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Strong-field quantum-state control is investigated, taking advantage of the full—amplitude and phase—
characterization of the interaction between matter and intense ultrashort pulses via transient-absorption
spectroscopy. As an example, we apply the method to a nondegenerate V-type three-level system modeling
atomic Rb, and use a sequence of intense delayed pulses, whose parameters are tailored to steer the system into
a desired quantum state. We show how to experimentally enable this optimization by retrieving all quantum
features of the light-matter interaction from observable spectra. This provides a full characterization of the action
of strong fields on the atomic system, including the dependence upon possibly unknown pulse properties and
atomic structures. Precision and robustness of the scheme are tested, in the presence of surrounding atomic levels

influencing the system’s dynamics.
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I. INTRODUCTION

The advent of laser light and femtosecond pulse-shaping
technology have revolutionized our access to the quantum
properties of matter [1-3], with coherent-control methods
exploiting interference in order to steer a system into a given
state with light [4-8]. Measurement-driven techniques such
as adaptive feedback control are extensively used, especially
when little understanding of the light-matter interaction is
available owing to inaccurately known atomic or molecular
structures, nonideal experimental conditions, or because of
the use of strong, insufficiently characterized laser fields.
Femtosecond pulses are thus utilized to simultaneously control
and interrogate the atomic system, with their shape being
iteratively optimized based on the received experimental
response [5]. However, the associated atomic dynamics remain
concealed in the optimal pulse, often preventing insight into
the underlying physical mechanism. Only recently techniques
were investigated to access the complex reaction pathways
followed by an optimally controlled system [9,10] and in the
strong-field regime, where perturbative approaches fail and the
atomic level structure is dressed by the time-dependent field, a
limited number of effective pulse-shaping strategies have been
identified [11-14].

Major advances in x-ray free-electron lasers (FELs) are
now enabling quantum control also at short wavelengths
[15]. Coherent transform-limited x-ray pulses are produced
via seeding methods at FELs [16,17], opening the field of
x-ray quantum optics [18]. Despite recent advances [19,20],
however, experimental challenges still need to be faced.
Complex spectral-shaping methods are not yet available at
short wavelengths, in particular for hard x rays, and control
schemes, e.g., to manipulate several excited states lying within
the x-ray pulse bandwidth, should preferably rely on optimal
pulse sequences. Methods to measure pulse temporal profiles
are significantly hindered at x-ray frequencies by the absence
of suitable nonlinear crystals. Therefore, measurement-driven
strategies directly accessing the atomic response to intense,
insufficiently characterized pulses should be preferred to
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methods based on theoretical assumptions of the pulse shape.
At the same time, the reduced flexibility at recently established
x-ray FELs renders adaptive feedback still very challenging for
current experiments.

In order to determine an effective route to x-ray quantum
control despite present limitations, we put forward a scheme
to experimentally characterize—in amplitude and phase—the
atomic interaction with intense ultrashort pulses, and use this
information to deterministically guide the system into a desired
state with an optimal pulse sequence [Fig. 1(a)]. Thereby, one
keeps the advantages of a measurement-driven strategy. In
stark contrast to adaptive feedback, however, where optimal
pulse shapes are iteratively determined via a trial-and-error
procedure, our scheme allows access and visualization of the
building blocks constituting the optimal strong-field control
strategy, providing an advantageous means to unravel the
dynamical pathways followed by the system. Furthermore,
for experimental conditions in which feedback may not be
advisable due to, e.g., restricted beam time, our scheme
represents a cost-effective strategy to prepare a given system in
different states: adaptive feedback requires a new sequence of
iterations for every desired state, whereas deterministic strong-
field control could be performed numerically relying on a set of
elementary steps characterized experimentally. Motivated by
recent results [21], the scheme is applied here to control optical
transitions in Rb atoms, but it could be also implemented at
x-ray energies with, e.g., highly charged ions, among the best
candidates for future x-ray quantum-optics applications [18].

The paper is structured as follows. In Sec. II, we take
advantage of a Schrodinger-equation-based formalism to
introduce the interaction operators, which will be used to
characterize the atomic response to intense ultrashort pulses.
We introduce transient-absorption spectroscopy in Sec. III,
and show in Sec. IV how this can be employed to reconstruct
strong-field interaction operators. These extracted operators
are used in Sec. V for deterministic strong-field quantum
control, and the performances of the scheme, also in the
presence of incomplete modeling, are discussed in Sec. VL.
All the results are generalized in terms of a density-matrix
formalism in Sec. VII, in order to fully account for the details
of dissipation. Section VIII concludes the paper. Atomic units
are used unless stated otherwise.
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FIG. 1. (a) Quantum-control scheme based on an optimal se-
quence of experimentally characterized pulses. (b) Interaction of a
quantum system (red, continuous line) with an ultrashort pulse (gray,
dashed line), effectively modeled as an instantaneous effect (orange,
continuous line).

II. INTERACTION OPERATORS

The key quantity we will use to characterize the atomic
response to intense ultrashort pulses is the interaction operator
U(I), whose action is represented in Fig. 1(b). Thereby, we
can effectively describe the atomic evolution induced by the
pulse as a §-like interaction [22,23], where U (1) connects the
effective initial and final states of the atomic system, |4 ~) and
| 1), respectively, preceding and following the interaction
with an ultrashort pulse of intensity I:

ly*)y =UWMIy). (1)

Our deterministic strong-field control method consists in
(a) extracting O(1) from experimental spectra and (b) de-
signing the optimal pulse sequence of Fig. 1(a) based on
this reconstructed information, in order to guide the atomic
system into a desired state |y4). In adaptive feedback, a
series of experiments has to be performed for every choice
of |q), iteratively searching for the optimal combinations
of, e.g., pulse delays, carrier-envelope phases (CEPs), and
intensities. Little knowledge is thereby achieved about the
possible pathways the system could follow and the rules
determining the optimal pulse sequence. In contrast, in
deterministic strong-field control, experiments are first run to
fully characterize the interaction operators U(I), providing
a complete experimental mapping of the available control
options and facilitating manipulation and interpretation of the
chosen control strategy. Although interaction operators could
be calculated from theory, our deterministic scheme allows
one to effectively tackle those cases where reliable predictions
are not possible via methods based exclusively on theory, due
to missing knowledge of the atomic structures, pulse shapes,
or the strong-field interaction.

In order to define the interaction operator U (1) and extract
it from measurable absorption spectra, we therefore consider
a quantum system in the state | (¢)) = Z/Al(t,to)hﬁ(to)), where
the evolution operator Z(z,), describing the dynamics from
1o to ¢, is solution of the Schrédinger equation

dU(t ty)
dt

We employ a Schrodinger-like approach, where we include
the decay of the excited levels via the complex-valued
atomic-structure Hamiltonian ﬁo = (o — iy /2)0i)il,
with energies w; and linewidths y; of each atomic state |i).

—i[Hy + Hnd Ut t0), Ultote)=1. (2)
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In Sec. VII, the results of the paper are generalized via a
density-matrix formalism, in order to fully include the details
of dissipation. In Eq. (2), I= >; li)(i] is the identity operator
and Hyy = —[D™ - £(t) + H.c.] is the electric-dipole (E1)
light-matter interaction Hamiltonian, in the rotating-wave
approximation [24]. Here, D = Zi>/‘ D;;li){j| is the
negative-frequency part of the dipole-moment operator,
of matrix elements D;;, and ET(t) is the complex
electric field [25]. We assume a quantum-control scheme
based on pulses of the form E(t)=E1(t)+ c.c. =
& f(t —t)cos[w (t —t.) + ¢plé,, centered around ¢,
linearly polarized along the &, unit vector, with laser frequency
oy = 1.59 eV and CEP ¢. The envelope function f(t) is
nonvanishing in the interval [-7 /2, T /2], with pulse duration
T, and & = +/8mwal represents the peak field strength, with
peak intensity / and the fine-structure constant «.

The evolution operator I4(r,fp) satisfies the equality
U(t to) —Z/{(t s)Z/{(s tp), from which 1t follows that since
Z/l(to,to) = I, its inverse is given by u- Yt,t0) = U(to,t) In
the absence of external fields, the known free evolution of the
system under the action of the atomic-structure Hamiltonian
Hy is given by V(1) = e A, with V-'(t) = V(—t). In
order to effectively describe the action of a pulse on the
atomic system as a function of its intensity, we initially
consider pulses centered on #, = 0 and with vanishing CEP,
associated with the evolution operator Uy(z,7). The generic
evolution operatoerl(z,to) = &) Uo(t — 1,10 — t.)P (@) can
then be written in terms of Z]o(t,to), with the diagonal
operator (¢) accounting for the pulse CEP. In the interval
[-T/2, T /2], the time evolution of |y (t)) = LA{o(t,tO)hp(to)),
depicted in Fig. 1(b), requires the solution of the Schrédinger
equation (2) in the presence of the external pulse. In
order to operatively describe this strong-field interaction,
we introduce the effective initial and final states |¢T) =
e HOFT/D 1y (£T/2)), represented in Fig. 1(b). We there-
fore define U(1) = e BT/ (T /2, — T /2)et 0T/ a5 the
unique, intensity-dependent operator which connects |yT)
with |y ™) according to Eq. (1).

Endowed with an efficient way to quantify the action of
strong ultrashort pulses, we can summarize our deterministic
quantum-control scheme as follows. To prepare a system in a
desired state |4), we use the sequence of N, pulses shown in
Fig. 1(a), separated by delays T,, = . u+1 — fcn and leading
the system to the state
-V(@)Uil¥o). 3)

Ww,) = Un, -+ V(@)U - -

Here, the action of the mth pulse, centered on #. ,,, is described
by U,y = & (¢)U(1,))D (), with intensity 1,, and CEP ¢,,,
me{l,...,Np}.

As a final remark, we notice that, by using a Schrodinger-
equation-based formalism with complex terms added to the
energies of the system, coherences and populations are equally
affected by dissipation, which renders the system open and the
total population nonconserved. Here, however, we assume that
the decay times 1/y; of the system are much larger than the
femtosecond duration of the control pulses and of the pulse
delays 7,,: the dynamics of the system leading to the final
state |{y,) in Eq. (3) are effectively insensitive to the details of
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the dissipation process, justifying the use of a Schrodinger-like
formalism in the initial sections of this paper. A density-matrix
formalism is presented in Sec. VIIL.

III. TRANSIENT-ABSORPTION SPECTROSCOPY
FOR MEASUREMENT-DRIVEN CONTROL

To exploit the advantages of a measurement-driven strategy
without employing adaptive feedback, we utilize transient-
absorption spectroscopy (TAS) to reconstruct U(I) in ampli-
tude and phase, and use these extracted matrices for quantum-
state control. TAS has been receiving increasing interest for
studies of ultrafast dynamics [26—34]. The experimental setup
is depicted in Fig. 2(a), with pump and probe pulses centered
ontp, = 0and t. ,, = T, respectively. In a pump-probe setup,
the absorption spectrum S(w,7) of a transmitted weak probe
pulse is observed for varying time delays 7, revealing the
dynamics initiated by the intense pump pulse [35]. At the same
time, recent experiments have employed a probe-pump scheme
(r < 0), with the probe pulse generating a coherent super-
position of quantum states which is subsequently nonlinearly
excited by the strong pulse [29,36—38]. In this case, absorption
spectral line shapes contain valuable information to quantify
the strong-field dynamics induced by the pump pulse, albeit
requiring schemes to extract information from complex time-
dependent spectra. Characterizing strong-field interactions to
reconstruct U(I) with TAS can be straightforwardly imple-
mented experimentally, since the same intense pulse is used
with varying time delays. This minimizes the number of exper-
iments where pulse parameters need be precisely modified, in
contrast to adaptive feedback, where pulse intensities, phases,
and delays are simultaneously and controllably varied at every
iteration to converge to the desired state.

For low densities, where propagation effects can be ne-
glected and the pulses can be assumed to homogeneously
control the sample, the time-delay-dependent spectra result
from the system’s single-particle dipole response,

o0

Si(w,1) x —a)Im|:éz . /

—0Q0

<i)‘(z,r)>e"w<”>dt}, 4)

where (D (t,7)) = Tr[D~ p(r,7)] is the expectation value of
the dipole-moment operator D = Zi>i D;;li)(jl, and the
density matrix p(¢,7) = Zi’j pij(t,T)i) (jl describes the time
evolution of the system as a function of time delay. We assume
a weak probe pulse, with full width at half maximum (FWHM)
Tewnm,pr = 15 fs and intensity I, =1 x 108 W/cm?, and

/// pump

// ~ |4>
Detector
Sample
1)

FIG. 2. (a) Transient-absorption-spectroscopy setup used to ex-
perimentally reconstruct strong-field interaction operators. (b) Level
scheme used to model Rb atoms, aiming at the control of the V-type
three-level scheme in the box.
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pump pulses of duration Trwmwm,pu = 30 fs and intensities I,
varying between 0.1 x 10'° W/cm? and 5 x 10'® W/cm?.

We apply our scheme to Rb atoms [21,39]. Specifically,
we aim at controlling the V-type three-level system formed
by the ground state 5s2S; 2 =|1) and fine-structure-split
excited states 5p %P, 2 =12) and 5p 2P3/2 = |3), with mag-
netic quantum numbers M = £1/2 and transition energies
wy; = 1.56 eV and w;; = 1.59 eV. The E1-allowed transi-
tions 1) — |k), k € {2,3} [box in Fig. 2(b)] feature AM =0
and dipole-moment matrix elements D, = Dyé, [40]. For
such a three-level model, in terms of the atomic coherences
p1x(t,7), the absorption spectrum results from

3
Si(w,7) —a)Im|:Z ka/

k=2 %

oo

plk(r,we—"w(’—”dr}. )

For a system excited by the sole weak probe pulse, mod-
eled as an effectively instantaneous interaction [Fig. 1(b)]
and generating initial coherences pix o, the ensuing de-
cay of the coherences can be modeled as p(¢,7) =
Pix.0€' D= /D=9t — 1), with O(x) being the Heavi-
side step function. Inserted into Eq. (5), this decay gives rise to
stationary absorption lines, centered on the transition energies
wg; and with Lorentzian shapes of width y;. In contrast,
when an intense pump pulse is added, either preceding or
following the probe pulse, the induced strong-field dynamics
pO(t,7) result in, e.g., asymmetric Fano-like absorption line
shapes, which carry information about the action of the pump
pulse on the atomic system. The fast oscillations of Sj(w,7)
as a function of the time delay t are averaged out in a
noncollinear geometry [21] and cannot be discerned. This
averaged time-delay-dependent spectrum is modeled via a
convolution of the fast oscillating spectrum with a normalized
Gaussian function G(t,At) of width At =5 x 27 /wy [21],
thus obtaining

o0

S(w,7) = (Si(w,7)); :f Gt — 1t ,At) S)(w,TdT’.

—0Q

(6)

In the following, we will use decay rates y, = y; =
1/(1500 fs) to model experimental linewidths owing to, e.g.,
collision-induced and Doppler broadening. Radiative decay
times of 27 ns and 25.7 ns, from the excited states |2) and |3),
respectively, are more than four orders of magnitude larger
than the duration of the femtosecond pulses used for our
control scheme, and spontaneous decay can be neglected for
our system. For femtosecond pulse delays |t | and femtosecond
pulse durations Tewhm,pu and Tewhm, pr» much shorter than the
decay times 1/y4, the dynamics of the system in between the
two pulses—i.e., for 0 < ¢t < t in a pump-probe setup, or for
7 <t < 0in a probe-pump setup—are effectively insensitive
to the details of dissipation. In this time interval, dephasing
is almost completely absent, and the system can be properly
described in the same Schrodinger-like formalism presented
in Sec. II, with the density matrix p(z,t) = [ (¢,7)) (¥ (z,7)]
written in terms of the time-delay-dependent state vector
|¥(t,7)) =Y, ci(t,7)|i), such that p;; = cic’.

Dephasing becomes important only on much longer time
scales. Our Schrodinger-equation-based approach, with a
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complex-valued atomic-structure Hamiltonian, correctly de-
scribes the decay of the coherences in Eq. (5), thereby
modeling the corresponding experimental linewidths. It does
not provide the exact description of the evolution of the
populations following the interaction with the pump and
probe pulses, but this is not relevant for the modeling of
the transient-absorption spectra and, thus, does not affect
our operator-reconstruction method. In Secs. IV-VI, we will
therefore present results based on a Schrodinger-like approach,
with decay rates y; quantifying the slow dephasing of the
system on time scales significantly exceeding |7|, Trwrm,pus
and Trwrwm,pr- For completeness, and in particular to properly
describe situations in which the details of dissipation are
important on time scales comparable with time delays t, we
display how our results can be generalized to a more complex
case requiring a density-matrix formulation in Sec. VII.

IV. RECONSTRUCTION OF STRONG-FIELD
INTERACTION OPERATORS

In order to enable the extraction of strong-field interac-
tion (SFI) operators from transient-absorption spectra, we
take advantage of the same instantaneous-interaction model
introduced in Eq. (1) and formally describe the system’s
dynamics in a pump-probe experiment in terms of the operators
Upr and Upu(l). By means of Egs. (5) and (6), we then
derive an analytical fitting model to relate transient-absorption
spectra to the matrix elements Up, ;; of the intensity-dependent
pump-pulse operator Upu(l ), and show how this model can be
employed for the experimental reconstruction of Uy, ;;. For
weak probe pulses, first-order perturbation theory is used to
model Upr, as shown in Appendix B, resulting in

1 iz i
Up~|i% 1 0| (7)
iZ 0 1

J
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_ (Tw/2
where the pulse areas ¥, = T2 D &o pr for()dt, k € {2, 3},

are defined in terms of duration and peak field strength of the
probe pulse. In contrast, the matrix elements Up,;; of the
intensity-dependent pump-pulse operator Upu(l ) are used as
unknown fit parameters. In Sec. IV A, we provide a detailed
derivation of the analytical fitting model Si(w,,Upy,ij) to
interpret experimental spectra in a probe-pump setup, with
the main result given in Eq. (13). In Sec. IV B, a model
is similarly derived for a pump-probe setup, with the key
formula presented in Eq. (18). Additional remarks for a full
experimental extraction of interaction operators are provided
in Sec. IV C. The Schrodinger-like formalism introduced in
Secs. II and III is used throughout. A generalization of the
scheme with a density-matrix description is presented in
Sec. VIL

A. Probe-pump scheme

For a probe-pump scheme (r < 0), the weak probe pulse
generates the initial excited state, which is nonperturbatively
modified by the action of the second-arriving intense pump
pulse. In terms of the operators ﬁpr and ﬁpu(l ), modeling
light-matter interactions as §-like transformations, the effec-
tive evolution of the time-delay-dependent state |y (?,7)) =
Z?zl ¢ i (t,7)|i) from the effective initial state |yo) = |1) is
given by

[Y¥0), ifr <,
[t )= V(t = T) Upe |90). ift <t <0,
V(t) Upu(1) V(=1) Uy |90), ift > 0.

()

We can analogously define the effective density-matrix el-
ements prq;j(f,7) = cari(t,7) [che, j(£,7)]%, in terms of the
components cgy ; (£,7) of |5:(¢,7)). By inserting pg,;;(f,7) into
Eq. (5), an analytical interpretation model for the probe-pump
spectrum is obtained as

3 0 o0

Sl,ﬁ;(a),T,Upu’ij) fo'e —wIm{Z D>1kk|:/ ,Oﬁt’lk(t,-[)e*’w(tfr)dt _I_/ ,Oﬁt,lk(t,l’)elw([r)df] } 9)
k=2 4 0
The first integral in Eq. (9) is equal to
0 0 _ pllo—wp)T (Vi /2)T
. X T 1—e eV

—iw(t—1) _ * * —iw(t—1) _ .
t, dt = Uy, Vot — dt = —i— , 10
/r Piit, 1k, T)e pr.11 Upr 1 /r ot — e ) i(w—on)+ 5 (10)

which, for w & wy;, does not feature fast oscillations as a function of the time delay . The second integral in Eq. (9) is given by

0 .
/ Pk, T)e D dt =
0

JJ'=1

1

3

3 00
> Upitj Uiy Vis(—=0) V(=) Upr 1 Uy 11 / V(e N dy
0

= —————— Y Uity Uiy [Vis(=0) V] (= T)€" " | Upe. j1 Upy - (11)

i(w—wp)+ 5

Firstly, all terms in the above sum depend upon nonvanishing
elements of the probe-pulse operator Uy, [Eq. (7)]. In a
collinear geometry all terms in the above sum contribute to the

J.j'=1

(

resulting transient-absorption spectrum, which can be used to
extract SFI matrix-element products such as Upy 1 Upyjr- In
a noncollinear geometry, however, such as the one utilized in

043413-4



DETERMINISTIC STRONG-FIELD QUANTUM CONTROL PHYSICAL REVIEW A 95, 043413 (2017)

Ref. [21], fast oscillating terms due to [Vj;(—=7) V7 j/(—t)ei‘”’] are averaged out and do not contribute to the resulting spectra.
Equation (11) can be employed to recognize and eliminate all terms which, at ® ~ wy, feature fast oscillations in 7. As a result,
in terms of the two functions

U3
AZ(T) pu 11 U pu,22 + Upu 11 Upu 23 o 192 it [(Vz }/2)/2]1',

123 iwpnT 1-
A3(t) = Upu1t Uy 33 + Upuit Uy, 25.¢ 27 ol (2=12)/2] (12)
3

average experimental spectra can be modeled by

Sie(@,7,Upuij) = (S1,6¢(@, 7T, Upu,ij))

3 . 9,
—iD% % .
o —wIm(Z TG piemenr 0T[4 () — 1]}). (13)

— Ve
= ilw—wn)+ 3

The proportionality symbol o stresses that these spectra depend on a density-dependent multiplication factor K, which we treat
here as a fit parameter, along with the SFI matrix-element products Upy 11 U} u,225 Upu,11 Upu 330 Upu, 11 U;u,32’ and Upy,11 U pu.23"

B. Pump-probe scheme

For a pump-probe scheme (t > 0), in terms of the operators Upr and Upu(l ), the effective evolution of the time-delay-dependent
state |rq(7,7)) from the effective initial state [1o) = |1) can be modeled as

[¥0), ifr <0,
[t 7)) = 3 V() Upa(D) 1¥0), if0<rt<r, (14)
V(t — 1) Up V(@) Upu(D) [W0),  ift > 7.

By including into Eq. (5) the effective evolution of the matrix elements pg;;(f,7) from Eq. (14), an analytical interpretation
model for the pump-probe spectrum is derived, which can be split into the following sum:

3 T o)
SLﬁ[(a),T,Upuyij) X —wlm{z ka|:/ pﬁ[’lk(l"f)e—lw(l—f)dl +/ Pﬁ[71k(l,‘f)e_lw<t_r)dli|} . (15)
0 T

k=2
The first integral in Eq. (15) is equal to

T o T o) 1 — e i@=0x)T o= (1k/2)T
fit. 1 l‘l’elw Ydt = 11U /V te“" Ydt = 1]U 6 -
/0 P 1k (1,T) Upu 11 Upy a1 A (1) Upu.11 Upu it (@—om + &

(16)

As described in the case of the probe-pump scheme, the fast oscillations at frequencies w & wy are averaged out in a noncollinear
geometry, and this first integral does not contribute to the associated average absorption spectrum. The second integral in Eq. (15)
is given by
00 ) 3 o0 .
/ i 1k(t, e 0 dt = Z Upr,1j Upeiyr Vii (O Vi (T) Upa j1 Upy 1 / Vit — 0)e " 0ds
‘ =1 ‘
| 3
= m Zl Upr 1j prkj [ij(f) V (T)]Upu jl Upuj n- (17)
jJ'=

By using Eq. (7) and removing fast oscillating terms due to V;;(7) V7 ,(t), which would not appear in a noncollinear geometry,
we conclude that

Sic(@,T,Upu,ij) = (S1,6(@, 7, Upu,ij))«

D; ¥
oot P | (<15 P+

U3 .
U 2702t 4 U U* e iont ,=l(r2tys)/2l
l(a) _ CU21) n 2 B | pu, 21| ) pu,31 pu,21

D} _ ) ; _
oo+ B w13)+ 7 [( = Upo i +i |Upu31|2 y”) +i Upoi Upyzi€ e [<V2+V3>/21f“, (18)
o)+ &

which explicitly depends upon |Upy, 11 12, |Upu, »l% |Upu, 33/%, and Upu31 U

pu,21)- The same multiplication factor K should be used
which was extracted from the probe-pump spectrum [see Eq. (13)].
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C. Additional remarks

Summarizing the results from the above sections, one can
fit probe-pump spectra to quantify Upy,11 Up, 2. Upu,11 .U;u:33,
Upu, 11 U];ku,32’ and U‘puJ 1 U;‘u’23., and the common multiplication
factor K. Once K is known, it can be employed to fit pump-
probe spectra, and thereby extract |Upy 1112, |Upu,21 1% [Upu 311%

and (Upu,31 U; ’21).

u
All elements of the interaction operator Upu which can be
retrieved from probe-pump spectra are inferred from product
terms Upy, 11Uy, ;> With [Upy,11| coming from pump-probe
spectra. This has two consequences. Firstly, the phase 8 of
Upu,11 = [Upu,11 | cannot be accessed, resulting in SFI matrix

elements

WUpu 11Uy ;)"
R i (19)

|Upu, 11 | '
known up to this common phase 8. However, this is not a
limitation, since it only implies that the final state can be
measured and controlled up to a nonrelevant phase term,
with access to the information about relevant relative phases.
Secondly, when |Up, 11] is very close to 0, small uncertainties
in its reconstructed value are amplified when the division
in Eq. (19) is performed to retrieve the remaining matrix
elements. For a certain range of pump-pulse intensities, we
verified that this is indeed the main source of uncertainty in
the extraction of Upu, yet always below the relative level of 8%.
In a noncollinear geometry, the remaining pump-probe fit
parameter (Upy,31 U, 5;) can be used to quantify the relative
phase arg (Upy 31) — arg (Upu,21), but not the absolute phases of
Upu,21 and Up, 31—at least up to the same common phase 8 we
introduced before. However, this can be easily circumvented
by directly observing the absorption spectrum of a single
intense pump pulse. The associated spectral lines are given by

Upu,ij =

3

o0
Shit(@,Upy,ij) < —wlm {M +Z DTk/ pﬁt,lk(f)emdt}, (20)
0

k=2

where M is a fit parameter modeling the broadband (and hence
constant for small frequency intervals) Fourier transform of
p1x(t) in the interval [—T/2, T /2], i.e., in the presence of the
pump pulse. The remaining integral

0 .
/ pie k(e dt
0

o0
* —i(w—wi1)t ,—(yi /2t
— Upns pu,kl/ o—iO—ou)t (/20 g
0

1

= v, — 21
pu, 11 Ypu k1 i(w— ) + % (21)
exploits the effective evolution of the system, given by
|1/IO>7 lft < 0,
W) =15 .\ 5 . (22)
V() Up(D) |¥0), ift > 0.

Up to the same common phase 8 already mentioned above,
this allows one to retrieve the phases of Upy 21 and Upy 3,
complementing the amplitude information accessible by fitting
pump-probe spectra.

Finally, in order to extract Upy, 12 and Uy, 13 in anoncollinear
geometry, we exploit the fact that, when the envelope function
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f(@) = f(—t) is a symmetric function of time, then the
associated interaction operator U is a symmetric matrix, as
shown in Appendix C, such that Upy 1x = Upu 1. We stress
that this is not a disadvantage of the operator-reconstruction
scheme proposed here. As shown by Eq. (11), an independent
extraction of Upy, 12 and Upy, 13, without additional assumptions
on the envelope f(¢), is possible in a collinear geometry.

V. QUANTUM CONTROL GUIDED BY EXPERIMENTALLY
CHARACTERIZED PULSES

The analytical fitting model presented in Sec. IV allows one
to reconstruct the SFI operators UR(7) in amplitude and phase
directly from experimental observables:

Sexp@,r)}

—> Reconstructed operator Ok, (23)
Sﬁt(w7 T, Upu,ij)

fitting

Here, we solve the Schrodinger equation (2), with decay
rates yy, and calculate the time evolution of the system interact-
ing with delayed pump and probe pulses in a Schrodinger-like
formalism. The details on the equations of motion are shown
in Appendix A. We then use the obtained solution to simulate
experimental spectra Sep(w,7) via Eqgs. (5) and (6), for
pump pulses of intensities varying between 0.1 x 10'° W /cm?
and 5 x 10'° W/cm? and for the noncollinear geometry of
Fig. 2(a) [21]. The effectiveness of the SFI reconstruction
method is exemplified in Fig. 3(a), where we display the
SFI matrix UR(I) extracted from the numerical simulation
of absorption spectra S(w,7), for a pump intensity of I =
3.3 x 10' W/cm?. The same reconstruction scheme could

27
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22 E
‘% <04
g 1 é
E 5 ;
- 00 1 2 3 4 5 0 0 100 200

Intensity (10'° W/em?) ¢ Time (fs)

FIG. 3. (a) Reconstructed SFI operator UR(I) for I =3.3 x
10" W/cm?, with bar heights (colors) exhibiting matrix-element
amplitudes (phases). (b), (c) Two-pulse scheme implemented for
I =33 x 10° W/em?, I, = 3.6 x 10" W/em?, T = 198 fs, and
¢ = 1.88 rad, with (b) a section of the control landscape as a function
of I, and I,, for fixed £ and ¢ and (c) the corresponding evolution
of the populations of state |1) (blue, continuous), |2) (purple,
dashed), and |3) (yellow, dot-dashed), with a reached final state
[¥) = 0, crili) featuring |c;0]?/|ees|? = 2.07 and ¢, = 0.00.
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be implemented in an experiment, enabling access to strong-
field light-matter interactions without requiring knowledge of
pump-pulse intensities or the system’s dynamics.

Once SFI operators are reconstructed as a function of pulse
intensities, these are employed to implement our deterministic
control method from Eq. (3). In the following, we focus on
a two-pulse scheme, and use reconstructed SFI operators to
optimize time separation 7, intensities /,,, and CEPs ¢,,, m €
{1, 2}, to control the populations of the final state |yr,). This
yields a predicted final state

3
Wp) = Y _cpili) = URS@W@TRUN I, (24
i=1

where we neglect phase terms not influencing the fi-
nal populations, and introduce the total phase ¢ =
¢ — ¢ — w7, the CEP operator @ (¢) = diag(1,e'?,e'?),
and the slowly oscillating operator W (%) = diag(l,
e*[)’z/2+i(w21*wL)]f’e*[V3/2+i(w31*wL)]f)_

In order to show how coherently controlled dynamics can
be interpreted in terms of experimentally reconstructed SFI
operators, in Fig. 3 we present results for a sequence of two
strong pulses aiming at the desired state |{q) = Z?:I ca.ili),
of amplitudes (cq.1,¢q4.2,c43) = Ae'” (0,4/2/3,€"°/1/3), such
that the ground state is completely depopulated, while the
excited state |2) is twice as much populated as |3), despite
a less favorable coupling to the ground state. The total final
population A% and the phases y and § are free parameters.
Optimal pulse properties are determined via minimization of
the cost function [1]

3

gL 2.d) = | |lcail? —lepilP[. (@25

i=1

calculated for a discrete set of parameters and ensuring that
[(Wal¥a) I = [{Ypl¥p) |* = A%

Techniques from quantum optimal control theory have
been developed to analyze quantum-control landscapes [1]
and determine how a desired state can be optimally reached
with pulse shaping. Similar methods could be implemented in
our case in order to identify the volume in the Hilbert space
spanned by the vector states |y,) in Eq. (24) and whether
the desired final state |i4) lies in this volume. Thereby,
a sequence of pulses can be optimally designed in order
to minimize the cost function g(I;,l»,T,¢) and, thus, guide
the system to |14). In contrast to quantum optimal control
theory, however, deterministic strong-field control enables this
numerical optimization based on experimentally reconstructed
SFI operators.

A section of the control landscape [1], associated with
global minima of the cost function g, is displayed in Fig. 3(b),
confirming that it is a smooth function of its parameters,
and small uncertainties in the pulse intensities do not lead
to final states significantly differing from those expected.
Figure 3(c) shows the resulting dynamics of the system
[Eq. (2)], when excited with the sequence of pulses determined
via minimization of g, exhibiting very good agreement with the
desired final state. The displayed dynamics could be directly
inferred from the reconstructed SFI operators. The state
reached after the first intense pulse in Fig. 3(c) is completely
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encoded in the matrix elements plotted in Fig. 3(a), such
that deterministic strong-field control provides an experiment-
based visualization of the building blocks exploited by optimal
control to reach a desired state. Rabi oscillations induced
by strong ultrashort pulses are apparent in Fig. 3(c), but
knowledge of their explicit time dependence is not necessary
to control the reached final state. Although we focus on
the control of final populations, this nevertheless requires
phase knowledge of UR(I). In addition, & (¢) and V (T) allow
one to independently control the phase acquired by the two
excited states |2) and |3) in the time delay T between the two
pulses [2].

VI. PERFORMANCES OF THE SCHEME IN THE
PRESENCE OF INCOMPLETE MODELING

To verify the precision of the scheme, in Figs. 4(a)
and 4(b) we display final populations reached by the three-
level system when integrating Eq. (2) for the sequences of
pulses determined through the minimization of Eq. (25). The
extracted SFI operators have an intrinsic uncertainty, and we
therefore display results averaged among the first N best
sets of optimization parameters (with standard deviation)
as a function of N. Very good control performances are
exhibited: complete depopulation of the ground state is reached
[Fig. 4(a)], and the mean value of the ratio |c,/c3 12 is equal to 2
for the first best sets of optimization parameters, with relative
uncertainty of ~3% [Fig. 4(b)].

Finally, we test our scheme in a realistic scenario,
characterized by the presence of incomplete modeling or
perturbations. To derive Sii(w,7,Upy,ij) from Eq. (6), basic
knowledge of the atomic transitions responsible for the
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1.95
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1.85 (b) (d)
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Number of optimization minima

(@ ©)

<|C2/C3|

FIG. 4. [(a),(c)] Reached ground-state population and [(b),(d)]
ratio of the populations of the two excited states |2) and |3), averaged
over the N best sets of optimization pulse parameters {I;,1,%,¢},
as a function of N. Mean values are displayed as dashed lines;
the surrounding regions (bounded by continuous lines) have an
amplitude given by the corresponding standard deviation. Desired
final population and ratios are exhibited by black, dotted lines.
Reached final populations and ratios are calculated for [(a),(b)] a
three-level-only system and [(c),(d)] a five-level system. The best
optimization parameters are obtained via minimization of the cost
function (25), calculated with SFI operators UR(I) reconstructed
from transient-absorption spectra numerically simulated for [(a),(b)]
a three-level and [(c),(d)] a five-level model.
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absorption lines appearing in the spectrum is necessary.
A robust control scheme should enable the manipulation
of the states of interest also when additional, moderately
contributing levels are present, which may not be known
or experimentally discernible. As an example, we employ
the analytical fitting model Sii(w,7,Upy,ij) to extract 3 x 3
SFI operators UR from transient-absorption spectra in Rb
atoms, stemming from the complete numerical simulation of
the dynamics of the five-level system displayed in Fig. 2(b).
The E1-allowed transitions |2) — |4}, |3) — |4), and |3) —
|5), with AM = 0, with transition energies ws; = 1.63 eV
and ws3 = 1.60 eV, are resonantly excited by the optical
pulses, albeit more weakly than the |1) — |k) transitions,
k € {2, 3}, owing to smaller dipole-moment matrix elements
Dy, = Dyé,, l € {4,5} [41,42]. To ensure that this resonant
coupling contributes moderately, we assume large linewidths
y4 and ys, here set equal to 1/(100 fs) [43], such that only
the two lines associated with the |1) — |k) transitions can be
clearly distinguished in the absorption spectra. Photoionization
in the presence of an optical pulse is also accounted for [44].
SFI operators UR(I) are extracted from these numerically
calculated spectra, and used to control the three-level system
in the box of Fig. 2(b) via minimization of the cost function
g. The very good performances displayed in Figs. 4(c)
and 4(d) confirm that the method is robust and only marginally
influenced by additional levels not accounted for explicitly in
Shi(w,T,Upu,ij). Furthermore, in contrast to methods based
exclusively on theory, maximal information on the strong-
field interaction is extracted from the experimental spectra,
including the background effect of unknown additional levels
on the SFI operators UR(I) of interest.

Adding chirp may increase the probability to populate the
excited states |4) and |5) [45] and would render it necessary
to extract the SFI operator associated with the full five-level
system. This would require a full analytical fitting model to
interpret transient-absorption spectra from the associated five-
level system as a function of the pump-pulse intensity and
chirp. However, it would enable more general control schemes,
based on sequences of intense chirped pulses, in order to create
desired final states which are a superposition of all five levels.

VII. DETERMINISTIC STRONG-FIELD QUANTUM
CONTROL WITH DENSITY-MATRIX
INTERACTION OPERATORS

Our deterministic strong-field control method has been thus
far discussed in a Schrodinger-like formalism, in terms of state
vectors |¢) and the associated SFI operators U (I defined in
Sec. II. The equations of motion (Appendix A), assuming
a decay-rate model with a complex-valued atomic-structure
Hamiltonian, were used to simulate transient-absorption spec-
tra, and the analytical fitting model developed in Sec. IV was
used in Secs. V and VI to reconstruct SFI operators U(I). For
our implementation with Rb atoms, this is a proper treatment,
in the light of the very different time scales in which the strong-
field dynamics and the relaxation of the system take place. For
more general cases, however, a density-matrix formulation
of our operator-reconstruction and quantum-control scheme
is possible, as we show in the following. In this section, we
will focus on the case of a three-level system, although the
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equations can be easily generalized to higher numbers of levels
if necessary.

A. Density-matrix interaction operators

We describe the system in terms of a 3 x 3 density
matrix p(t) = Zi’j pij(®)]i)(jl, with a diagonal element p;; (¢)
associated with the population of the ith level, and off-diagonal
matrix elements for the atomic coherences. A density-matrix
formulation may be necessary, e.g., to explicitly account for
the spontaneous decay of the two excited levels |2) and |3) into
the ground state |1), at rates given by y», and y33, respectively.
Similarly, it is necessary to account for decoherence processes
differently affecting the atomic coherences pi2, p13, and p»3,
than the populations py; and ps33. In this section, we introduce
the decoherence rates y»1, Y31, and y»3, to quantify the
dephasing of p13, p13, and py3, respectively. The time evolution
of p(t) is determined by the solution of the master equation

dp(t)

= i[p(t), Hy + Hinl + LIH(0)],

plto) = po = 1) (11,
(26)

with the atomic-structure Hamiltonian now given by Hy =
> w;li){i], the same E1 light-matter interaction Hamiltonian
Hi, introduced in Sec. 11, and the superoperator L[5(t)] de-
scribing dissipation. The explicit form of the set of differential

equations

dp;(1)
=D My Oy (), 27
iy
satisfied by the elements p;;(t) of the density matrix O(z)
in terms of the elements 90%;;; ;(¢) of the operator Dﬁt(t),
i,j,i’,j" € {1,2,3},is given in detail in Appendix D. In analogy
to the discussion provided in Sec. I1, the state /(¢) at time # can

be related to the state §(fp) at time #; via the evolution operator
3U(¢,19), such that Pij (1) = Zi’j’ 1111,-,,'/1-/(t,to),o,-/_,-r(to), where

dili; i (1)
JUJ A\
e = > O i o () Wi it 10),

i

;i i (to, o) = 8ii8 . (28)

In order to highlight the difference between the present
density-matrix formulation and the Schrodinger-like formal-
ism used in the previous sections, we write explicitly the
equations of motion (27) satisfied by the elements of the
density matrix in the absence of external fields:

ﬂ = 022 + O
Jr V22022 T V33033,
dpe o
I Vkk Pk »
dp1x .
o iw )
7 Vi1 P1k + 1wk P1k
dpa3 .
7 = —y23023 + 1w32023, (29)

with k € {2,3} and p;; = ,ojfi. Here, population decay from
the excited states back to the ground state is explicitly
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accounted for, ensuring that the total population pq(¢) +
o22(t) + p33(t) = 1 is conserved; furthermore, we employ
different decay rates for coherences and populations. From
the above equations, the free evolution of the system is given
by

p11(1) = p11(to) + paa(to)(1 — e 72171))

+ p33(to)(1 — 7707y,
pre(t) = prac(to)e” "),
pii(t) = piy(tg)e el w0

p23(1) = pa3(ty)e Il =), (30)
The coefficients in the above set of equations define the
elements of the operator V(t), which can be used to de-
scribe the free evolution of the density matrix as p;;(¢) =
> iy Vit = t0)pir (o).

In analogy to the derivation of the SFI operators U(I)
in Sec. II, also in this case we focus on pulses centered on
t. = 0 and with vanishing CEP, associated with the evolution
operator f,lo(t,to). The generic evolution operator il(t to)
then has components LL;; ;/;(¢,fp) = ” U(¢)Ll0 iy (& —
to — tc)®; i1y (¢), where the operator ®(¢) accounts for the
pulse CEP and its components ®;;; /(¢) = P;; (¢>)<D (D)

are defined in terms of the diagonal operator ¢(¢) =
> Pi(P)id(i| introduced in Sec. II. For a pulse non-
vanishing in the interval [-7/2,7 /2], we can then in-
troduce effective initial and final density matrices Py =
Zi,j,V,'j,,-/jr(iT/2)p,-rjr(:|:T/2), and the unique density-

matrix interaction operator fJ(I ) connecting them,

Pl = Uiy Doy 31)
i

whose components are given by U (1) =3, o Z
[Vij.in jr T J2) 8o jr i i (T J 2, =T J2) Vo jor o o= T/z) The
deterministic quantum-control method outlined in Eq. (3) in
a Schrodinger-like formalism can then be generalized to the
case in which a density-matrix description is required. For
example, for two control pulses of intensities /; and Iy,
CEPs ¢, and ¢,, and separated by a time delay T, the state
reached by the system is described by a density matrix g, of

J

£0;ij

Patij(t,7) = § Vijirj(t —

7) Uprl/ ir.in 7 00" i
Vij ki) Upupr v () View i jr (=) Uprsir jr i j o j
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Components
p2ij = E E E U2” i Vl, i /,(-,;)U] Qi i o
A

(32)

with the initial state given by the density matrix Do =
[1)(1| and the components P’ i J(¢m)

Ui jo (L) ®irjr i j(p) of the mth-pulse operator Um,
m € {1, 2}, accounting for the effect of the CEP of the
associated pulse.

Upiij,irjr =

B. Reconstruction of density-matrix strong-field
interaction operators

In order to extract density-matrix SFI (DM-SFI) operators
from TAS, an analytical fitting model has to be developed,
relating the spectra given by Egs. (5) and (6) to the operators
ﬁpu(l ) and ﬁpr, associated with a pump pulse of intensity /
and a probe pulse, respectively.

For ultrashort pulses, acting on a time scale much shorter
than the time scale of the decay processes, it is valid to assume
that U= U ® U*, ie., Uiy = Ui U}‘j,, for both pump and
probe pulses. This assumption does not affect the numerical
integration of the equations of motion (27) and the simulation
of transient-absorption spectra in Sec. VIIC. In contrast to
Sec. IV and Appendix A, however, here we fully account
for the details of the relaxation of the system during its free
evolution, modeling the dynamics in between pump and probe
pulses in terms of the free-evolution operator V(¢). A similar
approach can be used to model quantum systems also in the
presence of a more structured reservoir, provided that the free
evolution of the system is known and can be used to define the
operator V(z). This will be exemplified in Sec. VII C, where
spectra are numerically simulated based on the evolution of
the density matrix, and used to extract the associated DM-SFI
operators.

For a TAS experiment in a probe-pump setup, we can
describe the effective evolution of the time-delay-dependent
density matrix pPg(f,7) from the effective initial state py =
[1)(1] as

ift <z,
ift <t<0, (33)
ift > 0,

where summation over repeated indices is implicit. By inserting pg ;;(¢,7) into Eq. (5), an analytical interpretation model for the
probe-pump spectrum is obtained consisting also in this case of two integrals. The first integral reads

19k 1 — ei@=@)T gyt

0
/ Pk, )N dr = f Zvlk (0 = D) Upeggne ™ 0dr =~ — (34)

i,j=1

2 (@ — wk1) + Vi

where we have used the fact that Vi ;;(r) = e™ " el 8,8, i [Eq. (D9)]. The second integral is similarly given by

00 3 3 3 )
/ pﬁl,lk(tsf)e_lw(t_r)d[ = E E E Upu ij,i'j Vl Ly ”( T)Uprt” i”,11 / Vlk,ij(l)e_lw(l_t)dl
0 S 0
Lj=

1i',j'=1i",j"=

—

i(w— wg1) + via

3

3

D Ui Uy i [Virjrin jr (1) 1 Upeint Upy oy - (39)

i’ j=1i" j”—l
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By including explicitly the values of V; j ;»j»(—7) from Eq. (D9), one obtains an equation in which, in contrast to Eq. (11),
different decay rates for coherences and populations are present and additional terms appear due to the spontaneous decay from
the excited states to the ground state. In order to model spectra from a noncollinear geometry, fast oscillating terms due to
[Viijir jr/(—r)eiwt] can be eliminated, resulting in the average spectrum

3

(Sﬁt(w’TvUpu,ij»r X —wlm ZDT
k=2

“ilw — o) + v

N )
— 251 = pll@—®x)T yyaT
|: i > ( e e’™r)

In a pump-probe setup, the same formalism can be used, resulting in an effective evolution given by

Po;ij

0 : v /
_ i72Upu,ll U;u,kzez(u)—wﬂ)renlt _ i?3Upu,llU;u,k3el(w_w3])reymi| ] . (36)
ift <0,
if0 <t <, (37)

Pfiij(£,T) =

Vijirj () Upuir jr.in o (1) pogir j
Vijx@ — ) Uprpawr Vier,inj (v) Upgsir jr in jr (1) posin jo

ift > 1,

where, also in this case, summation over repeated indices is implicit. By following the same procedure outlined for the probe-pump
case, and after removing the fast oscillating terms, one obtains the average spectrum given by

*
D12

(Sic(@,7,Upuij))e —wlm{_—
" e i(w— w21) + 21

U3 i _
+l? Upu,31 U;u,ﬂe 1Rt eyt |

s s .
+i?3|Upu,21|2(€7V2” - 1)) + i?zUpu,Zl U;uﬁle’wme”mil }

Also in this case, in contrast to Eq. (18), we notice different
decay rates and the presence of additional terms to account for
the decay into the ground state |1). The above expression can
be further simplified by taking into account that

|Upn 111> = 1 = [Upu21 1> = [Upu 311> (39)

for a system which is not open and whose total population is
conserved.

Finally, the absorption spectrum of a single intense pulse
can be modeled as

S, Upu,ij)

& D}
o —wIm{ M + Z
k=2

— U U: , (40
— (0 — o) + Vi pu- 11 pu’kl} “0)

which generalizes Eq. (20) to the present case employing a
density-matrix formalism.

In conclusion, analytical fitting models are developed
to express transient-absorption spectra in terms of the ele-
ments of the density-matrix interaction operator ﬁpu(l ). We
assume that pump and probe operators are well approxi-
mated by Upu;ij,i/j’(l) = Upu,ii/(I)U;u,jj/(I) and Upr;ijﬁi/j’ =
Upr,ii"Up, ;;7» which is valid for femtosecond pump and probe
pulses much shorter than the decay time of the system.
However, the relaxation of the system during its free decay
in between the two pulses is modeled in terms of the
free-evolution operator V() £ V() ® V1), fully accounting
for the different rates at which populations and coherences
decay, and for the conservation of the total population. By
employing Eq. (39) to ensure population conservation during
the interaction with a pump pulse, and by further taking

i(w— w31) + 31

% 1% %
[(—ipru,nﬁ i U2t P26 77" = 1) 42 Ui e 1))

Dy U3 U3 ot
= [(—17|Upu,u|2+z3|Upu,31|2(2e )

(38)

(

advantage of the symmetry properties of U(I) discussed in
Appendix C, the analytical models presented in this section
can be employed to fit experimental spectra and, thereby, fully
reconstruct DM-SFI operators UR(1) in those cases in which a
density-matrix description of the free evolution of the system
is required.

C. Density-matrix quantum control based on strong-field
interaction operators

The analytical fitting models presented in Sec. VIIB allow
the reconstruction of the DM-SFI operators UR(J) in amplitude
and phase from experimental transient-absorption spectra:

Sexp(w ) T)

— Reconstructed operator OR. 41
Shi(w,7,Upuijirjr)

fitting

Here, in contrast to Sec. V, we solve the master equation
(26) and calculate the time evolution of the density matrix
po(t,7) when the system interacts with pump and probe
pulses separated by a time delay t. We assume decay rates
Y21 = y31 = ya3 = 1/(12 ps) and y» = y33 = 1/(720 ps), in
order to model experimental collision-induced and Doppler
broadening [39]. We notice that all assumed decay rates,
both for decoherence and population decay, are much larger
than those for spontaneous decay in Rb, which is therefore
neglected. At the same time, all decay times are much longer
than the femtosecond duration of the pump and probe pulses
employed. Details on the equations of motion used are pro-
vided in Appendix D. The solution of the equations of motion
(27) is included into Egs. (5) and (6), in order to numerically
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simulate, with a full density-matrix formalism, experimental
absorption spectra in the noncollinear geometry of Fig. 2(a)
[21]. As already discussed in Sec. V, the spectra are calculated
for pump-pulse intensities ranging from 0.1 x 10'® W/cm? to
5 x 10' W/cm?. The analytical model of Sec. VIIB is then
employed to fit the numerically simulated spectra and extract
UR(I). We stress that the fit parameters thereby extracted differ
from those obtained in Sec. V, where spectra were used, which
were calculated via a Schrodinger-like approach.

The reconstructed DM-SFI operators can then be employed
to implement deterministic strong-field control based on
Eq. (32). In analogy to Sec. V, we use a two-pulse scheme, and
take advantage of the reconstructed DM-SFI operators UR in
order to control the populations p, ;;, i € {1, 2, 3}, of the final
state p,, by optimizing the intensities /,, and the CEPs ¢,, of
the two control pulses, m € {1, 2}, and the pulse separation 7.
The reached final state thereby predicted g, has components
given by

Ppiij = Z Z U}'zj’i/j'(IZ)(I’i’j’,i’j’(Qz_’)wi’j’,i”j”(f)U}z’/j//’11(11)~

i'j i

(42)

In Eq. (42), we have used the initial state oy = |1)(1]|, we have
neglected phase operators not influencing the final populations,
and defined the total phase ¢ = ¢ — ¢; — w 7. Furthermore,
we have introduced the slowly oscillating operator W(T) such
that @ (PIWijirj (D) = ®ij,ij (@2 Vijir y (DR 1 10 io(P1)s
with @;;;,(9) = Pii()P7().

To exemplify the effectiveness of our deterministic strong-
field control method also when a density-matrix formalism is
required, we focus on the same example discussed in Sec. V,
and determine sequences of two strong pulses aiming at the
desired final populations (pq.11, pd.22, £4,33) = (0, 2/3, 1/3).
In this case, with a formalism directly based on density-matrix
elements instead of quantum-state amplitudes, we do not need
to introduce the free phase parameters § and y, as necessary
in Sec. V. Also the free parameter A, associated with the
total final population A of the desired final state, does not
have to be introduced here, since a density-matrix formalism
ensures the conservation of the total population of the system
P11 + o2 + p33 = 1. The pulse properties which optimally
lead the system to the desired final state are determined by
minimizing the cost function

3
gp(I1, L, T,9) = Z|pd,ii — pp.iil?, (43)
im1

which we calculate for a discrete set of parameters.
Figure 5(a) shows the resulting dynamics of the system
[Eq. (27)], when excited with the sequence of pulses deter-
mined via minimization of g,, exhibiting very good agreement
with the desired final state.

In order to compare these results, obtained with a density-
matrix formalism, with those we previously discussed based
on a Schrodinger-like approach, we display in Fig. 5(b) the
dynamics of the system, solution of the equations of motion
for the density matrix [Eq. (27)], when excited with the same
sequence of pulses used in Fig. 3(c). That sequence of pulses
was determined by minimizing the cost function g, based
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FIG. 5. Time evolution of the populations p;;(¢) (blue, contin-
uous), p(t) (purple, dashed), and ps3(¢) (yellow, dotdashed), of a
three-level system modeling Rb atoms excited by a two-pulse control
sequence, based on the reconstruction of density-matrix strong-field
interaction operators. (a) Optimal pulse parameters are determined
via minimization of Eq. (43), I; =2.9 x 10'° W/cm?, I, = 3.2 x
10 W/em?, £ =150fs, and ¢ = 1.13 rad, with reached final
populations p; 1; = 0.00, p; 2, = 0.67,and p, 33 = 0.33. (b) The same
pulse parameters are used as in Fig. 3(c), 7, = 3.3 x 10' W/cm?,
L =3.6 x 10" W/cm?, T = 198 fs,and ¢ = 1.88 rad, with reached
final populations p, ;; = 0.01, p; 2> = 0.67, and p, 33 = 0.32.

on a Schrodinger-like approach. Figure 5(b) displays very
good agreement with the desired final state and with the
results previously displayed in Fig. 3(c). This confirms the
insensitivity of our operator-reconstruction and deterministic-
control method to the details of dissipation, and justifies the
Schrodinger-like approach developed and discussed in the
previous sections for control time scales much shorter than
the decay times of the system.

VIII. CONCLUSION

In conclusion, we have designed an optimized sequence
for quantum-state control based on intensity-dependent opera-
tors extractable from observable transient-absorption spectra.
Schemes consisting of a higher number of pulses are pos-
sible to further enhance the control precision or to achieve
additional control goals simultaneously. The method was
mainly discussed for a three-level scheme modeling Rb atoms,
but this could be generalized to higher numbers of states,
potentially including the experimental characterization of the
effect of chirp in terms of SFI operators, albeit with a scaling
in complexity. By increasing the number of free control
parameters, such as, e.g., chirp, additional experiments would
have to be performed in order to characterize from TAS
the dependence of the SFI operators on those supplemental
variables. Furthermore, a higher number of excited states
would imply several beating frequencies w;;, all contributing to
the time-delay-dependent oscillations displayed by associated
transient-absorption spectra. Hence, more complex analytical
fitting models would have to be calculated, in order to distin-
guish contributions associated with different matrix elements
of larger-dimensional SFI operators. Attention should also be
paid in the presence of degenerate levels: however, in case
these levels are characterized by different angular-momentum
quantum numbers M, the polarization vector of the pulse could
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be utilized as an additional degree of freedom for coherent
control.

Our results are expected to trigger the development of
related techniques for interaction-operator reconstruction of
more complex systems such as molecules, for which strong-
field absorption-line-shape control was recently demonstrated
[34]. The advances in coherent X-ray sources open up interest-
ing prospects especially for the application of our method at
short wavelengths. Quantifying the effect of strong broadband
pulses from experimentally accessible spectra would then
enable quantum control based on designed sequences of the
available, ultrashort x-ray pulses, with added benefits such as
site specificity near core transitions.
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APPENDIX A: NUMERICAL SIMULATION OF THE
QUANTUM DYNAMICS FOR A THREE- AND FIVE-LEVEL
MODEL WITH A SCHRODINGER-LIKE APPROACH

We model Rb atoms as three- or five-level systems, as
shown in Fig. 2(b), and solve the corresponding Schrodinger
equation (2). For our calculations, pump and probe pulses
are modeled via envelope functions of the form f(¢) =
cos?(mt/T) R(t/T). Here, R(x) = 60(x + 1/2) — O0(x — 1/2)
is defined in terms of the Heaviside step function 6(x),
such that T = 7 Tewnwm/[2 arccos (/1/2)], with Trwuw being
the full width at half maximum of f2(¢). In this appendix,
we employ a Schrodinger-equation-based formalism, with
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Hy =Y, (w; —iy;/2)|i){i|. In Sec. VIl and Appendix D, we
display how our results can be generalized to a more complex
case requiring a density-matrix formulation.

To avoid repetitions, in the following we immediately

refer to the more general case of a five-level scheme. The

state of the system [ (7,7)) = Yo, ¢”(7,7)|i) has a vector
representation given by ¢ = (cﬁs),cg) ,c§5> ,cf) ,cgs) )T. The

free-evolution operator is given by
‘7(5)([) = diag(1 e [/ DFionlt =/ Dtielr —l(n/2)Fionlt

e—[(V5/2)+iw5|]t). (A1)
Here, the two highest-lying excited states are almost degen-
erate, with transition energies w4 = ws; = 3.19 eV. For the
E'l-allowed transitions depicted in Fig. 2(b), we introduce
the time-dependent Rabi frequencies ;;(¢) = D;; & f(t), with
dipole-moment matrix elements ﬁij = D;;e, aligned along
the pulse polarization vector [41,42]. We calculate the time
evolution of the atomic system interacting with a pump
pulse centered on f.,, = 0 and a probe pulse centered on
fepr = T. Both pulses are transform limited, and no chirp
is included. We assume a weak probe pulse, with duration
Trwam,pr = 15 fs and intensity I, =1 x 108 W/cmz, and
pump pulses of duration Tewum,pu = 30 fs and intensities
I, varying between 0.1 x 10' W/cm? and 5 x 10'© W/cm?.
For (t —t.) € [-T/2, T /2], the time evolution of ¢® in the
rotating-wave approximation is given by

dc® - A n A
= BO@NTAY 1) 1106 104 — 10
x BCp)e (o), (A2)
with the phase of the pulse accounted for by

decay rates y, = y3 = 1/(1500 fs) modeling experimental ~ & (¢) = diag(l,e'?, e'?,e%? e%9) and A®@) =
linewidths and included in the atomic-structure Hamiltonian diag(1,ef®r! el e2ient plioty while
J
-Q]z([) 'QIS(f)
0 )  Ss) 0 0
220 _n e, 0 j 2u@ 0
MO ) = |29 0 L iy i a0 i 250 (A3)
0 l% i ng(f) _ V4+);4(t) —iwy 0
0 0 i Qsi(f) 0 _ )’5+];P.5(t) —iws;

Photoionization of states |4) and |5) in the presence of an
optical pulse has also been included as an effective loss of
amplitude at the rate yp ;(#) = o7(wp)ZL(¢), with photoioniza-
tion cross sections o7(wy ) calculated with [44], and optical flux
Z1.(t) = IL(t)/wp, defined in terms of the time-dependent pulse
intensity I (1) = [& f()]*/(8ma).

The dynamics of the five-level system are associated
with the 5 x 5 evolution operator Z/A{(S)(t,to) and the related
interaction operator

0® = VO—T/2U(T/2,-T/2) V(T /2)] ™!

7 (5) 7 (5)
_ <U3><3 U3><2) (A4)
T\ O

U2><3 U2><2

(

The time evolution of the five-level system, calculated from
Eq. (A2), is used to numerically simulate transient-absorption
spectra S®(w,7) via Egs. (4) and (6).

For a three-level model associated with the state
w3, 7)) = Z?:l cl(.3)(t,r)|i), the dynamics of the
system are described in terms of the operators
VO(r) = diag(l,e /D Hionl o=llys/2+iwslry O (¢) =
diag(1,¢?,¢'?), AP (1) = diag(1,e'* ,e!*1"), while

- Q1 (1) . Qu3(t)
MO0 = |i%0 —% —ion o | @y
. Q10 .
l—li 0 —% — w3y
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resulting in a 3 x3 evolution operator U®(t,1)
and a  related interaction  operator U® =
VO(=T/2UY(T/2,—T/2)[V(T/2)]7". 1t is important to
stress that the 3 x 3 matrix 03(1)3 is different from U ®, since

03(523 is influenced by the presence of states |4) and |5), which
could not be taken into account if one solved the Schrédinger
equation for a three-level system exclusively. By using TAS to
extract SFI operators by means of the analytical fitting model
presented in Sec. IV, one has thus access to Uésx)S, in contrast
to methods based exclusively on a theory which could only
provide U®.

APPENDIX B: INTERACTION OPERATOR FOR WEAK,
SHORT PROBE PULSES

In order to interpret results from TAS, the interaction
operator Upr was introduced in Eq. (7), modeling the action
of a weak probe pulse, with FWHM of 15 fs and intensity
of 1 x 108 W/cm?. In order to derive Eq. (7), we consider a
Dirac-§-like peak

T /2

Jor®) = 8(1) foe(thdt', (B1)

—Ty/2
where f,:(¢) is the actual envelope of the short (broadband),
weak probe pulse used in our numerical simulations, and T},
is the associated pulse duration.
An explicit solution of Eq. (2) for the pulse envelope in
Eq. (B1) provides
Upe(t,10) = V()P0 (1), (B2)

where 6(x) is the Heaviside step function, V(¢) is the free-
evolution operator, and

. o 192
0 iz i3
B=1i% o0 o0 (B3)
i% 0 0
is defined in terms of the pulse areas ¥ = j?p/r ?2 Qpr, 1k (t)dt of

the probe-pulse Rabi frequencies 2, 1x(?), for k € {2, 3}. Tak-
ing advantage of the weak probe-pulse intensity, the probe op-
erator Upy = V(=T /2) Upe (T /2, — Tpr/Z)V’l(Tpr/Z) reads

(B4)

APPENDIX C: SYMMETRIC STRONG-FIELD
INTERACTION OPERATORS

In order to independently extract Upy 12 and Upy, i3 in a
noncollinear geometry, we here show that, when the envelope
function f(¢r) = f(—t) is a symmetric function of time, then
the associated interaction operator U=V(-T / 2)UN(T /2,
— T/2)V~Y(T/2) is a symmetric matrix. By using Eq. (A2)
for a three-level system and by recalling that the time evolution
of LA{O(t,to) is calculated for a pulse with ¢ = 0 and . = 0, we
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obtain that
dUo(t,19)
dt
Ulio,t0) = 1. (C1)
The assumption 9f a symmetric envelope, f(t) = f(—1),
implies that also M) () is symmetric in time.
We thus introduce the operator Z(¢,f) = Uy(—t,—1ty),
which is solution of the differential equation
dZ(t.t)
dt
Z(t,t0) = 1, (C2)
where A®(—1) = [A®()]™! and MP(—1) = M®)(1). Both
AP@) = [APDD]T and MP (1) = [MP()]T are symmetric
matrices. As a result,

= [ADOIMP) AP (1) Ut 1),

—AOOMO DA D] Z(2.10),

dZ71(tt1 . . . R
d—t(O) = 27t 1) APV OMP O[AD )17,
ZA_l(lo,l‘o) = f (C3)
and
d(Z)(t1)

P = [APO1' MO AP OI(ZH (¢, 10)],

Z Y (to,10) = 1. (C4)

Since this equation corresponds to Eq. (Cl), the evolu-
tion operators (é’l)T(t,to) and LA{O(t,tO) are solutions of
the same differential equations and are therefore identi-
cal, and hence Up(T/2,0) = U, '(0,T/2) = Z271(0,~T/2) =
UL (0,—T/2). As a result,

Uy(T/2,—T/2) = Uy(T/2,0)U(0,—T/2)

= U (0,-T/2)Up(0,—T/2)  (C5)
and
UL (T/2,-T/2) = UL (0,—T/2)Uy(0,~T/2)
=UyT/2,—T/2), (C6)

ie., LA{O(T/Z,—T/Z) is a symmetric matrix. Since V) is a
diagonal (and therefore symmetric) matrix, it follows that U =
V(=T /2)Uy(T/2,—T/2)V (T /2) is symmetric.

We hence use the above result for the operator Upu
reconstructed from strong-field TAS, and fix Upy,1x = Upu k1.

APPENDIX D: EQUATIONS OF MOTION
WITH A DENSITY-MATRIX FORMALISM

In this appendix, we provide the explicit form of the set
of differential equations (27) satisfied by the 3 x 3 density
matrix A(t), modeling the evolution of the three-level system
in the blue box in Fig. 2(b) interacting with pump and probe
pulses. Here, the pulses are modeled via envelope functions
of the form f(t) = cos? (wt/T)R(t/T), where R(x) = 0(x +
1/2) — 8(x — 1/2) is defined in terms of the Heaviside step
function 6(x), such that T = 7 Tewm/[2 arccos (/1/2)], with
Tewrm being the full width at half maximum of f2(¢).

We write the equations of motion explicitly in matrix
form. For this purpose, we first introduce the vectors
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pi = (PihpiZ»pB)T’ i €{1,2,3}, whose components are the i,i’ € {1,2,3}, which we use to introduce the 9 x 9 matrix

elements of the ith row of the density matrix p. This allows us

. L . A, AL A

to introduce the nine-dimensional vector = S Az A
A=Ay Apn An|. (D3)

B Az; Az Ag
?; =1pm,]. (D1) In the presence of a pulse centered on 7, and with duration T,
5 ie., for (t — ) € [-T/2, T /2], the equations of motion (27)

can be written in matrix form as
For any operator A acting on the elements of the density d?(t)

matrix as, e.g., Zi,j, Ajji'jpirjr, we analogously define the
3 x 3 matrices

e = M) (1), (D4)

M) = (DA — )] Mt — 1A — 1)B(¢), (D5)

A Ao A generalizing Eq. (A2) to a density-matrix formalism. Specifi-
Aip = | Aiin A A |, (D2) cally _
Aizin Ao Apis P(p) = diag(],e‘i¢,e_i¢,ei¢’,l,l,ei¢,1,1) (D6)
and
Alt) = diag(1,e™@L! gmiont plont 1 1 e/l 1,1), (D7)
whereas
0 —i 5 —i 0 i 250 Y22 0 i 250 0 V33
—i 20—y +iwn 0 0 i 200 0 0 i 23) 0
—i 250 0 —y3 +iws 0 0 i 220 0 0 i 20
i 2RO 0 0 —ya —iwy —i 220 20 0 0 0
Mo=| o j 20 0 —i80 0 0 0 0
0 0 i 250 —i fu® 0  —yntion 0 0 0
i 250 0 0 0 0 0 —y =iy —iSBO ER0
0 i 20 0 0 0 0 -2y —ioyn 0
0 0 i 250 0 0 0 —i 20) 0 —ys3
(D8)
The free-evolution operator V(r) is associated with the matrix
1 0 0 0 1 —e 2! 0 0 0 1 —e 5!
0 e ruigiont 0 0 0 0 0 0 0
0 0 e vl giont 0 0 0 0 0 0
B 0 0 0 e valgiont 0 0 0 0 0
Vi) =10 0 0 0 et 0 0 0 0
0 0 0 0 0 e vnlglont 0 0 0
0 0 0 0 0 0 e—}/3|te—ia)3|l 0 0
0 0 0 0 0 0 0 e vnlgmiont 0
0 0 0 0 0 0 0 0 el
(D9)
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Assuming that the density-matrix probe-pulse operator ﬁpr = Upr ® 17; can be factorized in terms of the operator (7) calculated

in first-order perturbation theory in Appendix B, ﬁpr is associated with the matrix

(R
-z 1 0 0
iz 0 1 0
.0
i iZ 0 0 1
Upr=| 0 % 0o —i%
0 o % i
L0
i5 0 0
o % 0
0 o %

0 0o iz 0 0
i% 0 0 i% 0
0 i2 0 0 i%
-i%Z %0 0 0
1 0 0 0 0 (D10)
0 1 0 0 0
0 0 1 —i% L%
0 0 -z 1 0
0 0 —iZ 0 1
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