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Polarization of a probe laser beam due to nonlinear QED effects
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Nonlinear QED interactions induce different polarization properties on a given probe beam. We consider the
polarization effects caused by the photon-photon interaction in laser experiments, when a laser beam propagates
through a constant magnetic field or collides with another laser beam. We solve the quantum Boltzmann equation
within the framework of the Euler-Heisenberg Lagrangian for both time-dependent and constant background field
to explore the time evolution of the Stokes parameters Q, U, and V describing polarization. Assuming an initially
linearly polarized probe laser beam, we also calculate the induced ellipticity and rotation of the polarization
plane.
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I. INTRODUCTION

The strong-field regime of QED is a completely new area of
physics with new phenomena such as “nonlinear QED effects”;
these features will be tested by ongoing experiments. The QED
quantum vacuum made up of virtual pairs, when exposed to
intense light, effectively behaves as a birefringent medium
[1–4], due to nonlinear interactions introduced into the linear
Maxwell equation. Recently, there have been many experi-
mental efforts to detect photon-photon interactions [5–10];
the direct evidence of elastic scattering has not been observed
yet. These experiments are mainly based on ellipticity induced
in an initially linearly polarized probe laser passing through
a background field, provided by superconducting magnets
[7–10] or high intensity lasers [5,6,11,12] in analogy to a beam
of light passing through a birefringent crystal. This means we
have two cases for analysis: (1) the laser propagation through
a static magnetic field made by ground magnets and (2) the
collision between two laser beams in which one of the laser
beams behaves as an electromagnetic background for another
one.

In order to observe the QED nonlinearities for weak fields
in the laboratory, long interaction length or time is required.
In these kinds of experiments [7–9], there is an interaction
of optical laser photons, which are highly linearly polarized,
with the magnetic-field strength of the order of a few tesla. By
contrast, upcoming high intensity laser systems will be able to
achieve ultra-high-field strengths in the laboratory [11,13–15].
The current laser intensity record (in the optical regime) is
given by 2 × 1022 W/cm2 [16] and future facilities envisage
even higher intensities of the order of 1024–1025 W/cm2 [6].
Because of this drastic enhancement of field strengths, it is pos-
sible to probe distances of about electron Compton wavelength
where the quantum effects play an important role [14]. There
is a critical electric field Ecr = 1.3 × 1016 V/cm, in which an
electron gains an energy me upon traveling a distance equal to
its Compton wavelength [14,15,17]. In such a field it becomes
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energetically favorable to produce real electron-positron pairs
from the vacuum [2,4,18,19], and correspondingly a critical
magnetic field Bcr = 4.4 × 1013 G. In [20–22] there are some
proposals to measure QED nonlinearities, especially in [21],
where by using combined optical and x-ray lasers, due to
the birefringence effect, QED nonlinearities increase with
background field strength and probe beam frequency. This
scenario will be realized with the Helmholtz international
beamline for extreme fields (HIBEF) facility employing the
European x-ray free electron laser (XFEL) at DESY [5], and
will, if successful, give the first experimental verification of
vacuum birefringence along with photon-photon scattering.

However, it is not clear if one gets the same results from the
experiments in the static strong-field or time-dependent one.
The laser beam consists of oscillating electric and magnetic
fields, and the authors of [20,21] have proposed that a standing
wave generated by the superposition of two counterpropagat-
ing strong and tightly focused optical laser beams can be used
as a target for a given x-ray probe beam. Although in principle
it is possible to set up high-power short pulse-laser standing
waves, this would not be easily achieved in practice. In this
paper, in addition to the static strong field, we consider a time-
dependent field configuration which occurs in the cross region
of two laser beams the frequencies of which are different. The
aims of this paper are (i) presenting a quantum-mechanical
description for the generation of an ellipticity signal in both
constant and time-varying background fields; (ii) investigating
observational consequence and discrepancy of these two cases;
and (iii) considering the effects of both time-varying electric
and magnetic fields on the polarization characteristics of a
given probe beam. For these purposes, we use the generalized
quantum Boltzmann equation formulated in [23,24], to study
the evolution of polarization characteristics for a probe beam
propagating through background fields. In this paper we have
extended the recent study [22] to provide more details of the
different experimental setups in more realistic configurations.
This paper is organized as follows. In Sec. II, we review pre-
scription of the polarization by Stokes parameters and relating
to ellipticity and rotation of polarization plane angles, and the
evolution in time obeying the quantum Boltzmann equation. In
Sec. III, we examine the generation of polarization characteris-
tics of the probe beam in the presence of the background fields,

2469-9926/2017/95(1)/012108(10) 012108-1 ©2017 American Physical Society

https://doi.org/10.1103/PhysRevA.95.012108


SHAKERI, KALANTARI, AND XUE PHYSICAL REVIEW A 95, 012108 (2017)

taking into account the Euler-Heisenberg effective Lagrangian.
In Sec. IV, we obtain the set of equations governing the
time evolution of the Stokes parameters. We analytically and
numerically solve these equations to obtain polarization char-
acteristics of the probe beam in both cases of time-dependent
and static background fields. Finally, in the last section after
some discussions, we give some concluding remarks.

II. FARADAY ROTATION, STOKES PARAMETERS, AND
THE BOLTZMANN EQUATION

We consider a monochromatic electromagnetic wave propa-
gating in the ẑ direction, where the electric and magnetic fields
oscillate in the x-y plane. At a spatial point, the electric-field
vector can be written as

�E = Exx̂ + Eyŷ = (E0xe
iφx x̂ + E0ye

iφy ŷ)e−iωt (1)

where φx and φy are the phases at the initial time, and
E0x and E0y are amplitudes in the x̂ and ŷ directions.
Polarization properties are normally described in terms of the
Stokes parameters: the total intensity I, linear polarization Q
and U, and the circular polarization V. They are defined as
time-averaged quantities [23–26]:

I ≡ 〈
E2

x

〉 + 〈
E2

y

〉
, (2)

Q ≡ 〈
E2

x

〉 − 〈
E2

y

〉
, (3)

U ≡ 〈2ExEy cos(φx − φy)〉, (4)

V ≡ 〈2ExEy sin(φx − φy)〉. (5)

Q and U depend on the orientation of the coordinate system on
the plane orthogonal to the direction of propagation, whereas
I and V are independent of this coordinate system [23].

Alternatively, linearly polarized light can be consid-
ered as a superposition of two opposite circular polarized
waves,

�E = ERR̂ + ELL̂ = (E0ReiφR R̂ + E0LeiφLL̂)e−iωt , (6)

where R̂(L̂) stands for unit vectors for the right-hand (left-
hand) polarization. According to this redefinition Q and U can
be expressed as

Q ≡ 〈2EREL cos(φR − φL)〉, (7)

U ≡ 〈2EREL sin(φR − φL)〉. (8)

If a wave propagates through a magnetized plasma, its polar-
ization vectors will rotate. Then the net rotation of the plane of
polarization is �φFR = 1

2 (dφL − dφR) = (kL − kR)dz; this
phenomenon is called Faraday rotation (FR). This phase shift
mixes Q and U parameters such as

Q̇ = −2U
d�φFR

dt
, (9)

U̇ = −2Q
d�φFR

dt
. (10)

On the other hand, when linear polarized light with circular
polarized normal modes passes through an optically active

sample with a different absorbance for different components
(refer to the imaginary part of a medium’s refractive index),
circular polarized light is a consequence of this absorbance.
For an initially linearly polarized wave with linear components
as normal modes like Eq. (1), in contrast to decomposition to
the circular states, the difference in phase velocities φx − φy

leads to a mixing between U and V parameters

V̇ = 2U
d�φFC

dt
, (11)

which measures the angle related to Faraday conversion (FC)
in a magnetized medium [26].

The quantum vacuum in the background fields effectively
behaves as a birefringence medium, introducing a Faraday
rotation (circular birefringence) on the light beam passing
through it [10]. The complex index of refraction is written
as ñ = n + iκ , where n is the index of refraction and κ is the
extinction coefficient. A linear birefringence can be described
as the difference between the real refraction indices for the
two polarizations �n = n‖ − n⊥, where n‖ is parallel to the
optical axis (in our case the magnetic-field direction) and n⊥
is perpendicular to it. Similarly, a dichroism can be defined
as the difference in extinction coefficient �κ = κ‖ − κ⊥ [7].
During propagation along a path with length L, a birefringence
�n and a dichroism �κ generate an ellipticity ε and a rotation
angle of the major axis of the ellipse ψ , respectively, which
are represented by

ε = π�nL

λ
sin 2ϑ, (12)

ψ = π�κL

λ
sin 2ϑ, (13)

where ϑ is the angle between the light polarization vector
and the optical axis direction. The Stokes parameters can be
related to the polarization rotation angle (ψ) and ellipticity
angle (ε) [27]:

I = I0, (14)

Q = I0 cos 2ε cos 2ψ, (15)

U = I0 cos 2ε sin 2ψ, (16)

V = I0 sin 2ε, (17)

where I0, 2ψ , and 2ε are the spherical coordinates of the
three-dimensional vector of Cartesian coordinates (Q,U,V ).
Since the three parameters I0, 2ψ , and 2ε determine the four
Stokes parameters, there must be a relation between the Stokes
parameters; this relation is I 2 = Q2 + U 2 + V 2 (only true for
the 100% polarized light). For a general source of light which
is a superposition of many different waves without any fixed
phase relation between them, all four Stokes parameters are
independent of each others and should be measured separately,
in this case I 2 � Q2 + U 2 + V 2. However, for given sets
of Stokes parameters, one can transform the spherically
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coordinate Eqs. (14)–(17) to obtain the following relations:

I = I0, (18)

2ψ = arctan

(
U

Q

)
, (19)

2ε = arctan

(
V√

Q2 + U 2

)
. (20)

Generally if one has a polarization ellipse that the electric-field
end point traces out, ψ represents the angle of the polarization
plane and ε manifests its ellipticity.

The Stokes parameters can be defined in a quantum-
mechanical description by using the quantum operators and
states in which the linear basis corresponds to Stokes pa-
rameters [23,24]. In a general mixed state, an ensemble of
photons can be described by a normalized density matrix
ρij ≡ (|εi〉〈εj |/trρ). The density matrix ρ on the polarization
state space encodes the intensity and polarization of the photon
ensemble; the expectation value for the Stokes parameters is
given by

I ≡ 〈Î 〉 = trρÎ = ρ11 + ρ22, (21)

Q ≡ 〈Q̂〉 = trρQ̂ = ρ11 − ρ22, (22)

U ≡ 〈Û 〉 = trρÛ = ρ12 + ρ21, (23)

V ≡ 〈V̂ 〉 = trρV̂ = i(ρ12 − ρ21). (24)

These relations show that the density matrix for a system of
photons contains the same information as the four Stokes
parameters. The explicit expression of the density matrix in
the linear polarization basis in terms of Stokes parameters is
given as follows:

ρ = 1

2

(
I + Q U − iV

U + iV I − Q

)
. (25)

In fact, one can evaluate the time evolution of the polarization
vectors by considering the time evolution of the density matrix.
The density operator ρ̂ for an ensemble of free photons is
given by

ρ̂ =
∫

d3p

(2π )3
ρij (p)â†

i (p)âj (p), (26)

where the density matrix elements ρij are related to the number
operators D̂ij (k) = â

†
i (k)âj (k) as follows:

〈D̂ij (k)〉 = (2π )32k0δ(3)(0)ρij (k). (27)

The time evolution of the photon number operator can be given
as

d

dt
D̂ij = i[Ĥ ,D̂ij ], (28)〈

d

dt
D̂ij

〉
(t) � i〈[Ĥint,D̂ij ]〉

−
∫ t

0
dt

′ 〈[Ĥint(t − t
′
),[Ĥint(t

′
),D̂ij ]]〉, (29)

where Ĥ is the total Hamiltonian and Ĥint is the interacting
Hamiltonian. Equation (29) can be expressed in terms of the
density matrix [24]

(2π )32k0δ(3)(0)
d

dt
ρij (k)

= i〈[Ĥint(t),D̂ij (k)]〉

− 1

2

∫ +∞

−∞
dt〈[Ĥint(t),[Ĥint(0),D̂ij (k)]]〉. (30)

Equation (30) is called the quantum Boltzmann equation, and
the time evolution of the Stokes parameters is given by this
equation; the first term on the right-hand side is referred
to as the forward-scattering term while the second one is
the usual collision term. In the case of linear Maxwellian
electrodynamics, the time evolution of the Stokes parameter V
is always equal to zero, and no circular polarization occurs. In
the following section, we will show that if nonlinear QED
interaction in the presence of strong background fields is
included the time evolution of V does not vanish, leading to
nonzero circular polarization. According to Eqs. (20) and (19),
the time dependence of V, U, and Q parameters gives rise
to the variation of ellipticity ε and a rotation of polarization
plane ψ which are principally measurable quantities in laser
experiments.

III. EULER-HEISENBERG LAGRANGIAN AND THE
GENERATION OF CIRCULAR POLARIZATION IN THE

PRESENCE OF BACKGROUND FIELDS

Here we are going to consider the nonlinear QED process
in the strong background fields which are provided by
superconducting magnets or by an ultraintense laser. In fact
an intense laser field represents a photon coherent state with a
large number of photons. In a typical petawatt class laser there
are 1018 photons in a cubic laser wavelength; the correspon-
dence principle tells us this laser beam is very well behaved
like classical electromagnetic fields [18]. In the following, we
adopt the effective Euler-Heisenberg Lagrangian at the level
of one-loop calculation [2,28–30]

Leff = −1

4
FμνFμν + 1

180

α2

m4
e

[5(FμνFμν)2

− 14FμνF νλFλρFρμ], (31)

where the first term is the classical Maxwell Lagrangian, me

is the electron mass, and α is the fine-structure constant. In the
Euler-Heisenberg Lagrangian the photon interactions in the
presence of a background field can be considered by replacing
Fμν → fμν + Fμν with the probe quantum field fμν as a weak
perturbation on top of the strong background field Fμν , which
varies slowly in comparison with fμν . The quantum field fμν =
∂μÂν − ∂νÂμ and the free photon field Âμ in the Coulomb
(radiation) gauge can be written as

Âμ(x) =
∫

d3k
(2π )32k0

[âr (k)εrμ(k)e−ik.x + â†
r (k)ε∗

rμ(k)eik.x],

(32)
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FIG. 1. Photon-photon interactions in the background of electro-
magnetic fields, where B represents the classical magnetic field and
E represents the classical electric field.

where εrμ(k) = (0,�εr (k)); r = 1,2 shows the photon polariza-
tion four-vectors for the two orthogonal transverse polariza-
tions; and k (with k0 = |k|) stands for the four-momentum.
The creation and annihilation operators satisfy the canonical
commutation relation as

[âi(k),â†
j (k

′
)] = (2π )32k0δij δ

(3)(k − k
′
). (33)

We compute the evolution of the density matrix and the
Stokes parameters in the effective Euler-Heisenberg (31)
framework and in the presence of background fields. We
only consider the leading term (forward scattering) in the
Boltzmann equation (30) as follows:

(2π )32k0δ(3)(0)
d

dt
ρij (k) = i〈[Ĥint(t),D̂ij (k)]〉. (34)

Regarding the canonical commutation relations of the creation
and annihilation operators and their expectation values given
in [24] it is easy to see that the nonvanishing contribution to the
right-hand side of Eq. (34) comes from the photon interaction
with two background field Fμν as shown in Fig. 1. The
interaction with three background fields has no contribution
to the term 〈[Ĥint(t)D̂ij (k)]〉 of Eq. (34), because we have
ignored correlations such as 〈âi(k)âj (k

′
)〉 and 〈â†

i (k)â†
j (k

′
)〉.

In fact, we are assuming that the background field Fμν varies
slowly enough in time so that physical two-photon states are
neither created nor destroyed by the interaction. In this case
the nonlinear interacting part of the Lagrangian (31) can be
found as follows:

Lint = α2

90m4
e

[5fμνf
μνFλρF

λρ + 10Fμνf
μνfλρF

λρ

− 14fμνF
νλfλρF

ρμ − 28fμνf
νλFλρF

ρμ]. (35)

By substituting Eq. (32) into Eq. (35) and using the coulomb
gauge (ε̂ · k̂ = 0), one can calculate Hint = − ∫

d3xLint as

follows:

Hint = 2α2

90m4
e

[ ∫
d3k

(2π )3(2k0)2

∑
ss

′
â†

s (k)âs
′ (k)

× (
12kμFμνε

ν

s
′ k

λFλρε
∗ρ
s + 28kλFλρF

ρμkμ

)]
. (36)

According to this interaction, the background field Fμν

behaves as an effective coupling between photons. In other
words the photons interact with each other via background
fields. We now proceed to evaluate 〈[HB,2

int (t),D̂ij (k)]〉 by using
the contraction relation:

〈â†
s
′ (k

′
)âs(k)〉 = 2k0(2π )3δ3(k − k

′
)ρs

′
s(k). (37)

There is no contribution from the second part of Eq. (36)
which contains only the background fields. Consequently the
time evolution for the density matrix Eq. (34) can be obtained
as follows:

dρij

dt
= 2iα2

15k0m4
e

[∑
s

(
kμFμνε

ν
s kλFλρε

∗ρ

i

)
ρsj

− (
kμFμνε

ν
j kλFλρε

∗ρ
s

)
ρis

]
. (38)

In the following, we choose �k = k0k̂, where k̂ indicates the
direction of outgoing photons from the transverse probe laser.
We use the transverse condition for real polarization vectors,
�ε1(k) and �ε2(k) being orthogonal to the direction of �k. The
background antisymmetric field tensor Fμν is expressed in
terms of electric- and magnetic-field components

Fμν =

⎛
⎜⎝

0 Ex Ey Ez

−Ex 0 Bz −By

−Ey −Bz 0 B
x

−Ez By −Bx 0

⎞
⎟⎠. (39)

The magnetic-field components can be represented as a vector
field �B = F23x̂ + F31ŷ + F12ẑ; then we can proceed to the
calculation, for example, the term kiFij ε

j
s in Eq. (38):

kiFij ε
j
s = F12

(
k1ε2

s − k2ε1
s

) + F23
(
k2ε3

s − k3ε2
s

)
+F31

(
k3ε1

s − k1ε3
s

)
= �B · (�k × ε̂s). (40)

Also the electric-field components can be represented as a
vector field �E = F01x̂ + F02ŷ + F03ẑ and

k0F0iε
i
s = k0

(
F01ε

1
s + F02ε

2
s + F03ε

3
s

) = k0 �E · ε̂s . (41)

As a result the time derivative components of the density matrix
can be expressed as

dρij

dt
= 2iα2k0

15m4
e

[∑
s

( �B · (k̂ × ε̂s) �B · (k̂ × ε̂i ) + �E · ε̂s
�B · (k̂ × ε̂i ) + �E · ε̂i

�B · (k̂ × ε̂s ) + �E · ε̂i
�E · ε̂s)ρsj

− ( �B · (k̂ × ε̂j ) �B · (k̂ × ε̂s ) + �E · ε̂j
�B · (k̂ × ε̂s ) + �E · ε̂s

�B · (k̂ × ε̂j ) + �E · ε̂j
�E · ε̂s)ρis

]
(42)
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the components of which are

ρ̇11 = 2iα2k0

15m4
e

[( �B · (k̂ × ε̂2) �B · (k̂ × ε̂1) + �E · ε̂2 �B · (k̂ × ε̂1)

+ �E.ε̂1 �B · (k̂ × ε̂2) + �E · ε̂1 �E · ε̂2)(ρ21 − ρ12)], (43)

ρ̇22 = 2iα2k0

15m4
e

[( �B · (k̂ × ε̂2) �B · (k̂ × ε̂1)+ �E · ε̂2 �B · (k̂ × ε̂1)

+ �E · ε̂1 �B · (k̂ × ε̂2) + �E · ε̂1 �E · ε̂2)(ρ12 − ρ21)], (44)

ρ̇12 = 2iα2k0

15m4
e

[( �B · (k̂ × ε̂2) �B · (k̂ × ε̂1)+ �E · ε̂2 �B · (k̂ × ε̂1)

+ �E · ε̂1 �B · (k̂ × ε̂2) + �E · ε̂1 �E · ε̂2)(ρ22 − ρ11)

+ (( �B · k̂ × ε̂1 + �E · ε̂1)2 − ( �B · k̂ × ε̂2 + �E · ε̂2)2)ρ12],

(45)

ρ̇21 = 2iα2k0

15m4
e

[( �B · (k̂ × ε̂2) �B · (k̂ × ε̂1) + �E · ε̂2 �B · (k̂ × ε̂1)

+ �E · ε̂1 �B · (k̂ × ε̂2) + �E · ε̂1 �E · ε̂2)(ρ11 − ρ22)

+ (( �B · k̂ × ε̂2 + �E · ε̂2)2 − ( �B · k̂ × ε̂1 + �E · ε̂1)2)ρ21].

(46)

Hence the time evolution of the Stokes parameters is

İ = ρ̇11 + ρ̇22 = 0, (47)

Q̇ = ρ̇11 − ρ̇22

= −4α2k0

15m4
e

[( �B · (k̂ × ε̂2) �B · (k̂ × ε̂1) + �E · ε̂2 �B · (k̂ × ε̂1)

+ �E · ε̂1 �B · (k̂ × ε̂2) + �E · ε̂1 �E · ε̂2)]V, (48)

U̇ = ρ̇21 + ρ̇12

= −2α2k0

15m4
e

[( �B · k̂ × ε̂2 + �E · ε̂2)2

− ( �B · k̂ × ε̂1 + �E · ε̂1)2]V, (49)

V̇ = i(ρ̇12 − ρ̇21)

= 2α2k0

15m4
e

[2( �B · (k̂ × ε̂2) �B.(k̂ × ε̂1) + �E · ε̂2 �B · (k̂ × ε̂1)

+ �E · ε̂1 �B · (k̂ × ε̂2) + �E · ε̂1 �E · ε̂2)Q

+ (( �B · k̂ × ε̂2 + �E · ε̂2)2 − ( �B · k̂ × ε̂1 + �E · ε̂1)2)]U.

(50)

Equation (47) tells us that, in the photon ensemble, the total
intensity of photons does not depend on the photon-photon
forward-scattering term. According to Eqs. (48)–(50), the un-
polarized photons (namely, Q = U = V = 0) cannot acquire
any polarization during propagating through the background
fields. In contrast, linear polarized photons (namely, Q and/or
U 
= 0) can acquire circular polarization V 
= 0 [see Eq. (50)].
We recall that the generation of circular polarizations from

linearly polarized laser beam collisions due to the Euler-
Heisenberg effective Lagrangian was discussed in [22].

IV. ANALYTICAL AND NUMERICAL SOLUTIONS

In the last section we investigated the generation of circular
polarization in the presence of strong background fields. Here
we attempt to consider two cases. The strong background
field is made by (i) an ultraintense laser pulse (time-dependent
fields) and (ii) superconductor magnets (static fields). The time
evolution of Stokes parameters (47)–(50) can be rewritten as
below:

İ = 0, Q̇ = −�QV V, U̇ = −�UV V,
(51)

V̇ = �QV Q + �UV U,

�QV = 4α2k0

15m4
e

[( �B · (k̂ × ε̂2) �B · (k̂ × ε̂1) + �E · ε̂2 �B · (k̂ × ε̂1)

+ �E · ε̂1 �B · (k̂ × ε̂2) + �E · ε̂1 �E · ε̂2)], (52)

�UV = 2α2k0

15m4
e

[( �B.k̂ × ε̂2 + �E.ε̂2)2 − ( �B.k̂ × ε̂1 + �E.ε̂1)2].

(53)

From these equations we have

V̈ = −�2V + �̇QV Q + �̇UV U, (54)

�2 = �2
QV + �2

UV . (55)

From Eq. (51) it is easy to show QQ̇ + UU̇ + V V̇ = 0, and
the relation between Stokes parameters (I 2 = Q2 + U 2 + V 2)
is automatically satisfied.

A. Analytical solution in the presence of a time-independent
background field

In the case of time-independent background fields, the �QV

and �UV are constant in time, and Eq. (54) becomes a simple
harmonic equation V̈ + �2V = 0 which has a general solution

V (t) = A sin(�t) + B cos(�t). (56)

The coefficients A and B are determined by initial conditions
at t = 0:

V (0) = B, V̇ (0) = A� = �QV Q(0) + �UV U (0). (57)

It is clear from Eq. (57) that V̇ (0) is determined by linear
polarization parameters Q(0) and U (0). Q(t) and U (t) can be
found by adopting Eqs. (51) and (56) as follows:

Q̇ = −�QV V =⇒ Q(t) = �QV

�
[A cos(�t) − B sin(�t)],

(58)

U̇ = −�UV V =⇒ U (t) = �UV

�
[A cos(�t) − B sin(�t)].

(59)

We supposed a totally linear polarized incoming radiation
with P0 = 1 (Q0 = U0 = 1/

√
2) without any initial circular
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polarization (V0 = 0); then the time evolution of Stokes
parameters is given by

V (t) = sin(�t), U (t) = Q(t) = 1√
2

cos(�t). (60)

The final results in the time-independent background field
show that the Stokes parameters are harmonically oscillating
in time. This means that we should not expect any circular
component after a long time with respect to the period �−1.
However, one could measure the time average of squared
total linear polarization 〈P 2〉 = 〈Q2〉 + 〈U 2〉 = 1 after several
periods. The frequency � of these oscillations can be estimated
in a real experimental setup like PVLAS (polarizzazione del
vuoto con laser) experiments [7–9], where a linear polarized
laser beam with a wavelength of 1064 nm propagates through
a static magnetic field of about 2.5 T, the direction of which
is orthogonal to the laser beam direction. With the help of
Eqs. (52), (53), and (55) we have

� = 2α2k0B2
0

15m4
e

= α

15λ0

(
eB0

m2
e

)2

= 4.43 × 10−8 s−1. (61)

Then the period T = 1.12 × 108 s for one period or cor-
responding to the length L = 3.36 × 1016 m. However, the
magnets of the PVLAS experiment have a total magnetic field
length L = 1.6 m, where L is the optical path length within
the birefringent region. This means that the oscillating effect
[Eq. (60)] does not appear in the PVLAS like experiments.
Let us determine the ellipticity signal by using Eqs. (20)
and (60):

εQED = 1

2
tan−1

( sin(�t)

cos(�t)

)

= �t

2
= α

30

(
eB

m2
e

)2
L

λ0
= 1.18 × 10−16. (62)

This value of the ellipticity is very far from our current
detector’s precision. We note that the optical path length can
be increased by using a Fabry-Perot cavity of finesse F as
discussed in [9], where one can define the effective path
length Leff = 2FL

π
. With finesses F > 400 000 the value of

the ellipticity signal can be increased up to 10−11. We use
Eqs. (19) and (60) to obtain the rotation of the polarization
plane:

ψQED = 1

2
tan−1

(
U

Q

)
= 1

2
tan−1(1) =⇒ ψ̇QED = 0.

(63)

These results confirm previous studies [10,20,31,32], which
are mainly based on the semiclassical approach (viewing fields
as classical fields) and evaluation of one loop polarization
tensor. Our approach is based on using the quantum Boltzmann
equation to determine all the Stokes parameters regarding the
quantum structure of a probe beam. In contrast to previous
consideration where the assumption of the constant back-
ground field has been used to extract the photon polarization
tensor from the Euler-Heisenberg Lagrangian, our method can
be easily extended to time-dependent background fields (see
Sec. IV B).

It is clear from Eq. (63) that the nonlinear QED interactions
through the Euler-Heisenberg Lagrangian cannot rotate the
linear polarization plane for a laser beam traversing a static
magnetic field. Regarding Eq. (13) the rotation angle ψ of an
initially linear polarized photon is due to the imaginary part of
the refractive index (ñ = n + iκ). The effects which modify
the light amplitudes in the different directions will induce
a rotation angle. Those effects cannot be explained in QED
below the threshold (ω < 2me) where the electron-positron
pair production rate is exponentially suppressed and further
possibilities such as photon splitting [31] or neutrino-pair
production [33] are unmeasurably small. In other words QED
does not predict dichroism. Therefore, a non-negligible signal
for vacuum rotation angle ψ may imply evidence for new
physics beyond the standard model of particle physics. This
could be interpreted as a neutral scalar or pseudoscalar particle
weakly coupling to two photons called axionlike particles
(ALPs) [34,35] or other candidates such as millicharged
particles (MCPs) [36,37]. It is worth mentioning that an
observation of the rotation of the polarization plane by the
vacuum in a static magnetic field was reported by the PVLAS
group in 2006 [38]; they announced the existence of a very
light, neutral, spin-zero particle coupled to two photons, while
this observation was excluded by data taken with an upgraded
setup in 2008 [7].

B. Numerical solution in the case of two laser beam collisions

In this section, we want to consider collision of two laser
beams. Assuming that the linearly polarized probe beam passes
through another laser beam with lower frequency, the latter
is considered as a background field. Consider the collision
of two linearly polarized laser pulses, a low-intensity x-ray
probe pulse (k̂,ε̂1(k),ε̂2(k)) crossing the high-intensity optical
pulse (p̂,Ê(p),B̂(p)) as a target beam. Due to the separation
in energy scales the probe beam essentially scatters forward.
Here in contrast to the previous section the background fields
vary with time. The electric and magnetic fields are oscillating,
their amplitudes are related to each other by |E| = |B|, and
directions are orthogonal to the beam direction:

k̂ =
⎛
⎝0

0
1

⎞
⎠, ε̂1(k) =

⎛
⎝1

0
0

⎞
⎠, ε̂2(k) =

⎛
⎝0

1
0

⎞
⎠, (64)

and

p̂ =
⎛
⎝sin θ cos φ

sin θ sin φ

cos θ

⎞
⎠, Ê(p) = sin ωt

⎛
⎝cos θ cos φ

cos θ sin φ

− sin θ

⎞
⎠,

B̂(p) = cos ωt

⎛
⎝− sin φ

cos φ

0

⎞
⎠, (65)

where k̂, ε̂1, and ε̂2 are momentum and polarization unit vectors
of the incident (probe) beam; p̂, Ê, and B̂ are momentum,
electric-field, and magnetic-field unit vectors of the target laser
beam ( �E = E0Ê, �B = B0B̂). Regarding Eqs. (64) and (65) for
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FIG. 2. In the left panel, the time evolution of dimensionless Stokes parameters U [upper half plane (green)] and Q [lower half plane (blue)].
In the right panel, the time evolution of dimensionless Stokes parameter V. They are plotted for a 10-keV linearly polarized probe laser beam
interacting with a target laser beam in optical frequency ω = 1 eV and peak intensity I = 3 × 1022 W/cm2. These figures show the impact
of collision geometry for two laser beams on the evolution of Stokes parameters, for different polar angles θ = π (dashed lines), π/2 (dotted
lines), π/3 (dot-dashed lines), and π/5 (solid lines) at a fixed azimuthal angle φ = π/8.

�QV and �UV we obtain

�QV = G sin 2φ[cos2 ωt + sin 2ωt cos θ + sin2 ωt cos2 θ ],

(66)

�UV = −G cos 2φ[cos2 ωt + sin 2ωt cos θ + sin2 ωt cos2 θ ],

(67)

where

G =
[

2α2k0B2
0

15m4
e

]
= 2.99α

15

[
I

Ic

][
1 nm

λ0

]
× 1020 s−1

= 1.45

[
I
W

cm2

][
1 nm

λ0

]
× 10−12 s−1. (68)

We assume that the background field is an intense and
focused laser beam in optical frequency ω = 1 eV, and this
optical petawatt laser has the peak intensity I = P/πd2 �
3 × 1022 W/cm2 (power P = 1 PW and pulse length d =
1 μm). It should be noted that (eB)2 = (I/Ic)(eB)2

c where Ic =
1029 W/cm2 and (eB)c = m2

e = 1.282 × 1013 G. Let us as-
sume the probe beam is an XFEL, with λ=0.1-nm wavelength,
hence k0 = hν0 = 10 keV, like the DESY project [5]. At

x-ray photon energies of the order of 10 keV, the highest
polarization purities can be achieved by reflection at perfect
crystals at a Bragg angle of π/4 [39]. This x-ray probe
beam can also be achieved experimentally from a laser-based
Thomson back-scattering source [20]. It has been supposed
that the initial value of the circular polarization V0 = 0 and the
linear polarization P0 =

√
Q2

0 + U 2
0 = 1 (Q0 = U0 = 1/

√
2),

which are all dimensionless quantities. The Stokes parameters
are normalized by the intensity I, giving the dimensionless
quantities. Using this set of parameters we solved Eqs. (51)
and determined the time evolution of the Stokes parameters
followed by ellipticity and polarization rotation angles. The
results for various polar angles (θ ) of two beams’ direction
in a fixed azimuthal angle φ = π/8 are displayed in Figs. 2
and 3. These figures show the polarization evolution of an
x-ray probe beam as a result of interacting with the optical
laser field in the crossing region of two laser beams. The
interaction time is limited by the pulse length d = 1 μm. As
one can find from Fig. 2 (right panel), the circular polarization
V gets its maximum value for the head-on collision of the two
laser beams (θ = π ), and its minimum value for the transverse
collision angle (θ = π/2). From Fig. 2 (left panel), it is obvious
that U increases with time although Q decreases with time;

FIG. 3. The polarization rotation angle � (left) and the ellipticity parameter ε as a function of time (right) for the cases depicted in Fig. 2.
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according to Eqs. (51), the change of Q and U with time acts
as a source term for circular polarization parameter V.

In the presence of time-dependent background field, the
governing equation of Stokes parameter V is not a simple
harmonic equation [see Eq. (54)], since �QV and �UV of
Eqs. (66) and (67) are time-dependent quantities in this case. In
the laser-laser collision U/Q is a function of time as a result of
time-dependent configuration in the interaction region which
leads to a time-evolving rotation angle ψQED(t):

U̇

Q̇
= �UV (t)

�QV (t)
=⇒ ψ̇QED = d

dt

[1

2
tan−1

(U

Q

)]

= 0.

(69)

This result is different from what we obtained in the
propagation of a laser beam in the static magnetic field of
PVLAS-like experiments [see Eq. (63)]. The rotation angle
of the polarization plane acquired by a probe beam via a
crossing region of size 1 μm is �ψ ∼ 4.5 × 10−6 rad in the
head-on collision (θ = π ), as shown in Fig. 3 (left panel). This
result is considered here in QED below the threshold energy
of pair production. Our approach provides an explanation for
vacuum rotation within the framework of QED in the presence
of a time-dependent background field. Therefore, it shows
us that any sizable signal of the vacuum rotation angle ψ

in the strong-field regime is not essentially a signature of
new physics (ALPs and MCPs). Besides, Fig. 3 (right panel)
shows that the maximum value of the ellipticity ε acquired
by probe photons in the above-mentioned interaction length is
2 × 10−3 rad, which is three orders of magnitude larger than
the rotation angle. Moreover the light diffraction by a strong
standing electromagnetic wave also leads to vacuum rotation
but for pure kinematical reasons, depending on the details of
the optical setup [13,21]. This is different from the laser-laser
collisions which we are considering here. The rotation angle
found in [21] is the same order of magnitude as the induced
ellipticity. Thanks to recent technological advances in x-ray
polarimetry [39], the x-ray polarimeters allow detection of
rotation of the polarization plane down to 1 arc sec (4.8 × 10−6

rad) and ellipticities of about 1.51 × 10−5 rad. Recently,
authors in [40] presented a comprehensive study of the
feasibility of measuring vacuum birefringence by probing
the focus of a high intensity optical laser with an x-ray
free-electron laser.

In this paper our computations are based on perfect vacuum
assumption; actually the presence of charged particles in
the interaction region may obscure the measurement of real
photon-photon scattering [41]. Since in the presence of an
electromagnetic wave a gas becomes a birefringent medium
due to the Cotton-Mouton and Kerr effects [7,42], it is
compulsory to clean the interaction region by removing all
residual gas particles to avoid an additional background signal.
Fortunately, because of the small interaction region in the
laser-laser collision, the absence of residual particles is only
required for a short time period [40].

V. POLARIZATION OF A PROBE LASER BEAM IN
TIME-DEPENDENT AND STATIC BACKGROUND FIELDS

In this section, we attempt to clarify the differences between
using a static magnetic field and time-dependent fields that
induce polarization characteristics of a given probe laser beam.
We assume a 10-keV probe laser beam with initial Stokes
parameters Q0 = U0 = 1/

√
2 and V0 = 0, and an optical

target laser beam with intensity I = 3 × 1022 W/cm2 and
frequency ω = 1 eV. For the time-dependent fields which are
realized in the cross section of laser beams, we used Eqs. (51)
and (64)–(67) with θ = π (head-on collision) and φ = π

8 ,
in which both electric and magnetic fields are perpendicular
to the beam direction k̂ (Ê,B̂ ⊥ k̂). For the static magnetic
field B = 7.02 × 109 G corresponding to the peak intensity
of background optical laser I = 3 × 1022 W/cm2, we used
Eq. (60). In Fig. 4 we compare the evolution of Stokes
parameters of the probe laser beam in these two cases (time-
dependent and static background fields). Here, we plotted
analytic solutions and numerical solutions of the Boltzmann
equation for the same field intensity. Since interaction time is
too short (10−14 s), we can approximate Eqs. (60) up to first

FIG. 4. Comparison between dimensionless Stokes parameters U, Q, and V in both time-dependent and static background fields. In the
time-dependent case we used the numerical solution of Sec. IV B to plot U [dashed (green) line] and Q [dot-dashed (red) line] in the left panel
and for V [dotted (red) line] in the right panel. In the static magnetic field we have used the analytic solution of Sec. IV A to plot Q and U [solid
(blue) line] in the left panel and V [solid (blue) line] in the right panel. These figures are plotted for a 10-keV linearly polarized probe laser
beam interacting with a target laser beam in optical frequency ω = 1 eV and peak intensity I = 3 × 1022 W/cm2.
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order in time as

V (t) = sin(�t) ≈ �t, U (t) = Q(t) = 1√
2

cos(�t) ≈ 1√
2
.

(70)

This approximation shows us that V varies faster than Q
and/or U in a very short period of time. It helps us to explain
three order-of-magnitude differences between ellipticity ε and
polarization angle ψ in the numerical solutions of laser-laser
collision (Sec. IV B). As shown in Fig. 4 (left panel), in the
static field there is not any conversion between U and Q, and
then polarization angle will not change during propagation in
such a static field, and the value of the V parameter (right
panel) in the presence of a time-dependent background field
oscillates around the value in the static case.

VI. CONCLUSIONS AND REMARKS

Due to the extremely large value of the critical field it
remains very challenging to experimentally verify QED non-
linearities, by exploring polarization characteristics of the laser
photon propagation in the static and uniform magnetic field.
As mentioned in this paper, much stronger electromagnetic
fields can be produced by means of focused high-power lasers.
We have discussed the polarization properties induced in a
probe laser beam during its propagation through a constant
magnetic field or in collision with another laser beam. We
solved the quantum Boltzmann equation within the framework
of the Euler-Heisenberg Lagrangian for both time-dependent
and static background fields to explore the time evolution of

Stokes parameters Q, U, and V [see Eqs. (51)]. It is shown
that the oscillating solution for the Stokes parameters in the
static magnetic field has an oscillating period proportional to
k−1

0 B−2
0 . The ellipticity signal can be increased up to 10−11

rad by using the cavity in the PVLAS experiment. Since
it seems cavity techniques are inefficient for short pulsed
high-intensity fields to produce a standing wave like what is
proposed in [20,21], it is necessary to consider time-dependent
background fields. For the time-dependent background field
we considered laser-laser collisions. We have generalized the
conditions of previous work [22] to the more realistic case of a
temporal laser background probed by x-ray photon pulses. We
obtained maximum ellipticity ε ∼ 2 × 10−3 rad and rotation
of the polarization plane �ψ ∼ 4.5 × 10−6 rad, in the case of
high-intensity background field I = 3 × 1022 W/cm2 probed
by 10-keV photon pulses. These values are at the limit of the
accuracy that can now be obtained with high-contrast x-ray
polarimeters using multiple Bragg reflections from channel-
cut perfect crystals [39,40,43]. High-precision experiments
using ultraintense lasers would be testing the most successful
theory QED in the strong-field regime, which has been little
explored so far. Beyond this, these experiments can shed light
on the hidden sector of the standard model, and such a test will
be sensitive to physics beyond the standard model [36,44,45].
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