
PHYSICAL REVIEW A 95, 033416 (2017)

Numerical simulation of THz-wave-assisted electron diffraction for ultrafast molecular imaging
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A scheme for achieving high temporal resolution in gas electron diffraction is proposed, in which time-
dependent electron diffraction patterns can be obtained from energy-resolved angular distributions of electrons
scattered by molecules in dynamical processes under the presence of a single-cycle THz-wave pulse. Derived
formulae of the differential cross section and numerical simulations of electron signals scattered by Ar atoms
and Cl2 molecules show that the temporal resolution of the proposed method can be <10 fs in the pump-probe
measurement without scanning the time delay.
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I. INTRODUCTION

One of the most challenging themes in molecular science
is to probe ultrafast changes in geometrical structures of
isolated molecules in real time with atomic-scale spatial
resolution. Time-resolved gas electron diffraction with ultra-
short electron pulses with a kinetic energy of ∼101 kV has
revealed molecular dynamics in the time scale of 10−9–10−12 s
[1–6]. Furthermore, several pioneering attempts have been
made for achieving the femtosecond temporal resolution by
newly developed experimental methods, such as electron
diffraction with relativistic ultrashort electron pulses [7,8],
x-ray diffraction with x-ray free electron lasers [9,10], and
laser-induced electron diffraction with recolliding electrons in
intense laser fields [11–13], as reviewed in Ref. [14].

Recently, we proposed a method called laser-assisted
electron diffraction (LAED) [15], in which sub-10 fs tem-
poral resolution can be achieved by using a laser-assisted
elastic electron scattering (LAES) process, in which scattered
electrons gain or lose their kinetic energy through the elastic
electron scattering in a laser field. Because the LAES process
occurs only when the electron collides with the target atoms
or molecules in the presence of a laser field, it can be utilized
as an optical gating for electron diffraction signals with high
temporal resolutions. In 2014, we demonstrated the feasibility
of LAED by measuring the electron diffraction patterns of
CCl4 molecules at the instant of the irradiation of femtosecond
laser pulses [16].

In the present study, we propose another electron diffrac-
tion method called THz-wave-assisted electron diffraction
(TAED), which can be regarded as a variation of LAED.
In the TAED method, a single-cycle THz-wave pulse acts
as a streaking electric field in the course of the electron
diffraction process, and a series of snapshots of electron
diffraction patterns of isolated molecules can be recorded with
temporal resolution as high as less than 10 fs. Therefore, by
the TAED method we are able to record dynamical processes
of molecules in real time in the pump-probe measurements
without scanning the pump-probe delay time, or even without
using a femtosecond electron pulse.

As described in Sec. II, by modifying the theory developed
by Kroll and Watson [17], we formulate the differential cross
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section of a LAES process in an ultrabroadband electromag-
netic pulse, which can be realized by a single-cycle THz-wave
pulse. Then, using the derived formula, we calculate the
energy and angular distributions of LAES signals induced by
a single-cycle THz-wave pulse and show that high temporal
resolution better than 10 fs can in principle be achieved by
a pump-probe measurement without varying the pump-probe
delay. Finally, we demonstrate that the internuclear distances
of a molecule can be determined with high precision by
the TAED method by applying it to a space-fixed diatomic
molecule.

II. THEORY

In 1973, Kroll and Watson [17] derived a formula of the
differential cross section for electron scattering by a target
potential in a continuous laser field, F0 cos ωt , as

dσKW

dEfd�
=

∞∑
n=−∞

|kf|
|ki| δ(Ef − Ei − nh̄ω)J 2

n (s · α0)
dσ el

k̃f ,k̃i

d�
,

(1)

where Ei and Ef are kinetic energies of the incident electron
and the scattered electron, respectively, ki and kf are the wave
vectors of the incident electron and the scattered electron,
respectively, δ(x) is the delta function, Jn(x) is the nth-order
Bessel function of the first kind, s is the momentum transfer
defined as s = ki − kf , and α0 = eF0/(meω

2), where e is
unit charge and me is mass of electron, and dσ el

k̃f ,k̃i
/d� is

a differential cross section of elastic scattering (k̃f ← k̃i)
without a laser field, where k̃i and k̃f are defined as

k̃i,f = ki,f + nmeω

h̄s · α0
α0. (2)

In the Kroll-Watson theory, both of the electron-target
interaction and the laser-electron interaction are treated
nonperturbatively under the following four assumptions:
(i) laser-target interaction is negligibly small, (ii) scattering
is nonresonant in the absence of an electromagnetic field,
(iii) photon energy (h̄ω) is much smaller than the kinetic energy
of incident electrons (Ei), i.e., h̄ω � Ei, which is referred
to as the low-frequency approximation, and (iv) scattering
can be treated in a semiclassical manner by the stationary
phase approximation, which is applicable under the condition
of |n| < |s · α0|. It has been confirmed that the Kroll-Watson
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formula shows good agreement with experimental results, as
long as the assumptions (i)–(iv) are satisfied [18,19].

On the other hand, the Kroll-Watson formula of Eq. (1)
should be modified in order to describe LAES processes with a
single-cycle THz-wave pulse, which is not a continuous wave.
Therefore, we modify the Kroll-Watson formula by replacing
the continuous laser field, F0 cos ωt ,with a laser field having a
general functional form, F(t), and derive the differential cross
section under the assumptions (i)–(iii) mentioned above as

dσKW

dEfd�
= |kf|

|ki| lim
T →∞

1

2πh̄T

∣∣∣∣∣
∫ T /2

−T /2
dte−iΔ(ki,kf ,t)f el

k̃f ,k̃i
(t)

∣∣∣∣∣
2

,

(3)

where f el
k̃f ,k̃i

(t) is a scattering amplitude of elastic scattering

(k̃f ← k̃i) in the absence of an electromagnetic field, where k̃i

and k̃f are defined as

k̃i,f = ki,f + e

h̄
A(t), (4)

and Δ(ki,kf,t) is defined as

Δ(ki,kf,t) = Ef − Ei

h̄
t − e

me

∫ t

−∞
dτ s · A(τ ), (5)

where A(t) is a vector potential. The details of the derivation
are described in the Appendix. A formula similar to Eq. (3)
was reported by Čerkić and Milošević [20] under the second
Born approximation of the electron-target interaction, but it
should be noted that, in the present formula of Eq. (3), all the
Born series for the electron-target interaction are incorporated.
It is worthy to note that Eq. (2) becomes identical to Eq. (4)
under the semiclassical correspondence of n = −s · α0 sin ωt

[17]. In Eq. (3), f el
k̃f ,k̃i

(t) is dependent on time because target
molecules in dynamical processes are considered in the present
study. When the assumption (iv), i.e., the stationary phase
approximation, is applied to Eq. (3), the differential cross
section is written as

dσKW

dEfd�
= |kf|

|ki| lim
T →∞
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where t
(j )
c is a collision time when the projectile electron

collides with the target and is determined by

	E =
{

h̄

me
eA

(
t (j )
c

)}
s‖, (7)

where A(t) = |A(t)|, 	E is an energy shift defined as 	E =
Ef − Ei, and s‖ is a momentum transfer along the polarization
vector, s‖ = s · F(t)/|F(t)|. Equation (6) shows that the scatter-
ing amplitude is expressed as a sum of the contributions from
all the collision times, which determine the ratio of 	E and s‖
of the scattering processes through Eq. (7). Although Eqs. (6)
and (7) give us an intuitive description of THz-wave-assisted
electron scattering (TAES) processes as well as the relationship
among the scattering angle, the energy shift, and the collision
time of scattered electrons, the singularities appearing at

FIG. 1. (a) THz pulse in the present simulation. Black solid line:
Electric field. Red solid line: Vector potential. (b) Signal distribution
of electrons scattered by Ar atoms. (c) Energy spectrum of scattered
electrons.

s · F(t (j )
c ) = 0 in Eq. (6) would introduce significant errors

in numerical calculations. Therefore, the original equation,
Eq. (3), was adopted in the present numerical calculations of
the TAES processes, and Eqs. (6) and (7) were adopted in the
analysis and interpretation of the numerical results.

III. RESULTS AND DISCUSSION

In the simulations, the kinetic energy of the incident
electron is set to be 1.0 keV, and the electric field of a
single-cycle THz pulse is assumed to be expressed as

F(t) = F0ω0t exp

[
−ω2

0t
2 − 1

2

]
, (8)

where the peak electric field intensity (F0) is 0.08 MV/cm and
the peak frequency (ω0) is 1.0 THz. The black solid line and
the red solid line shown in Fig. 1(a) are the electric field and the
vector potential of the THz pulse employed in the simulations,
respectively.

By using Eq. (3), we calculated electron scattering
intensities by Ar atoms in the single-cycle THz pulse. In
the simulation, f el

k̃f ,k̃i
for Ar atoms in the absence of an

electromagnetic field was adopted from Ref. [21]. Figure 1(b)
shows the electron scattering intensities as a function
of the momentum transfer along the polarization vector s‖ and
the energy shift 	E. The energy shift of 17 eV corresponds to
the photon number of around 4 × 103 for the THz wave whose
frequency is 1.0 THz. The original intensity image directly
obtained from Eq. (3) exhibits an interference structure along
the energy shift axis with a small period of about 0.01–0.1 eV,
which is originated from the two different collision times
as explained below. Considering that this fine interference
structure could not be resolved in the measurements using a
typical LAES apparatus with an electron beam whose incident
energy is around 1 keV [22], we average the original scattering
intensity pattern over the energy shift axis by a Gaussian
convolution function having the width of 0.1 eV (FWHM) to
obtain the scattering intensity pattern shown in Fig. 1(b).

As represented by Eq. (7), 	E increases linearly when s‖
increases, and its slope is proportional to the vector potential
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A(tc) at the collision time tc. For example, at A(0 fs) =
2.10 × 10−6 V m−1 s, represented as the point A in Fig. 1(a),
the corresponding signals of the scattering amplitude are
distributed along the straight line of 	E = 2.43 [eV Å] × s‖,
shown as the broken line A in Fig. 1(b). At the collision times of
tc = +100 fs and tc = −100 fs, the vector potentials become
smaller than at tc = 0, as represented as the points B and B′
in Fig. 1(a), and the corresponding signals appear along the
broken line B in Fig. 1(b), exhibiting the shallower slope than
at tc = 0 fs. Similarly, the vector potentials at the collision
times at tc = ±200 fs are represented as the points C and C′
in Fig. 1(a), and the corresponding signals appear along the
broken line C in Fig. 1(b), whose slope is even shallower than
the broken line B.

As explained above, the scattering amplitude consists of
the contributions of electron scattering at two collision times,
i.e., t = ± tc, except for t = 0, and the two contributions can
form an interference structure in the scattering amplitude.
The fine interference structures appearing along the energy
shift axis with the spacing less than ∼0.1 eV before the
convolution averaging originate from this interference. Be-
cause the interference term appearing as the cross term of
e−i{Δ(kι, kf , t

(j )
c )−Δ(kι, kf , −t

(j )
c )}f el

k̃f ,k̃i
(t (j )

c )f el∗
k̃f ,k̃i

(−t
(j )
c ) + c.c. in the

differential cross section of Eq. (6) is smeared out by the
convolution process, the convoluted differential cross section,
〈dσKW/dEfd�〉conv, shown in Fig. 1(b), can be approximated
as an incoherent sum of scattering intensities at t = + tc and
t = − tc, i.e.,〈
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,

(9)

where 〈 〉conv represents the convolution.
Figure 1(c) shows the energy spectrum obtained by the

integration of the electron signals along the s‖ axis in Fig. 1(b).
The signal intensity of the spectrum is normalized with respect
to the peak intensity of the elastic scattering signal, i.e., the
peak intensity at 	E = 0 eV obtained by assuming that the
electron pulse has a rectangular temporal profile with the width
of 3 ps. As shown in Fig. 1(c), the intensities of the energy-
shifted signals at 0.1 eV and 10.0 eV are 1.3 × 10−1 and
3.1 × 10−4, respectively. Because the LAES signals with the
intensity of around 10−4, which was also normalized with
respect to the peak intensity of the elastic scattering signal,
were detected with a sufficiently high signal-to-noise ratio in
our previous study [23], the intensity of the expected TAES
signals in Fig. 1(b) shows that the TAES signals can appear
sufficiently above the detection limit.

In order to demonstrate the application of TAES processes
to ultrafast gas electron diffraction, we performed a model
calculation of TAES signals from a space-fixed Cl2 molecule
using the THz pulse shown in Fig. 1(a). As shown in Fig. 2(a),
the molecular axis is set to be parallel to the polarization
direction of the THz field, and the direction of the incident
electron beam is set to be perpendicular to the molecular
axis. In the simulation, the internuclear distance of the Cl2

FIG. 2. (a) Schematic of the scattering configuration. (b, Top
panel) Black thick solid line: The initially given temporal dependence
of the internuclear distance (R) of the dissociating Cl2 molecule.
Green thin solid line: The time-dependent internuclear distance
retrieved from Ipos(s‖,tc) shown in Fig. 3(e). (b, Bottom panel) Red
solid line: The deviations of the retrieved internuclear distance from
the initially given internuclear distance.

molecule is fixed at the equilibrium internuclear distance (Re),
Re = 1.98 Å [24]. The scattering amplitude for Cl2 in the
absence of an electromagnetic field was evaluated on the
basis of the independent atom model, in which f el

k̃f ,k̃i
for a

Cl atom was adopted from Ref. [21]. Figure 3(a) shows the
resultant electron scattering signals from Cl2. Although entire
signal distribution is similar to that in Fig. 1(b), a characteristic
electron diffraction pattern can be seen along the s‖ axis.

The effect of the thermal distribution of the internuclear
distance can be included into the current analysis by using
the same procedure as in the analysis of a conventional gas
electron diffraction pattern [25]. Using the mean amplitude
(lh) of Cl2, lh = 0.044 Å [24], at 300 K, it is confirmed that
the effect of the molecular vibration appears as a damping of
the diffraction pattern only by 5% even at 7 Å−1 in Fig. 3(a).

Next, we simulated electron scattering signals from dis-
sociating Cl2 molecules. The molecule starts to dissociate at
t = 0 fs, and the temporal variation of the internuclear dis-
tance, R, was calculated by a classical trajectory simulation
on a potential energy curve whose shape is assumed to be
represented by V (R) = ERKE(Re/R)3, where ERKE = 0.5 eV,
representing the kinetic energy released when R = Re, the
equilibrium internuclear distance of Cl2 in the electronic
ground state. The obtained temporal variation of the inter-
nuclear distance is shown as the black thick solid line in the
top panel of Fig. 2(b). Figure 3(b) shows the resultant electron
scattering signals for the dissociating Cl2.

By the transformation of 	E into |tc| by using Eqs. (7)
and (8), Figs. 3(a) and 3(b) can be converted into Figs. 3(c)
and 3(d), respectively. The electron diffraction pattern in
Fig. 3(c) is constant with respect to |tc|, reflecting the constant
internuclear distance. On the other hand, the diffraction
pattern in Fig. 3(d) has two components, i.e., (i) the constant
pattern originating from the electron diffraction in the negative
collision times during which the internuclear distance does
not vary, and (ii) the pattern varying as a function of time
originated from the electron diffraction in the positive collision
times during which the internuclear distance becomes longer,
as shown in the top panel of Fig. 2(b). The constant pattern (i)
above should be the same as the diffraction pattern in Fig. 3(c),
but its intensity should be half of the pattern in Fig. 3(c)
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FIG. 3. (a, b) Signal distributions of electrons scattered by
rigid and dissociating Cl2 molecules, respectively. (c, d) Signal
distributions of electrons scattered by rigid and dissociating Cl2

molecules, respectively, as a function of the momentum transfer
and the absolute value of the collision time. (e) Signal distribution
of electrons scattered by dissociating Cl2 molecules as a function
of the momentum transfer and the collision time. (f) The temporal
resolutions of the collision time as a function of tc by assuming
s‖ = 5.0 Å−1, δ(	E) = 0.2 eV, δs‖/s‖ = 2%, and δA/A = 3%. The
color scales for (b)–(e) are the same as that for (a).

because the pattern in Fig. 3(c) is the incoherent sum of the
same contributions in the positive and negative collision times.
Therefore, the time-dependent electron diffraction pattern for
the positive collision time [Ipos(s‖,tc)] is obtained as shown
in Fig. 3(e) by subtracting the contribution of the negative
collision time, that is, the half of the signal intensity of Cl2 at
R = Re shown in Fig. 3(c), from the intensity distribution in
Fig. 3(d).

The horizontal slices at tc in Fig. 3(e) show the electron
diffraction pattern originating from the interference of the
two scattering waves generated at the two nuclei in Cl2, and
the spacing between the adjacent intensity peaks becomes
smaller as the internuclear distance becomes larger. Therefore,
Fig. 3(e) shows that the internuclear distance increases as
a function of the collision time and that the chemical bond
stretching motion, which eventually leads to the chemical bond
breaking, can be recorded as a time-dependent diffraction
pattern by the TAED measurement without scanning the
pump-probe delay. Because the electron signals shown in
Figs. 3(a) and 3(b) were obtained through the convolution
along the energy shift axis, the collision time in Fig. 3(e),
which is converted from δE and s‖, also carries uncertainties.

From Eq. (7), when F (t) is defined as F (t) = |F(t)|,
dtc

d(	E)
= − me

h̄es‖F (tc)
(10)

is obtained, showing that the uncertainty in tc becomes
large when F (tc) and/or s‖ take small values. As shown
in Fig. 1(a), F (tc) becomes small at tc ≈ 0 fs and tc >

400 fs. Consequently, the temporal resolution of the electron
scattering signals around tc ≈ 0 fs and tc > 400 fs becomes
low. In addition, when s‖ ≈ 0 Å−1, the temporal resolution
also becomes low.

The procedure of the analysis of Ipos(s‖,tc) is the same as
that in the conventional gas electron diffraction. By using the
molecular scattering intensity expressed as

cos(s‖r) ∝ Ipos(s‖, tc) − Ia(s‖)

Ia(s‖)
, (11)

where Ia(s‖) is the sum of the TAES signals scattered by
each constituent atom, the internuclear distance R at each
collision time can be obtained from the least-squares fitting
of the right-hand side of Eq. (10) to the cosine function. The
green thin solid line in the top panel of Fig. 2(b) shows the
temporal evolution of the internuclear distance, which was
obtained from Ipos(s‖,tc), shown in Fig. 3(e), by excluding the
small s‖ region of s‖ < 0.3 Å−1. The temporal evolution of
the internuclear distance in the range of tc � 3.4 fs shows
good agreement with the classical dissociation trajectory
represented by the black thick solid line in Fig. 2(b). The red
solid line in the bottom panel of Fig. 2(b) shows the deviation
of the internuclear distance (δR), which is calculated through
the subtraction of the initially given internuclear distance
from the retrieved internuclear distance. It is found that the
discrepancies are less than 0.0015 Å, which is sufficiently
small, in the temporal range of tc � 30 fs. On the other
hand, in the temporal range of tc < 3.4 fs, the least-squares
fitting with a single internuclear distance gives large residuals
because of insufficient temporal resolutions around tc = 0 fs,
as discussed above.

It is true that the random orientation of molecules decreases
the visibility of the diffraction pattern, which is defined as
	I/Iave, where 	I is the amplitude of the diffraction pattern
and Iave is the average of the baseline scattering intensities
with respect to which the diffraction pattern appears. For
example, the visibility of almost 100% at around s‖ = 5 Å−1

in Fig. 3(c) decreases to ∼10% for a randomly oriented
ensemble of Cl2 molecules. The analysis of diffraction
patterns of randomly oriented molecules is basically the same
as that described in Ref. [25].

Because single-cycle THz pulses with the peak electric
field strength of 1.2 MV/cm can be achieved [26] by the
method of tilted-pulse-front pumping [27], the field intensity
of 0.08 MV/cm adopted in the present simulation can be gen-
erated with no experimental difficulties. The temporal shape
of the vector potential appearing in Eq. (7) can be obtained
from the time-dependent electric fields of THz pulses, which
can be measured by well-established methods such as the
photoconductive sampling method [28] and the electro-optical
sampling method [29]. We have already demonstrated simul-
taneous measurements of the energy and angular distributions
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of scattered electrons in LAES processes [15,16,22,23].
Therefore, there will be no substantial difficulties in future
experimental demonstrations of the TAED method.

From the relationship of Eq. (7), the temporal resolution
(δtc) of the TAED method is evaluated as

δtc =
√{

A(tc)δs‖
F (tc)s‖

}2

+
{

δA(tc)

F (tc)

}2

+
{

meδ(	E)

h̄es‖F (tc)

}2

, (12)

where δs‖, δA, and δ(	E) are experimental errors in the
momentum transfer, the vector potential, and the energy
shift, respectively. For example, Fig. 3(f) shows δtc estimated
from Eq. (11) as a function of tc by assuming the following
conditions: s‖ = 5.0 Å−1, δ(	E) = 0.2 eV,δs‖/s‖ = 2%, and
δA/A = 3%. The best resolution is found to be δtc = 6.4 fs,
which is achieved at around tc = 210 fs, and the temporal
resolution is better than 10 fs in the range of 105 fs � tc �
317 fs, showing that time-resolved electron diffraction patterns
with sub-10 fs temporal resolution can be achieved by the
TAED method. As shown in Fig. 3(f), the temporal resolution
becomes significantly low at around tc = 0 fs. Therefore,
in pump-probe measurements in which an ultrashort pump
laser pulse induces dynamical processes of molecules and a
single-cycle THz-wave pulse probes the dynamics, the timing
between the pump and probe pulses needs to be chosen so that
the highest temporal resolution is achieved in a time domain
of interest. As described in Eq. (12), the temporal resolution
is also dependent on s‖ and becomes significantly low at small
s‖. However, by excluding the electron signals in the small s‖
region from the structural analyses, high temporal resolutions
in the structural determination can be secured in the TAED
method, as demonstrated by the retrieval of the internuclear
distance as a function of time shown in Fig. 2(b).

Among the experimental conditions discussed above, the
intensity fluctuation of δA/A = 3 % seems to be the most
demanding requirement. However, (i) the shot-by-shot fluctu-
ation of the THz field can be calibrated by the coincidence
measurement of the THz pulse intensity and the electron
signals, and (ii) the spatial variation of the THz field can be
suppressed by the loosely focused condition or the flat-top
focal spot by using a designed focusing mirror for the THz
pulses.

IV. CONCLUSION

In conclusion, we have proposed the TAED method for
probing geometrical structures of isolated molecules with sub-
10 fs temporal resolution and have formulated the differential
cross section of LAES processes induced by ultrabroadband
pulses. The feasibility of the proposed method was confirmed
by the numerical simulations for the target atomic and molec-
ular species, Ar and Cl2. The TAED method has the following
advantages: (i) sub-10 fs temporal resolutions can be achieved
without scanning the pump-probe delay and (ii) generation
of femtosecond electron pulses is not required for achieving
femtosecond temporal resolutions. Furthermore, in the TAED
method, THz waves would not induce any vibrational or
electronic excitations of target molecules in the dynamical
processes because their wavelength is far off-resonance and
their intensities at around 107 W/cm2 are sufficiently low,

which is in contrast to the laser-induced electron diffraction
method where molecules are exposed to a mid-infrared laser
field whose intensity is around 1013 W/cm2 or larger [11–
13]. Although some discrepancies were previously found
between the experiments and the Kroll-Watson theory in
the LAES processes with the laser field intensities larger
than 1011 W/cm2 [16,23], it was recently confirmed that
the Kroll-Watson theory shows good agreement with the
experimental results as long as the laser field intensities are less
than 1010 W/cm2 [30–33]. Therefore, the present theoretical
treatment based on the Kroll-Watson theory is expected to be
applicable to the analyses of experimental data to be obtained
by TAED experiments, which will be performed at intensities
of around 107 W/cm2.

The attosecond streaking of photoionization processes
[34,35], in which a few-cycle laser pulse acts as a streaking
field for electrons emitted through photoionization processes
of atoms and molecules, is similar to the present TAED
method in the sense that collision time is retrieved from the
energy and momentum of electrons by the streaking technique.
The present study demonstrated that the scattering process
of external electrons by atoms and molecules can also be
investigated by the streaking technique.

The present idea of the streaking of electron scattering
processes can be also applied to LAES induced by few-cycle
laser pulses. It is possible that attosecond temporal resolution
is achieved in electron-atom collisions by the streaking of the
scattered electrons by a few-cycle laser pulse.
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APPENDIX

The derivation of Eq. (3) is basically the same as that
of Eq. (1) reported by Kroll and Watson [17], and the only
difference is the use of a laser field having a general functional
form, F(t), in this study instead of that having a functional
form of F0 cos ωt in Ref. [17]. In this Appendix, the derivation
of Eq. (3) is described.

The S-matrix (Sf,i) of the LAES process scattered by a
potential V (r,t) is written as

Sf,i = δ(kf − ki) − i

h̄

∫∫
drdtχ∗

kf
(r, t)V (r, t)ϕki (r, t),

(A1)

where ϕk(r, t) is the exact wave function of the scattering
process and satisfies

ϕk(r, t) = χk(r, t)+
∫∫

dr′dt ′g(+)(r, t ; r′, t ′)V (r′, t ′)ϕk(r, t).

(A2)

In Eq. (A2), χk(r, t) is the exact wave function of a free
electron in a laser electric field F(t), which is called the Volkov
solution, expressed as

χk(r, t) = (2π )−3/2e−i[η(k, t)−k·r], (A3)
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where

η(k, t) = Ek

h̄
t + e

me

∫ t

−∞
dτk · A(τ ), (A4)

and g(+)(r, t ; r′, t ′) is the Green function of a free electron in
the laser electric field defined as

g(+)(r, t ; r′, t ′) = 1

i h̄
�(t − t ′)

∫
dk′χ∗

k′(r, t)χk′(r′, t ′),

(A5)

where �(x) is the Heaviside step function. Next, a function
ϕ̄k(κ, t), defined as

ϕ̄k(κ, t) = eiη(k, t)ϕ̃k(κ, t), (A6)

is introduced, where ϕ̃k(κ, t) is the Fourier transform of
ϕk(r, t) with respect to space. Similarly, χ̄k(κ, t), defined as

χ̄k(κ, t) = eiη(k, t)χ̃k(κ, t) = δ(κ − k), (A7)

is introduced. By using Eqs. (A2), (A5), (A6), and (A7),

ϕ̄ki (κ, t) = δ(κ − ki) + e−iΔ(ki,κ,t)

ih̄

∫ t

−∞
dt ′eiΔ(ki,κ,t ′)

×
∫

dκ ′Ṽ (κ − κ ′, t ′)ϕ̄ki (κ
′, t ′) (A8)

is obtained. Equation (A8) can be expressed as

ϕ̄ki (κ, t) =
∞∑

n=0

ϕ̄
(n)
ki

(κ, t), (A9)

where

ϕ̄
(0)
ki

(κ, t) = δ(κ − ki), (A10)

ϕ̄
(n+1)
ki

(κ, t) = e−iΔ(ki,κ,t)

i h̄

∫ t

−∞
dt ′eiΔ(ki,κ,t ′)

×
∫

dκ ′Ṽ (κ − κ ′, t ′)ϕ̄(n)
ki

(κ ′, t ′). (A11)

Because the interaction time between the high-energy inci-
dent electron and the target atom or molecule is much shorter
than the time scale of the variation of the scattering potential,
Ṽ (κ − κ ′, t ′) can be regarded to be constant in time in the
evaluation of the integral with respect to t ′ in Eq. (A11).
Furthermore, when the low-frequency approximation, i.e.,
h̄ω � Ei, is adopted,∣∣∣∣∂ϕ̄

(n)
ki

(κ, t)

∂t

∣∣∣∣ � ∣∣Δ̇ϕ̄
(n)
ki

(κ, t)
∣∣ (A12)

and ∣∣Δ̈(ki,κ,t)
∣∣ � Δ̇(ki,κ,t)2 (A13)

are satisfied, where the dot above Δ(ki,κ,t) represents the
derivative with respect to time. Then, from the relationship of

∂

∂t ′

[
eiΔ(ki,κ,t ′)Ṽ (κ − κ ′, t ′)ϕ̄(n)

ki
(κ ′, t ′)

iΔ̇(ki,κ,t ′)

]

≈ eiΔ(ki,κ,t ′)Ṽ (κ − κ ′, t ′)ϕ̄(n)
ki

(κ ′, t ′), (A14)

Eq. (A11) can be evaluated by

ϕ̄
(n+1)
ki

(κ, t) ≈ − 1

h̄Δ̇(ki,κ,t)

∫
dκ ′Ṽ (κ − κ ′, t)ϕ̄(n)

ki
(κ ′, t).

(A15)

Equation (A15) shows that the time t can be regarded as a
parameter in the collision process because the interaction time
between the electron and the target, which is around several
attoseconds or shorter, is much shorter than both of the period
of the laser field and the time scale of the variation of the
scattering potential. Since

− 1

h̄Δ̇(ki,κ,t)
=

(
h̄2

2me
|k̃i|2 − h̄2

2me
|κ̃ |2

)−1

(A16)

holds, where k̃i and κ̃ are defined in the same manner as in
Eq. (4),

ϕ̄ki (κ, t) = ϕ̃el
k̃i

(κ̃) (A17)

is derived, where ϕ̃el
k̃i

(κ̃) is the exact wave function in the

momentum space for the elastic scattering process of κ̃ ← k̃i

in the absence of an electromagnetic field. By using Eqs. (A1),
(A3), (A6), and (A17),

Sf,i − δ(kf − ki) = − i

8π3h̄

∫
dte−iΔ(ki,kf ,t)

∫
dκ

×
∫

dre−i(kf−κ)·rV (r, t)ϕ̃el
k̃i

(κ̃)

= − i

(2π )3/2h̄

∫
dte−iΔ(ki,kf ,t)

×
∫

dκV (k̃f − κ̃, t)ϕ̃el
k̃i

(κ̃)

= i h̄

4π2me

∫
dte−iΔ(ki,kf ,t)f el

k̃f ,k̃i
(t) (A18)

is obtained, and thus Eq. (3) can be derived as

dσKW

dEfd�
= 8π3m2

e |kf|
h̄3|ki|

lim
T →∞

1

T
|S − δ(kf − ki)|2

= |kf|
|ki| lim

T →∞
1

2πh̄T

∣∣∣∣
∫ T2

−T2
dte−iΔ(ki,kf ,t)f el

k̃f ,k̃i
(t)

∣∣∣∣
2

.

(A19)

Because the time dependence in f el
k̃f ,k̃i

(t) is originated
mainly from the change in the geometrical structures of
target molecules in the high-energy electron scattering without
resonances, the time scale of the change is of the order of
101–102 fs. On the other hand, over most of the integration
range of −T/2 � t � T/2 in Eq. (A19), the exponential
factor oscillates much faster than f el

k̃f ,k̃i
(t) at the period around

10−1–100 fs. Therefore, the integral with respect to time
in Eq. (A19) can be evaluated with the stationary phase
approximation, and consequently, Eq. (6) can be obtained.
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