracting the fitted sech? soliton envelope. (b) Section of the A P map showing the evolution of the power deviation for
the comb line +61 and —93 (relative to the pump). (c) Representation of the peaks in the A P map, in logarithmic units, showing the evolution
of the intensity spurs caused by avoided mode crossings. The lines higher than the sech? envelope (enhanced) are marked with a dot; the lines
lower (suppressed) are marked with a cross. The blue stars mark the comb centroid 2. The shaded blue region indicates the comb 3 dB width.
‘When lines are strongly enhanced, the comb centroid shifts away from them. (d) Measured frequency dispersion of the mode family supporting
the soliton. A quadratic fit yields D, /2w = 14.0938 GHz and D,/2m = 1.96 kHz. Multiple mode families with different FSRs exist in the
resonator and cross the family of interest, inducing small periodic disruptions on the dispersion. (e) Evolution of the soliton recoil. The blue
stars result from the fit of the optical spectrum, while the red crosses mark the estimated recoil using (6). (f) The repetition rate frequency is
strongly correlated with the recoil. This enables the determination of the dispersion parameter as given by the slope (D,/ D). The offset on the

repetition rate is 14.094005 GHz.

background. The soliton(s) are then trapped on this oscillating
pattern, creating a bound state [35].

The evolution of the mode-crossing features with the
laser detuning is further investigated in Fig. 5. Interestingly,
the measured dispersion of the mode family supporting the
soliton does not exhibit strong disruptions [see Fig. 5(d)];
instead, we observe periodic crossings with a mode family
with a different FSR. We detect the mode-crossing features
in the comb spectrum by first subtracting the sech? fit to
estimate the power deviation AP of each comb line [see
Fig. 5(a)]. The power deviation of the concerned comb lines
evolves with the detuning, abruptly transitioning to being

J
+00
/:oo

This estimate is plotted in Fig. 5(e), together with the fitted
parameter 2 in (4), and an overall agreement is found
between these two values. It is interesting to note that the
soliton experiences a spectral recoil toward higher optical
frequencies, which is opposite the frequency shifts observed in
microresonators in amorphous silica or silicon nitride reported
so far. Indeed, in these platforms, the first-order Raman

. — N
MAsech2<WT>du+ZMAP=O<:>Q:_
m

enhanced or suppressed over a small range of detuning, as
illustrated in Fig. 5(b). The deviations in the residual AP
are detected and are reported in Fig. 5(c). We observe here
that the spectral location of the mode-crossing features in
the comb spectrum is fixed and matches those of the modal
deviations in the measured dispersion. We also note a clear
correlation between strongly enhanced comb lines and the
shift of the soliton centroid, which recoils away from these
lines. To further check the appearance of avoided-mode-
crossing-induced recoil, we estimate the expected soliton
recoil  based on the conservation of the spectral center of
mass:

2
w;

2AB ;“AP’

(6)

(

shock term dominates and systemically shifts the frequency
comb toward lower frequencies and can compensate the recoil
induced by a dispersive wave [9,36]. The absence of a Raman
self-frequency shift is expected in crystalline MgF, platforms,
where the Raman gain is spectrally narrow [37].

The recoil on the soliton implies a change in the soliton’s
group velocity and thus a modification of the comb repetition
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FIG. 6. (a) Avoided-mode-crossing-induced soliton breathing rf
spectrum of the repetition rate for two adjacent detuning steps
dw/2m = 17.2 and 17.6 MHz (resolution bandwidth 1 kHz). In the
first case, modulation sidebands appear on the repetition beat note,
with a frequency of ~ 3.5 MHz, closely matching the S resonance
frequency measured on the VNA (indicated by the dashed lines).
This is typically indicative of a soliton breathing. (b) Corresponding
optical spectrum comparison. The red (blue) trace corresponds to the
soliton breathing (stable soliton). The breathing seems to correlate
with the excitation of the mode u = —106.

rate, according to w, = D; + Q D,/D; [38], similar to the
Gordon-Haus effect in mode-locked lasers [39,40]. This is
verified in Fig. 5(f), where the change in the repetition rate
frequency is plotted as a function of the measured recoil and
fitted with a linear model. The intercept matches the free
spectral range D;/2m, and the slope yields D,/2xr = 1.72 +
0.48 kHz, which overlaps with the measured dispersion. The
spread of the data-points at small recoil values could originate
from the thermal drift during the measurement.

Overall, we observe that detuning-dependent excitation of
avoided mode crossings is detrimental for the stability of the
soliton Kerr comb and causes an enhanced sensitivity of the
soliton repetition rate to pump-laser frequency fluctuations. At
certain detuning points, the excitation of the mode crossings
causes abrupt changes in the comb repetition rate, resulting
from the induced recoil, in agreement with simulations per-
formed in [41]. The present method enables the identification
of detuning regions that minimize the impact of avoided mode
crossings. We also observed that the excitation of the strong
avoided mode crossing at dw/2m = 12 MHz (t ~ 450 s) is
correlated with a sudden shift of the S resonance toward
lower frequency [see VNA map in Fig. 3(a)]. This is not yet
understood and will be investigated further in another study.

At other detuning values §w/27 = 15.5, 15.9, 17.2 MHz
(t ~ 750, 780, 880 s), the S resonance peak appears greatly
enhanced. This is concomitant with the appearance of side-
bands around the repetition rate of the comb and of an
amplitude modulation of the soliton pulse train at a frequency
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of ~ 3.5MHz. These observations suggest that the soliton is
breathing (Fig. 6), meaning its amplitude and width oscillate
in time, with a frequency typically much smaller than the
repetition rate [42—45]. While such instabilities are known to
occur for small detuning values [46,47], they are unexpected
for the large detuning values explored in the frame of this
work. Our experiments suggest that the breathing of the soliton
could be related to and induced by the mode-crossing feature
at u© = —106. This observation of mode-crossing-induced
soliton breathing is reported here experimentally and will be
further investigated in a future work.

Nevertheless, it is interesting to point out that our obser-
vations highlight the surprising robustness of the dissipative
soliton, which is sustained in the cavity in spite of all the
reported perturbations.

IV. DISCUSSION

We demonstrated a technique to probe, stabilize, and
control the effective detuning of soliton states in optical
microresonators via a feedback on the pump-laser frequency.
It enables the experimental study of the soliton’s properties
while varying the effective detuning parameter to verify the
relation between this parameter and the soliton duration.
This relation is surprisingly well preserved, although the
studied microresonator exhibits non-negligible deviations in
its mode spectrum in the form of avoided mode crossings.
In addition, we observed and studied the detuning-dependent
mode-crossing features and associated spectral recoil that
correlates to a modification in the soliton round-trip time
(repetition rate). These observations of a detuning-dependent
repetition rate have important repercussions for low-phase-
noise microwave generation, as they enhance the transduction
of pump-laser frequency noise onto noise in the soliton pulse
repetition rate. Furthermore, the mode crossings can also
degrade the stability of the soliton and induce breathing in
a region where solitons are expected to be stable.

Our method provides a way to experimentally explore the
existence range of the soliton and identify optimal sets of
operating parameters that favor a stable operation of the optical
frequency comb. Moreover, we revealed how these crossings
induce deviations in the relation between comb power and
detuning, which can be a limitation for stabilization techniques
based on the comb power alone [9,48]. The presented method
also enables the long-term operation of soliton-based combs
with stabilized bandwidth and power. The stabilization could
alternatively be achieved by direct actuation on the microres-
onator [10,49,50] to tune the free spectral range and stabilize
the cavity resonance on a stable pump laser. The fine control of
the two driving parameters of the nonlinear system (detuning
and pump power) will also enable controlled access to various
soliton regimes predicted by the theory (soliton breathers,
chaos) [46]. The presented observations could also provide
insights for sources of instabilities in systems described by the
same type of driven, damped nonlinear Schrodinger equation,
such as rf-driven waves in plasma [51], where similar probing
and stabilization schemes could be applied.

Note added. Recently, Yi et al. reported on the properties of
single-mode dispersive waves induced by modal crossing [52].
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