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Arbitrary manipulation of amplitude and phase of a set of highly discrete coherent spectra
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We describe the attractive optical nature of highly discrete coherent spectra. We show that the relative amplitude
and phase of such spectra can be almost arbitrarily manipulated by simply placing three fundamental optical
elements—namely, a waveplate, polarizer, and dispersive plate—on an optical axis and then controlling their
thicknesses. We also describe the relevant physical mechanism. Furthermore, as a typical application of this
optical nature, we demonstrate arbitrary optical waveform generation in a numerical experiment, and we discuss
its limitations as an optical-wave manipulation technology and how we can overcome these limitations.
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I. INTRODUCTION

Since the laser was invented in 1960, research efforts to
perfectly control optical waves have continued toward the
further development of extreme laser technology. Arbitrary
optical waveform generation (AOWG)—a typical example
of such technology in recent years—was initiated with a
picosecond pulsed laser [1] and has now been extended to
the femtosecond regime [2,3], which, in another trend, was
recently further developed as a line-by-line control scheme
[4–9]. Control of carrier-envelope-offset frequency has also
flourished in the form of optical frequency combs [10,11]
since about 2000, and has now spread further to a variety
of extreme optical control technologies, including optical
amplitude waveform generation with absolute phase control
[9,12] and coherent addition of independent laser radiation
over ultrabroad bandwidths [13]. Such innovations in optical
wave technology have been applied in practice to a variety
of fields, yielding many cross-disciplinary achievements,
including quantum state control aimed at manipulation of
chemical reactions [14,15]; control of high-order nonlinear
optical phenomena such as high harmonic generation (HHG)
[16]; and ultrafast attosecond control of dielectric response or
electron transport in solids [17,18].

The above-described history indicates the continuing im-
portance of exploring novel possibilities of optical wave
control. Here, we describe the attractive optical nature
of a set of highly discrete coherent spectra. The relative
amplitude and phase of such spectra can be manipulated
almost arbitrarily by simply placing a small number of
fundamental optical elements on an optical axis and then
controlling their thicknesses. Furthermore, as a typical ap-
plication of this attractive nature, we demonstrate arbitrary
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waveform generation in a numerical experiment. This optical
wave-control technology has a number of advantages, includ-
ing wide available bandwidth, maintenance of high beam qual-
ity, resistance to high-energy laser radiation, and simplicity of
optical configuration. It can therefore be utilized for variety of
purposes.

II. THEORY

A. Configuration of amplitude and phase manipulations

Figure 1 is a concept diagram of the arbitrary manipulation
of amplitude and phase. It is quite simple, consisting of three
fundamental optical elements. Here, amplitude and phase
are independently controlled: the first two elements—a set
comprising a waveplate (a uniaxial birefringent material)
and a polarizer—arbitrarily control amplitude, and the last
element—a dispersive plate—controls phase. The thickness of
the uniaxial birefringent material (waveplate), LA, the angle
of its optical axis from the y axis, θA, and also the thickness of
the dispersive plate, LP , are assumed to be precisely adjusted.

What we study here is laser radiation consisting of a set
of highly discrete spectra with mutual phase coherence. As
a typical example, we discuss optical harmonics consisting
of five spectral modes with a frequency spacing of �ω =
2π×124 THz (124 THz: 2417.68 nm to 620 THz: 483.54 nm)
[19]. To make the results more easily understood, we assumed
that all the spectral modes of the incident laser radiation were
linearly polarized, with an amplitude of unity, a relative phase
of zero, and polarization parallel to the y axis in all harmonic
modes (Fig. 1). As shown below, these assumptions do not
spoil the universality of our discussions.

If the incident laser radiation consists of a single spectral
mode (i.e., a single frequency), it is not surprising that
amplitude and phase can be arbitrarily controlled by this
optical system. What interests us here is that even if the spectra
of the incident laser radiation expand broadly, if the spectra are
highly discrete, we can still realize almost arbitrary amplitude
and phase distributions among the spectral modes by using
the same simple optical configuration and its practical control.
Further details are given below.
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FIG. 1. Schematic illustration of arbitrary amplitude and phase
manipulation by using three fundamental optical elements.

B. Physical mechanism of amplitude manipulation

In this optical configuration, the intensity of the electric field
of the mth mode transmitted through the polarizer is given by

Im = ∣∣Ey
m

∣∣2 = 1 − sin22θAsin2 �m

2
, (1)

where �m = [ns(ωm) − nf (ωm)]ωm
LA

c
. Here ns , nf , and

ωm(=m�ω), and c are, respectively, the refractive index at
the slow axis (optical axis) of the waveplate, the refractive
index at the fast axis, the angular frequency at the mth mode,
and the speed of light in a vacuum. As seen in this notation, the
intensity of the electric field, Im, of each spectral mode can be
manipulated substantially by changing the waveplate thickness
LA and in an auxiliary manner by changing the angle θA. To
examine in detail the behavior of the electric-field intensity,
we conducted calculations by using a quartz crystal plate as
the waveplate and a magnesium fluoride (MgF2) polarizer
(57.2 mm long). The refractive indices ns(ωm),nf (ωm) at each
harmonic mode were deduced by using the Sellmeier equation
[20,21].

Figure 2(a) shows the relationships between the adjacent
mode intensities, Im and Im+1 (gray lines), of incident laser
radiation consisting of five spectral modes (order: m = 1, 2,
3, 4, 5). We fixed θA at π /4 and varied the thickness of the
waveplate LA from 10 to 12 mm. In this expression, the
intensity relationship Im-Im+1 draws a Lissajous curve;
the frequency ratio characterizing this trajectory is given by

�m+1

�m

= �nm+1

�nm

m + 1

m
, (2)

where �nm = ns(ωm) − nf (ωm). The term �nm+1

�nm
on the right-

hand side is usually close to unity; in other words, the fre-
quency ratio of the Lissajous trajectory, �m+1

�m
, is characterized

substantially by the mode ratio, m + 1 : m. When the laser
radiation consists of a highly discrete spectrum, m is a small
integer, and this causes the Lissajous trajectories to fairly
differ in shape between the different combinations of modes
[Fig. 2(a)]. As a result, a variety of intensity distributions
among the spectral modes are generated. In other words, as the
intensity Im of the transmitted laser is a periodic function of the

thickness, LA, the periods will vary greatly among the spectral
modes if the modes are highly discrete: a variety of intensity
distributions are thus generated. Looking at the term �m+1

�m
in

more detail, we notice another important point, namely that
�nm+1[(m+1)�ω]

�nm(m�ω) deviates from unity by a non-negligible amount

in the order of 10−2. As drawn in Fig. 2(a), the relative intensity
space {Im,Im+1} is thereby densely filled with Lissajous tra-
jectories with relatively few cycles from 10 to 100 s. The large
degree of discreteness of the spectra makes this non-negligible
deviation from a complete periodic cycle of the Lissajous
trajectories. One hundred cycles correspond to a change in
waveplate thickness, LA, of a few tens of millimeters, at most.
The above two mechanisms enable us to practically generate
arbitrary amplitude distributions among the spectral modes.

Here, we give an example of arbitrary amplitude manipula-
tion in which, as a target, we explore the intensity distribution
required to generate a sawtooth waveform in the time do-
main, i.e., {I1 = 1,I2 = 1/4,I3 = 1/9,I4 = 1/16,I5 = 1/25}
for five spectral modes. By setting this intensity distribution
as a target, we explored the optimal waveplate thickness, LA,
and the optimal angle from the optical axis, θA. We used the
random search method [22], a numerical optimization method,
to explore the optimal solution. Here, we defined a deviation
from the target as

∑5
m=2 δm

2; we set this as the objective
function and minimized it, whereby

δm =
(

I 0
m − Im(LA,θA)

I1(LA,θA)

)/
I 0
m (3)

and I 0
m is the target intensity at the mth mode.

Exploration revealed a spectral intensity distribution closest
to the target at LA = 11.447 mm (θA = π/4). We mark this
point with a star in Fig. 2(a). We also indicated the trajectory
(blue lines and arrows) corresponding to a 120-μm-thickness
change in LA before it reached this optimal solution. The
red lines in Fig. 2(a) indicate the desired intensity ratios
between adjacent modes. The dark-green-shaded areas show
the range of values within ±10% of the exact target, and the
light-green-shaded areas cover values within ±20%. After
many quasicyclic Lissajous motions with fairly different
respective frequencies, all the relative intensity distributions
among the five modes simultaneously came close to the target
at LA = 11.447 mm.

In this example of arbitrary amplitude manipulation, all the
mode intensities of the incident laser radiation were assumed
to be unity. However, it can be understood by the results shown
in Fig. 2(a) that this amplitude manipulation is not dependent
on the initial mode-intensity distributions.

Generally, refractive-index dispersion increases as wave-
length becomes shorter, whereas its anisotropy, ns − nf , con-
versely tends to become smaller as the wavelength shortens.
As we have stated above, the non-negligible deviation of �nm+1

�nm

from unity plays an important role in generating a variety of
intensity distributions. Therefore, this amplitude-manipulation
technology gradually becomes impractical as the relevant
spectra span shorter wavelengths.

C. The physical mechanism of phase manipulation

Next, we describe the phase manipulation in detail. Because
our present set of discrete spectra consists of five spectral
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FIG. 2. Physical mechanism of amplitude and phase manipulation. (a) Parametric plots (gray lines) of normalized spectral mode intensities
as a function of waveplate thickness, LA. Target relative intensities are shown as red lines. The star marks the explored optimal possible solution.
(b) Dispersion coefficients φ2 and φ3; the coefficient corresponding to the target spectral phase is shown as the black dot and other, equivalent,
coefficients are indicated by red dots. (c) Target spectral phase (black dots) and its equivalent spectral phases (red dots).

modes, the relative spectral phase among them can, in
principle, be represented using up to fourth-order dispersions:

φ(ωm) =
4∑

k=2

{	kLP (m�ω)k}. (4)

Here, the zero and first-order terms are not included and we
use the remaining terms of second order or higher, as our main
concern is the manipulation of dispersion. In addition, because
phase is a periodic function of 2π , each dispersion-order term,
excluding the integer, mk , is replaced as follows:

φk = mod[	kLP �ωk,2π ]. (5)

Using this notation, the spectral phase is written in brief as

φ′(ωm) = φ2m
2 + φ3m

3 + φ4m
4. (6)

To gain a detailed understanding of this spectral phase
behavior, we performed a numerical calculation using a fused
silica plate as a dispersive material [23]. We varied the
thickness of the fused silica plate, LP , from 0 to 28 mm,
and studied the behavior of each order term of the dispersion.

Figure 2(b) plots the relationship between the second-
and third-order dispersions,φ2 and φ3 (gray lines). As the
spectra were highly discrete (�ω: 2π×124 THz), these
dispersion terms included large coefficients (	2�ω2 =
−1.786×101 rad/mm, 	3�ω3 = 6.664 rad/mm), despite the
high order dispersion terms. As a result, the entire (φ2, φ3)

space was almost filled in response to an LP thickness change
of less than 30 mm. The fourth-order dispersion also had a large
coefficient, 	4�ω4 = −4.602×10−1 rad/mm; consequently,
the entire (φ3,φ4) space was filled simultaneously.

Qualitatively, the physical mechanism of phase manipula-
tion is similar to that of the amplitude manipulation. As the
spectra are highly discrete, each order term of the dispersions
independently and considerably varies upon a small change in
thickness of the dispersive element, resulting in a variety of
combinations among the high-order dispersions. It produces
almost arbitrary spectral phases, although we only manipulate
the thickness of a single dispersive plate.

As an example of this spectral-phase manipulation,
Figure 2(b) shows the results obtained when we explored
Spectral Phase I—i.e., the optimum solution marked with a star
(φ2 = 0.9847 rad; φ3 = 4.176 rad) and the trajectory (dark
blue line) over 600 μm toward its solution (Lp = 3.4396 mm).
Here Spectral Phase I is the addition of spectral phase to
generate a sawtooth wave in the time domain when the spectral
phase at position i in Fig. 1 is set as the starting point. Looking
only at this solution space (φ2,φ3) of Fig. 2(b), there appears
to be a better one. However, as a solution to achieve Spectral
Phase I which includes the fourth-order dispersion, φ4, this star
point gave the optimal result within the present exploration
range.

By the way, if we perform numerical calculations in this
way, we notice an interesting fact. Surprisingly, we find that
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solutions almost comparable to the optimal one [marked
with a star in Fig. 2(b)] appear much more frequently than
expected. Hereinafter, we describe this specific property of
phase manipulation: namely, the physical mechanism behind
the appearance of so many near-optimal solutions.

The main reason is that, because phase is a periodic function
of 2π , there is an infinite number of spectral phases equivalent
to the target spectral phase. Taking Spectral Phase I (pm, phase
at spectral mode m, 0 � pm < 2π ) in Fig. 2(c) as an example,
the target spectral phase pm is located at an interval of 2π

at each spectral mode and forms an overall lattice pattern
[red dots in Fig. 2(c)]. Regardless of which lattice points are
selected at each spectral mode, all of the spectral phases are
equivalent to each other; whereas the dispersions involved in
the spectral phases vary according to which lattice points are
selected.

As examples, in Fig. 2(c) we show Spectral Phases II
and III in addition to I. The coefficient of each order term
of the dispersions comprising these spectral phases can
be determined exactly by solving the set of the following
equations, which hold at each spectral mode:

pm + 2qmπ =
4∑

k=0

	kLp(m�ω)k, (7)

where qm is an integer. I, II, and III in Fig. 2(b) are plots of the
dispersions obtained in this way, where the dispersions have
been converted as φk = mod[	kLP �ωk,2π ]. Conducting the
same solving process for all of the other combinations with
the lattice points in Fig. 2(b) as well reveals that the dispersion
coefficients comprising the target phase pm also make a lattice
pattern in the solution (dispersion term) space, as shown in red
in Fig. 2(b).

The second-order dispersion φ2 is eventually reduced to the
following 24 solutions, 4!:

φ2 = 2π
s

24
+ P2

24
(s = 0,1, . . . ,23). (8)

Similarly, the third-order dispersion φ3 is reduced to 12 = 4!/2
solutions. Consequently, in the entire (φ2, φ3) space, 144 =
(24×12)/2 solutions are formed, in a lattice pattern (see the
Appendix). Because the lattice points represent an equivalent
spectral phase, eventually the solution space to be explored
is dramatically reduced, by approximately two orders, from
the entire 2π×2π space to the hexagonal area illustrated in
Fig. 2(b).

This relationship between the spectral-phase space
[Fig. 2(c)] and the solution space with the dispersions
[Fig. 2(b)] is analogous to the lattice-reciprocal lattice
(Brillouin zone) relationship in a solid, although here the bases
are polynomial functions.

The other reason that near-optimal solutions are so fre-
quently found is that the allowable error around the exact
solution is very large. If we allow a slight error in the target
spectral phase, a similar amount of error relative to the entire
phase area of 2π3 is allowed in the solution space with
dispersions. However, the solution space is effectively reduced
[to the hexagonal area in Fig. 2(b)] by the number of lattice
points, as described above; thereby, conversely, the allowable
error is effectively magnified by the same number of lattice

points. As an example, in Fig. 2(b) we show the near-optimal
solution areas, in three shades of green, in cases in which an
error of ±0.5%, ±1%, or ±2% can be allowed for the target
phase pm. If an error of at most 2% is allowed around the
target spectral phase, a cigar-shaped area that is fairly large
relative to the hexagonal unit-cell solution space is allowed as
a near-optimal solution.

Here, if we again go back to the discussion of the result of
exploring the target Spectral Phase I, we find that the optimal
solution [marked with a star in Fig. 2(b)] obtained is not near
the exact solution I, but is in fact located close to another
equivalent lattice solution-point including the allowable error
area. It turns out that the mechanism by which the exploration
range could be effectively reduced to the unit-cell solution
space, and conversely, the fact that the allowable error could
be effectively enlarged was of benefit in the exploration of
solutions.

At the end of this discussion we note some more points
regarding phase manipulation.

If a different spectral phase, pm, is specified as a target, all
of the lattice-pattern solutions in Fig. 2(b) shift translationally.
Thus the possibility of finding near-optimal solutions does not
depend on either the initial or the target spectral phases.

The trajectory of the dispersions in the solution space as
a function of the dispersive-plate thickness LP is a property
intrinsic to the dispersive material. On the other hand, the
shape of the allowable error around the exact solution for the
target spectral phase is formed independently of such intrinsic
properties. When the allowable error is cigar shaped and the
orientation of its longitudinal axis is close to the trajectory, as
represented in Fig. 2(b), control of the spectral phases becomes
robust against plate thickness adjustment.

As the number of spectral modes increases, the number
of lattice points in the solution space increases accordingly
as (mode number −1)!. However, at the same time, the
mode-number increment causes the increase in the dispersion
orders to be controlled. Furthermore, the dispersion term
φk becomes smaller as the order becomes higher; i.e., the
dispersive plate thickness required to fill the solution space
of the dispersions increases. Therefore, overall, it becomes
gradually more difficult to find the target spectral phase as the
number of spectral modes increases.

The number of lattice points in the solution space does
not depend on the frequency spacing of the spectral modes,
�ω. However, this does not mean that our phase manipulation
is independent of the mode spacing �ω (i.e., of discreteness
in the spectra). If �ω becomes smaller, although the lattice
structure itself does not change, the trajectory created as a
function of the dispersive-plate thickness LP is traced closer to
the edges of the solution space. This makes it difficult to reach
the target spectral phase. Incidentally, if the mode spacing is
�ω = 2π×10 THz—one digit smaller than in Fig. 1 [24,25]—
the second-order dispersion,	2�ω2, is of the order of 10−2;
the third-order dispersion,	3�ω3, is of the order of 10−3;
and the fourth-order dispersion, 	4�ω4, is of the order of
10−6. In short, a thickness adjustment of more than a few
hundred meters is required to fill the entire solution space, so
the technology becomes impractical.

One might suppose that this spectral-phase manipulation
is similar to that of the TT method [26]. In fact, from one
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manipulation. (b) Target (gray) and synthesized (red) electric-field
waveforms. Inset shows an ideal sawtooth waveform.

perspective our method can involve TT: namely, the solution
corresponding to the high-order TT [27,28] appears at an
interval of 2π in the solution space in Fig. 2(b). Also, high-
order TT requires different dispersive materials, the number
of which is equal to the order number of the dispersions to
be considered, because the respective terms of the dispersions
are precisely controlled. In reality, it is difficult to find such
exact solutions. TT, including high-order TT, is conceptually
different from the concept presented here [27,28].

III. APPLICATION TO ARBITRARY OPTICAL
WAVEFORM GENERATION

Last, we describe the application of this optical nature of
highly discrete spectra to AOWG. By using AOWG as a typical
example, we also discuss the limitations of this optical wave-
control technology and ways of overcoming these limitations.

The electric-field waveform, E(t), formed by the five
spectral modes in the time domain is given simply by

E(t) =
5∑

m=1

a(ωm) exp[i{ωmt − φ(ωm)}], (9)

where a(ωm) is the amplitude at the mth mode. The absolute
phase or carrier-envelope phase (CEP), which is not shown
explicitly in this equation, is assumed to be stable [9,19].

The both examples of arbitrary amplitude and phase
manipulations, demonstrated in Figs. 2(a) and 2(b), were
the amplitude distributions and spectral phases required to
generate a sawtooth wave in the time domain. In Fig. 3(a), we
show again the results obtained. The light and dark blue bars
are the target and achieved intensity distributions, respectively.
The green circles and solid red circles are, respectively, the
initial (position i in Fig. 1 was set as the starting point)
and achieved spectral phases. The red curve in Fig. 3(b)
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and c (five spectral modes) and for d, e, and f (seven spectral modes).

is the electric-field waveform retrieved in the time domain
using the intensity distributions and spectral phases shown
in Fig. 3(a). The electric-field waveform achieved was in
good agreement (correlation coefficient [29]: 0.9956) with the
target sawtooth wave (gray line) with a repetition period of
8.06 fs, which was constructed using the ideal intensity distri-
bution {I1 = 1,I2 = 1/4,I3 = 1/9,I4 = 1/16,I5 = 1/25} and
spectral phases (p1 = π/2,p2 = π/2, p3 = π/2, p4 = π/2,

p5 = π/2) to achieve the target.
Strictly speaking, control of field-amplitude waveforms

requires control of the absolute phase. However, the absolute
phase can be controlled with a much smaller change in
dispersive-plate thickness compared than that required in the
relative spectral-phase case. Therefore, we can achieve full
absolute-phase control of 0 to 2π simultaneously with the
relative-phase control by adding a slight amount of dispersive-
plate-thickness control within an allowance at Lp(∼±μm),
which does not disturb the optimal solution obtained for
the relative spectral phase. It is also possible to control the
absolute phase independently in the generation process of a
set of discrete spectra [9,19]. Here, for the purposes of our
discussion, we assumed that the absolute phase was controlled
to π /2.

The technology described here can be applied to any
waveform, including to sawtooth waves. Figure 4 is another
example of AOWG, in which a rectangular wave with a
duty ratio of 45:55 is set as the target waveform. The
ideal intensities and phases of this rectangular wave are
(1, 2.45×10−2, 9.04×10−2, 2.21×10−2, 2.05×10−2) and
(0, 0, π , π , 0), respectively.

The optimal solution was obtained when the thickness
LA and angle θA of the amplitude-control element were set
to 8.192 mm and 42.22°, respectively, and the thickness
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LP of the phase-control element was set to 28.355 mm.
Figure 4(a) shows the intensity distributions and spectral
phases obtained, and Figure 4(b) shows the electric-field
waveform (the red line) composed of these intensities and
phases. The gray areas indicate the residual deviation from the
target electric-field waveform (the black line). The electric-
field waveform generated is in very good accord with the target
(correlation coefficient: 0.9980). Here, the CEP was assumed
to be adjusted to 0 at position ii in Fig. 1 in the process of
generating a set of discrete spectra [9,19].

If we increase the number of spectral modes, although
on the other hand, such an increase in number of spectral
modes to be simultaneously controlled makes it difficult to
explore the optimal solution, the electric-field waveform can
be made closer to the ideal shape. Figures 4(d) and 4(e) show
the results when the spectral modes were increased from five
to seven components. The optimal solution was obtained when
the amplitude-control elements were set to LA = 12.695 mm
and θA = 45.00◦, respectively, and the phase-control element
was set to LP = 33.022 mm. As seen in these figures, the
electric-field waveform more closely approached an ideal
rectangular shape, but accordance with the target was degraded
(correlation coefficient: 0.9820), because of the increase in
number of spectral modes to be controlled.

As easily imagined, we can achieve more accurate control
for more spectral modes by increasing the species of materials
to provide greater variability in amplitude and phase control. If
we explain this mechanism using Fig. 2, it means that solutions
are explored with more freedom such that different trajectories
provided by different materials can be superimposed on arbi-
trary weights. Figure 4(f) shows the results when a plate made
from MgF2 (a uniaxial birefringent material) was employed as
a waveplate for amplitude control in addition to the quartz
plate. The optimal solution was obtained when the quartz
and MgF2 plates were set to LA = 1.657 mm, θA = 38.41◦
and LA = 14.009 mm, θA = 43.22◦, respectively, and when
the phase-control element was adjusted to LP = 36.997 mm.
The practicality of the technology is partially reduced, but,
instead, the agreement between waveform and target is greatly
improved (correlation coefficient: 0.9965). For reference, if
we apply this extended method to the five spectral modes, as
shown in Fig. 4(c) we obtain an electric-field waveform that
perfectly matches the target (correlation coefficient: 0.9999).
Here, the thickness LA and angle θA of the quartz plate were
8.913 mm and 43.94°, respectively; the thickness LA and angle
θA of the MgF2 plate were 5.642 mm and 23.11°, respectively;
and the thickness LP of the phase control plate was 12.903 mm.

Finally, some brief comments. When a waveform has
an inversion symmetry of, for example, a rectangular or
triangular shape, with a duty ratio of 50:50, the target amplitude
distribution includes zero spectral-amplitude modes. In this
case, it is difficult to obtain good accordance with the target
waveforms if amplitude control is attempted by using only a
single waveplate material. An extended approach employing
more than two waveplate materials, as described above, is
required.

In this study, we have not yet discussed spectral width or
pulsed duration of the incident laser radiation. The present
optical technology can be applied within certain limits, even

if the incident optical wave is short-pulsed laser radiation.
The limitation on application of this technology is chiefly
determined by the group velocity walk-off of the incident
pulsed laser radiation. For instance, if the relevant bandwidth
spans 480 nm to 2.4 µm with five spectral modes, the maximal
group velocity walk-off is estimated to be 60 fs/mm for
a fused silica glass plate. As a result, one criterion for
appropriately applying this optical technology is that the
pulsed duration of the incident radiation is longer than several
tens of picoseconds.

IV. CONCLUSIONS

We have described the attractive optical nature of a set of
highly discrete spectra. We showed that the relative amplitude
and phase among such spectra could be almost arbitrarily
manipulated by simply placing three fundamental optical
elements (a waveplate, a polarizer, and a dispersive plate) on
an optical axis and controlling their thicknesses. Furthermore,
we showed that the thicknesses required to satisfy these
requirements could be found frequently; that is, this spectral
characteristic was applicable as a practical optical technology.
We also revealed the physical mechanism behind the technol-
ogy. Moreover, as an example of the practical application of
the technology, we demonstrated arbitrary optical waveform
generation in a numerical experiment in which a sawtooth or
rectangular wave was set as a target. Finally, we discussed the
limitations of this optical technology and how to overcome
them. The idea described here can be extended to polarization
control [30] too, such as the targeting of vector waveform
generation [31]. This will be discussed elsewhere.

This technology does not require the spatial separation
of each spectral mode. Therefore, it maintains high beam
quality and is robust against disturbances in the same way
as the common mode in electronics. The technology also uses
only optical elements with a high damage threshold. We can
apply this technology to Joule-class high-energy laser beams.
The following would be attractive potential applications of
this optical technology: generation of a train of high-power
(∼GW) monocycle pulses at repetition rates above 100 THz
[28,32] by manipulating high-order stimulated Raman scat-
tering radiation [33–37]; generation of single-frequency soft
x rays using a monocycle pulse train as a driving laser for
HHG processes; and ultrafast optical switching based on the
electric current or dielectric polarization response induced in
a dielectric material using a 100-THz ultrafast pulse train
[17,18]. Future research challenges include electron motion
control with arbitrary optical waveforms [38,39] and control
of nonlinear wavelength conversion by implementing arbitrary
relative-phase manipulation in a nonlinear optical process [40].

APPENDIX: PROPERTY OF SOLUTION SPACE MADE BY
DISPERSIONS INCLUDED IN THE SPECTRAL PHASE

We assume that the Five Modes Spectral Phase noted as
I in Fig. 2(c) are φ(ωm) = (p1,p2,p3,p4,p5), 0 � pm � 2π .
Considering degree of freedom of 2π in phase, the dispersions
included in the spectral phase are given as solutions for the
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following set of five equations:

ψ0 + ψ1�ω + ψ2�ω2 + ψ3�ω3 + ψ4�ω4 = p1 + 2q1π,

ψ0 + ψ12�ω + ψ2(2�ω)2 + ψ3(2�ω)3 + ψ4(2�ω)4 = p2 + 2q2π,

ψ0 + ψ13�ω + ψ2(3�ω)2 + ψ3(3�ω)3 + ψ4(3�ω)4 = p3 + 2q3π, (A1)

ψ0 + ψ14�ω + ψ2(4�ω)2 + ψ3(4�ω)3 + ψ4(4�ω)4 = p4 + 2q4π,

ψ0 + ψ15�ω + ψ2(5�ω)2 + ψ3(5�ω)3 + ψ4(5�ω)4 = p5 + 2q5π,

where qm is an integer. To simplify the notation, the spectral phase is rewritten as φ(ωm) = ∑4
k=0 {	kLP (m�ω)k} =∑4

k=0 {�k(m�ω)k}. Solving this set of equations for ψk , we obtain⎛
⎜⎜⎜⎜⎝

1 �ω �ω2 �ω3 �ω4

1 2�ω (2�ω)2 (2�ω)3 (2�ω)4

1 3�ω (3�ω)2 (3�ω)3 (3�ω)4

1 4�ω (4�ω)2 (4�ω)3 (4�ω)4

1 5�ω (5�ω)2 (5�ω)3 (5�ω)4

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

ψ0

ψ1

ψ2

ψ3

ψ4

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

p1 + 2q1π

p2 + 2q2π

p3 + 2q3π

p4 + 2q4π

p5 + 2q5π

⎞
⎟⎟⎟⎠, (A2a)

⎛
⎜⎜⎜⎝

ψ0

ψ1

ψ2

ψ3

ψ4

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

5 −10 10 −5 1

− 77
12�ω

107
6�ω

− 39
2�ω

61
6�ω

− 25
12�ω

71
24�ω2 − 59

6�ω2
49

4�ω2 − 41
6�ω2

35
24�ω2

− 7
12�ω3

13
6�ω3 − 3

�ω3
11

6�ω3 − 5
12�ω3

1
24�ω4 − 1

6�ω4
1

4�ω4 − 1
6�ω4

1
24�ω4

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎝

p1 + 2q1π

p2 + 2q2π

p3 + 2q3π

p4 + 2q4π

p5 + 2q5π

⎞
⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

5(p1 + 2q1π ) − 10(p2 + 2q2π ) + 10(p3 + 2q3π ) − 5(p4 + 2q4π ) + p5 + 2q5π

1
12�ω

{−77(p1 + 2q1π ) + 214(p2 + 2q2π ) − 234(p3 + 2q3π ) + 122(p4 + 2q4π ) − 25(p5 + 2q5π )}
1

24�ω2 {71(p1 + 2q1π ) − 236(p2 + 2q2π ) + 294(p3 + 2q3π ) − 164(p4 + 2q4π ) + 35(p5 + 2q5π )}
1

12�ω3 {−7(p1 + 2q1π ) + 26(p2 + 2q2π ) − 36(p3 + 2q3π ) + 22(p4 + 2q4π ) − 5(p5 + 2q5π )}
1

24�ω4 {p1 + 2q1π − 4(p2 + 2q2π ) + 6(p3 + 2q3π ) − 4(p4 + 2q4π ) + p5 + 2q5π}

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

. (A2b)

Arranging the above result, as an example, regarding the second-order dispersion involved in the spectral phase, we have the
following equation for �2(�ω)2:

ψ2(�ω)2 = 1

24
{71(p1 + 2q1π ) − 236(p2 + 2q2π ) + 294(p3 + 2q3π ) − 164(p4 + 2q4π ) + 35(p5 + 2q5π )}

= 1

24

{
2π (71q1 − 22×59q2 + 2×3×72q3 − 22×41q4 + 5×7q5)︸ ︷︷ ︸

A

+ (71p1 − 22×59p2 + 2×3×72p3 − 22×41p4 + 5×7p5)︸ ︷︷ ︸
B

}
. (A3)

As qm takes arbitrary integers, thereby, the term A is (mostly) an arbitrary integer. The term B is a real number determined by the
spectral-phase pm. Here, we rewrite φ2 as φ2 = mod[ψ2(�ω)2,2π ], and then obtain

φ2 = 2π
s

24
+ P2

24
(s = 0,1, . . . ,23). (A4)

Thus, we find that the second-order dispersion φ2 is reduced to 24 values. Here P2 is a real number given by mod[71p1 −
22×59p2 + 2×3×72p3 − 22×41p4 + 5×7p5,2π ].

Similarly, if we arrange the third-order dispersion φ3 = mod[ψ3(�ω)3,2π ], we obtain

ψ3(�ω)3 = 1

12

{
2π (−7q1 + 26q2 − 36q3 + 22q4 − 5q5)︸ ︷︷ ︸

C

+ (−7p1 + 26p2 − 36p3 + 22p4 − 5p5)︸ ︷︷ ︸
D

}
. (A5)

Namely, the third-order dispersion φ3 is reduced to 12 values:

φ3 = 2π
l

12
+ P3

12
(l = 0,1, . . . ,11). (A6)
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Here, s and l are restricted to either an even or odd
combination (i.e., if s is even, l is even; if s is odd, l is
odd). Therefore, 24×12

2 = 144 solutions—the half of all the
combinations of φ2 and φ3—appear with a lattice pattern in
the solution space of the second- and third-order dispersions
(φ2,φ3).

The reason is as follows: sum of the integer terms A and C
is given by

A + C = 64q1 − 210q2 + 258q3 − 142q4 + 30q5

= 2(25q1 − 3×5×7q2 + 3×43q3 − 71q4 + 3×5q5).

(A7)

Therefore, the sum of A and C is always even. If A is even, C
must be even, and if A is odd, C must be odd. As a result, all the
solutions allowed in the solution space (φ2,φ3) are reduced to
24×12

2 = 144. If we repeat the equivalent discussion in another
solution space (φ3,φ4), we also find 12×24

2 = 144 solutions
with a lattice pattern in the solution space (φ3,φ4).

If we arrange the term �4(�ω)4 as well, we obtain

ψ4(�ω)4 = 1

24

{
2π (q1 − 4q2 + 6q3 − 4q4 + q5)︸ ︷︷ ︸

E

+ (p1 − 4p2 + 6p3 − 4p4 + p5)︸ ︷︷ ︸
F

}
. (A8)

Therefore, the sum of C and E is given by

C + E = −6q1 + 22q2 − 30q3 + 18q4 − 4q5

= 2(−3q1 + 11q2 − 15q3 + 9q4 − 2q5). (A9)

As a result, all the solutions allowed in the solution space
of the third- and fourth-order dispersions, (φ3,φ4), are reduced
to 12×24

2 = 144, as in case of (φ2,φ3).

FIG. 5. A unit cell of the solution space (φ2,φ3).

On the other hand, regarding the solution space of the
second-and fourth-order dispersions, (φ2,φ4), unlike in the
above two examples, A + E is given by

A + E = 72q1 − 240q2 + 300q3 − 168q4 + 36q5

= 12(2×3q1 − 22×5q2 + 52q3 − 2×7q4 + 3q5).

(A10)

Therefore, the sum of A and E must be a multiple of 12, as
a result of which the combinations of A and E are restricted to
12 cases to satisfy it. All the solutions allowed in the solution
space of the second- and fourth-order dispersions, (φ2,φ4), are
therefore reduced to 24×24

12 = 48.
To summarize all the above results, 24×12×24

2×12 = 288 so-
lutions in total are distributed with a lattice pattern in the
three-dimensional solution space (φ2,φ3,φ4) of the second-,
third-, and fourth-order dispersions.

Figure 5 is an example in which the solutions (blue
diamonds) appear with a lattice pattern in the solution space
(φ2,φ3). The hexagonal zone represents one unit cell of the
solution space. That is, if the target spectral-phase φ(ωm) is
different, the lattice pattern, as a whole, translationally moves
in the solution space (φ2,φ3), where the hexagonal zone is the
meaningful shiftable area, as the pattern is reciprocal.
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