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Vortex lines attached to dark solitons in Bose-Einstein condensates
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We demonstrate the existence of stationary states composed of vortex lines attached to planar dark solitons in
scalar Bose-Einstein condensates. Dynamically stable states of this type are found at low values of the chemical
potential in channeled condensates, where the long-wavelength instability of dark solitons is prevented. In oblate,
harmonic traps, U-shaped vortex lines attached by both ends to a single planar soliton are shown to be long-lived
states. Our results are reported for parameters typical of current experiments, and open up a way to explore
the interplay of different topological structures. These configurations provide Dirichlet boundary conditions for
vortex lines and thereby mimic open strings attached to D-branes in string theory. We show that these similarities
can be formally established by mapping the Gross-Pitaevskii theory into a dual effective string theory for open
strings via a boson-vortex duality in 3+1 dimensions. Combining a one-form gauge field living on the soliton
plane which couples to the end points of vortex lines and a two-form gauge field which couples to vortex lines,
we obtain a gauge-invariant dual action of open vortex lines with their end points attached to dark solitons.
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I. INTRODUCTION

Quantum vortices and planar dark solitons are frequently
generated in current experiments with ultracold gases, from
Bose-Einstein condensates (BECs) [1,2] to Fermi gases [3–5].
With phase imprinting techniques, the phase of the superfluid
can be arranged to show either continuous 2π changes around
vortex lines, or sudden leaps across the soliton planes. These
topological defects, which separate regions with different
values of the resulting order parameter, also appear after the
quench crossing a second-order phase transition breaking the
underlying continuous symmetry known as the Kibble-Zurek
mechanism [6,7]. The great achievement of techniques in
experiments with ultracold gases has directed researchers’
attention towards more complex physical systems presenting
nontrivial topologies, which might simulate different types
of topological excitations discussed in quantum field theory
and string theory. For instance, analogs of cosmic strings
in superfluids [7,8] and analogs of Dirac monopoles in the
spin-1 BEC [9,10] have been proposed. 3He A-B interfaces
and the boundary surface of the two-component BEC have
been suggested as analogs of branes in string theory [11–14].
Isolated monopoles [15] and Dirac monopoles [16] have been
observed in recent spin-1 BEC experiments.

In this work we show that scalar BECs are also suitable for
studying rich structures of topological defects. In spite of the
fact that there have been an intensive research about vortices
and solitons in scalar BECs, as far as we know, the study of
topological structures showing junctions between them has not
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been performed. Only a particular configuration of this type has
been addressed in the context of an effective low-dimensional
model in trapped condensates [17]. Note that in a trapped BEC
without dark solitons stable vortex lines which do not form
loops have to end at the condensate boundary. Here, within a
mean-field approach, we address the dynamics of scalar BECs
containing vortex lines that extend between soliton stripes.
This arrangement makes it possible to find the ends of a
vortex line in the bulk of the system, just at the position of the
soliton. Configurations of this type will be referred to as open
vortex lines, and they provide Dirichlet boundary conditions
for the vortex ends. It is interesting to note that they mimic
open strings attached to D-branes in string theory, in particular
the so-called BIons. Although the arrangements shown in the
present work are not generic from the string theory point of
view, they might still offer a ground for simulating particular
aspects of it. To establish this connection on more formal terms,
we show that the Gross-Pitaevskii (GP) theory can be mapped
into an effective string theory via the so-called boson-vortex
duality.

The rest of the paper is structured as follows. In Sec. II, we
present the mean-field model based on the Gross-Pitaevskii
energy functional, which is used to describe accurately the
dynamics of BECs containing vortices and solitons. In Sec. III,
we propose the boson-vortex duality for open vortex lines
ending on dark solitons. The following sections are dedicated
to particular realistic configurations fitting into both the GP
description and its dual description. First, in Sec. IV, we
consider condensates trapped along their transverse directions
and containing axisymmetric vortex lines separated by dark
solitons that extend over the cross section of the system.
We demonstrate that a three-dimensional (3D) condensate
endowed with this structure can be a dynamically stable
stationary state. Beyond a threshold value for the interaction
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energy such configuration becomes unstable due to the soliton
decay, and the whole system can evolve through new emerging
vortex lines. Second, in Sec. V, we study slightly oblate
condensates holding symmetric planar solitons, to which
U-shaped vortex lines, that are referred to as half vortex
rings, are attached. In this variant configuration, each curved
vortex line has both ends on a single dark soliton. We show
that, although such stationary state is dynamically unstable, it
has a long lifetime. The ultimate decay of the soliton shows
chaotic behaviors of vortex lines, which might be related to
quantum turbulence processes. A common feature of both
configurations is the presence of vortex line pairs separated
by the soliton plane. We finish with the conclusions in Sec. VI,
where we emphasize that the topological states considered in
this paper are feasible to be realized under current experimental
techniques.

II. GROSS-PITAEVSKII MODEL

We follow a mean-field approach for modeling dilute
gases of repulsive interacting bosons making Bose-Einstein
condensates at zero temperature. The state of such a system
is described by a complex order parameter �(r,t), whose
dynamics is determined by the nonrelativistic GP Lagrangian
density:

LGP = i�

2

(
�

∂�∗

∂t
− �∗ ∂�

∂t

)
− HGP, (1)

where the energy density is given by

HGP = �
2

2m
|∇�|2 + g

2
(|�|2 − |�0|2)2. (2)

Here g = 4π�
2a/m is the interaction parameter, characterized

by the s-wave scattering length a and the atomic mass m.
Note that the energy is measured relative to the ground state
�0(r,t) = ψ0(r) exp(−iμ t/�) with chemical potential μ. For
homogeneous systems, �0 is a real constant, apart from a
global phase, and μ fixes the value of the uniform density
|�0|2 = μ/g. In the presence of an external potential V (r),
a local chemical potential μl(r) = μ − V (r) can be defined,
which in the limit of high interaction energy, or Thomas-Fermi
regime, allows one to approximate the nonuniform ground-
state density by |�0(r)|2 = μl(r)/g. In this way, we will use
Eq. (1) as a unified model for both homogeneous and nonho-
mogeneous systems. In the latter case, this means that, when
the system is closed, the energy is measured with respect to the
ground state having the same chemical potential, and thus, in
general, a different number of particles. For nonhomogeneous
systems, we will consider harmonic trapping potentials with
cylindrical symmetry V (r) = Vz(z) + V⊥(r⊥) = mω2

zz
2/2 +

mω2
⊥r2

⊥/2, having an aspect ratio λ = ωz/ω⊥, where the
transverse coordinates are (θ,r⊥) = (tan−1(y/x),

√
x2 + y2).

As a length unit, we define the characteristic length of the
transverse trap a⊥ = √

�/mω⊥.
The equation of motion corresponding to the Lagrangian

density LGP is the time-dependent GP equation

i�
∂�

∂t
=

(
− �

2

2m
∇2 + g(|�|2 − |�0|2)

)
�. (3)

Its stationary solutions with chemical potential μ, that is
�(r,t) = ψ(z,θ,r⊥), fulfill the time-independent GP equation(

− �
2

2m
∇2 + g(|ψ |2 − |ψ0|2)

)
ψ = 0. (4)

III. DUALITY

A. Effective string action

The boson-vortex duality is a powerful tool to study
the dynamics of vortex rings [18–22]. It has been demon-
strated that the dual description of the GP theory in 3+1
dimensions is equivalent to a certain type of effective string
theory [19,20,23]. In this paper we extend the dual mapping
to open vortex lines and argue that dark solitons in the original
GP theory could play the role of D-branes in the effective
string theory by introducing a pinned boundary condition for
vortex lines [24]. In the following, for simplicity we set the
trapping potential to be zero, i.e., V (r) = 0.

Introducing the Madelung transformation � = √
ρ eiφ , the

equivalent expression of the GP Lagrangian density Eq. (1) in
terms of the condensate density ρ and the phase φ reads

LGP � −�ρφ̇ − ρ
�

2

2m
(∇φ)2 − g

2
(ρ − ρ0)2, (5)

where we neglect the quantum pressure term ∼(∇√
ρ)2,

which should be valid at long wavelengths (the hydrodynamic
limit) that we are interested in. We rewrite the quadratic
term −ρ�

2(∇φ)2/2m via the so-called Hubbard-Stratanovich
transformation [25], and obtain the dual representation of the
original theory Eq. (5):

L∗
GP � −�ρφ̇ − �∇φ · f + m

2ρ
f · f − g

2
(ρ − ρ0)2

= −�f μ∂μφ + m

2ρ
f · f − g

2
(ρ − ρ0)2, (6)

where ∂μ ≡ (∂t ,∇), and f is an auxiliary three-vector, which is
also the spacelike components of the four-vector f μ ≡ (ρ,f).
The physical meaning of the field f becomes clear by eval-
uating its equation of motion f = ρ �

m
∇φ, which matches the

superfluid current J in the GP theory described by Eq. (1) [18].
Let us now decompose the phase φ into a nonsingular part

and a few singular parts related to the topological defects:

φ = φg + φcv + φov + φs, (7)

where φg is the smooth phase, which is the Goldstone mode
associated with the U (1) symmetry breaking, φcv is the phase
of vortex rings, φov is the phase of open vortex lines, and φs rep-
resents the phase of dark solitons. Note that Eq. (7) just means
that φcv, φov, and φs have singularities, and they may still con-
tain smooth parts. The action of the nonsingular part φg reads

Sg =
∫

d4x(−�f μ∂μφg)

= �

∫
d4x[∂μf μφg − ∂μ(f μφg)]. (8)

By integrating out the smooth phase φg in the bulk, we obtain

∂tρ + ∇ · f = ∂μf μ = 0, (9)
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which can be solved by

f μ = 1
2εμνλσ ∂νBλσ , (10)

where εμνλσ is the totally antisymmetric tensor, and Bλσ is an
antisymmetric rank-2 gauge field. Note that f μ is invariant
under the gauge transformation Bμν → Bμν + ∂μ�ν − ∂ν�μ,
where �ν is an arbitrary four-vector.

In the dual description, the action of a vortex ring in 3+1
dimensions has already been proposed [18–20,23]. In this
paper we focus on open vortex lines. For an open vortex line
the action reads

Sov =
∫

d4x(−�f μ∂μφov)

= −�

2

∫
d4x εμνλσ ∂νBλσ ∂μφov

= �

2

∫
d4x[∂μ(εμνλσBλσ ∂νφov) − Bμνε

μνλσ ∂λ∂σφov].

(11)

We elaborate on these terms by considering a vortex line which
is parallel to the z axis, whose topological nature can be seen
from the term ∫

d2x εztλσ ∂λ∂σφov = 2π. (12)

The topological defects produced by vortex lines can be
introduced explicitly through

εμνλσ ∂λ∂σφov

= −2π
∑

i

∫
�i

dτ dσ εαβ∂αXμ∂βXνδ4(xμ − Xμ), (13)

where �i is the world sheet spanned by the ith vortex line,
and α, β ∈ {0,1} label the world sheet coordinates. εαβ is a
rank-2 antisymmetric tensor, and we set ε10 = 1. The space
σ ∈ [σ0,σ1], and the time τ is chosen to be t . Xμ = Xμ(τ,σ )
stands for the coordinates of a vortex line, namely X0 = t , X =
(x,y,z). Hence the bulk action of the open vortex line reads

Sv
bulk = −�

2

∫
d4x Bμνε

μνλσ ∂λ∂σφov

= η

2

∑
i

∫
�i

dτ dσ Bμνε
αβ∂αXμ∂βXν, (14)

where η ≡ 2π� and Bμν = Bμν(Xμ).
Suppose that an (x-y)-planar dark soliton, to which a vortex

line can be attached, is located at z = z0. We make use of the
soliton property of producing a localized π phase jump by
crossing the soliton plane, i.e.,

∂zφs(t,x,y,z) = π

∫
d3σ δ3(xa − Y a(σi))δ(z − z0),

∂aφs(t,x,y,z) = �

∫
d3σ ∂aφ̂s(σi) δ3(xa − Y a(σi))δ(z − z0),

(15)

where σi (i = 1,2,3) are the coordinates on the dark soliton
plane, Y a(σi) ∈ {t,x,y} is the map from σi to the space-time
coordinates, � is a length scale inserted for dimensional

reasons, and φ̂s(σi) is the transverse phase defined only along
the dark soliton plane, which in turn contains a smooth part
and a singular part. In addition, the superfluid current along
the z direction vanishes at the soliton plane

Jz(t,x,y,z0) = 0, (16)

which implies f z(t,x,y,z0) = 0 and thus imposes a constraint
on the B field, according to Eq. (10). Consequently, the
boundary term in the action Eq. (8) vanishes on the dark soliton
surface −�

∫
d3x f z(z0,x,y,t)φg = 0. As a result, the action

for the dark soliton is

Ss =
∫

d4x(−�f μ∂μφs) = −�

∫
d3x(�f a∂aφ̂s). (17)

Combining the boundary term in the action of the open
vortex Eq. (11):

�

2

∫
d3x εzabcBbc∂aφov (18)

and the dark soliton action Eq. (17), we obtain the boundary
action

Sv
boundary = −�

∫
d3x

(
�f a − 1

2
εabcBbc

)
∂aφ̂s . (19)

Here we made the identification φov(z → z±
0 ,x,y,t) =

φ̂s(x,y,t), which implies that the end points of the open vortex
lines are the vortex excitations living on the soliton surface
(z → z±

0 ). As it has previously been done for φg , integrating
out the smooth part of φ̂s leads to

∂a

(
�f a − 1

2εabcBbc

) = 0, (20)

with a,b,c ∈ {t,x,y}, whose solution is

�f a − 1
2εabcBbc = 1

2εabcFbc, (21)

where Fab ≡ ∂aAb − ∂bAa is the field strength of Aa , and
Aa is a one-form gauge field living on the dark soliton surface
(z → z±

0 ). Therefore, we are left with the singular part φ̂s
s of φ̂s

Sv
boundary = −�

∫
d3x

1

2
εabcFbc∂aφ̂

s
s

= −1

2
�

∫
d3x εabc(∂bAc − ∂cAb)∂aφ̂

s
s

= −�

∫
d3x Aa(εabc∂b∂cφ̂

s
s ), (22)

and for the end points of vortex lines, similar to Eqs. (12)
and (13), we get

εabc∂b∂cφ̂
s
s = −2π

∑
i

∫
∂�i

dτ ∂τX
aδ3(xa − Xa(τ )), (23)

where ∂�i is the boundary of the world sheet �i , and Xa(τ )
are the coordinates of an end point of a vortex line, namely
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X0 = t , X = (x,y). Then we obtain

Sv
boundary = −�

∫
d3x Aa

(
εabc∂b∂cφ̂

s
s

)
= η

∑
i

∫
∂�i

dτ Aa∂τX
a, (24)

where Aa = Aa(Xa).
In terms of the field strengths, the last two terms of the

action Eq. (6) can be written as

Sgauge = m

2ρ
f · f − g

2
(ρ − ρ0)2

= − g

4�

∫
d3x (F̃ + B̃)2 − g

2

∫
d4x h2

3. (25)

Near ρ � ρ0, Hμνλ ≡ ∂μBνλ + ∂νBλμ + ∂λBμν � H 0
μνλ +

hμνλ, where H 0
μνλ is the background field with H 0

123 = ρ0,
and the fluctuations are given by h2

3 = hμνλh
μνλ/6, through

the metric ημν = diag{−c2
s , 1, 1, 1} determined by the speed

of sound cs = √
gρ0/m. F̃ and B̃ are the fluctuations of F and

B on the soliton plane, respectively.
Collecting all the contributions, we finally obtain the

following dual description of open vortex lines:

S∗ = Sv
bulk + Sv

boundary + Sgauge

= η

2

∑
i

∫
�i

dσ dτ Bμνε
αβ∂αXμ ∂βXν

+ η
∑

j

∫
∂�j

dτ Aa ∂τX
a − g

4�

∫
d3x (F̃ + B̃)2

− g

2

∫
d4x h2

3. (26)

The summation over �i includes all the vortex lines and the
summation over ∂�j includes all the end points of vortex
lines attached to dark solitons. It is important to note that
the resulting action Eq. (26) is invariant under the gauge
transformations [26]:

Bμν → Bμν + ∂μ�ν − ∂ν�μ, (27)

Aa → Aa − �a. (28)

The action given in Eq. (26) has two aspects. First of
all, it provides a hydrodynamic description of open vortex
lines in scalar BECs, which is useful to study the dynamics
of open vortex lines with Dirichlet boundary conditions and

vortex-sound interactions. On the other hand, it can be viewed
as an effective open string action without the tension term, or
equivalently an action in the large B-field limit, in the presence
of D-branes. Hence the dual theory Eq. (26) might provide
a possibility to test some aspects of string theory in BEC
experiments.

B. Equation of motion

In the following we will discuss a simple example of the
action Eq. (26). From now on we will only consider a single
vortex line whose end points are attached to two parallel dark
solitons. Here, for simplicity, we ignore the dynamics of the
dark solitons and treat them as hard walls. We will also assume
that the fluctuations of Bμν and Aa in space-time are small,
and hence the field strength parts in Sgauge can be neglected
since they provide higher-order terms.

In order to have nontrivial dynamics of a single vortex line,
we need to introduce in the action Eq. (26) a phenomenological
tension term, which plays the role of kinetic energy of vortices.
This term has been neglected up to now because of the assump-
tion of infinitely thin topological defects. Such assumption
implies the lack of vortex cores and also the absence of a
“physical” mass of the vortex lines, which is responsible,
among other dynamical effects, for the buoyancylike forces
in inhomogeneous backgrounds [27]. As a consequence, the
tension term can be seen as a remnant of the core structure of
the vortices in the hydrodynamic limit.

We introduce the tension term in Eq. (26) by adding a
Polyakov string action [26] proportional to the string tension
T :

Ssingle = T

2cs

∫
�

dσ dτ
√−h hαβ ημν ∂αXμ∂βXν

+ η

2

∫
�

dσ dτ Bμνε
αβ∂αXμ∂βXν

+ η

∫
∂�

dτ Aa ∂τX
a, (29)

where hαβ = diag{−1/c2
s ,1} is the world sheet metric, and√−h = √−det(hαβ) = cs . T has the standard dimension

[E]/[L] for the string tension and in terms of BEC units
T ∼ π�

2ρ0/2m.
Considering a small variation δXμ on top of the background

vortex configuration Xμ [28], the variation of the action to the
leading order in δXμ reads

δSsingle = T

2

∫
�

dσ dτ 2∂α(δXμ)∂αXμ + η

2

∫
�

dσ dτ Bμνε
αβ(∂αδXμ)∂βXν + η

2

∫
�

dσ dτ Bμνε
αβ(∂αXμ)(∂βδXν)

+ η

2

∫
�

dσ dτ (∂ρBμν)(δXρ)εαβ∂αXμ∂βXν + η

∫
∂�

dτ (∂bAa)(δXb)∂τX
a + η

∫
∂�

dτ Aa∂τ (δXa)

= −T

∫
�

dσ dτ (δXμ)∂α∂αXμ + η

2

∫
�

dσ dτ Hμλν(δXμ)εαβ∂αXλ∂βXν + T

∫
∂�

dτ (δXa)∂σXa

+ η

∫
∂�

dτ (Bab + Fab)(δXa)∂τX
b. (30)
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Hence the equation of motion of the vortex line in the bulk is
given by

− T ∂α∂αXμ + η

2
εαβHμλν∂αXλ∂βXν = 0, (31)

and the dynamics of the end points reads

T ∂σXa|σ1 + η (Bab + Fab)∂τX
b|σ1 = 0 (32)

and

−T ∂σXa|σ0 − η (Bab + Fab)∂τX
b|σ0 = 0. (33)

We now consider a special situation. In the bulk H0ij =
0, and Hijk = ρ0εijk . On the boundaries A0 = 0, ∂τAa(σ1) =
∂τAa(σ0) = 0 and Bnm(σ1) = Bnm(σ0) = ρ0εnm. Here m,n =
1,2. For this special case we obtain the following equations:

0 = T

(
∂2Xi

∂σ 2
− 1

c2
s

∂2Xi

∂τ 2

)
− η

2
εαβρ0εijk∂αXj∂βXk,

0 = T ∂σXn + η ρ0εnm∂τX
m. (34)

Here we only look for a static solution. For a static vortex
line,

∂2Xi

∂σ 2
= 0, ∂σXn = 0. (35)

The general solution would be

x = a1σ + a2, y = b1σ + b2, z = c1σ + c2, (36)

where a1, a2, b1, b2, c1, and c2 are constants. By choosing
the proper coordinates and taking into account the boundary
conditions, the static solution reads

x = a2, y = b2, z(σ ) = c1σ + c2, (37)

which describes a static open vortex line between two dark
solitons. Note that this vortex line satisfies Neumann boundary
conditions along x and y directions, while fulfills Dirichlet
boundary condition along z direction. If we replace the cur-
rent boundary conditions with periodic boundary conditions,
Eq. (35) would give a trivial solution, which means that vortex
rings must propagate as it is well known.

In the next two sections we show that such static vortex-
soliton composite topological excitations can indeed be found
in the GP theory. For the sake of comparison with realistic
parameters used in current experiments of ultracold gases,
in what follows we report numerical results for systems
composed of 87Rb atoms, with scattering length a = 5.29 nm,
confined by harmonic potentials with angular frequencies in
the range 2π × [10–100] Hz.

IV. OPEN VORTEX LINES

A. Configurations

In this section, we consider elongated condensates along
the axial z direction (assuming ωz = 0) and isotropic trapping
in the transverse plane, providing the system with a channeled
structure. In particular, we will consider stationary states
containing vortex lines attached to solitons. The simplest
configuration of this type, containing a single dark soliton,
is shown in Fig. 1. In order to realize this simple configuration

FIG. 1. Singly charged open vortex lines in a BEC with μ =
10�ω⊥. (a) Semitransparent density isocontour at 5% of maximum
density around the soliton plane. (b) Axial phase for a fixed value
of the transverse polar angle θ = 0, and density isocontour (inset on
the left) of the inner part of the system (capturing the vortex-soliton
junction) colored by phase. (c) Dimensionless axial density profile
an1(z).

we have devised a channeled, cylindrical geometry with an
axisymmetric vortex line:

ψ(z,θ,r⊥) = ψ1(z,r⊥)eiθ , (38)

where ψ1(z,r⊥) is a real function. After substituting in Eq. (4),
the vortex solution gives

− �
2

2m

(
∂2
z + ∇2

⊥ − 1

r2
⊥

)
ψ1 + V⊥ψ1 + g|ψ1|2ψ1 = μψ1,

(39)

where ∇2
⊥ = ∂2

r⊥ + ∂r⊥/r⊥ and V⊥ accounts for the transverse
confinement. This is the stationary equation for a vortex state
that generates a tangential velocity field v = �∇ arg(ψ)/m

around the z axis: v(r⊥) = �uθ /mr⊥, where uθ is the unit
tangent vector.

Next, we search for solutions to the nonlinear Eq. (39)
including a dark soliton along the axial direction. An analytical
ansatz for this configuration is

ψ1(z,r⊥) = r⊥χ (r⊥) tanh

(
z

ξ (r⊥)

)
, (40)
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A. MUÑOZ MATEO, XIAOQUAN YU, AND JUN NIAN PHYSICAL REVIEW A 94, 063623 (2016)

where ξ (r⊥) = �/
√

mg|χ (r⊥)|2 defines a radius-varying
healing length through the Thomas-Fermi density profile
|χ (r⊥)|2 = μl(r⊥)/g of a system without the vortex. This
expression follows the ansatz introduced in Ref. [29] for 3D
dark solitons in channeled condensates, and gives a good
estimate in the strongly interacting regime, where the Thomas-
Fermi approximation applies. Although the r⊥ factor of
Eq. (40) accounts for the vortex core in a quite simple manner,
which is characteristic of the corresponding noninteracting
system, it will turn out to be efficient in getting numerical
convergence to the real stationary state.

By using the ansatz Eq. (40) for open vortex lines, we
have followed a Newton method to find the exact numerical
solution to the full GP Eq. (4). Figure 1 shows the features of
this configuration (without axial confinement) around a vortex-
soliton junction, which leads to Dirichlet boundary conditions
for the vortex end points. The panel Fig. 1(a), presenting a
semitransparent density isocontour of the condensate at 5%
of maximum density, shows how the presence of the dark
soliton breaks the system into two phase-separated subsets
containing corresponding axisymmetric vortices. These vor-
tices are different entities, as can be seen in the detailed view
of panel Fig. 1(b). The dark soliton twists their relative phase
in π radians along the z axis for every value of the azimuthal
coordinate θ , and their end points lay aligned on opposite
sides of the soliton membrane. Characteristic features of the
system are depicted in Figs. 1(b) and 1(c): the axial phase
jump for a given azimuthal angle, and the axial density of the
condensate after integration over the transverse coordinates
n1(z) = ∫ |ψ(z,r⊥,θ )|2r⊥dr⊥dθ times the scattering length.
The stability of this and more complex configurations within
the GP theory will be analyzed in Secs. IV and V in realistic
condensates.

It is important to note that for scalar BECs, a hypothetical
configuration with a single vortex line attached to a dark
soliton is not stationary. For such a case, the phase difference
between the left and the right side of the dark soliton changes
continuously along the azimuthal angle from 0 to π . As a
consequence, the superfluid density cannot be zero all along
the soliton plane, and the superfluid velocity is nonuniform,
which makes this a transient configuration.

It is also interesting to consider configurations containing
two nearby dark solitons, as the one presented in Fig. 2 for
a condensate having μ = 4 �ω⊥. In this arrangement, the
interaction between solitons is mediated in the long range
by the vortex lines. Figure 2(a) shows the isocontour at 5%
of maximum density colored according to the complex phase
pattern produced by the interplay of solitons and vortices. As
can be deduced from Figs. 2(b) and 2(c), presenting the axial
phase and density of the system, the inner region between
solitons is characterized by a state that differs in the phase
from that of the outer region.

B. Stability

States containing open vortex lines, as exemplified by
Figs. 1 and 2, are dynamically stable as long as the dark soliton
does not decay. As it is known, the decay of multidimensional
dark solitons is produced by long-wavelength modes excited
on the soliton membrane, through the so-called snaking

0

π

ph
as

e(
θ=

0,
 z)

-10 -5 0 5 10
z / a⊥

0

3

a 
n 1(z

)

(b)

(c)

FIG. 2. Two dark solitons connected by axisymmetric vortices in
a channeled condensate with μ = 4�ω⊥. (a) Perspective view of the
density isocontour at 5% of maximum density, colored by phase, after
removing half condensate for better visualization. (b),(c) Same as in
Fig. 1.

instability [30]. However, such modes can be prevented to
appear by means of a tight transverse trap, which confines the
system to a reduced cross section. In terms of the chemical
potential, and in the absence of a vortex, a channeled dark
soliton is stable up to the value μ = 2.65�ω⊥ [29]. One could
expect that, since the zero point energy introduced by an
axisymmetric vortex in the harmonic trap increases in one
energy quantum �ω⊥ relative to the ground state, the stability
threshold for dark solitons in the presence of the vortex would
increase by the same amount relative to the case without vortex.
This argument leads to a threshold localized at μ = 3.65�ω⊥.
As we will see below, it is a reasonable estimate, since the
unstable frequencies that can be found under such value are
very small. We have observed that these latter instabilities are
derived from the junction vortex soliton (i.e., the boundary
conditions imposed by the soliton on the vortex ends), and
possess slightly different amplitudes for different axial lengths
of the computational domain considered. For particular axial
lengths, it is possible to find dynamically stable configurations
with chemical potentials below the mentioned threshold [as
the case shown in Fig. 4(a)], and in the general case our
results show that the system presents long lifetimes in the
characteristic units of the trap.

A quantitative analysis of the dynamical stability can be
done through the Bogoliubov equations (BE) for the linear
excitations of the condensate. To this aim, we introduce the
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linear modes {u(r),v(r)} with energy μ ± �ω to perturb the
equilibrium state, i.e., �(r,t) = ψ + ∑

ω(u e−iωt + v∗eiωt ).
After substitution in Eq. (3), and keeping terms up to first
order in the perturbation, we get

(HL + 2g|ψ |2)u + gψ2v = �ω u, (41a)

−g(ψ∗)2u − (HL + 2g|ψ |2)v = �ω v, (41b)

where HL is the linear part of the Hamiltonian in Eq. (3), i.e.,
HL = −�

2∇2/2m + V (r) − μ. These equations allow one to
identify the dynamical instabilities of the stationary state ψ ,
which are associated to the existence of ω frequencies with
nonvanishing imaginary parts.

For the vortex state ψ(z,θ,r⊥) = ψ1(z,r⊥)eiθ the BE
Eq. (41) read

(
HL + 2gψ2

1

)
u + gψ2

1 ei2θ v = �ω u, (42a)

−gψ1
2e−i2θu − (

HL + 2gψ2
1

)
v = �ω v. (42b)

We search for the modes of the functional form
{u(z,r⊥)ei(q+1)θ ,v(z,r⊥)ei(q−1)θ } with q = 0,±1,±2, . . . .

After adding and substracting both Eqs. (42), we achieve(
H1 + �

2(q2 + 1)

2mr2
⊥

+ g±ψ2
1

)
f± =

(
�ω − �

2q

mr2
⊥

)
f∓, (43)

where H1 = −�
2(∂2

z + ∂2
r⊥ + ∂r⊥/r⊥)/2m + V⊥ − μ, g± =

(2 ± 1)g, and f±(z,r⊥) = u(z,r⊥) ± v(z,r⊥).
Bifurcations from the dark soliton state occur if Eqs. (43)

have nontrivial solutions for ω = 0 [31,32]. In this case, and for
q = 0 modes, Eqs. (43) are linear Schrödinger equations for
f±, with effective potentials given by V± = V⊥ + �

2/2mr2
⊥ +

g±ψ2
1 . In particular, the equation for f− is identical to the GP

equation, thus admitting the solution f G
− = ψ1(z,r⊥), apart

from a global phase. This solution is the Goldstone mode
associated to the breaking of the continuous symmetry of
the phase. Since f G

− presents an axial node (the one of the
soliton), there must be another solution to Eq. (43) without
axial nodes, and then with lower axial energy. This energy
difference, associated to the axial degrees of freedom, can
be released for the excitation of transverse modes in the
condensate, which can produce the decay of the dark soliton.
Following a procedure parallel to that used in Ref. [29], based
in a separable ansatz for f± within the Thomas-Fermi regime,
the bifurcation points for q = 0 can be estimated to appear
at chemical potential values μ0 = √

2 (2p + 2) �ω⊥, where
p = 1,2, . . . is a radial quantum number. The pair (p,q)
characterizes the corresponding transverse unstable modes
localized at the soliton plane, and indicates the number of
radial and azimuthal nodal points, respectively. Specifically,
for (p = 1,q = 0) the predicted unstable mode will appear
at μ = 5.66 �ω⊥, which is close to the value (≈5) found by
numerically solving Eq. (43).

The upper panel of Fig. 3 shows the numerical solutions
to Eq. (43) for the unstable excitation frequencies of open-
vortex-line states. As can be seen, the unstable modes with
q = 1,2 (p = 0) appear before those with q = 0. The latter
excitations introduce radial nodes (p = 0) in the soliton
plane, whose energy cost is higher than the kinetic energy
excess (∝�

2q2/2m) of the azimuthal nodes generated by

2 3 4 5
μ / h/ ω⊥

0

0.2

0.4

Im
( ω

) /
 ω

⊥

q = 2
q = 1
q = 0
q = 1

FIG. 3. Frequencies of unstable modes for open vortex lines
as a function of the chemical potential (upper panel). The curves
correspond to the three lowest azimuthal quantum numbers q of
the excitation modes (see text). The q = 1 dashed line accounts for
excitations derived from the vortex-soliton junction, an example of
which is given in the lower panel for a condensate with μ = 3.2�ω⊥.
The density isocontours (lower panel) correspond to the condensate
(semitransparent contour), and to two different unstable modes (color
contours) having zero (inner blue contour) and 2� (outer red toroidal
contours) angular momentum per particle.

the modes with q = 1,2. In particular, for a computational
domain with periodic boundary conditions and axial length
4π a⊥, the excitation of transverse modes with q = 1 above
μ = 3.0�ω⊥ marks the threshold for instability. As previously
commented, the small bump extended between 3.05�ω⊥ and
3.4�ω⊥ on the μ axis is due to small instabilities derived
from the vortex–soliton junction, and are represented by the
(q = 1)–dashed line of Fig. 3. To illustrate this point, the lower
panel of Fig. 3 depicts the density isocontours of an open
vortex state with μ = 3.2�ω (semitransparent contour) and its
only unstable modes coming from the vortex–soliton junction
(colored contours). Such unstable modes are not exclusively
localized around the junction. This specific instability ceases
to act for an intermediate range of chemical potentials, where
the snaking instability makes its appearance through the q = 1
solid curve.

We have cross-checked our results obtained from the linear
stability analysis, by evolving in real time the stationary states
ψ with different chemical potentials, after adding a random
Gaussian perturbation ψ → ψ + δψ . The upper panel of
Fig. 4 presents an example of such dynamics for a condensate
with μ = 3 �ω⊥, just below the instability threshold. The
system remains nearly unaltered during the whole evolution,
thus stable according to the linear analysis of Fig. 3; only
smooth oscillations due to sound waves can be observed.
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FIG. 4. Real-time evolution of open vortex lines after adding
random perturbations to the corresponding stationary states.
(a) Semitransparent density isocontours at 5% of maximum density
around the soliton position for a stable state with μ = 3.0�ω⊥ and
ω⊥/2π = 100 Hz. (b) Same as (a) for an unstable case containing two
solitons, with μ = 5.1�ω⊥ and ω⊥/2π = 71.3 Hz, showing a decay
dynamics dominated at early time by the q = 1 mode (see text). For
every time, along with the density isocontour of the whole system on
the right, a narrow slice along the z axis shows the density in a gray
scale, with vortices in black, on the left.

For states with two solitons, as shown in Fig. 2, whenever
the distance between solitons is large in comparison with the
healing length, the stability analysis follows that of a single
soliton. To illustrate their characteristic dynamics, we have
selected an unstable system with μ = 5.1�ω⊥, shown in the
lower panel of Fig. 4. As can be seen, at about 20 ms, the
snaking instability starts to operate at the planes of the solitons,
while the vortices begin to lose their alignment. At later time,
two new vortices appear as a remainder of the two initial
solitons, along with manifest oscillations of the initial straight
axisymmetric vortices.

V. HALF VORTEX RING STATES

In this section we consider a variant layout with curved
open vortex lines having both ends attached to the same planar
dark soliton. The resulting structures bear some resemblance to
the U-shaped vortices found in elongated systems [33], where
the vortex lines bend near their end points. On the contrary,
here we focus on half vortex rings. These objects have been
studied in the realm of classical fluids [34], and can propagate
long distances attached to the water surface without decaying
(see for instance [35], where they are shown to provide the
mechanism of motion for light insects). This configuration

FIG. 5. Half vortex rings attached to a dark soliton in an oblate
condensate with μ = 6�ω⊥ confined by a harmonic trap with aspect
ratio λ = 1.4. Density isocontours at 5% of maximum density are
shown for the semitransparent top and side views (left panels) and
the perspective view colored by phase (top right). (d) Column density
profile along the z axis.

mimics an open string whose both ends are attached to the
same D-brane, which is another basic configuration of an open
string.

In order to generate half vortex rings in a BEC, we proceed
with two steps. We first search for stable vortex rings, which are
later split into two halves by imprinting a planar dark soliton.
To this end, we have chosen near-spherical, harmonically
trapped condensates, where the conditions for the stability
of vortex rings have been analytically predicted for aspect
ratios in the range 1 � λ � 2 within the strongly interacting
regime [36], and have been numerically corroborated in some
particular cases near the weakly interacting regime [37].
Our results show that the analytical prediction breaks down
for small values of the chemical potential, where, on the
other hand, the conditions for the stability of solitons can
be expected. As a result, we have not found a stable half
vortex ring, although it is possible to observe robust config-
urations with weak instabilities. This is the case presented
in Fig. 5, corresponding to the aspect ratio λ = 1.4 and
the chemical potential μ = 6 �ωz. The translucent density
isocontours Figs. 5(a) and 5(b) show the condensate from
two perpendicular views, and the colored density isocontour
Fig. 5(c) reproduces the resulting phase pattern from the
interplay between the soliton (lying across the x coordinate)
and the vortices. By integration of the density over the x

coordinate [panel Fig. 5(d)], it is possible to observe the
density depletion produced by the vortices at z = 0. As
demonstrated in Fig. 6(a), showing the real-time evolution of
this state obtained from the numerical solution of the full GP
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FIG. 6. Real-time evolution, after adding a random Gaussian
perturbation, of half vortex rings in oblate BECs. Semitransparent
density isocontours at 5% of maximum density are shown at different
times for condensates with (a) λ = 1.4, μ = 6�ωz, and ωz/2π =
11.5 Hz, and (b) λ = 1.1, μ = 8.9�ωz, and ωz/2π = 57.5 Hz.

equation (3), the half vortex ring is a robust state, which is able
to survive under perturbations during 100 ms in a harmonic
trap with ωz/2π = 11.5 Hz.

Other choices of parameters can lead to different lifetimes
for half vortex rings. As an alternative example, in Fig. 6(b)
we present a near-spherical condensate with λ = 1.1 and a
higher chemical potential μ = 8.9�ωz, in a trap with ωz/2π =
57.5 Hz. In this case, the dark soliton decay begins around 10
ms, and the later evolution shows complex dynamics. As a gen-
eral trend, for high values of μ we have observed a chaotic sce-
nario at the later stages of the half-vortex-ring decay, including
the appearance of new vortex lines that split or reconnect.

VI. DISCUSSION AND CONCLUSIONS

In this paper two variants of open vortex lines in scalar
BECs have been reported, having either one end or two ends
of a vortex attached to a planar soliton. In the latter case,
consisting of half vortex rings, we have shown that these
configurations present long lifetimes for typical parameters
of current experiments. For channeled condensates containing
straight vortices attached to solitons, we have demonstrated
the existence of dynamically stable states and identified the
bifurcation points of the first unstable modes. In both variants,
a necessary condition for the corresponding configurations to
be stationary requires that the vortex lines appear in pairs, as
shown in Figs. 1, 2, 4, and 5.

The stationary configurations we considered in this paper
are either stable (vortex lines attached to planar dark solitons)

or long-lived (U-shaped vortex lines), which indicate their
feasibility for BEC experimental realizations. To this aim, the
well-established experimental techniques in BECs developed
for the observation of topological defects, such as optical phase
imprinting [38,39] or laser stirring [40], can be used. We
propose here two possible ways for elongated condensates
adequately devised to prevent the snaking instability [41].
By means of phase imprinting, both a transverse planar
soliton and a pinned straight vortex along the z axis could
be simultaneously seeded. Alternatively, the laser stirring of
the atomic cloud could be applied to drive the condensate into
rotation around the z axis, so that an energetically stable, singly
charged vortex can be generated. After this, a planar soliton
could be imaged onto the condensate by phase imprinting, in
order to split the initial vortex into two vortex lines attached to
the soliton. With regard to the realization of half vortex rings,
the experimental procedures are more elaborate, since they
would involve the controlled generation of vortex rings [42],
within a regime of dynamical stability, followed by the phase
imprinting of a soliton. These settings can open up a way
to advance in the fairly unexplored domain of the interplay
between vortices and solitons.

To summarize, we have demonstrated that stationary, robust
states composed of vortex lines attached to planar dark solitons
can be found in scalar BECs. Among them, we have reported
on dynamically stable configurations in elongated systems for
small values of the chemical potential. Our results follow from
the Gross-Pitaevskii theory applied to realistic condensates
of ultracold gases, and allow the study of vortex lines with
Dirichlet boundary conditions. In addition, we have shown
that in the hydrodynamic limit the dynamics of open vortex
lines can be well characterized by the dual description of the
Gross-Pitaevskii theory, which can be viewed as a (3+1)-
dimensional effective string theory. This connection might
pave the way to test some analytical predictions of string
theory with experimental realizations in ultracold gases. To
advance in this way, the further analysis of solutions to the
equation of motion derived from the string functional Eq. (26)
and the comparison with numerical simulations from the
Gross-Pitaevskii equation are required, which will be reported
elsewhere [43].
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