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We carry out a complete derivation on nonrelativistic energies of atomic Rydberg states, including finite nuclear
mass corrections. Several missing terms are found and a discrepancy is confirmed in the works of Drachman
[in Long Range Casimir Forces: Theory and Recent Experiments on Atomic Systems, edited by F. S. Levin and
D. A. Micha (Plenum, New York, 1993)] and Drake [Adv. At., Mol., Opt. Phys. 31, 1 (1993)]. As a benchmark,

we present a detailed tabulation of different energy levels.
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I. INTRODUCTION

The Rydberg states of few-electron atomic systems were
investigated extensively from the mid-1980s to 1990s [1-6].
According to the theory of Kelsey and Spruch [7,8], exper-
imental and theoretical studies on high-(n,L) states can test
the Casimir-Polder effect, where n and L are, respectively,
the principal and angular momentum quantum numbers of
the Rydberg electron. The systems that have been studied
include helium and lithium with one electron being excited
to a high-(n,L) state. A series of precision measurements
were performed by Hessels et al. [9-13] on Rydberg states of
helium using microwave spectroscopy. Hessels et al. [14,15]
also did the radio-frequency measurements on lithium Ry-
dberg states. On the theoretical side, a substantial work on
Rydberg states of helium was carried out independently by
Drake [1-3] and by Drachman [5] around the same period
of time using the quantum mechanical perturbation method
and the optical potential method, including relativistic and
quantum electrodynamic (QED) effects. These methods are
equivalent in nature and embody the picture of long-range
interaction. A recent extension to higher angular momentum
states of helium was done by El-Wazni and Drake [16]. Bhatia
and Drachman [17-19] also calculated relativistic and QED
effects in the Rydberg states of lithium. Later, Woods and
Lundeen [20,21] extended Drake and Drachman’s work to
more complex atoms, which allows for a high-L Rydberg
atom to have nonzero core angular momentum, for the purpose
of modeling the effective potential and thus extracting core
properties experimentally. Very recently, a new exotic Rydberg
atom H™, which consists of a Rydberg positron e* attached
to the ground state H™, was detected in the laboratory by
Storry et al. [22]. Since these Rydberg states are embedded in
the Ps+H continuum, they are in fact resonant states [23]. It
is therefore interesting to do theoretical calculation on these
states and explore the spectrum of H™ .

The main purpose of this paper is to present a complete
calculation of nonrelativistic Rydberg energy levels using the
standard perturbation method up to the order of (x~!°), where
x stands for the distance of the Rydberg particle relative to the
core, and to compare our results with the work of Drake [2]
and Drachman [5]. We find that there are several terms of order
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(x’lo) missing in the work of Drake [2] and Drachman [5].
We also confirm a discrepancy that exists between Drake [2]
and Drachman’s [5] calculations. As a benchmark for future
reference, we tabulate numerical values for the nonrelativistic
energy levels of helium in various Rydberg states.

II. THEORY AND METHOD
A. Hamiltonian

Consider an atomic or molecular system that consists of
n + 2 charged particles. The Hamiltonian of the system (in
a.u.)is

1 "1 1
H=——V: -y —V2 - — V2
2my Ro Z;Zmi R; 2my, 41 Ros
n+1 44
+ Y (1)
i2550 Ri — R,

where R; is the position vector of the ith particle relative to
the origin of a laboratory frame, with 0 < i < n + 1, m; its
mass, and ¢; its charge. We assume that the (n 4 1)th particle
is far away from the core, which is made up of the remaining
n + 1 particles. We also take the zeroth particle as a reference
one. In reality, it could be the nucleus. In order to eliminate
the center of mass degree of freedom for the whole system, we
make the following coordinate transformations [24]:

1 n+1
j=0
=R, —Ry, i=12,....n 3)
R — - 3 mR )
Iy = Ry e miKN;,
+1 +1 MC — JANG

where Mp = Z;'J:r(l) m  is the total mass of the whole system,
and M¢ = Z?:O m  the total mass of the core. From the above
expressions, we can see that X represents the position vector
of the center of mass of the whole system, r; is the position
vector of ith particle in the core relative to the reference
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particle, and r,,; is the position vector of the Rydberg
particle relative to the center of mass of the core. Thus, we
have established a one-to-one transformation between the set
Ro,R1,Ry, ... ,R,, R, ;) and the set (X,ry,r2, ..., i),
The corresponding differential operators transform according
to

ZV -V —VX )
m;
Vg =V:— i — Vi + —VX (6)
C
mn+1
VR = Vg1 + Vx, (N

whereV; =V, andV,; =V, . After some simplification,
the Hamiltonian (1) can be rewritten in the form

n
1 1
h=-y v Lo La Ly,
i=1 2“’ ZMX o i>j>1
416]0+ Z C]ij qiqn+1
1
i=1 i i>j>1 Fij i= 1|l’, Lpi1— Z’IZ lmjrji
qoqn+1

®)

i+ 370 2j my; |

where r;; = r; — r; is the relative position between two core
particles i and j, u; = n;" ’”n;’ (1 < i < n)is the reduced mass
of ith electron in the core with the reference particle 0, and
Uy = ﬁ—‘ﬁ; is the reduce mass of the Rydberg particle
relative to the core. Since H does not contain X, X is a cyclic
coordinate and thus can be ignored. Furthermore, the last two

terms of (8) may be combined by introducing

E,’j:(s,'j—mj'/MC, nggn,léjin (9)
i.e.,
n
Z qiqn+1 qoqn+1
P Irj — 11 — MLC Zﬁzl mir;| |t + MLC Z’;zl mr;|
_ qiqn+1 4 q04n+1
i1 |l‘n+1 - Z;le Gijl’j| |1'n+1 - Zr}:] €0jl’j|
n .
— 6]:%:1 . (10)
‘o Cpp1 — py €|
The Hamiltonian can thus be partitioned into the form
H=H.+H,+ V., in2R., (11)
where
¢ 909
2 04
I BT IED 3
i=1 l>j>l
n q
+ Y 1 (12)

7o
r>j>1 Y
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1 e
Hy = —— V24 24 (13)
T X
L= Z anqx . qcqx (14)
. X_ijl 6,‘jl‘j| X

with g, = gni1, X =T,11, and g = 3~ q; being the total
charge of the core. In (11), Ry is the Rydberg constant and
2R, represents the atomic units of energy expressed in cm ™.
It is clear that H, is the Hamiltonian of the core [24], H, the
Hamiltonian of the Rydberg particle in the field of point charge
q., and V., the interaction potential energy between the core
and the Rydberg particle.

For a highly excited Rydberg particle, we may assume that
x| > |3}, €;jr;| for 0 < i < n. Under this condition, we
have

14
W+ WY;m(f;)ng(d), 5)

|x—d| 2P

=0 —L

withd = Y"_,

-1
3 25 +3
You® = — (] ]/ foE® DY (16
om(F) 4]1(1 erl)(r®r® B (16)
S= ?

with the understanding that ]_[f;} 2S++3 = 1whent =1, we

€;;r;. Using the formula [24]

obtain
2s +3

d'y, (&):,/i ﬁ
" 47 i s+1
. /3 ( 2s+3> 6 . . )
- iji€ijp """ Cije
s+1 Jrjajezl

)(d@d@wd)ﬁf)

¢
x (), @1, ®---1;)". (17)
Thus we have
i=0 |X - Z/ 1 61}r/|
o0
4 e R
=> > [qex ™ 'Y, RN Tm (x1.12, T,
2041
=0 m=—¢
(18)
where
[3 (4 [25+3
Tm b RS R (1 = -
(1,12 r,) 471(& S+1>
X Z (Z qi€iji€ijp " Eijzz)
2 je=1
)
X(rj1®rjz®"'l'j,:)m« (19)

It is easy to see from (15) that the term with £ =0 is 1/x
and its corresponding term in V., is g.q,/x, which cancels
exactly with the second term in V. In other words, there is
no monopole contribution to the interaction potential. Finally,
we obtain the following multipole expansion for the interaction
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potential energy V., where in each term the degree of freedom
of the Rydberg particle is separated from the core coordinates

00 ¢
4 —t—lyx
Ve =2 2 5777 9™ 7Y ®) Tn(rirs, om).

Rydberg core

(20)

If we make the scaling transformation x — u, X, we obtain
the Hamiltonian

H="h.+hy 4+ v, in 2R, 201
where
n 1 1 n n
he==Y —Vie— Y V,-.V,»+Z@
- “Hi 07> - i
i= i>j> i
n . .
+ Y (22)
r>jz1 i
1
he = e ( — V24 M“) 23)
2 X
n
v qqu quX
cx — 1 X
prdl e SEDDEIECH 51 x
[e'9] 14
4 S N
=> > 1 gex ™Y, ]
=1 m=—1¢ 2t + 1

Tm(rlsr21 ~-~7rn)' (24)

The above formulation is general for any system containing
n + 2 charged particles. If the system under consideration
is an atomic system with n + 1 electrons and one nucleus,
we assume that the zeroth particle (the reference particle) is
the nucleus with its mass M and its nuclear charge Z. The
Hamiltonian of the system becomes

1
R EF DI ST
M i>j>1 i=1 Ti i>j>1 Tij
qxqi
V2+ —_—— (25)
Z|X_Zj 1 €ij
where go =2, g =—-1 (1<i<n), g =-—1, p is the

reduced mass of the electron relative to the nucleus, and . is
the reduced mass of the Rydberg electron relative to the core
mass M + nm,. In order to see the finite nuclear mass effect
more clearly, we make the following scaling transformations:

r, > ur;, i=12,...n (26)
X — Uy X (27
The Hamiltonian (25) can thus be transformed to

H = he + hy + ver, in 2Ry, 28)
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where Ry = £~ R, and

:__sz——ZV V—Z Z—

i>j>1 r>j>1 Fij
(29)
x 1 Z —
hxz“—<—-v§— ”) (30)
7 2 X
" i x Z—n
Uex = — Z m qn + M_( )
purdl e S By el noox
Yy ()
=1 m=—¢ 2041\ n
X [qux™ 7Y, ) Ton(r1,02, . ox). (1)
From now on, we use the following unified expressions for
h, and v,
1, Z
hy=a|— -V, —— (32)
2 by

[} 14
Ver = 3 Y Cot}, () Ton(ri k2, .. ox),  (33)
=1 m=—¢
where a = u, or uy/m, Zy = —qrq. with Z; > 0 in order to
form a bound or quasi-bound Rydberg state,

47
C, = Sy, 34
=21t 1 (34

and

Uem(X) = x Y (R) (35)

denotes the irregular solid harmonics satisfying the Laplace
equation VZuy,,(x) = 0. It should be mentioned that the
Rydberg particle could be either an electron or positron, or
any other charged particle.

B. Perturbation expansion
1. Second-order energy: General expression
In (28), we can treat v., as a perturbation to the unper-

turbed Hamiltonian Hy = h. + h,, which is uncoupled. The
eigenvalue equations for /. and &, are, respectively,

hc(bm LM, = Sm(Lc)qbn(.L(.M(. (36)

hx X”x LM, = e”x an LM, (37)

where the eigenvalue e, only depends on the principal
quantum number 7, because of the hydrogenic nature of 4, .
The initial eigenstates for 4. and &, are assumed to be

hepo = €ogo (38)
hxXn()LoM() - en()Xn()LnMo' (39)

Thus,
HyWy = EoWo, (40)
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where

\IJO = ¢0Xn()LOM0 (41)

Eo = g0+ ep,. (42)

In this work, we only consider the case where ¢ is in an
S state, which results in the consequence that the first-order
energy correction due to v, is zero, i.e.,

AE; = (Wolve [Wo) =0, (43)

The reason why (43) is valid is that there is no monopole term
in the multipole expansion of v, in (33).

The second-order energy correction can be calculated
according to

AE; = (Wylve | W), (44)
where
(\-IJn|ch|\I’()>
v)y=) =y 45
W) =3 ) (45)

n

and n represents a set of quantum numbers describing an
intermediate eigenstate of Hy, i.e.,

HyW¥, = E,V¥,, (46)

J

Substituting (52) into (45) yields

W) Z( DN (bnrem L

neLeMony Ly M,

where we have applied the eigenvalue equation (37) of A,

(aen,\.)i an,\.LXMX> =

with the definition of iy = h,

AE, = Z( DY (buerem e,

neLeMe ny Ly M,

|¢0XnoLUM0>
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where

\I"n = ¢nFLCMCXnXLXMX (47)

En = 8,,(_(Lc) + €n, . (48)

We first denote the excitation energies for the core and the
Rydberg electron by

SSHC(LC) = gm.(Lc) — &0 (49)

de,, = e, — ey,. (50)

Considering the Rydberg particle is in a highly excited state,
we make the following key assumption that [2]

|8en, | < |8en. (Lo (51)

In the above we have implicitly assumed that 8¢, (L.) # 0.
Now we can perform the following expansion

1 1 1

Eo—E,  8en(Lol+ aje;i)
— Z( 1 i+1 (56'1 )l — (52)
[sen (L]
hi
‘¢0Xn0L0M0>[ m )]H_l |@n.Lort, Xnozom,), (53)
R Xn, L, ), (54)

— ep, operating on the Rydberg electron. Now the second-order energy correction (44) becomes

1
[Son (L )]:+1 (B0 XnoLon | Vexhy | bn, Lovt, Xn,Loaa, ). (55)

Substituting (33) into (55) and using the Wigner-Eckart theorem for the matrix element 7,

L L
net oM Tom o) = (=D=M 20 ner N T ——=801.8mm (Bn.1. | Tt || b0), 56
(Pn.rom N Temlpo) = (=1) (—Mc m 0)(45 L Tello) = TP Bl (Pn N TeliPo) (56)
we arrive at
(Pnerom.xn | BoxmoLomy) = CL.;< i ), (57)
cremermTm ‘V2L.+1
where C;, is defined in (34). It is noted here that L. > 1 in (57), as indicated in (33). Similarly,
(B0 XnoLons | Vex | On, Lovt, Xn,Lo,) = CLC(_l)L“;(d’O N0 || B N Xono oo |1, ORE | Xin1.oma,)- (58)
2L+ 1
Substituting (57) and (58) into (55) leads to the final expression for AE,
2
i+1 <¢O || TLF LC) 2)
AE, = Z( D*Y I wi?(Le). (59)

nelLe

+1 (86, (L)) ™
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In the above wfz)(LC) is the quantity that describes the Rydberg
particle and is given by

wl(Z)(LC) = (Xn0L0M0|Z2i (LC)|Xn0L()M(J>’ (60)
where the operator U;(£) is defined by

Ui() = ugm hiu,. (61)

It is seen that 4;(¢) is a Hermitian operator. In obtaining (59),
the following two relations have been used, namely, the closure

relation
7 Do) (62)
nyLy My
and
(bn.L || Te. | o) = (=D (0| Te. || pnor.).  (63)

It would be convenient to define the 2L<-pole generalized
polarizability for the state of the S-symmetric core

2-in T
aiLo) = Gr—rs Z | ¢(;|L:(LC)],+‘1> (64)
In fact for the first few values of i, we have
a(0,L) = oy, (65)
a(l,Le) = Br, (66)
a(2,Le) = yL, (67)
a@,Lc) =9y, (68)
a(4,Le) = qr, (69)
a(5,Le) =i, (70)
a(6,L;) = 0L, (71)
a(l,Le) = 1, (72)

as defined by Drake [2] up to i = 3. We therefore have the
final expression for the second-order energy correction

(o] [o¢]
AEy =Y dexli.Le), (73)
i=0 L.=1

where

. 2 +1
Ses(i,Le) = ¢ (=)' a0 (i, LywP(L,).

2L, + 1
(74)
2. Second-order energy: Calculations
Consider w(()z)(Lc) first. Using the formula
20 + 1
Z Yo R}, R) = ——, (75)

m=—{
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we have
2L, +1 oL
w(()z)(LL) = 47_[ <Xn0L0M0 ’x 2L 2’Xi10L0M0)
2Le+1, 5 _
= T(x L2y, Ly (76)
with | )nero = | XnoroM,)- It should be pointed out that (x =),z

diverges unless s < 2L + 2. The analytical expressions for
(x ™)y, With s up to 16 are given explicitly by Drake and
Swainson [25]. Thus the result for i = 0 is

L o, (A7)
For the case of i = 1, we first notice that

hX|Xn0L()M()> = 0 (78)

8e2(0,Lc) = —1q} a* M

L.

Thus we have

L.

Z <Xn0L0M0 | [ML(]Wr ’ [hY auz(,M‘,]] |Xn0L0M0>

o=—Le

*
E XnULoMo |ML,.M,.hs Uy, \XnOLOM())

Le
M,=—L.
L.

*
+ E (o Loty [T pg, Pste L oma,
M.=—L,

)

L.

*
=2 § (XnoLomo | L. sty yy,
M,=—L,

), (79

where we have used the property that uj ,, = (— DMeuyp,
as well as the fact that any summation above will be the same

when switching M, to —M,. Therefore, the wgz)(Lc) can be
recast into

1
w?(Le) = 2 Z(XnoLgMo‘[ML(.M(.’[hsvuz(.M(.]]’XHOLQMO)
MC

- _% Z <X”0L0M0 } [uL< Me» [Vz’uz%]] ‘XﬂoLoMtJ)’
M.

(80)

where we have ignored the subscript x in V2. Since i, (X) is a
harmonic function, it satisfies the Laplace equation V2uj,, =
0. Itis therefore straightforward to show the following operator
relations

[V2urm]=2(Vurm) -V 81

Lo [VZus 0 )] = =2(Vurm, ) (Vui y ). (82)
Furthermore, using the following two formulas [26]
Vi, (x) = /(€ + DL+ DIXI ™7 Yop1m(R)  (83)

and

2J+1

Z Y em®) - Y (R) =

M=—J

(84)
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where Y ;;3/(X) is the vector spherical harmonics, we arrive at
a Y
Wi (Le) = e (Le + D@L+ D (225,01, (85)

Finally, the corresponding energy correction for given i = 1

and L. is

der(1,Le) = 3q5 ' (Le + DQLe + DB (x5 )y,
(86)

Now we consider the general case where i is an arbitrary
positive integer. We first consider the following expression

hsl f ()Y e ()] (87)
Noting that
a az,
ho= =gV e
a L? n 1 0 , 0 aZy (88)
=-S5 +5—=|*¥=)|-— —eun
2 x2  x20x dx x 0

where L? is the angular momentum squared, we arrive at
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In the above, h,(£) is defined by

L +1 1 d d Z
atll+1) a (z )_a 1_en0’ (90)
x

h,(0) =<
) T 2

C 2x2dx * dx

acting only on the radial function f(x). The repeated use
of (89) yields

R2Lf ()Y em(R)] = [A2 () f ()] Y (R). oD

It is seen that the operator &, when applying to f(x)Y¢,(X),
only changes the radial part, not the angular part.

Consider wl@(Lc). Let the wave function of the Rydberg
electron be

| XnoLoto) = Rug1o ()Y 1001, R). (92)

Then we have

wP(L,) = > / X2 dx dS2 Ry, ()Y} 3 x5 71Y, 4 R)
M,

WL Yo ®] = (O Y ®. (89) AT O R DY ®)- O3
J
Note that
N . (Le,Lo,Q)Y? (Le Lo €4 L. Lo € R
Y, R)Y o R) = (=DM Y e YE (R), 94
F o YL, ®) = (=) Qij i o o olim M o) Ee® (94)
where the notation (£1,¢,,...) = (2¢; + 1)2¢, +1).. ., and
A A A (LO’leLc)l/z LO S-21 LC LO Ql Lc
dQy; , Q)Y u RYE (X)) = (—HM 222022 . 95
/ Lo YL, RYg , (X)) = (=1) N o o ol\m o -—m (95)

The sum over M, and w; in wfz)(Lc) can then be performed
according to

Z L, Ly £ Ly L.\ _ 1
-M. My o J\My o —-M.)] 2L,+1

Moy

(96)

With all these above, we finally have

2L +1 L. Ly <\

2) c c 0 1

WP (L) = = —— 29 (291+1)(0 5 0)
1

X / dx x7H R, 1 O] RL(Q)
0

x [x7F T Ry, (0]} 97)
In (97) after the application of 4%(2;) on x~E~1R, ; (x),

we need to evaluate the following type of integral:

oo
J(s,n) = / dx X7 Ruy1, ()R, (), (98)
0

where s is a positive integer and R,(:;)Lo(x) denotes the

nth-order derivative of R,r,(x). We start by applying the

(

Hamiltonian (88) to the wave function of the Rydberg electron
Ryy1,(x)Y 1M, (X), resulting in the following equation:

2 , Lo(Lo+1) 2Z, 2e,
;R;lolo(x)+Rl1/oLo(x)_ —x2 R+TR+_QOR
=0. (99)
Performing Z; — on the above equation, expanding the deriva-

tives of products by using the Leibniz formula, and finally
integrating fooo dx x7°Ry,1,(x)--- throughout, we arrive at
the recursion relation

- - n!
Jsn+2)+2) (-1 D Im—i4l+si+1)
i!

i=0
. cnl(n—i+1 ) .
— Lo(Lot ) Y- D i)
i=0 L
: n—i l’l' . . zeno
+27, Z(—l) P J(n—it14s,i) + J(s,n) = 0.
i! a

i=0
(100)

The above recursion relation shows that, in order to calculate
J(s,n), one needs to know J(s',m) withO < m < n — 1. The
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initial integrals are theorem [5]:
e d
J5.0) = (= s, (101) <XML0MO|[XPE,/1X} Dzl = 0. (103)
and J(s,1) that can be evaluated as follows
where
| af2d d* aLyLo+1) aZ
J(s,1) = —/ xS dR2 (%) P I e e T
2 Jo oo 2\xdx dx? 2 x2 X (104)
1 1 o0
_ ExisRﬁoLo(xﬂgo + ES/ dx xﬂileoLo(x) We note that
0 d d d
N 3 I:xp_shx:| = [-xpshx]_ +-xp|:_ahxi|~ (105)
= E(x—f— YnoLo- (102) dx dx dx

It is a straightforward matter to find that
In the above, the surface term vanishes at oo because R, (x)

decays to zero exponentially; it also vanishes at x =0, [xP.h,] = gp(p+ l)xp72 +apxp71i (106)
provided Lo > s/2 due to the fact that R,,r,(x) ~ x0 as 2 dx
X ~0. , d 1 d 1 1

It is advantageous to transform e, (x ~*),,, 1, into a series of E’hx =Y 2ax aLo(Lo + DF +taz, 2 (107)

(x _“'),,0 L,- This can be done by using the so-called hypervirial
|

Substituting the above into (105), the hypervirial theorem (103) reads

d? 1 d
p<xp_lﬁ> - [1 Tt 1)}<xp_2d_x> — Lo(Lo + D" )gry + Z1(x" )1, = 0. (108)
noLo noLo

The second-order derivative operator above can be replaced by

d? 2d 1 27, 26;10

— = —"— 4+ Lo(L N—— — — 109
dx? x dx + Lo(Lo + )xz X a (109
After putting it back into (108) and then using (x”~2d /dx),,1, = —g(x”_3)n0Lo from (102), one finally arrives at
_ 1-2p - p—1 1 _
eng (X" L, = a Zi(xP ) pr, +a 2y LotLo+ 1) = 2 p(p = DI’ nolo- (110)

e term e, (x ), 1, can be calculate repeated use o .
Th 70 (X 7V noLo be calculated by repeated f (110)

With the above preparations, we are now in a position to evaluate wl@(Lc) and then the second-order energy corrections
dey(i, L), with the help of software MAPLE. We have already obtained w(()z) (L.) and wﬁz) (L) in (76) and (85) respectively. For
w(zz)(Lc) we have

 Z1@ (LA 1PQLAD) -2Les) +a2(Lc+1)2(Lc+2)(2Lc+1)2 | Lo(Lo + 1) )
4n (L. 1 3) ko 87 (Lc + DQLc +3) ok

wP (L) =

(111)
For wgz)(LC) we have

Z1a@*(Le + DX (L 4+ 2)2Le + (6L, + 11)

@) _ —2L.—7
Wy (LL) - 87T(2LC n 5) (.X )noLo
3 2 2
+ a’(Le+ D (L. + 2)(L;6+ 3)2L.+ 1)°(2L, 4+ 3) |: 3Lo(Lo+ 1) i|(x2LC8)noL0' (112)
T (Le + DL +5)

In the following, we list some special values of the second-order energy corrections. For §e;(2,L.) we have

87, Lo(Lo+ 1)\ _
Sex(2,1) = g2 a® m{f(x MnoLo —36(1 + %)u 8>HOLO}, (113)
182, Lo(Lo+ 1)\ _
dex(2,2) = C[? aS VZ{TIOC 9>”0Lo - 180<1 + %)(x m)noLo}s (114)
327 Lo(L 1
8ex(2,3) = q2a" )/3{ 5 L™ ot — 560<1 + %ﬂ)u-”)m}. (115)
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For 8e,(3,L.), we have

4087,
7

3
Sex(3,1) =g a 31{ (X VoL + 720(1 + ﬁLo(Lo + 1)) (x_lo)noLo},

1
8ex(3,2) = ¢*a 62{—184zl<x‘“>n0L0 + 6300(1 +5LoLo+ 1)) <x“2>noLo},

46407,

ae2(3,3)=q3a“33{— T

3
(x_13)noL0 =+ 30240(1 + ELO(LO =+ 1)) <x_14)n0L0}~

For §e,(4,L.), we have

16472 B 163687, 59 B
Sex(d,1) = g*a® gl{ - L1901, 5 (1 1364L0(Lo+1)><x Mot

600
_ T(252 +82Lo + 83L§ + 2L + Lg) (x ) uy 1, }

Ses(d.2) — 26472 Ly, 1407367, | 97 Lo(Lo+ 1)) =)

e =q24' - n X n

2 gza’’ s oLo 11 3665 00 oo

4200
. T(792 + 142L0 + 143L5 + 2L§ + Lj) (x 14>m,L0},

Sex(4.3) — glal? 3104212< ay 64496007, 427 Lo(Lo+ ) =15

e = a — (X n X n
AW =6 33 oLo 143 24186 0 oLo

158760 (5720
-5 (T +218Lo +219L% +2L3 + L4>( —lﬁ)nOLU}.

For §e,(5,L.), we have

1209622, 12839047, (1 382

Sex(5.1) = i
1) = 4;a m{ 5 Imle 11 * 3715

Lo(Lo + 1)) Ca

126000 (396 AN
11 ? +34L¢ + 35L + 2L0 + LO (x )noLo ,
10171222 1453564807, 19889

8 5’2 =q;a" — _14:1 - 1 Lo(L 1 -15 n
e(5,2) =qg;a m I (x oLo 13 302326 olLo+ D ) (x™ )L,

11907000 /1144 170 173

_ — 4+ — 2 ZL3 L —16 ,

T ( 5 T3 fot 3 lotelet >< oL [
For §e,(6,L.), we have
4211273 1216678472 2076 _

des(6,1) = 61,%010 0 {Tl(x Y poLo — 55 : (1 95053 Lo(Lo + 1)) I

n 58241287, (13632820 6876328 6921829

LZ 2L3 L4 —lSn
715 15167 45501 %t assor ottt °)<x o

588000 (61776
- (T + 6492Lg + 6808L3 + 633L3 + 319L§ + 3L + LS) <x—16>,,0L0}.

3. Third-order energy

The third-order energy correction can be calculated according to

AE3 = (Wi|ve, |Wr),

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

where W, is defined in (45) and further expanded in (53). In the above we have used the fact that AE| = O [see (43)]. Using the

similar procedure towards (59) leads to the final expression for A Ej3:

Cr, c@cL
AE (=it
o ZZ Z VL
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where the quantity w¥(i, j; L., ¢,L,) describing the core is defined by

Bs s 7/ _ (¢0|| TL;‘ ¢n2L£. >(¢n2L£ TZ HQSn(.Lf)(QSnL.L(» TLE ¢0> 12
wd,j; L L) =) - = , (127)
[Sen. (L] [86n,(L))]
and the quantity relevant to the Rydberg electron wf;)(LQ,E,LL.) is defined by
L { L . .
(3) — . c ¢ x i %
w;; (L8 Le) = Z (=)™ (—M/ " MC><XngL0M0 |y 1wy, W} | XnoLoms)- (128)
MimM, c
The above expression can be simplified by integrating over the angular coordinates. Since
Gy w Le ¢ Le 2 f eve—Liol .
wi(LL L) = Y (=)™ o ] AR R Y R Y )
M.mM, ¢ ¢
x b xR R TN RO Ry, (0 Y 10w, R), (129)

the product of the two spherical harmonic functions YL*C M, (%) and Yy, (X) can be reduced to a single one Yslwl (X) according
to (94). Then using (91) one obtains

Ry [x " Ry, ()Y o ®)] = [AL(QD)x ™5 Ry, (1) Y4y, 0, ), (130)

where on the right-hand side, 2 () is understood to operate on all radial functions contained in the square brackets. Furthermore,
the product of ¥, (%) and Y3 , (X) can be combined into Yg,4,(X). The application of (91) again yields

R [x ™ Qx5 T Ry 1, (1) Y, B)] = [ (Q2)x ™ Q)X ™57 Ry 1 ()] Y0, (R).- (131)

The last step is the integration over d<2 in (129) for the product of three remaining spherical harmonics Y7,/ (X), Y1, m,(X), and
Yq,w,(X), which can be performed using (95). We therefore arrive at

2Lp+1 L. Lo S21\[¢ € Q\(L. Q2 L
Oy _ 0 ’ 1/2 ¢
(L .L, L) = L.t L. Q1,2
w;; (L, ) an ) ( ) QE]QZ( 1 2)( o o ollo o olle o o

o0
xGI(Q, Q) / dxx P Ry 1 ORI () [x T Q) x 7T Ry, ()], (132)
0

where the angular coefficient G® is given by
, L ¢ L\{L Lo «\(t & \[(L 2 L
GIQ. Q)= Y Y (—pMMetM [ e oo b S INGEE)!
M mM,. wyw; _Mé m MC _MC MO w1 m w] w7 Mé wo _M()

The above angular coefficient G®(£2,Q,) can further be simplified using the graphical method of angular momentum [27]:

1 Q @ ¢
GI(Q, Q) = (D)o ——— : 134
@) = (D (134)
We finally obtain the following expression:
—1)ttLo L. Ly 2\(¢ 21 \(L. 2 L Q Q 14
w L = S0 e Y @9 o b S |
/ (47)3/? e o o o0/J\0O O 0 0 0 Oo/J|L. L. Lo
o0 ’ . .
X / dx x5 Ry 100 RI(Q) [x 7 RE(Q) xTE T Ry 1, ()] (135)
0
From the selection rule of the 3 — j symbol, it is seen that
L. +¢+ L. =even, (136)

with the lowest value of 4. The correction A E3 may thus be expressed in the form

AE; =)%Y des(i.ji9), (137)

i=0 j=05=4,6.8,...
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where
Cr, CC
Sexti i) = DL (D w i L Low (L L), (138)
L;@LLEI (Lca L‘)
L, +{+Lc=s
It is easy to show that
Y Seslijis) =) des(jiiss) (139)

by noting that w® (i, j; L., ¢,L.) = w®(j,i; L.,¢,L.) and all reduced matrix elements are real. Thus we can write the third-order
energy correction as

AEs =" Y Ses(iizs)+2) > Sesi.jss). (140)

i=0 5s=4,6,8,... i>j 5s=4,6,8,...

We can similarly obtain des(i, j; s) for given i, j, and s, which are listed below:

8e3(0,0;4) = g} a’ [ 22 V/10w (0,05 1,1,2) + 6w (0,05 1,2, 1)](x™ 7)1, (141)

1%5
8e3(0,0;6) = —q; @’ w7 [ 7221 w(0,0;1,2,3) + 22V 15w(0,0;1,3,2)
+ 22 V35w(0,0:2,1,3) + =V 14 w(0,052,2,2)[(x Voo (142)

8e3(0,0;8) = ¢; a'' 7¥*[ 22 w)(0,0;1,3,4) + 25 VT wP(0,0;1,4,3) + 25V 14w (0,05 2,2,4)

1323
+ 5=V 15w(0,0:2,3.3) + 555V 70w )(0,0:2,4,2) + 3555v21 w(0,0;3,1,4)

+ 12-v/21 (0,05 3,2,3) [ (x ™) 1, (143)

8e3(0,0;10) = —q} a" n??[ £ V55w (0,0; 1,4,5) + 225w (0,0, 1,5,4)

3267

330 w¥(0,0;2,3,5) + +22:v/385 w(0,0; 2,4,4) + L8 +/210wP(0,0;2,5,3)

+ 12705 12705 31185

V22w (0,0;3,3,4) + 5V 154w )(0,03,4,3)
77w (0,0;4,2,4)](x™ )y, (144)

8085

3
+ = v/462w(0,0;3,2,5) +

3
+ 5 V165 w(0,0;4,1,5) + o

8e3(1,0;4) = —q; a® w7 [ 2V10wD(1,0;1,1,2) + BV6wP(1,0; 1,2,1) + V10 wP(1,05 2,1, D) ](x )1 (145)

3e3(1,0;6) = ¢ a" [ EEV21wP(1,0:1,2,3) + ZV15wP(1,0:1,3,2) + 235w (1,0;2,1,3)

175 1225
+ 2 V14w(1,0;2,2,2) + V15w (1,0;2,3,1) + 2%+35w(1,0;3,1,2)
+ 2 V21 w(1,0;3,2,D)](x ) 1, (146)
8e3(1,0;8) = —q}a? 7m0 P (1,0;1,3,4) + VT wP(1,0; 1,4,3) + EV14wP(1,0;2,2,4) + EV15wP(1,0;2,3,3)
175x/_0w(3)(1 0;2,4,2) + 30./21 w¥(1,0;3,1,4) + ;&5v21 w(1,0;3,2,3)
+ 28 V15wP(1,0:3,3,2) + 22 VT wP(1,0;3,4,1) + 2221 w(1,0;4,1,3)
+ 5 V14 w0 (1,054,2,2) + 105 (1,0;4,3, D] {x "), (147)

Ses(1,1;4) = —q? & 73/ Z [ V10w (1,15 1,1,2) + 7= V6w (1,1, 1,2,1D)](x %),
—[5%V10[36 + Lo(Lo + D w(1,1;1,1,2) + V6 wP(1,1; 1.2, D] (x gL, | (148)

Se3(1,1;6) = —q; a'' w1 {—=Z [ 3221w (1,1;1,2,3) + 32 V15wP(1,1:1,3,2) + go=+/35w (1,15 2,1,3)

6125
+ e V14w (1,1;2,2.2))(x 2 gr, + [525 V21 [440 + TLo(Lo + D] wP(1,151,2,3)
— 22 V15 [Lo(Lo + 1) — 330] w®(1,1; 1,3,2) + 22+/35 [660+13Lo(Lo+1D] w(1,152,1,3)

+ B V141654 2Lo(Lo+ D] w®(1,132,2,2)](x %) 1, ), (149)
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8e3(2,0;4) = —¢2 @° T 2, [£V10wP(2,0;1,1,2) + 26 wP(2,0;1,2,1) + ZV10wP(2,0:2,1,D](x 7',
— [24/10[28 + Lo(Lo + D wP(2,0;1,1,2) + 2v/6[28 + Lo(Lo + D1 w(2,051,2,1)
25
+ £V10[28 + Lo(Lo + DIw(2,0: 2,1, D](x ™10} (150)

8e3(2,0;6) = —q; a'' 73— Z,[ 2221 w(2,0;1,2,3) + 2V 15wP(2,051,3,2) + 2535w (2,0;2,1,3)

875
+ 4375ﬂw<3>(2 0;2,2,2)+355:v15w®(2,0;2,3, )+ 2235w (2,0;3,1,2)
+ 555 V21w(2,0:3,2,D)](x 7)1, + [25V21[45 + Lo(Lo + DI w(2,0;1,2,3)
+ S V15145 4 Lo(Lo + D1w®(2,0;1,3,2) + (4/35[45 + Lo(Lo + D1wP(2,0;2,1,3)
+ 22 V14145 + Lo(Lo + D] wP(2,0:2.2,2) + 221545 + Lo(Lo + D] wP(2,0;2,3,1)
+ &2V/35[45 + Lo(Lo + D1w(2,0:3.1,2) + £%v21[45+ Lo(Lo + DI w®(2,0:3.2,D)](x ™)1}
(151)
8e3(3,0;4) = —¢; a0 73— Z,[EV10w(3,0; 1,1,2) + V6 wP(3,0;1,2,1)
+ 310w (3,0:2,1,1D)](x )1, + [%JTO 35+ 3Lo(Lo + D1w{’(3.0: 1,1,2)
+ 8. /6135 +3Lo(Lo + DIwP(3,0;1,2,1) + V1035 + 3Lo(Lo + D1 wP(3,0:2,1, D]{x )1, ).
(152)

8e3(4,0:4) = —q? a"' - Z}[EEV10wP(4,0: 1,1,2) + 2Z V6w (4,0;1,2,1)
+ 22V 10wP(4,0; 2,1, D ](x™") o1, + Z1[ 32V 10[99 + 2Lo(Lo + D] w(4,0:1,1,2)
+ 5V/611661 +29Lo(Lo + DI w®(4,0; 1,2,1) + 55:+/10[1661 + 29Lo(Lo + D] w(4,0;2,1, )] (x ™)1,
—[BV10 (L§ + 2L + 179L% + 178Lo + 1260) wP(4,0; 1,1,2) + 183/6 (L§ + 2L + 179LF + 178L,

+1260) wP(4,0;1,2,1) + V10 (L§ + 2L5 + 179L3 + 178Lo + 1260) w(4,0; 2,1, D] (x ).}, (153)
8e3(2,1;4) = —q}a" -7 [EV1I0wP(2,1;1,1,2) + 2V6wP(2,1;1,2,1)

+ 1 /10w @2 52, L, D] (720, + [RVI0[55 +4Lo(Lo + D1 w® (2,15 1,1,2)

+32V6[110 +3Lo(Lo + DIwP(2,1; 1,2,1) + 22/10[55 +4Lo(Lo + D1 w®(2,1;2,1, D] (x )01, }, (154)

8e3(2,2;4) = —q; a"' 7= ZF[ V10w P(2,2:1,1,2) + 226w (2,2; 1,2, D) ](x )1,
+ Z1 [ (5V10[6919 + 128Lo(Lo + D] w(2,2; 1,1,2) + 32/6[88 + Lo(Lo + DwP(2,2; 1,2, D]¢x ") 01,
—[12810 (L§ +2L5 + BOL2 + B8 1, 4+ 1560) (3>(2,2; 1,1,2)
+ 3 V6(L§+2L3 + 129L3 + 128Lo + 2860) w¥(2,2; 1,2, )] (x ™)1, }- (155)
4. Fourth-order energy

The fourth-order energy correction can be evaluated according to

AEy = AEY) + AEY, (156)
where
AEY = (W) ]ve [ 9), (157)
AED? = —AE, (W |W)). (158)
In the above we have applied again the condition A E; = 0; also, |V, ) is the first-order wave function correction given by
(‘I]m |ch |“IJO>
W) =)  ————¥n) (159)
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and |\W,) is the second-order correction

Z (Wi [vex W) (W [vex [Wo)

\If =
I¥2) (Eo — Ex)(Eo — Ey)

W) (160)

k'n

We focus on AEf‘]) first. Substituting (159) and (160) into (157) yields

W Ucx q”m \I”m Vex W) (W Uex \I’” \pn Ucx W
AE§1)=Z<O| [ Wi ) (W [Vex | Wi ) (Wi Ve [ W ) (Wi | |o>_ (161)
o (Eo — En)(Eo — En)(Eo — E)
Let
Wo = PoXnLoMy> (162)
Wi = @n Lo, My Xng Lo, Mys (163)
Wi = Gy Ley Moy Xy Loy Moy (164)
Wi = PnyLoyMey Xny Loy M,y (165)
We first perform the following expansions according to (52)
(sen, )’
TR D D ey (166)
EO - [8en,, (Le,)]
1 dey, /
— Z( 1/+! ( ‘2) — (167)
Eo— Ep = [8en,, (Ley) |
k
= (3en,)
x3
Z LS e EA— (168)
_ k+1
Eo = [8% (Les)]
It should be pointed out that in making the above expansions, the necessary condition for these expansions to be valid is that
the excitation energies 58,16 (Ltp) # 0 for p = 1,2,3. However, it is allowed for Ssnc (L) =0,1.e, (]5,,m = ¢, because the
intermediate state Wy is connected to another intermediate state W, or W,, by v,,. When this happens Ey — E v = —Se,,l and so
a special treatment is needed for this case. We thus further split AE, D into two parts:
AE]) = AEY) + AE)), (169)
where the first term is for the case of 88,1(_2 (L¢,) # 0, and the second term for 88,1[_2 (L¢,) = 0. We deal with AE‘(‘L) first.
Substituting (162)—(168) into the right-hand side of (161) and evaluating various matrix elements of v., we obtain
Cr, Cr,CpCy
E‘(‘L) — Z ( 1)l+j+k+1 Z Z Z ( 1)L 3 12
i, j.k=0 Lo>0 Loy Lo >1 6,631 (LeysLey)
X wE4)(l5,]’k; L625LC]’£]7£27LL3) lj/)((chvLCl7£l5£2’LL'3)' (170)
In the above, the quantity describing the core w'® is defined by
Do Tre, (| Prey Loy \Prey Loy | Ter | Prey Loy \Prey Ly | Ter [Py Ly NPy Loy || Ty || D
wf”(i,j,k; ch,Lcl,Kl,ﬂz,Lc3) = Z ( O” Lo | £ ‘>< Lo 100 ” ke ZX b 76 ke ‘)( ke L s 0>, 71

[0, (Le)] ™ [Ben, (L)) 36, (Le) ]

where njz indicates that the intermediate spectrum {¢n(2 Le, Mfz} should exclude the ground state of the core ¢y. It is easy to see
that w'® has the following symmetry:

wi.‘”(i,j,k;LCZ,Lcl,él,zz,Lq) = w®(k,j,i;Le,,Ley 2,01, Ley). (172)
The quantity describing the Rydberg electron wl ; k is defined by
L, 14 L. L. 14 L.
Wi (Ley Loy bl L)) = Y Y (=DMatMa 79 1 L e 2 L
My Mey My mym2 _MC‘ mi MCZ _MCZ ma MC3

). (173)

i % % k. %
X <XnULOMO|uLclMcl hsuélmlhx ulgmzhsMLCSMp3
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One can further simplify w! by applying similar steps leading to (132), arriving at

l]k
2L+ 1
w® _ =Lo 1/2
wii (LeyoLe, 1.2, Ley) = s (LeyiLey l1,b2) 7" ) (21,92,93)
919293
L., Ly \[t:c € 2B\[(t6 Q0 9B\[Le 9 L.
« 3 0 1 2 1 2 1 2 3 0 3 1 G(4)(91,QZ,Q3)
o o oJ\o o o/J\o o o/J\o o o
o0
X f dx x7EatU R, 1 () RE(Q23) x0T RI(Q0) x 7T RE Q) x e T Ry, (), (174)
0

with G® being defined by

LL‘ E] LC LC EZ LC
CY(Q.2.Q)= D )Moy Moy +my ! . ’ ’
(£21,£22,923) Z Z (=1 M, m; M,)\-M, M.,

Moy Moy Moy mimy w0203 o M2
« L, Ly by Q1 2 £y Q2 Q) Lo €3 L, (175)
—]Wc3 M() w1 mp w1 w7 —mi w7 w3 M() w3 —1‘4L-1 ’
The use of the graphical method of angular momentum leads to [27]
1 Q Q ¢ Q Q ¢
G(4) Q1,920,923 = (-1 0146, 3 2 1 2 1 2 ) 176
(€21,€,23) = (=1 ot 1 L. Lo[|Le L. Lo (176)
We finally have
(4 (—Dhte 1/2 Ly
wii(LeLabintale) = o= (LaLati) & ) @. (et S
919293
« b Qr N[l Q2 Q\(Lo Qb L\ |R Q2 4|20 Q1 4
o o oJlo o oJ\o o o)L, L, Lo[|Les Le Lo
oo
x / dox x 7Pt Ry, () h(Q3) x0T R(Q0) x0T Q) xS T Ry, (). (177)
0

From the four 3 — j symbols in (177) one can see that L., + £; 4+ £2 4+ L., must be even with the lowest value of 4. We thus
rewrite AES‘) in the form

AE) = Z Z Sea(i, j.k;s), (178)
i,j,k=05=4,6,8,.
where
o C., C1, C,C
Seaijikisy =Y S (mpytre T e SRy W ks Ly Loy L)' (L Loy 1,62, Ly ).
Ley>0 Ly 6,6, Ley>1 (Le,Ley)
Loy +61+6+Ley=s
(179)
We now list 8e4(i, j,k; s) below up to the order of (x~!°),, ., where the symmetry condition (172) is applied:
8e4(0,0,0;4) = —¢ a® 7*[ B w!P(0,0,0;0,1,1,1,1) + 2Zw(0,0,0;2,1,1,1, 1) [{x %)L, (180)
8e4(1,0,0;4) = g o’ m°[F2w(0,0,1;0,1,1,1,1) + 22w ((0,0,1; 2,1, 1,1, D] (x '), 1, (181)
3e4(0,1,0;4) = gf @’ m*[ 2w (0,1,0;0,1,1,1,1) + 22wP(0,1,0; 2,1, 1, 1, D[ (x "), (182)
8¢4(0,0,1:4) = g o’ [ w!P(0,0,1;0,1,1,1,1) + Z2wP(0,0.1: 2,1, 1,1, D [(x %), (183)

8€4(0,0,0;6) = ¢ a" 7*[ Z V6 w'¥(0,0,0:2,1,1,3,1) + & w¥(0,0,0;3,1,2,2,1)

w®(0,0,0;1,1,2,2,1 16
675 ( » )+5

25
+ 522 w"(0,0,0;0,1,1,2,2) + 22=+/35w{"(0,0,0;2,1,1,2,2) + ;2= 15w{P(0,0,0; 1,2,1,2,1)
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+ 722 V/15wP(0,0,0:3,2,1,2,1) + 25+/14w(P(0,0,0:2,1,1,1,3) + 2 w!?(0,0,0;1,2,1,1,2)

2205 1125
+ 32 w!?(0,0,0;3,2,1,1,2)](x )y, (184)
Let us consider (¥ |W¥) in (158), which can be expressed in the form
(Wolvex [ Wn) (Wn|vex | Wo)
U, | = 185
(U @) Z Eo—E.p (185)
Assuming

\IJO = ¢0Xil()LOMos (186)
Wy = Gn. LM Xn, LM, > (187)

and using the expansion of 1/(Ey — E,) in (52), (¥;|¥;) can be reduced to

ad o C? 2L, + 1)2i+i—2
(i) = Y (- Y - i+ j+ LLowZ (L), (188)

i,j=0 Lo>1

where (i + j +1,L.) and wfi)](Lc) are defined in (64) and (60) respectively. Since (W;|W,) depends on i and j throughi + j,

we can apply the following transformation

oo o oo k o0
DY fi+N=) D fl =) (k+Dfk), (189)

j=0 i=0 k=0 i=0 k=0
to (188) resulting in
2L +2 )
(W[ W)) = g7 Z( 1><z+1)2 ———a(i + LLJw (Lo). (190)
L.>1

Comparing to (73) one can see that (| |\ ) has the same expression as A E,, provided that —2(i + 1)a(i + 1,L.) is replaced by
a(i,L.). Thus, if we set

oo

(W) =D Y e Lo), (191)

i=0 L.>1

according to (76), (85), and (111), we have the following specific expressions:

ep(0.L.) = g7 a*™ 2 B, (x 7272, 1,, (192)
ep(1,L) = =2q>a* (L. + DL + Dy, (x5 010 (193)
27 o Lo(Lo+ 1) o
ep(2,L) = —6q2a*T 5 (L. + 1>2{2L i3<x 2L 5>noLo—(Lc+2)(2Lc+1><1+ @ fl)ﬁﬂ +3))<x 2Le 6>m,Lo}-

(194)

Using these results, one obtains the following correction of (158) up to order O(x~'%)

AEY =L qtabay prix )2 + gl [ B+ a" Bron — 12a° ey yi — 6a° BE] (x ™) ngry (X )z, + OGN, (195)

Finally we consider AEQL) in (169), which corresponds to the case of ¢np2 LM, = ¢oand thus Ey — Ep = —8enx2 = —(enx2 _
en,) in (161). After evaluating relevant matrix elements of v.,, we obtain the following expression
+k—6
AE!) = Z( 1)'+k+1 Y CLCr Loy Leg)Wylisks Loy Ley)a(in L, Jar (Lo ) (196)
ik=0 Lo Ly>1

where «(i, L) is the 2%<-pole generalized polarizability defined in (64) and

We(isk: Lo, Le,) = Z (XnOLUMU}MLL,ML,hiuL M, Gno)ur, Mﬁzh;uL M.,
M., M,

) (197)
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with G(ng) being the reduced Schrodinger-Coulomb Green’s function defined in Refs. [28,29]

G(l’l()) = Z ’ Xn,tz Ly, My, )(Xn,vz Ly, My, .

€n,, — €n
Ny Ly M, & 0

(198)

It should be mentioned that in (198), the sum is over all states, including the continuum, with e, # e,,. By taking the complex
conjugate of We(i,k; L., ,L.,) and noting that it is real, one arrives at the following relation

W (ks Lo, L)) = Wy(k,is Loy, L)) (199)
Using (75) one can see that
L, L
W (0,05 Le, Ley) = (1‘673)52@.1,% (n0, Lo), (200)
where
Si.j(10,L0) = (Xnoromy |X 772G (€n0) X ™I 72| Xng Loy - (201)
In general, W, can further be recast into
W, (ivk; L., 7LC3) = (XnOLUMo |Z/Alz (Lcl)é(gno)z;lk (LC3) |XnoL0MU> = (Xn0L0M0|Z/?i (Lcl) ‘gk (LC3)>’ (202)
where
" n XL Moy N Xno Loy vt | Ui (L ) | X
|8k (Le,)) = Gen) Ui (Ley) | Xnoromo) = Z | KoLy, ) ;L _M_ze (Ley) | XnoLom,) (203)
2Ly, My, Mxy Mo

and I]i (€) is defined in (61). The above defined |gx(L.,)) may be interpreted as the first-order wave function correction due to the
perturbation —Z]k(LC3), thus satisfying the following equation

hs |gk (L6‘3)> = Z/?k (LC3) | X"L[)L()M(]) - (Xn()L(]M() }Z/?k (LC3) |XI‘I()LOM(])|X"(]L()M())' (204)

This equation can be considered as the reduction formula for £, acting on |gx(L.,)), where the right-hand side of (204) does not
involve the Green’s function.
Next consider the following case:

Wg(l ,k; Lcl 9LC3) = Z (XnoLUMU }MLL.] M, hsuzf] M,
M.,

8k (ch)). (205)

In order to simply the above expression, we try to move £, to act on |gx(L.,)) directly so that (204) can be applied. Since
e hsy, g, = e st [hsttl g, |+ ueg g, g s = —aur, o, Vi oy oV Fur m gy he o (206)

according to (81), we have

Wo(1.k; Lo, Le,) = a Z/d3x(Vx:OLOMO) (Vg w UL m, gk (Ley) + %(XnoLoMo} szuul Mo T, |gk(Le.))
M, M,

‘1 1

+ (noromo| Y e g uy, v, sl g (Les))- (207)
M,

In the above, we have performed an integration by parts and applied V2uy,, = 0 and 2Vuy,, - Vuj, = Vi(u emlU},,). On the other
hand, using

* _ * * _ . * *
Upo Mo hsUp, m, = [er,m, ’hf]”Lqu F st M UL, p, =4 (Vuer,m,) Vv, TR M UL (208)
and noting that (x,,z,m,|hs = 0, we have

We(Lk;Ley L)) = —a ) / *x (Vs rom) - (YL, M UL, o, 8k(Les) (209)

M,

after performing an integration by parts. Furthermore, it is easy to verify that

> (Vuuly, =Y uim(Vug,) (210)
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according to (83). Therefore, by adding (207) and (209) and using the formula ), we,u}, = x7272Q2e+1) /(4m) we arrive at

2L, +1 oL 2L, —
Wg (l’k; LCI ’LC3) = T [% (Xl’l()LoMo | sz 2L£1 2 |gk (LC';)) + (XnoL()M() |x 2LLI 2 hS |gk (LC1)>}
2L, +1 2L, —4 —2L., =277
- T[a (L"l + 1)(21‘01 + 1)<X"0L0M0|x “ |gk(L03)> + <X”0L0M0 ’x “ uk(LL'3)|X"0L0M0)
- (x72LCl 72)}10L0<X}’L0L0M{] |Z/?k (LCj) |Xn0L()M())] k) (21 1)
where (204) has been used. Consider the case of k = 0. Since
Up(Le;) = %x—%—{ (212)
2L, +1 4 o
[80(Les)) = == ——=G (en)x " [xnpLomo), (213)
we have the following expression
(Ley,Ley)
W(1,0; L, Ley) = W[G(Lc, +1)(2L, + I)SZL(.I +2,2L,, (10, Lo)
R e L PV € e e T S I B (214)

It is noted that We(1,k; L., ,L.,) in (211) can further be expressed according to

a(Le, + DL, + 1)? 1 2L. +1 o
We(1.k: L, Le,) = 6'2(2L ;é) Wg(O,k;Lcl+1,LC3)+§w3k)(Lcl,Lc3)—g—ﬂw,§>(Lc3)<x ALo=2y o (215)
c
where
w00 = (XLt [T (O Xnooste)- (216)

and wl@(é) = {XnoLoM, |Z/75(3)|Xn0LOMO> is defined in (60). Since w?}‘) is real, it is seen that wf;.‘)(ﬁ,ﬂ’) = wﬁ)(ﬁ’,ﬁ). Applying a
similar procedure leading to (135), we arrive at

2 2
@, o L) ¢ Ly S\ (¢t Ly 0
i) =T @y o o) (o 0 o

Q12

o0
X / dx xR, 1, () hA() [x 2 RI(QD) x 7 T Ry, ()] (217)
0

We list some special values for wf}‘)(ﬂ,ﬁ’) below:

wio (6,0) = %(x‘z(“““‘)nm (218)

W) = 1o 219

w((2.1) = % X)L, (220)

wy(1,2) = % 20000 221)

wy(2,2) = % PR (222)

wiy(1,1) = —3332 )z + 21a2(L(2)1;—7T12,0 +36) 200, (223)
wi(1,2) = —%( “13Yoro + 405&@5;;0 +59) i (224)
wf{?(z,l) __ 1?12:2,2 G, 4 405a2(L1(2)7;;1;0 +55) - 225,
w11 = —%ﬁ;a}u-” o 1701a3(3l§8:23L0 + 44) R 026
wi?(1,1) = —i%z(x—”nm + (2L +8721§° +315) )0 L0s (227)
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45714’ 45a*(L§ + Lo +297)
4 1 — _
Wi (1,2) = == (T g, + g R (228)
| 225Z,a° 225a*(2L§ + 2Lo 4 1001)
(4) ! —15 0 -16
12.2) = —— e 7 e, + 1167 (™ Lo (229
21Za’ 21a*(2L§ 4 2Lo + 1001)
(4) 1 -15 0 0 -16
(1 3) 267T2 (-x )nnLo + 527[2 (-x )nnLo' (230)

Finally, we evaluate W, (2,k; L.,,L.,):

Wg (2,k; Lc1 ch‘3) = Z (XnOLUMO ‘UL(.I M., h?”z] M

(Le))

M.,
= Z (Xn0L0M0|[MLC] M, shs][hssuzcl M., ] |gk (LC3)) + Z (XnoL0M0|MLq M., hsuzl M., hs|gk (LC3)>' (231)
M., M,
In the above expression, the first term on the right-hand side can be neglected because it contributes terms of order (x ), .,
and below. The second term can be simplified by applying (204)
Wg (z’k; LL‘] 7LC3) ~ (XVL()L(]M() ’Z/71 (LC1 )Hk (LC3) }XVLQL()M()) - (XVL()L(]M() V/?l (Lcl ) |Xn[)LOM0)<XVloLOM() |Z/7k (LC3) |XnQLOM()>
4 2 2
= w (Lo, Ley) — w? (Lo, )wd (Ley), (232)
where (60) and (216) have been used. Therefore, the final result for AES,), accurate to (x 1())"0 Lo» 18
) 4 9 1 4 38 -3
AEy) = —1qia® aiS5(no.Lo) — 1 g} a® ay(@ar — 681)Ss2(no.Lo) + 4 g a® i Bi (x ™)y 1,
—LgtataiBi((cnn) + L at ¥ ey + ampi — 280y — 1087) (x710),,1,
—1qla’ (aaifo+aapi — 1201y = 687)(x Hugry (x Oy, + O, (233)

In the above, we have neglected Ss 4(n¢,Lo) and Se 2(10,Lo). Substituting (233) and (195) into (169) and (156), we finally arrive
at the following expression for the total fourth-order energy correction

AE4 = AEA(;Z) 4 gt a® ol S$:5(no,Lo) — 5 qta® ay(aar — 61)Ss2(no,Lo) + 2 qtad o Brix )L,
+1qla’ (aoipo+aarBi —28aiy1 — 10B7) (x™'%)1,. (234)

where AEA(‘L) is given by (178). For the fifth-order correction A Es, it contributes terms of O(x~!") and smaller and can thus be
neglected.

Finally, let us discuss a scaling property of S; j(no,Lo) defined in (201), which was calculated by Swainson and Drake in
Ref. [28] using i\ = —V?/2 — 1/r as the Rydberg electron Hamiltonian. It can also be calculated using equation (6.1.12) in
Ref. [29] where an extra factor of 2 needs to be applied because of the units used. Our Hamiltonian &, = a(—V2/2 — Z;/x),
however, can be transformed into /. by letting r = Z;x, i.e., hy = aZ%h;. Since

1

— ep, 172|X”0L0M0>

—i-2
S;,j(no,Lo) = Z (XnoLomo X ™" p |XnXZLXzM,Q)()(%L,xzzwx2

Ny
Ny Ly My, 2

by applying the definition of G(no) in (198), we then have the corresponding transformation S; ;(no,Lo) = (Z'+’+2/a) S/ (no, Ly),
where S[, j(no,Lo) is the one calculated in Ref. [28].

III. RESULTS AND DISCUSSION
After collecting all terms up to (x"o)n0 L,» the second-order correction A E; can be expressed as follows:

4

AE, 1 Y
EaDD (— §>a“"”au< g+ Z L@ L+ D@L+ DB
x L.=1 .—1

2
27 o Lo(Ly+ 1) o
2L.+4 2 1 2L.—5 0\~0 2L.—6
¢ L.+1 Y re —(Le +2)QL. + D] 1 =6y,
+LZ:1a yi.(Le + ){2LC+3<x Yoz — (Le +2)2L, + )[ +(LC+1)(2LC+3)]<x >0L0}
4087 3 16472
+d’8 { - Loty + 720[1 + g LoLo+ 1)] <xl°>noL0} +ab¢ ( — T‘(xl‘)),wLo), (235)
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where we have moved the g,-related factor to the left-hand side. It should be noted that the last term in the above expression of
AE; is absent in both Drake’s [2] and Drachman’s [5] formulas.
The third-order correction A E3 reads

AE 16+/10 6
S = 4 n w?(0,0:1,1,2) + —— 86
—q} 205 135

w(0,0; 1,2, 1)) oL

+a9n3(16T“/52_1wg3>(0,0; 1,2,3)+165;/51_5 $(0,0;1,3,2)+ 12‘55’_5 9)(0,0;2,1,3)+%/?w£3’(0,0; 2,2,2)> (gL
+2a8n3<8‘2/51_0 9, 0,1,1,2)+1 f g3>(1,0;1,2,1)+167—@@?)(1,0;2,1,1)><x‘9>n0L0

+d°n3 7, (?w?)(l,l; 1,1,2) + %w?)(l,l; 1,2,1)) (x100 0

+2d%71 7, <%51_0w§3)(2,0; 1,1,2) + %Ew?)(z,o; 1,2,1) + ?w@(z,o; 2,1, 1)> (710 L,- (236)

It should be noted again that all the (x’lo)no 1, terms above are entirely missing in the works of Drake [2] and Drachman [5].
Finally, the expression for AEy is

AE,
q}

16 32
= —a8n2<ﬁw£4)(0,0,0;0,1,1,1,1) + =

105 wﬁ.‘”(o,o,o;z,l,l,l,l)) ()1

112 224
+2a9n2<ﬁw£4)(0,0,1;0,1,1,1,1) + mwg“)(o,o,l;2,1,1,1,1)) (x71%, L,

128 352
+a9”2< 81 wP(0,1,0; 0.11L1L1) + 2= <4><0,1,0 2,1,1,1,1))< 1Y oLs

326 32 16
+a10n2( V6 w¥(0,0,0;2,1,1,3, 1)+ <4>(0 0,0;1,1,2,2, 1)+ <4>(0 0,0:3,1,2,2,1)

945
32 64+/35 64«/1
w¥(0,0,0;0,1,1,2,2 w¥(0,0,0;2,1,1,2,2 w¥(0,0,0;1,2,1,2,1
tos ( )t 575 7875 ( )T 3375 3375 ( )
32415 3214 32
——w%0,0,0;3,2,1,2,1 w¥(0,0,0;2,1,1,1,3 w®(0,0,0;1,2,1,1,2
205 v ( o )+2205 ( o )+11256(” 2,1,1,2)
16 1 1
+osW w(0,0,0;3 2,1,1,2>)< Y ezo §a8a1ﬂ1<x*8>noLo + Eag(aalﬁz +awpi — 281y — 10B7) (x'%), 1,
1 8 2 1 9
74 S5.2(ng,Lo) — 74 ai(aas — 681)S24(no, Lo). (237)

The above expression is in agreement with Drake’s formula [2] and differs from the result of Drachman [5] regarding the term
(—28a1y1 — IOﬁlz)(x’lo)noLU. In Drachman’s calculation, he obtains (—12a;y; — 14,312)(x’10)n0L0 instead.

The expressions in (235), (236), and (237) are valid for any atomic system in a high-L atomic state with the core in an S-state
as far as the nonrelativistic Hamiltonian (1) is concerned. For heliumlike systems, all quantities of describing the core properties,
such as a(i,L.) in (64), w in (127), and w™® in (171) can be calculated either analytically or numerically. For «(1,3), for
example, our numerical result is 102.03125000000000(2)Z ~'° using a 60-term Sturmian basis set [30], while the analytical value
given in Ref. [2] is %Z —10 'We have checked the analytical values listed in Ref. [2] and contained in Ref. [5] and found that
all are correct except 6, the nonadiabatic correction of order (x~1°),;, to the term (x~8),,;, in (237), i.e.,

0 = 2[2a°7*(F2wP(0,0,1;0,1,1,1,1) + 24w(?(0,0,1;2,1,1,1,1))

+a’7*(Bw®(0,1,0;0,1,1,1,1) + 22w!P(0,1,0;2,1,1,1,1))]. (238)

The value %Z‘lz of 6 used in [2] and [5] is incorrect and it should be 8348.7968750000000000(1)Z~!? numerically. To
verify this, we carried out an analytical derivation using a method similar to [5] and obtained 6 = % Z~'2 that is in agreement
with our numerical value.

The finite nuclear mass effect is fully considered in our derivation of expressions A E, A E3, and A E4 either explicitly through
the parameter a = u, /u or implicitly through the nuclear mass related parameters, such as in 7y, (r;,r2, . . . ,I,) defined by (19).
It is possible to express the total energy as a sum of the zeroth-order energy and a series expansion of corrections in powers of
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y = u/M. For a heliumlike system, we have

Ev — z2 (-1 AE M, 2.0, 3.0, 4@ 739
M——7—2—112+ co T YEYy T Y Ey FYEN FYEY, + 0, (239)
0
in 2Ry, . In the above,
9 ., 69 319 2557\, _,
AEs = —47()5 YnoLo + @(x YnoLo + 30Z° Z+ 533 (x™ oL
957 5455 5925 1
— | Z’Lo(Lo+ D+ —Z% + —— |(x~ ¥, .. — ———(307291Z + 293603)(x "),
40210[ olLo+ D+ 27+ 2552](x InoLo ~ e 10 + )X DnoLo
——_[57499200Z%Lo(Lo + 1) — 12199181Z* + 2439836273
48384zt ollo+1) +
5 10 81(Z —1)° 621(Z — 1)%
+ 18916897922 — 533984227 + 23252544](x %), 1, — WSM(%,LO) + WS“(nO,LO), (240)

9 3 1919
(1 — — _
gl = _ﬁ(z — D(x 4L, + ﬁ(43z —3)(x Y1, + 578 (31922 + TZ — 2876) (X VnoLo
1 [957 Z2(Z — DLoLo+ 1) + 957 3 _ 47122 N 3555 35557, g
e — —Z7Z — —Z — —— [{(x" ")
Z10| 20 00 2 16 16 oo
- 1[5
— m(16444122 + 1549407 — 160180)(x ")z, + 55 [522(290192 —24221)Lo(Lo + 1)
12199181 _, 12199181 _, 85304659 , 117661081 _, 727807 1571117,
— _|_ — Z + (.X >n0L()
3024 1008 1008 3024 8 3
81 7 27 8¢/
= 178 Z = D'S,500,L0) + 55337 = 13)(Z = DS, 4(n0, Lo), (241)
z-1*
el = ot v (242)
0
with
e 9 4 3 2 6
By == a2 = 2Z )0 n, + g (4327 = 46Z + 18)(x ),
1 1281 16623 37069
31973 7> — Z 7,
+ 3028< T y ‘T3 ><x oLo
1 [957 ZAZ% — 27 + T)Lo(Lo + 1) + 9572 2223, N 70827 , 10665 N 24885 -
_ - |22/ _ _ _ iy
4719010 oo 2 8 4 8 oko

- W(16444IZ3 + 12657922 — 1006423 Z + 63227)(x ") o1

1
+ Jg33a 713 2160272901927 — 53240Z + 198566)Lo(Lo + 1) — 121991812° + 48796724 2°
+121722986Z* — 1768005627 + 1562925159Z% — 635022108 Z — 1699941600](x ~'%),,. 1,

81 27

(6Z% — 12Z + 13)(Z — 1)°S} ,(no, Lo) + (119Z% — 138Z + 61)(Z — 1)*S5 4(no. Lo). (243)

1628 8210
18 15 427 1309 1126
3 — — — -
e = = (Z = Dty + 6 (SZ 4+ 130 D, 5?<Z2 -—5Z+ T)“‘ Dauts + O Hayr,). (244)
-1
SS;) = o2 + 553) (245)
0
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with
-4 9 2 4 45 2 6
gy = —ﬁ(ZZ —4Z + ) {(x " noro + @(132 —10Z = 20)(x ™)oL,

1
2078
1) 22

Tables I to VI in the Supplemental Material [31] list numerical values for AE, €,,, and &,; of helium in Rydberg states
with Ly from 4-15 and ny from Ly + 1 to 16, where A, (n = 4,6,7,8,9,10) denotes the contribution of the terms involving
(x ") noLo> and Az and A, 4 denote, respectively, the contributions involving Séyz(no,Lo) and S§,4(no,L0). In these tables, we
keep ten significant figures for all the numbers. Our results could serve as a benchmark for future reference.

In summary, we have presented a complete calculation for the nonrelativistic energy levels of a Rydberg atom up to the order
of (x719),, .. We have also corrected the existing errors in the literature and recovered various missing terms from the previous
works. It is desirable to revisit relativistic and quantum electrodynamic corrections [1,2,5] to the nonrelativistic energies so that
a meaningful comparison with experimental measurements can be made. Work along this direction is a topic for future research.

+ (246)

(21127 + 68222% — 47086 Z + 69873)(x ") uyro + O ((x *)no1)-
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