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Hamiltonian quantum computing, such as the adiabatic and holonomic models, can be protected against
decoherence using an encoding into stabilizer subspace codes for error detection and the addition of energy
penalty terms. This method has been widely studied since it was first introduced by Jordan, Farhi, and Shor
(JES) in the context of adiabatic quantum computing. Here, we extend the original result to general Markovian
environments, not necessarily in Lindblad form. We show that the main conclusion of the original JFS study
holds under these general circumstances: Assuming a physically reasonable bath model, it is possible to suppress
the initial decay out of the encoded ground state with an energy penalty strength that grows only logarithmically

in the system size, at a fixed temperature.
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I. INTRODUCTION

Hamiltonian quantum computing includes the adiabatic and
holonomic models. Adiabatic quantum computing (AQC) [1]
is a model that can achieve universality [2—7] and appears
promising for near future large-scale realization (for a review,
see Ref. [8]). In AQC, the computation is performed using
a time-dependent Hamiltonian that evolves slowly from an
initial Hamiltonian with a known and easily preparable
ground state, to a final Hamiltonian whose ground state is
unknown and encodes the desired result. The adiabatic theorem
guarantees that the final state will be close to the ground
state of the final Hamiltonian if the evolution is sufficiently
slow [9]. Holonomic quantum computing (HQC) is another
universal model, wherein quantum gates are performed as
holonomies (non-Abelian geometric phases) in the degenerate
ground eigensubspace of the system Hamiltonian [10-12].

Unfortunately, AQC lacks a theory of fault tolerance, unlike
all other universal models of quantum computation [13]. The
first scheme to suppress the detrimental effect of the bath
on AQC [14-22] was proposed by Jordan, Farhi, and Shor
(JFES) [23]. In this scheme, a stabilizer subspace code that
can detect the errors introduced by the system-bath interaction
Hamiltonian is chosen, and the system Hamiltonian is encoded
using the logical operators of the same code. Adding a penalty
Hamiltonian breaks the induced degeneracy and stabilizes the
computation in the code subspace, while any excitation out
of this subspace is penalized. The short-time performance of
this scheme was investigated for a specific Markovian model
in Ref. [23] and also for a general non-Markovian bath in
Ref. [24], where numerical simulations were used to extend
the study beyond the short-time limit. For a general but local
non-Markovian bath in the regime of weak coupling to the
bath, it was shown that, modulo a unitary rotation in the code
space due to the Lamb shift, the same scheme can result in an
exponential suppression of decoherence [25]. Generalizations
to subsystem codes have been proposed [26], and theoretically
proven to work [27]. Variants of the JFS scheme tailored to
current experimental quantum annealing [28], where encoding
of the initial Hamiltonian is not possible, have also been
proposed and studied [29-31].
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The effects of decoherence and its mitigation in HQC have
also been the subject of intensive study [32-38]. While unlike
AQC, a theory of fault tolerance has been developed for HQC
[39,40], it is of interest to develop less demanding alternatives,
such as the error suppression strategy we consider here.

In Sec. II we show how the results of JFS [23] can be
extended beyond the specific (photonic bath) model considered
there to arbitrary Markovian dynamics, and beyond protecting
pure states to the protection of mixed states in degenerate
ground subspaces. Starting from a master equation derived in
Ref. [41] for a system evolving adiabatically while weakly
coupled to the bath, we show that the main conclusion of
Ref. [23] holds very generally for physically reasonable (i.e.,
local and thermal) models of the bath and for arbitrary ground-
state degeneracy: The energy penalty is only required to grow
logarithmically in the system size, at fixed temperature. In
Sec. III we show that this result stands even if the Markovian
master equation is not in Lindblad form, i.e., is derived without
applying the rotating-wave (or secular) approximation.

The reason we are interested in Markovian models, despite
the fact that general results of a similar nature have already
been established for non-Markovian models [24,25], is that
Markovian models are special: Not only are they widely used
[42], decay in these models (e.g., of the purity) is always
exponential [43]. This means that they preclude any use of
ultrashort-time recurrence effects that soften decoherence. In
particular, error suppression techniques such as dynamical
decoupling [44-46] or the Zeno effect [47] (shown to be
formally equivalent to the JFS scheme [48]) are ineffective
for Markovian models. In this sense, error suppression for
Hamiltonian computation in the presence of a Markovian
environment is more challenging than in the non-Markovian
case.

II. ERROR SUPPRESSION FOR GENERAL MASTER
EQUATIONS IN LINDBLAD FORM

Assuming a time-dependent system Hamiltonian H(z), a
general bath Hamiltonian Hpg, and an interaction Hamiltonian
Hsp = Zw Ay ® B,, an adiabatic Markovian master equation
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in Lindblad form [49,50] can be derived [41],
p = —i[H()+ Hps(t),p] + D(®)[p], (1)

where Hj;g(t) is the Lamb shift, and D(¢) denotes the

dissipative, i.e., nonunitary part (see Ref. [22] for a concise

summary and definitions), and we set i = 1 throughout.

Henceforth we mostly suppress the time dependence of the

various terms for notational simplicity, but it important to

remember that all our quantities are explicitly time dependent.
Consider the spectral decomposition

H = ZGZHI, (2)

=0

i.e., [1; denotes the projection onto the (possibly degenerate) H
eigensubspace with energy ¢;. The eigenprojectors are orthog-
onal: IT;IT; = §;pI1;. Defining Ay(w) = > I, A, I,
the dissipator becomes

€ —€=w

4 1
Dipl =" vap(®) [Aﬂ(wmAg,(w) - E{Al(w)Aﬁ(w),ﬂ}}

o  af
3
where the matrix of decay rates
(@) = / dt e Bup@) = viu@) (@)
—0oQ
is the Fourier transform of the bath correlation function
(Bap(1)) = Tr[ppe™ """ B,e' "' By, (5)

where pp is the initial state of the bath.

From now on we assume that the system-bath coupling
exhibits a local structure, in the sense that the system operators
A, in Hgg = )", Ay @ B, are k local, with k a constant that
is independent of the number of qubits n. This guarantees that
the interaction Hamiltonian can be expressed in terms of a
number of terms that is polynomial in 7.

A. General expression for the excitation rate after encoding and
error suppression

Assume that the system is initially prepared in the (possibly
degenerate) ground subspace of the Hamiltonian H, with
energy €, i.e., p(0) = IMyp(0)I1y. We are interested in the
initial excitation rate out of the ground subspace,

R = 9, Tr[Ipp]li~0 = Tr[TIop(0)], (6)

where the second equality is proved in Appendix A. In AQC
one is usually interested in the case that the ground state of
the initial Hamiltonian is nondegenerate and the initial state is
pure. In this case the excitation rate R is proportional to the
initial purity decay, with purity defined as Tr p?. In HQC the
initial state belongs to a degenerate subspace. In Eq. (6) we do
not assume that the initial state is pure, and later consider the
special case when it is [see below Eq. (14)].

It is not hard to show (see Appendix B) that the dissipative
part yields

Tr{Ilo D[p(0)]}

==Y "> Yapleo — e)Trlp(0)AL T Al (7)
af 10
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We now choose a code C that can detect all the errors
(system operators) A, in the system-bath Hamiltonian [51],

Vo : PCAaPC = 0, (8)

where P¢ projects onto the code space. We encode the system
Hamiltonian using the logical operators of this code, and add
a penalty Hamiltonian that has the code space as its ground
subspace. Such a Hamiltonian can be constructed by summing
the stabilizer generators of the code [23]. Thus, H is the sum
of an encoded computational Hamiltonian H s and a penalty
Hamiltonian H,,

H(t) = Hs(t) + npHp, ©)

where the dimensionless quantity 7, > 0 quantifies the
strength of the energy penalty, and by construction
[ﬁs(t),Hp] = 0. This allows us to choose the IT;’s as the
simultaneous eigenprojectors of Hg and Hp, and write the
eigenvalues of H(?) as

€(t) = (1) + npé, (10

where w;(t) and & are, respectively, the eigenvalues of Hq()
and H,. Let us assume that H, is chosen so that its ground
subspace is the code space, defined by the projection operator

Pc=)"TI, (11)

leC

and that the initial state belongs to the (now definitely degen-
erate) ground subspace of H(?), i.e., again p(0) = I1p(0)ITp.
Since Tr(X[Y,X]) =0 for any pair of operators X,Y, the
unitary part —i[H + Hpg, p(t)] of the master equation (1) does
not contribute to the initial excitation rate.! Moreover, because
of the error detection properties of the code [Eq. (8)], we have

vVl € C : TIpA,I1; = 0. (12)
Using the master equation (1) and Eq. (7) we thus have
R==Y""yupleo — e)Trlp(AL T Agl.  (13)

af lect

Note that the matrix y is positive semidefinite and can be
diagonalized by a unitary U: Za,ﬁ,(UT)m/yMﬁr Upgp = SapVa
with positive y, (the eigenvalues of y). Introducing new
Lindblad operators F, (w) via Ay(w) = Za, Uyo Fy () into
Eq. (13) we have the following general expression for the
excitation rate,

R=— Z Z V(€0 — €)TL[p(0)FIT1; F,].

a JeCt

(14)

Alternatively, when the initial state is a pure state |y), we
can define the excitation rate as R’ = Tr[|y) (¥o]0(0)]], but
it is easy to check that as a result of the encoding we have
R = R’. This means that the encoding also suppresses the
errors induced by the system-bath interaction in the ground
subspace, which are logical errors for HQC.

IThe effect of the Lamb shift on the code space is captured by other
measures such as the fidelity (see, e.g., Ref. [25]).
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B. The excitation rate scales only polynomially
in the system size

Despite the fact that the sum over/ € C involves exponen-
tially many terms, the excitation rate scales only polynomially
in the system size. To see this, we first define

Ymax = Max Va(GO —€). (15)
leCt,a

Using the spectral decomposition p(0) =), A;[i)(i], it is
clear that Tr[p(O)FJl'I;Fa] = > MIITLFy i) > > 0. There-
fore, using Eq. (11), the excitation rate satisfies the bound

IRl < Yimax Y Y Trlp(0)FJTT, Fy]

a JeCt
= Vinax (Z Trp(0)F Fu] — ) Trlp(0)F} Pc Fa]>
< Yoax Y THp(0)FJ Fyl. (16)

None of the terms in the last sum depends on the number
of qubits n. The number of terms itself can increase at most
polynomially in n, due to the sum over « [both the explicit one
in Eq. (16) and also the implicit one in F, = Za,(UT)aa/Aa/].
This proves that the excitation rate grows at most polynomially
inn.

C. The excitation rate is exponentially suppressed by the
energy penalty

Next, let us show that for reasonable models of the bath
the excitation rate is exponentially suppressed with increasing
energy penalty n,. If the bath is in thermal equilibrium at
inverse temperature §, then under rather general conditions
(analyticity of the bath correlation function in a strip) the
matrix of decay rates satisfies the quantum detailed bal-
ance, or the Kubo-Martin-Schwinger (KMS) condition [52],
Vap(—w) = e”s“’yﬂa (w). The diagonalization used above then
implies that the eigenvalues of the y matrix also satisfy the
KMS condition, i.e.,

Yo(—0) = e P2y, (w). (17)

Let I1; denote an eigenprojector of H with energy ¢ =
Tr[IT; H]. It follows from Eq. (9) and [H 5, H,] = O that these

are simultaneous eigenstates of Hg and Hy, as well. Let us
assume that H, has a ground-state gap g = min;ec+ Tr[(TT; —
Iy)H,]. We have VI € C*,

€ — €0 = Tr[T1)(Hs + ny Hy)] — Tr[To(H s + np Hp)]
= Tr[(T1; — Mo)H 5] + np Tr[(I1; — To) Hp]
2 1p§- (18)

When H, is a sum of commuting terms, as is true for
the stabilizer construction we consider here, the gap g is
guaranteed to be a constant [53].2

For H, that is a sum of noncommuting terms, e.g., when it is
chosen as a sum of gauge group elements [26,27], g may decrease
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Now, using the KMS condition (17), we have

Yal€o — €) = e Py, (e — €)
< e Py, (e — €). (19)
It follows that
Vmax < € P max v, (e — €), (20)

leCt,a

and thus the bound on |R| depends on max;cct o Vo (€ — €0) =
max;ect o Yo (@ + npé — €9), where we used Eq. (10). To
ensure a nontrivial bound on |R|, this quantity has to be
finite, which is a natural assumption. For example, for a
bath satisfying an Ohmic-like relation of the form y(w) =
puaw*e=®/* for w > 0, where w, is a finite cutoff frequency, the
maximum value of y(w) is u(kw,)*e . Even if this is not the
case [e.g., in the quantum optical master equation y (@) o @’
for sufficiently large w [42]] it is reasonable to assume that
the system itself imposes a high-frequency cutoff, i.e., that
max;ec{@r.§} < 00’

We also assume that y(w) is a polynomial function (or
any subexponential function in w) for w > 0; this too is an
assumption that is compatible with all commonly used bath
models [42].

Combining this with Eq. (16), we have

IR| < exp(—Bgnp)poly(ny)poly(n). 1)

It follows that the excitation rate is exponentially suppressed as
the penalty strength 5, is increased. In other words, by using
stabilizer error detecting codes (constant g), for Markovian
models with a thermal bath that satisfy our assumptions above,
to keep the initial excitation rate (or purity decay) out of
the code space constant while the system size n increases,
one only needs to increase the strength of energy penalty
np, logarithmically in n, at any fixed inverse temperature .
The flatter the initial purity decay, the longer the adiabatic or
holonomic quantum computation will proceed in the ground
state.

D. Relation to the JFS work

In the pioneering JFS work [23], a very similar result to
Eq. (21) was already established, under somewhat less general
conditions. Rather than dealing with a general Markovian
master equation, they assumed a particular system of spins
weakly coupled to a photon bath and a pure initial state. They
then provided the lowest-weight possible subspace stabilizer
codes for detecting 1-local and 2-local noise compatible
with the error suppression scheme. Here, following and
generalizing the JFS proof technique and providing all the
necessary details, we generalized the suppression result to
arbitrary Markovian master equations in Lindblad form and
arbitrary stabilizer subspace error detection codes, while
allowing for a degenerate initial state. We now proceed

with increasing system size. Even this case remains interesting if the
gap of ‘H decreases faster in the system size than g [27].

3This is certainly reasonable for condensed-matter systems, where
the finite number density naturally imposes a high-frequency cutoff,
such as a Debye frequency.
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to establish the result even more generally, for Marko-
vian master equations derived without the rotating-wave
approximation.

III. ERROR SUPPRESSION FOR NON-LINDBLAD
MARKOVIAN MASTER EQUATIONS

The derivation from first principles of a master equation
with a dissipator in Lindblad form [Eq. (3)] requires several
approximations [42]. Prominent among these is the rotating-
wave approximation (RWA), whose validity has often been
questioned [54-61]. Reference [41] presented a derivation
not only of the Lindblad-form adiabatic master equation (1),
which required the use of the RWA and guarantees complete
positivity, but also a so-called double-sided adiabatic master
equation (DSAME), derived without the RWA (the Lindblad
form follows from the latter master equation after using the
RWA). In this section we show that the DSAME also exhibits
the same suppression of purity decay or the excitation rate
out of the ground space. Thus, the suppression effect does not
depend on the RWA.

The DSAME has the following form,

p = —ilH(®),p] + DIp], (22a)

Dlpl =) ) Tep(@i)TAsTlp. Aul + Hee., (22b)
af I

where H.c. denotes the Hermitian conjugate. Note the non-
Lindblad form of the dissipator D and the absence of an
explicit Lamb shift term (such a term, i.e., a Hermitian part, can
nevertheless be separated from ﬁ). Here, the frequencies are
the time-dependent Bohr frequencies of the system, wy;(t) =
€r(t) — €(1), where H(1) |€,(t)) = (1) |€(1)), and

o0
LCop(w) = / dr &' (Bup(1)) (23)
0
is the one-sided Fourier transform of the bath correlation
function. The double-sided and one-sided Fourier transforms
are related via
Tap(@) = 3Vap(@) + i Sap(w), (24)

where Syp(w) = Sg,(w) is the remaining Cauchy principal
value (see, e.g., Ref. [41]).

We again calculate the excitation rate Tr[I1p0(0)] for a state
initialized in the ground subspace of the Hamiltonian H, with
energy €, i.e., p(0) = Iyp(0)Iy. First,

Tri Ty Taplen)[TAp nzrp<0>,Aa]}
i

=Y Tap(n)(Te{Tlo I, AT [Tlop(0) o] A}
I
—Tr{ITpAuT1; Ag Iy [T 0(0)[To1})
= [op(0)Tr[p(0) Ay TToAg] —Z LCop(won)Tr[p(0)ALTT; Ag].
7
(25)
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Next, after subtracting the [ = 0 term, we are left just with the
sum over / # 0. Thus, using Eq. (24),

Tr{ToD[p(0)]}

=-> > Emwm) + isaﬂwm)}Tr[p(O)Aan,A,s]
af 170

+H.c. (26)
Accounting for the fact that without loss of generality we can
always choose the system operators A, to be Hermitian, and
that the sum over all & and 8 allows us to interchange the order
of summation, the imaginary part vanishes after summation
with the Hermitian conjugate, and we are left exactly with
Eq. (7) for the Lindblad form. The unitary part has no effect in
the DSAME either (i.e., Tr{p(0)[ H(0), p(0)]} = 0). Therefore,
the same conclusions as reported in the previous section for
master equations in Lindblad form follow for the DSAME
about the excitation rate out of the ground subspace of the
Hamiltonian.

IV. CONCLUSION

We have extended the JFS result [23], that it suffices to
increase the energy penalty logarithmically with system size
in order to protect AQC against excitations out of the ground
state, to general Markovian dynamics and mixed states. We
have also pointed out that these results apply to HQC, and
shown that the same results continue to hold even if the master
equation is not in Lindblad form, i.e., without assuming the
rotating-wave approximation. These results only concern the
initial excitation rate. A natural next generalization of these
results is to subsystem codes and longer evolutions.

ACKNOWLEDGMENTS

We thank Tameem Albash for useful discussions. This work
was supported under ARO MURI Grants No. W911NF-11-
1-0268 and No. W911NF-15-1-0582, and NSF Grant No.
INSPIRE-1551064.

APPENDIX A: PROOF OF EQ. (6)

The excitation rate is R = Tr[I1o0(0)] + Tr[I1op(0)]. Let
us prove that the first term vanishes, which will prove the
second equality in Eq. (6).

The initial state satisfies p(0) = I1yp(0)I1y, so that
Tr[ITpp(0)] = Tr[[1I1oITpp(0)]. Now, differentiating the
identity T2 = T1 yields

Hoﬁo + nono = 1;[() - 1;[01_[0 = Héno
= MolloMy =0,  (AD)

where I = 1 — Tl,.

APPENDIX B: PROOF OF EQ. (7)

We explicitly compute the terms that need to be summed.
We will use the fact that the initial state is in ITy: p(0) =

032302-4
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HQ,O(O)H() First,

> Vap(@)Tr[ Mg Ap(@)p(0) Al ()]

[0}

= Yap(@)Tr[Tg Ap()TTop(0) Ty Al ()]

=ijyaﬁ(w) o)

€ —€=W € —€11 =W
x Tr[TTo(IT; A g T1;) [o p(0) To(TTpw AL TT;0)]
= Yup(O)Tr[ Mo A p(0)A] ]

= Yup(O)Tr[p(0) A} TTo A]. (BD)
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Second, similarly,

> Yap(@)TH T Al (@) Ap(@)p(0)]

=;yaﬁ(w> >y

€ —€pr = € —€=W
XTr[HO(Hl’”AJ; 1,/ )(IT; Ag I )T p(0)]
= Vap(eo — e)TH{TIo AL IT; Ag p(0)]
!

=Y Yup(eo — e)Trlp(0)AL T, Ap]. (B2)
!

We also note that  Tr[[ToAl(w)Ag(w)p(0)] =
Tr[l'[op(O)Al(a))Aﬁ(a))], and so both terms of the
anticommutator produce the same result. Adding these
terms according to the dissipator, Eq. (3), yields Eq. (7).

[1] E. Farhi, J. Goldstone, S. Gutmann, and M. Sipser, arXiv:quant-
ph/0001106.
[2] D. Aharonov, W. van Dam, J. Kempe, Z. Landau, S. Lloyd, and
0. Regev, SIAM J. Comput. 37, 166 (2007).
[3] R. Oliveira and B. M. Terhal, Quantum Inf. Comput. 8, 900
(2008).
[4] A. Mizel, D. A. Lidar, and M. Mitchell, Phys. Rev. Lett. 99,
070502 (2007).
[5] N. P. Breuckmann and B. M. Terhal, J. Phys. A: Math. Theor.
47, 195304 (2014).
[6] D. Gosset, B. M. Terhal, and A. Vershynina, Phys. Rev. Lett.
114, 140501 (2015).
[7] S. Lloyd and B. M. Terhal, New J. Phys. 18, 023042 (2016).
[8] T. Albash and D. A. Lidar, arXiv:1611.04471.
[9] S.Jansen, M.-B. Ruskai, and R. Seiler, J. Math. Phys. 48, 102111
(2007).
[10] P. Zanardi and M. Rasetti, Phys. Lett. A 264, 94 (1999).
[11] L. M. Duan, J. I. Cirac, and P. Zoller, Science 292, 1695 (2001).
[12] A. Recati, T. Calarco, P. Zanardi, J. I. Cirac, and P. Zoller, Phys.
Rev. A 66, 032309 (2002).
[13] Quantum Error Correction, edited by D. Lidar and T. Brun
(Cambridge University Press, Cambridge, UK, 2013).
[14] A. M. Childs, E. Farhi, and J. Preskill, Phys. Rev. A 65, 012322
(2001).
[15] M. S. Sarandy and D. A. Lidar, Phys. Rev. Lett. 95, 250503
(2005).
[16] J. Aberg, D. Kult, and E. Sjoqvist, Phys. Rev. A 72, 042317
(2005).
[17] S. Ashhab, J. R. Johansson, and F. Nori, Phys. Rev. A 74, 052330
(2006).
[18] M. Tiersch and R. Schiitzhold, Phys. Rev. A 75, 062313
(2007).
[19] M. H. S. Amin, D. V. Averin, and J. A. Nesteroff, Phys. Rev. A
79, 022107 (2009).
[20] M. H. S. Amin, C.J. S. Truncik, and D. V. Averin, Phys. Rev. A
80, 022303 (2009).
[21] M. Sarovar and K. C. Young, New J. Phys. 15, 125032 (2013).
[22] T. Albash and D. A. Lidar, Phys. Rev. A 91, 062320 (2015).

[23] S. P. Jordan, E. Farhi, and P. W. Shor, Phys. Rev. A 74, 052322
(2006).

[24] A. D. Bookatz, E. Farhi, and L. Zhou, Phys. Rev. A 92, 022317
(2015).

[25] 1. Marvian, arXiv:1602.03251.

[26] Z. Jiang and E. G. Rieffel, Quantum Inf. Process. 16, 89 (2017).

[27] M. Marvian and D. A. Lidar, Phys. Rev. Lett. 118, 030504
(2017).

[28] M. W. Johnson, M. H. S. Amin, S. Gildert, T. Lanting, F. Hamze,
N. Dickson, R. Harris, A. J. Berkley, J. Johansson, P. Bunyk, E.
M. Chapple, C. Enderud, J. P. Hilton, K. Karimi, E. Ladizinsky,
N. Ladizinsky, T. Oh, I. Perminov, C. Rich, M. C. Thom, E.
Tolkacheva, C. J. S. Truncik, S. Uchaikin, J. Wang, B. Wilson,
and G. Rose, Nature (London) 473, 194 (2011).

[29] K. L. Pudenz, T. Albash, and D. A. Lidar, Nat. Commun. 5,
3243 (2014).

[30] S. Matsuura, H. Nishimori, T. Albash, and D. A. Lidar, Phys.
Rev. Lett. 116, 220501 (2016).

[31] W. Vinci, T. Albash, and D. A. Lidar, Nat. Quantum Inf. 2,
16017 (2016).

[32] P. Solinas, P. Zanardi, and N. Zanghi, Phys. Rev. A 70, 042316
(2004).

[33] L. A. Wu, P. Zanardi, and D. A. Lidar, Phys. Rev. Lett. 95,
130501 (2005).

[34] G. Florio, P. Facchi, R. Fazio, V. Giovannetti, and S. Pascazio,
Phys. Rev. A 73, 022327 (2006).

[35] M. S. Sarandy and D. A. Lidar, Phys. Rev. A 73, 062101
(2006).

[36] D. Parodi, M. Sassetti, P. Solinas, and N. Zanghi, Phys. Rev. A
76, 012337 (2007).

[37] O. Oreshkov and J. Calsamiglia, Phys. Rev. Lett. 105, 050503
(2010).

[38] G. E Xu, J. Zhang, D. M. Tong, E. Sjoqvist, and L. C. Kwek,
Phys. Rev. Lett. 109, 170501 (2012).

[39] O. Oreshkov, T. A. Brun, and D. A. Lidar, Phys. Rev. Lett. 102,
070502 (2009).

[40] O. Oreshkov, T. A. Brun, and D. A. Lidar, Phys. Rev. A 80,
022325 (2009).

032302-5


http://arxiv.org/abs/arXiv:quant-ph/0001106
https://doi.org/10.1137/S0097539705447323
https://doi.org/10.1137/S0097539705447323
https://doi.org/10.1137/S0097539705447323
https://doi.org/10.1137/S0097539705447323
https://doi.org/10.1103/PhysRevLett.99.070502
https://doi.org/10.1103/PhysRevLett.99.070502
https://doi.org/10.1103/PhysRevLett.99.070502
https://doi.org/10.1103/PhysRevLett.99.070502
https://doi.org/10.1088/1751-8113/47/19/195304
https://doi.org/10.1088/1751-8113/47/19/195304
https://doi.org/10.1088/1751-8113/47/19/195304
https://doi.org/10.1088/1751-8113/47/19/195304
https://doi.org/10.1103/PhysRevLett.114.140501
https://doi.org/10.1103/PhysRevLett.114.140501
https://doi.org/10.1103/PhysRevLett.114.140501
https://doi.org/10.1103/PhysRevLett.114.140501
https://doi.org/10.1088/1367-2630/18/2/023042
https://doi.org/10.1088/1367-2630/18/2/023042
https://doi.org/10.1088/1367-2630/18/2/023042
https://doi.org/10.1088/1367-2630/18/2/023042
http://arxiv.org/abs/arXiv:1611.04471
https://doi.org/10.1063/1.2798382
https://doi.org/10.1063/1.2798382
https://doi.org/10.1063/1.2798382
https://doi.org/10.1063/1.2798382
https://doi.org/10.1016/S0375-9601(99)00803-8
https://doi.org/10.1016/S0375-9601(99)00803-8
https://doi.org/10.1016/S0375-9601(99)00803-8
https://doi.org/10.1016/S0375-9601(99)00803-8
https://doi.org/10.1126/science.1058835
https://doi.org/10.1126/science.1058835
https://doi.org/10.1126/science.1058835
https://doi.org/10.1126/science.1058835
https://doi.org/10.1103/PhysRevA.66.032309
https://doi.org/10.1103/PhysRevA.66.032309
https://doi.org/10.1103/PhysRevA.66.032309
https://doi.org/10.1103/PhysRevA.66.032309
https://doi.org/10.1103/PhysRevA.65.012322
https://doi.org/10.1103/PhysRevA.65.012322
https://doi.org/10.1103/PhysRevA.65.012322
https://doi.org/10.1103/PhysRevA.65.012322
https://doi.org/10.1103/PhysRevLett.95.250503
https://doi.org/10.1103/PhysRevLett.95.250503
https://doi.org/10.1103/PhysRevLett.95.250503
https://doi.org/10.1103/PhysRevLett.95.250503
https://doi.org/10.1103/PhysRevA.72.042317
https://doi.org/10.1103/PhysRevA.72.042317
https://doi.org/10.1103/PhysRevA.72.042317
https://doi.org/10.1103/PhysRevA.72.042317
https://doi.org/10.1103/PhysRevA.74.052330
https://doi.org/10.1103/PhysRevA.74.052330
https://doi.org/10.1103/PhysRevA.74.052330
https://doi.org/10.1103/PhysRevA.74.052330
https://doi.org/10.1103/PhysRevA.75.062313
https://doi.org/10.1103/PhysRevA.75.062313
https://doi.org/10.1103/PhysRevA.75.062313
https://doi.org/10.1103/PhysRevA.75.062313
https://doi.org/10.1103/PhysRevA.79.022107
https://doi.org/10.1103/PhysRevA.79.022107
https://doi.org/10.1103/PhysRevA.79.022107
https://doi.org/10.1103/PhysRevA.79.022107
https://doi.org/10.1103/PhysRevA.80.022303
https://doi.org/10.1103/PhysRevA.80.022303
https://doi.org/10.1103/PhysRevA.80.022303
https://doi.org/10.1103/PhysRevA.80.022303
https://doi.org/10.1088/1367-2630/15/12/125032
https://doi.org/10.1088/1367-2630/15/12/125032
https://doi.org/10.1088/1367-2630/15/12/125032
https://doi.org/10.1088/1367-2630/15/12/125032
https://doi.org/10.1103/PhysRevA.91.062320
https://doi.org/10.1103/PhysRevA.91.062320
https://doi.org/10.1103/PhysRevA.91.062320
https://doi.org/10.1103/PhysRevA.91.062320
https://doi.org/10.1103/PhysRevA.74.052322
https://doi.org/10.1103/PhysRevA.74.052322
https://doi.org/10.1103/PhysRevA.74.052322
https://doi.org/10.1103/PhysRevA.74.052322
https://doi.org/10.1103/PhysRevA.92.022317
https://doi.org/10.1103/PhysRevA.92.022317
https://doi.org/10.1103/PhysRevA.92.022317
https://doi.org/10.1103/PhysRevA.92.022317
http://arxiv.org/abs/arXiv:1602.03251
https://doi.org/10.1007/s11128-017-1527-9
https://doi.org/10.1007/s11128-017-1527-9
https://doi.org/10.1007/s11128-017-1527-9
https://doi.org/10.1007/s11128-017-1527-9
https://doi.org/10.1103/PhysRevLett.118.030504
https://doi.org/10.1103/PhysRevLett.118.030504
https://doi.org/10.1103/PhysRevLett.118.030504
https://doi.org/10.1103/PhysRevLett.118.030504
https://doi.org/10.1038/nature10012
https://doi.org/10.1038/nature10012
https://doi.org/10.1038/nature10012
https://doi.org/10.1038/nature10012
https://doi.org/10.1038/ncomms4243
https://doi.org/10.1038/ncomms4243
https://doi.org/10.1038/ncomms4243
https://doi.org/10.1038/ncomms4243
https://doi.org/10.1103/PhysRevLett.116.220501
https://doi.org/10.1103/PhysRevLett.116.220501
https://doi.org/10.1103/PhysRevLett.116.220501
https://doi.org/10.1103/PhysRevLett.116.220501
https://doi.org/10.1038/npjqi.2016.17
https://doi.org/10.1038/npjqi.2016.17
https://doi.org/10.1038/npjqi.2016.17
https://doi.org/10.1038/npjqi.2016.17
https://doi.org/10.1103/PhysRevA.70.042316
https://doi.org/10.1103/PhysRevA.70.042316
https://doi.org/10.1103/PhysRevA.70.042316
https://doi.org/10.1103/PhysRevA.70.042316
https://doi.org/10.1103/PhysRevLett.95.130501
https://doi.org/10.1103/PhysRevLett.95.130501
https://doi.org/10.1103/PhysRevLett.95.130501
https://doi.org/10.1103/PhysRevLett.95.130501
https://doi.org/10.1103/PhysRevA.73.022327
https://doi.org/10.1103/PhysRevA.73.022327
https://doi.org/10.1103/PhysRevA.73.022327
https://doi.org/10.1103/PhysRevA.73.022327
https://doi.org/10.1103/PhysRevA.73.062101
https://doi.org/10.1103/PhysRevA.73.062101
https://doi.org/10.1103/PhysRevA.73.062101
https://doi.org/10.1103/PhysRevA.73.062101
https://doi.org/10.1103/PhysRevA.76.012337
https://doi.org/10.1103/PhysRevA.76.012337
https://doi.org/10.1103/PhysRevA.76.012337
https://doi.org/10.1103/PhysRevA.76.012337
https://doi.org/10.1103/PhysRevLett.105.050503
https://doi.org/10.1103/PhysRevLett.105.050503
https://doi.org/10.1103/PhysRevLett.105.050503
https://doi.org/10.1103/PhysRevLett.105.050503
https://doi.org/10.1103/PhysRevLett.109.170501
https://doi.org/10.1103/PhysRevLett.109.170501
https://doi.org/10.1103/PhysRevLett.109.170501
https://doi.org/10.1103/PhysRevLett.109.170501
https://doi.org/10.1103/PhysRevLett.102.070502
https://doi.org/10.1103/PhysRevLett.102.070502
https://doi.org/10.1103/PhysRevLett.102.070502
https://doi.org/10.1103/PhysRevLett.102.070502
https://doi.org/10.1103/PhysRevA.80.022325
https://doi.org/10.1103/PhysRevA.80.022325
https://doi.org/10.1103/PhysRevA.80.022325
https://doi.org/10.1103/PhysRevA.80.022325

MILAD MARVIAN AND DANIEL A. LIDAR

[41] T. Albash, S. Boixo, D. A. Lidar, and P. Zanardi, New J. Phys.
14, 123016 (2012).

[42] H.-P. Breuer and F. Petruccione, The Theory of Open Quantum
Systems (Oxford University Press, Oxford, UK, 2002).

[43] R. Alicki and K. Lendi, Quantum Dynamical Semigroups and
Applications, Lecture Notes in Physics Vol. 286 (Springer,
Berlin, 1987).

[44] D. A. Lidar, Phys. Rev. Lett. 100, 160506 (2008).

[45] G. Quiroz and D. A. Lidar, Phys. Rev. A 86, 042333 (2012).

[46] A. Ganti, U. Onunkwo, and K. Young, Phys. Rev. A 89, 042313
(2014).

[471 G. A. Paz-Silva, A. T. Rezakhani, J.
and D. A. Lidar, Phys. Rev. Lett. 108,
(2012).

[48] K. C. Young, M. Sarovar, and R. Blume-Kohout, Phys. Rev. X
3,041013 (2013).

[49] E. B. Davies, Commun. Math. Phys. 39, 91 (1974).

M. Dominy,
080501

PHYSICAL REVIEW A 95, 032302 (2017)

[50] G. Lindblad, Commun. Math. Phys. 48, 119 (1976).

[51] E. Knill and R. Laflamme, Phys. Rev. A §5, 900 (1997).

[52] R. Haag, N. M. Hugenholtz, and M. Winnink, Commun. Math.
Phys. 5, 215 (1967).

[53] S. Bravyi and M. Vyalyi, Quantum Inf. Comput. §, 187 (2005).

[54] P. W. Milonni, J. R. Ackerhalt, and H. W. Galbraith, Phys. Rev.
Lett. 50, 966 (1983); 51, 1108(E) (1983).

[55] M. D. Crisp, Phys. Rev. A 43, 2430 (1991).

[56] G. Ford and R. O’Connell, Physica A 243, 377 (1997).

[57] G. Schaller and T. Brandes, Phys. Rev. A 78, 022106 (2008).

[58] C. Fleming, N. I. Cummings, C. Anastopoulos, and B. L. Hu, J.
Phys. A 43, 405304 (2010).

[59] J. P. Pekola, V. Brosco, M. Mottonen, P. Solinas, and A.
Shnirman, Phys. Rev. Lett. 105, 030401 (2010).

[60] J. Larson, Phys. Rev. Lett. 108, 033601 (2012).

[61] C. Majenz, T. Albash, H.-P. Breuer, and D. A. Lidar, Phys. Rev.
A 88,012103 (2013).

032302-6


https://doi.org/10.1088/1367-2630/14/12/123016
https://doi.org/10.1088/1367-2630/14/12/123016
https://doi.org/10.1088/1367-2630/14/12/123016
https://doi.org/10.1088/1367-2630/14/12/123016
https://doi.org/10.1103/PhysRevLett.100.160506
https://doi.org/10.1103/PhysRevLett.100.160506
https://doi.org/10.1103/PhysRevLett.100.160506
https://doi.org/10.1103/PhysRevLett.100.160506
https://doi.org/10.1103/PhysRevA.86.042333
https://doi.org/10.1103/PhysRevA.86.042333
https://doi.org/10.1103/PhysRevA.86.042333
https://doi.org/10.1103/PhysRevA.86.042333
https://doi.org/10.1103/PhysRevA.89.042313
https://doi.org/10.1103/PhysRevA.89.042313
https://doi.org/10.1103/PhysRevA.89.042313
https://doi.org/10.1103/PhysRevA.89.042313
https://doi.org/10.1103/PhysRevLett.108.080501
https://doi.org/10.1103/PhysRevLett.108.080501
https://doi.org/10.1103/PhysRevLett.108.080501
https://doi.org/10.1103/PhysRevLett.108.080501
https://doi.org/10.1103/PhysRevX.3.041013
https://doi.org/10.1103/PhysRevX.3.041013
https://doi.org/10.1103/PhysRevX.3.041013
https://doi.org/10.1103/PhysRevX.3.041013
https://doi.org/10.1007/BF01608389
https://doi.org/10.1007/BF01608389
https://doi.org/10.1007/BF01608389
https://doi.org/10.1007/BF01608389
https://doi.org/10.1007/BF01608499
https://doi.org/10.1007/BF01608499
https://doi.org/10.1007/BF01608499
https://doi.org/10.1007/BF01608499
https://doi.org/10.1103/PhysRevA.55.900
https://doi.org/10.1103/PhysRevA.55.900
https://doi.org/10.1103/PhysRevA.55.900
https://doi.org/10.1103/PhysRevA.55.900
https://doi.org/10.1007/BF01646342
https://doi.org/10.1007/BF01646342
https://doi.org/10.1007/BF01646342
https://doi.org/10.1007/BF01646342
https://doi.org/10.1103/PhysRevLett.50.966
https://doi.org/10.1103/PhysRevLett.50.966
https://doi.org/10.1103/PhysRevLett.50.966
https://doi.org/10.1103/PhysRevLett.50.966
https://doi.org/10.1103/PhysRevLett.51.1108.3
https://doi.org/10.1103/PhysRevLett.51.1108.3
https://doi.org/10.1103/PhysRevLett.51.1108.3
https://doi.org/10.1103/PhysRevA.43.2430
https://doi.org/10.1103/PhysRevA.43.2430
https://doi.org/10.1103/PhysRevA.43.2430
https://doi.org/10.1103/PhysRevA.43.2430
https://doi.org/10.1016/S0378-4371(97)00265-3
https://doi.org/10.1016/S0378-4371(97)00265-3
https://doi.org/10.1016/S0378-4371(97)00265-3
https://doi.org/10.1016/S0378-4371(97)00265-3
https://doi.org/10.1103/PhysRevA.78.022106
https://doi.org/10.1103/PhysRevA.78.022106
https://doi.org/10.1103/PhysRevA.78.022106
https://doi.org/10.1103/PhysRevA.78.022106
https://doi.org/10.1088/1751-8113/43/40/405304
https://doi.org/10.1088/1751-8113/43/40/405304
https://doi.org/10.1088/1751-8113/43/40/405304
https://doi.org/10.1088/1751-8113/43/40/405304
https://doi.org/10.1103/PhysRevLett.105.030401
https://doi.org/10.1103/PhysRevLett.105.030401
https://doi.org/10.1103/PhysRevLett.105.030401
https://doi.org/10.1103/PhysRevLett.105.030401
https://doi.org/10.1103/PhysRevLett.108.033601
https://doi.org/10.1103/PhysRevLett.108.033601
https://doi.org/10.1103/PhysRevLett.108.033601
https://doi.org/10.1103/PhysRevLett.108.033601
https://doi.org/10.1103/PhysRevA.88.012103
https://doi.org/10.1103/PhysRevA.88.012103
https://doi.org/10.1103/PhysRevA.88.012103
https://doi.org/10.1103/PhysRevA.88.012103



