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We present calculations of the one-loop vacuum polarization correction (Uehling potential) for the three-body
problem in the NRQED formalism. The case of one-electron molecular systems is considered. Numerical

results of the vacuum polarization contribution at ma’ and higher orders for the fundamental transitions (v = 0,
L =0)— (=1, L' =0) in the Hf and HD" molecular ions are presented and compared with calculations
performed in the adiabatic approximation. The residual uncertainty from this contribution in the transition

frequencies is shown to be a few tens of Hz.
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I. INTRODUCTION

The hydrogen molecular ions Hf and HD™ have great
potential for improving the determination of fundamental
constants such as the proton-to-electron mass ratio [1-3].
Rovibrational transition frequencies have been measured at
the few-ppb level [4-6], and ongoing efforts towards improved
accuracies using two-photon transitions [3,7,8] or one-photon
transitions in the Lamb-Dicke regime [9,10] motivate the
development of precise theoretical predictions.

In Refs. [11] and [12] a complete set of ma’-order contri-
butions has been evaluated for the fundamental transitions of
the hydrogen molecular ions Hf and HD*. All calculations
at this order were performed in the nonrecoil limit, by
evaluating the one-electron QED corrections in the two-center
approximation. Only one term, the Uehling potential vacuum
polarization contribution [13], which had been estimated with
alower level of accuracy, was later calculated in the framework
of the two-center approximation in [14].

In a slightly different context, namely, the hyperfine
structure of Hj, it was recently shown [15] that in evaluating
a second-order perturbation term within the ma®(m /M )-order
relativistic correction it is essential to take the vibrational
motion of nuclei into account. Such vibrational contributions
also arise in the spin-independent corrections and have to be
consistently included in the previously evaluated [11,12,14,16]
ma®- and ma’-order corrections [17].

The ma’-order Uehling contribution [14] is one such case.
In the present work we first revisit the evaluation of this term
within the adiabatic approximation by including the previously
omitted vibrational contribution. Then we go one step further
and evaluate it in a full three-body approach, exploiting
the fact that the matrix elements of the Uehling potential
in a basis of explicitly correlated exponential functions are
known in analytical form [18]. Comparison of results obtained
with these two approaches provide a useful cross-check and
give interesting insight into the precision of the adiabatic
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approximation for evaluating QED corrections in molecular
systems.

II. UEHLING CORRECTION TERMS AT ma’
AND HIGHER ORDERS

A. General expressions

We use atomic units throughout. The system under con-
sideration is composed of three particles with masses m; and
charges Z; (i = 1,2,3). We specifically consider a molecular
or moleculelike system and assume that the lightest particle,
i.e., an electron in the practical cases considered here—is
numbered 3 (thus m,m, > mz = m,, and Z3 = —1). The
relative positions of particles 1-3 and 2-3 (electron-nucleus)
are, respectively, denote r; and r;, and the relative position
of particles 1-2 (internuclear) rj;. Whenever the adiabatic
approximation is used, we set r;p = R.

The correction terms to be considered are the same as those
studied in the two-center approximation in [14], but we use
slightly different notations to make the comparison between
adiabatic and full three-body results more transparent. All
terms involve the Uehling potential interaction between the
electron and the nuclei,

UE™(r1,r2) = Uyp(r1) + Up(ra), (1)
where Uy, is given by [19]

ZZi()l o
Uyp(ri) = T3 1

2 1 1
i (LI V- RN VS
e <[2 + 2t4>( )
()

We neglect all corrections originating from the internuclear
Uehling interaction, as done in the calculation of lower-order
terms [20].

The first correction term comes from the first-order correc-
tion with the nonrelativistic wave function v,

AE, = (YolUG™%0), 3)

which contains contributions of orders ma? and above.
The second contribution comes from the leading (~a?)
relativistic correction to the wave function. It takes the form of
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a second-order contribution with the Breit-Pauli Hamiltonian
Hp as the perturbation:

AEy = 2(Yo|Hp Q(Eo — Ho) ™' QU™ ). (4)

Here, O = I — |¥){Wo]| is a projection operator, Hy and E
are the nonrelativistic Hamiltonian and energy, and Hp is the
spin-independent relativistic correction to the electron,

pe4 v
- + ——[Z18(r1) + Z23(x2)]. &)

Hp =
? 8m?  2m?

Since Hg is of order «? relative to the nonrelativistic

Hamiltonian Hy, Eq. (4) could be expected to contribute at
orders ma’ and above. Closer inspection reveals that it contains
ama®-order term due to the singular behavior of the relativistic
correction to the wave function.

For a full three-body treatment, one should take as Hp the
full three-body Breit-Pauli Hamiltonian. However, our goal
is to analyze the accuracy of the two-center approximation,
which is why we include the exact same relativistic corrections
in both approaches. The neglected radiative-recoil terms of

orders ma’(m/M)',n =1,2,... (m = m,, M = m,m,), are
much smaller and irrelevant at the current level of theoretical
accuracy.

The last contribution is the vertex function modification
(Darwin term) at ma’ order (see Fig. 3 in [21]):

AE: = (Yol H]|¥0). (6)
HD = ! (Ar, Uyp(r1) + Ar, Uyp(r2)) (7)
vp 8m§ r Yvp\/1l r, Yvp\r2)).

Again, Eq. (6), which could be expected to contribute at orders
ma’ and above, also contains a ma®-order term.

In a full three-body treatment, additional radiative-recoil
terms with m% and m% in the denominator instead of mf should
be included. Similarly to the AE, contribution discussed
above, we neglect these terms here. Finally, we also neglect the
transverse photon exchange and spin-orbit terms [22], which
produce corrections of order ma’(m /M).

The total Uehling energy correction is

AEy = AE, + AE, + AE.. (8)

Each of the three contributions contains lower-order terms
(mo®, ma®) which should be subtracted in order to get
the desired contribution (ma’ and above). This subtraction
procedure is explained in the next paragraphs, first in the
adiabatic approximation and then for the three-body case.

B. Adiabatic approximation

In this approach, ¥ is an adiabatic wave function given by
Vo = ¢ei(r; R)x (R), €))

where ¢ and yx are, respectively, the electronic and nuclear
wave functions. The Hamiltonian H, appearing in Eq. (4) is
an adiabatic Hamiltonian, and E, the adiabatic energy (see,
e.g., [23] for definitions).

Within the adiabatic approximation, the second-order per-
turbation term AFE), can be separated into electronic and
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vibrational contributions [15,17]:

AE, = (x| & (R)Ix) + E;™, (10)
EPV(R) = 2(pal Hs Qat(Ea — Ha) ' QaUE™ ). (11)

EN™ = 2(x|1E5(R) Quin(Evib — Hyin) ™' QuinEwp(R)Ix). (12)

Qct = I — |@er) (@er|l and Quib = I — [x){x| are projection
operators, and He, E¢; (Hyib, Evip) the electronic (vibrational)

Hamiltonian and energy (see [23] for definitions). Finally,
EB(R) = (¢e| Hp|par), and Eyp(R) = (¢er| U™ |@ea). Only the
first term of Eq. (10) was calculated in Ref. [14], while the
vibrational contribution was omitted.

The expansion in powers of « of each term in Eq. (8) was
studied in [14]. We reproduce the results here for convenience:

3

—%wzla(rl) + Z8(r) o)
4

Sa ) )
+ Eﬂ(lﬁolzlfs(l‘l) + Z58(x2)|Yo) + ..., (13)

AE, =

3ot 5 2
AE, = —1—6n(1p0|218(r1) + Z58(r2)|¥0)

40 3 3
+—15 Ina(yo|Z18(r1) + Z38(r2) o) ..., (14)
3ot 5 5
AEe =+ (Yol Z3(ra) + Z38e)lyo) +.... (15)

The first two terms of A E, are the leading terms of the Uehling
correction, which were included in earlier calculations [20].
Indeed, the ma®-order terms appearing in A Ej, and A E.. cancel
each other. Note that this exact cancellation no longer occurs
in the three-body approach, as shown below.

The sought corrections of order ma’ and above (excluding
the logarithmic contribution in AEj,, which was already
considered in [11] and [12]) are thus given by the following
subtractions:

AEGY = AEJY + AE]Y + AETT), (16)

4o
AE] = AE, + —= (Yol Zid(r) + Zad(r2)lo)

4

Sa 2 2
- E”W’Mzﬁs(rl) + Z58(r2) o), (A7)

4

(7+) 3o 2 2
AE, " = AE, + 1—67T(¢0|Zl<3(1‘1) + Z58(r2)|¥0)

5

4o 3 3
BT Ina (Yol Z78(r1) + Z358(r2) (o), (18)

3t
AETY = AE. — 1—6n<¢o|2%8(r1> + Z38(r2)lo).  (19)

Note that the definitions of AEY ™ and AET® differ from
those in Ref. [14]. Finally, since the leading-order terms in

042514-2



ONE-LOOP VACUUM POLARIZATION AT ma’ AND ...

the expansion A Ej belong to the electronic contribution, we
define the higher-order electronic contribution as

(TH)eD (e 3a* 2
AE, = xl1& Blx)+ ?”(Wdzﬁs(rl)

2 4o’ 3
+ Z58(r2) o) — I Ina(yo| Z76(r1)

+ Z38(r2)|¥0)- (20)

C. Three-body formalism

In this approach, Hy is the exact nonrelativistic Hamiltonian
of the three-body system, i.e.,
1 V2 1 Z, Z, Z\Z,

———V:_vV.V, - -4 ,
2uis M 2ua3 " m ri

Hy = —

21

where p;; = m;/(m; 4+ m}), and v, is one of its eigenstates. In
this case, the expansion of Uehling correction terms in powers
of « is modified with respect to Eqgs. (13)—(15):

3

_%<¢O|zla(rl) + Z28(r2)|0)

504
+ = (Yol 13 Z18(r1) + 123 Z38(ra) W) + - . .,

48
(22)

AE, =

4

3a
AE, = —Fﬂ(l/fomlszﬁs(l‘l) + a23Z58(r2)|Wo)

5

4o 3
4 G Inc(Yrolp13a13Z78(r1)

+ 1a3an Z38(r2) 1Y) - . . (23)

4

3a
AE, = +Fn<1/fo|u132%s(rl> + U2 Z38(x)|Wo) + - . .,

(24)

where a;; = w;;(2u;; — 1). These modifications can be under-
stood as follows. Both for AE, and for AE,., the successive
terms of the o expansion are proportional to the successive
derivatives of the squared wave function at the electron-
nucleus coalescence points. In the second term of AE, and in
the first term of A E, both of which involve the first derivative,
the appearance of the additional factors w13, 23 comes from
Kato’s cusp condition [24] in the case of a finite nuclear mass:

oo

= —uisZiYo(ri =0), i=12.  (25)
8ri ri=0

As for AEy, Eq. (23) can be understood by writing this term
in the equivalent form

AE, =2(yp|US™ 1%0), (26)

where ¥p is the first-order correction to the wave function
induced by the relativistic correction Hpg:

(Eo — Ho)yp = (Hp — (Hp))Yo. 27)

It was shown in [14] that the ma® and ma” In « terms of AE),,
respectively, come from the 1/r; and Inr; singularities of .
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The analysis of Eq. (27) in the limit ;, — O reveals that the
singular parts of v p are written [25]

sing aiZy | anZs
=0 = (U )¥y, U= + , 28
B (U — (U)W 1 an an (28)
5t = (U2 — (U2)W,
ZZ
U, = _ Hzainsy Inr
2
12302323
—— Inr,, (29)
which explains the factors appearing in the first terms of the o

expansion.

One can observe that the ma®-order terms in AE), and
AE, no longer cancel, but their sum produces recoil terms.
Overall, the correction A E contains a set of recoil corrections
at orders ma®(m/M)". Note that the latter do not add up
to yield the known result for the ma®-order term including
recoil effects [20,26,27], because some recoil contributions
are missing due to the neglected terms in H{}) (see Sec. IL A).
This is of no consequence here, since ma®-order terms are
subtracted in order to focus on corrections of order ma’ and
above.

Similarly, AESH contains an incomplete set of recoil cor-
rections at orders ma’(m/M)", therefore the results obtained
in the three-body framework are expected to be accurate to
O(@m /M), just as within the adiabatic approximation.

The expansions, (22)—(24), lead to the following definitions
for the corrections of order ma’ and above:

T+ @ § )
AEY =AE.+—3 (Yol Z18(r1)+ Z28(x2)|¥o)

Sat
—Kn<wo|ulszfa<rl)+m3Z§8<rz>|wo>, (30)
T+ _ 3o 2 2
AE] " = AE, + Fﬂ(l/foklwz](s(rl) + a3 Z58(r2) o)
47 3
BT Ina(Yolpizai3 Z;8(ry)
+ 123023 Z38(r2) W0, €3]
(7+) 3’ 2 2
AE 7 =AE.— 1—671 (Yolu13Z78(r)+m23 Z58(r2) o).

(32)

III. NUMERICAL CALCULATIONS AND RESULTS

In this section we calculate and compare the Uehling
corrections obtained within the adiabatic [Eqgs. (17)—(19)] and
three-body [Eqgs. (30)—(32)] approaches.

A. Adiabatic approximation

For the adiabatic case all the corrections terms, with the
exception of the vibrational contribution in AE, [Eq. (12)],
have been evaluated in our previous work [14] and more details
may be found in that article.

Here we recall only the main features of our approach. In
the spirit of the adiabatic approximation, in the first step we
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calculate the electronic curves corresponding to the correction
terms, &,,(R) [defined after Eq. (12), £ (R) [Eq. (11)], and

Ec(R) = (pa HY)|$a1). (33)

as well as £z (R), which is required for the evaluation of A E,()V'b)
[see Eq. (12)].

We use the variational expansion for the electronic wave
function of a o state

oo
ga(r) =) Cie 70",

i=1

(34)
which is symmetrized if Z; = Z;:

00
(,—air1—bir, —biri—airy
Ci(e +e ).
i=l

Pai(r) = (35)

The real exponents a; and b; are generated quasirandomly in
optimized intervals.

We now describe the improvements we have implemented
with respect to the calculations presented in Ref. [14]. First,
we discovered that the transformation of the AE(® term
using integration by parts (Eq. (22) of [14]) is not valid for
a two-center system (although it is valid for a hydrogenlike

J

(Eq — Ha)pp = (Hp — (Hp))pet + |:H,(

= (Hp — (Hp))pe + Z

Finally, one obtains
Z, 7, Z} z2
S(el)(R) = 2<< ! + 2 4 Inr; — 7 lnr2> U‘E;-n)>

4r;  4ny 2

— 2<<é + & _ Z—lz Inr; — Z_% In r2>><U(°'“))
4r;,  4n, 2 2 P

(40)

+2(¢s |U$f{n) |¢e).

The terms involving the Uehling potential [i.e., &p(R),

slﬁe” (R), and &£.(R)] cannot be calculated exactly since its
matrix elements in the exponential basis set (34) are not known
in analytical form. We calculated them by two methods: (i) by
numerical integration as done in [14], using an approximate
form of the Uehling potential presented in [29], which is
accurate to at least nine digits, and (ii) by expansion of
the matrix elements in powers of «, which allows for much
quicker calculations. The expansions of all the required matrix
elements are given in the Appendix. We included all terms up to
the ma?® order in our calculation and found excellent agreement
with method i (see the Appendix for a numerical example),
thus removing any doubt that may arise on the accuracy of the
numerical integration.

Finally, in the second step the electronic curves are averaged
over the vibrational wave function x(R), which is obtained
by numerical resolution of the nuclear Schrodinger equation.
The vibrational contribution £\ [Eq. (12)] is obtained using
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atom), leading to a numerical error of a few kHz. We have thus
recalculated &£.(R) directly from Eq. (33).

For the electronic contribution to AE;, [Eq. (11)] we use
the equivalent form

EP(R) = 25U |pa), (36)

where ¢p is the first-order correction to the electronic wave
function induced by the relativistic correction Hp:

He)¢p = (Hp — (Hp))Pel.

Trying to calculate ¢p directly by solving the linear prob-
lem, (37), would lead to numerical problems, because ¢p
contains singular terms (in 1/r; and Inr;, i = 1,2) which
are not well represented in the regular basis set, (34). We
thus separate the singular terms in ¢ following the approach
described in [28]:

(Eel - (37)

b5 ) Z, N Z, Z%l z§1 s
r,rp)=\—+-———1Inr— —1Inr,
B\"'1,/2 4}”1 4V2 2 1 2 2 el

+ @p(ri,r), (38)

where @p(ri,r») is a regular function which is obtained
numerically by solving the linear problem

zZ, 7, 7? 2

S22 Sl - 22

i Ta, T2 e

Z; 7r5(r,) ,.2 Zivi,  ZPr;

ot st 3 + 55V ) (39)

(

the first-order relativistic correction xp to the nuclear wave
function,

Ey™ = 2{xal€p(R)x), @1
where yp is calculated by solving the linear problem
(Evib — Hyin)xp = Ep(R) X - (42)

B. Three-body formalism

For the three-body case we used a variational “exponential”
expansion of the three-body wave function in the form [30]

N
W(rp ey ) = ) (UiRefe n—Anmme)

n=1

+ W Im[e~n=An=rmpy Yieb ) p)) (43)

where yfﬁ;(f', ,I) are bipolar spherical harmonics [31]. The
parameters «;, §;, and y; are complex exponents satisfying
the relations Re(o; + B;) > 0, Re(o; + y;) > 0, and Re(B; +
y;) > 0, generated pseudorandomly [32] in several intervals;
the variational parameters are the bounds of these intervals.

Here we consider only rotationless (L = 0) states. For
these states the matrix elements of the Uehling potential
Uy, (r;) required for calculation of A E, were obtained in [18],
and those of Ay U,p(ri) required for AE, are given in the
Appendix.
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TABLE 1. Uehling corrections at order mao’

PHYSICAL REVIEW A 95, 042514 (2017)

and above (in kHz) for the two lowest vibrational states of Hi and for the fundamental

vibrational transition. For each contribution, the value obtained in the adiabatic approximation is given on the first line, and that obtained within

the three-body formalism on the second line. Note that the vibrational part of AE;H) was not included in previous calculations [14].
AE(D Electronic Vibrational AEY AETD AEJY
Hi (v=0,L=0) —20.11 15.26 —4.61 10.64 —23.49 —3295
—20.06 - - 10.64 —2343 —32.86
Hf v=1,L=0) —19.54 14.44 —4.18 10.26 —22.83 —32.10
—19.49 - - 10.27 —22.77 —32.00
v =0 — 1 transition 0.57 —0.81 0.43 —0.38 0.66 0.85
0.57 - - —0.38 0.65 0.85

The precise calculation of the second-order perturbation
term AE, is more challenging, because it involves solving
the linear problem, (27). Similarly to what was done for the
two-center problem, we separate the singular part of {5 in
order to alleviate the numerical difficulties. We introduce a
less singular function v/ defined by

Vs =" + Vs, (44)
and ¥ can be obtained by solving the equation
(Eo — Ho)Wp = (Hg — (Hp))Wo + [Ho.U1W.  (45)

Straightforward algebraic manipulation leads to

Zia[ 1 r-Vy] 1V
[Ho,Uy] = 113[—{2n8(r1)+ 'r3 ‘}+ 'r ]

4 H13 1 ?
Zra 1 r, -V r,-V
+ =22 23[—{2n8(r2)+ 2 3‘2}+ = 3“}
4 [ux rs rs

The final expression of the second-order perturbation term is

AE, = 2(Y0lU1 UE™ [Yo) — 20Un) (ol U™ o)
+ 251U 1¥0). (47

The calculation of the first term requires the matrix elements
of Uyp(r;)/ri, which are given in the Appendix, and crossed
terms of the type U,,(r;)/r;, whose matrix elements are easily
obtained from the generating integral given in [18]. It should
be noted that in contradistinction with the two-center case,
we have separated the 1/r singularities of (27) but not the
logarithmic ones. Due to this the convergence of A E}, is much
slower. The separation of the logarithmic singularity would

require the derivation of three-body matrix elements involving
logarithms of interparticle distances.

C. Results and discussion

In order to obtain good convergence of the three-body
results, basis sets of N = 2000 vectors were used to represent
Y. For the numerical evaluation of the second-order term
[last term of Eq. (47)] we use 10 basis sets, where the first
two approximate the regular part of the intermediate solution
and the remaining eight sets, with increasing exponents, are
introduced to reproduce behavior of the type Inr; (or Inr;)
at small values of r (). The total size of the basis used for
intermediate states is N = 5900.

The results for the first vibrational levels of H;’ and HD™
are presented in Tables I and II. The relative difference
between adiabatic and three-body approaches (2-3 x 1073)
matches the expected order of magnitude O(m/M), which
corresponds to the presence of recoil contributions in the
three-body correction. The difference between adiabatic and
three-body results also gives an order of magnitude of the
residual uncertainty due to unevaluated recoil corrections, i.e.,
a few tens of Hz, in the transition frequencies. This uncertainty
may be reduced further in the future by including all recoil
corrections within the three-body approach.

It can also be observed that the inclusion of the vibrational
part in the second-order perturbation term A Ej, is essential to
get satisfactory agreement. This is even more true in the case of
vibrational transition frequencies, where this term contributes
to about 50% while representing only 13%-14% of the
correction to individual state energies, due to its much stronger
dependence on the vibrational state. The corresponding correc-
tion to the fundamental vibrational transition amounts to about
400 Hz, which is significant at the current level of theoretical
accuracy. It is thus essential to include all terms of similar
nature arising in other ma’-order corrections [17].

TABLE II. Same as Table I, but for the HD* molecular ion.

AETD Electronic Vibrational AE]Y AETD AEJY

HD" (v=0,L =0) —20.15 15.31 —4.65 10.67 —23.54 —33.02
—20.11 - - 10.67 —23.50 —32.94

HD" (v=1,L =0) —19.65 14.60 —4.27 10.34 —22.96 —32.27
—19.62 - - 10.34 —2292 —-32.19

v =0 — 1 transition 0.48 —-0.71 0.38 —0.33 0.56 0.75
0.50 - - —0.33 0.58 0.74
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(i) &,p(R): the Uehling potential expectation value,
4 25w« 3a? 2b 1057 o 2b
|| U. Y= ——Zle PR 1 — — (32 +0*-= ) - Ty -2
e T [ 128 T 78 ( AR 2048 N\ T R)T

(i) &.(R): the Darwin term in the Uehling relativistic correction,

1 3 2\ 57’ 2b
g<i|AUVp(r,)|j)=zloﬁe—”R[—”a—1(3az+bz——>+ T a<a2+b2——>+...]

32 30 R 384 R

(iii) Sl(,el) (R): the second-order term in the Uehling relativistic correction. In order to evaluate the first two terms of Eq. (40)

the following matrix elements are required:

o? Z 37 2« 57 o 2b
a2\ o = Z2ate PR - 2 L Y, 32+ 02— 2 )+ .. |,
2 (l|<r1> wlrlj) = Zie'e 6T 5 s T R)T

2

o (2, . se PR 2 S5na
a2\ u - 7.7 A
2(l|<r2> DI J) 12207 — 15+ 192a+
22 ) Usgtril ) = Zlade® 4, 4 AVSYEN 5 Sin4 107
a“(i|(—=Z; Inry) Uy (r =Za’e —Ina — —yg — — ra| —Ina — —yg — —_—
A e I 15 T 157 T 205 o6 "* 967" T 96 " 1152)¢

. . _ 4 Sta
o (il(—2Z3 Inr2) Uy(r)lj) = Z1 Z3a e PR 1n(R)[B BT }

We have checked that the numerical results obtained by using these expansions coincide (at the required level of accuracy)
with those of numerical integration with the approximate form [29] of the Uehling potential. For example, the values of &£,,(R)
agree within eight digits for the whole range of internuclear distances. For illustration we give both values at the equilibrium

distance R = 2.0 a.u.: £ (R = 2.0) = —0.110830 18440 and EI"™ (R = 2.0) = —0.110830 185 3c’.

2. Three-body problem: Matrix elements of U,,(ry)/r;

For the calculation of AE Zing the following integral is required (using the notations of [18]):

: > e NuE—12u + 1
1271’1(05,/3,)/) _ f /fdrldrzdr12r2r12 e—om*ﬁrz*yrlz / du e*ZAMVi u (4[4 )’
1

ry u

where x = 1/(ogscm 1) (orgsc 1S the fine-structure constant). Changing the order of integrations we obtain

* Vu? = 1Qu* + 1
171,1,1(01,;3,3/):/ du e - (4” - )///dmdrzdrurmz e an—pra—yri
1 u 1

r

The integral over spatial coordinates is [33]

B+ y:+af+ay 1 B+y u
2B-y)B+y)>2x2 wta)u+b)  (B—y)>2B+y)ix (u+a)u+b)

8By a b
——— — |In{l1+—=)—=—In(14+-]],
(ﬂ—y)3(ﬂ+)/)3[n< H) “( +u>}

witha = (o + B)/2x, b = (o + y)/2x. Then we get

B+yi+aB+ay B+y 8By
Ii(a,b Ii(ab) — ——m————
2B =B e Mt BT ey MY T BT ey

Ioi(e,By) =

Iy 0(a,B,y) = (Is(a) — Is(b)),

where

[e’e) 2 _ 2
@) — du\/:t 1u? + 1)
1 ut(u + a)(u + b)
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was obtained in [18], and

©  Jur—1Qu*+1)

Ly(a,b) = d , A6
4(a,b) R Ty A (A6)
©  uz—1Qu*+Dn(1+ ¢
1 u
We find, for a # b,
Lia.b) 4ab(a + b) — w(2a% + 2ab + 2b* + 3a*b?*) 1 —a?(1 + 2a*) arccos(a) /1 — b2(1 + 2b?) arccos(d) (A%)
a,b) = —
4 443D a3(a —b) b3(a — b)
and
12a + 56a° — 7(6 + 27a%) + 9n2a® + 124/1 — a2(1 + 5a?) arccos(a) )
Is(a) = — arccos(a)”. (A9)
3643
In order to obtain the last expression, it is convenient to calculate ‘fl—lj and then integrate with respect to a.
3. Three-body problem: Matrix elements of A, U,,(r;)
Using that
e—Ar e—Ar
A( ) = —478(r) + A (A10)
r

and inverting the order of integration as previously, it can be seen that the following integral is required for calculation of AE,:

© ik —1Qu? +1 4
L(@,B,y) = / du™= (4” £ (4x2u210,1,1(a +2ux,B.y) — —3) (A11)
1 u B+vy)
Algebraic manipulations lead to
1 1 o +ap +ay + By 2Qa + B +y) }
I.(a,B,y) = ———3{ —Ig(a,b) + I;(a,b) — Ii(a,b) — ————I4(a,b) ¢, Al12
(a.B,¥) x(ﬁer){zx 6(a,b) ﬁ+y7(a ) MY 1(a,b) s 4(a,b) (A12)
with
oo
Vu? —1Qu* +1)
Is(a,b) = d , Al3
6(a,b) 1 uuz(u FIRCT AT (A13)
o JuZ —1Qu? + 1) 1 1
I;(a,b) = d . Al4
@ /1 ! w2 ((u+a>2(u+b>+<u+a><u+b>2> (A9
One obtains
Is(a.b) 2(a® + ab + b* +2a*b%) w(a+b) 1 (2a® +2a*b — a® — a®b — 4a + 2b) arccos(a)
a,b) = —
6 a?b(a — b)? a’b3 (a — b)? a’y/(1 —a?)
3 (b5 + 2b*a — b — b2a — 4b + 2a) arccos(b)>’ (AL5)
b3/(1 — b?)
—2ab(a + b) + m(a* +ab +b*) (2 —a®+2a*)arccos(a) (2 — b + 2b*) arccos(b)
17(a7b) = -
a’b’ a’y/(1 —a?)(a —b) b3/l — b%)(a — b)
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