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Optomechanical multimode Hamiltonian for nanophotonic waveguides
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We develop a systematic method for deriving a quantum optical multimode Hamiltonian for the interaction of
photons and phonons in nanophotonic dielectric materials by applying perturbation theory to the electromagnetic
Hamiltonian. The Hamiltonian covers radiation pressure and electrostrictive interactions on equal footing. As
a paradigmatic example, we apply our method to a cylindrical nanoscale waveguide and derive a Hamiltonian
description of Brillouin quantum optomechanics. We show analytically that in nanoscale waveguides radiation
pressure dominates over electrostriction, in agreement with recent experiments. The calculated photon-phonon
coupling parameters are used to infer gain parameters of Stokes-Brillouin scattering in good agreement with

experimental observations.
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I. INTRODUCTION

Quantum optomechanics is the study of phenomena origi-
nating from the mutual interaction between electromagnetic
radiation and mechanical motion [1-4]. In cavity optome-
chanics both the electromagnetic field and the mechanical
vibrations are effectively restricted to single modes, and the
strong coupling among phonons and photons achievable there
enabled the demonstration of various quantum mechanical
effects in recent years [5]. In the domain of optical frequencies,
the strongest optomechanical coupling has been obtained
in optomechanical crystals [6,7], where nanostructuring of
dielectric materials is exploited to generate phonon and photon
modes with strong spatial localization in order to enhance the
light-matter interactions.

Very recently, experimental progress with nanophotonic
waveguides supporting long-lived, high-frequency phonon
modes evidenced that quantum optomechanical effects may
become accessible also within a multimode version of optome-
chanics involving continua of propagating phonon and photon
modes [8—13]. At the classical level, the Brillouin physics
of interacting photons and phonons in waveguides has been
studied extensively and led to the demonstration of a wide
scope of nonlinear optical phenomena; see Refs. [14—17] for
reviews. So far, the dominant mechanism for optomechanical
coupling in waveguides has been electrostriction, that is the
modulation of the index of refraction of the bulk dielectric
material associated with its acoustic vibrations causing scat-
tering of photons on these periodic index modulations. The
recent experiments with nanophotonic waveguides entered a
new regime where radiation pressure effects due to vibrational
surface deformations start to dominate over electrostriction,
which may result in vastly enhanced photon-phonon coupling.
At the same time, these devices can maintain large quality fac-
tors for GHz mechanical modes extending over long cm-scale
nanowires providing large optomechanical interactions over
significant time and length scales. Overall, these developments
indicate Brillouin quantum optomechanics as a promising
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route toward integrable, broad-band platforms supporting
strongly interacting fields of phonons and photons.

On the theoretical side, the description of Brillouin op-
tomechanics in classical terms is well established [9,18—
20]. A corresponding quantum mechanical description of
electrostrictive coupling in terms of a multimode Hamiltonian
has recently been derived by Agrawal et al. [21] in the
context of multimode phonon cooling. In cavity quantum
optomechanics involving single phonon and photon modes
both effects are commonly taken into account [6,7] based on a
formula by Johnson et al. [22]. Progress toward extending the
cavity optomechanical description to the regime of Brillouin
optomechanics has been achieved by Van Laer et al. [23]
by relating Brillouin gain parameters to the optomechanical
single-photon coupling strengths. Sipe et al. [24] very recently
provided a Hamiltonian treatment of stimulated Brillouin
scattering in nanoscale integrated waveguides accounting for
electrostriction and radiation pressure, following the method
of Refs. [20,22].

In the present work we aim to contribute to this development
of a quantum theory of Brillouin optomechanics in two
respects: First, we derive the multimode Hamiltonian for Bril-
louin optomechanics by applying perturbation theory directly
to the field Hamiltonian for the case of an isotropic dielectric
material, which includes on equal footing electrostriction and
radiation pressure mechanisms. Our derivation reproduces the
results of Sipe et al. [24] but avoids the rather technical
smoothing procedures introduced by Johnson et al. [22],
employed also in Ref. [24], in order to deal with discontinuities
at surfaces. We believe that the point of view advocated in
the present derivation provides valuable physical insight to
an otherwise rather unintuitive result. Second, we apply the
general formula of the multimode Hamiltonian for Brillouin
optomechanics to the important special case of a cylindrical
nanowaveguide, and evaluate analytically the parameters in
the Hamiltonian characterizing the phonon-photon coupling
strength. We use our analytical expressions to demonstrate the
domination of radiation pressure effect over electrostriction
for nanoscale waveguides, and determine optimal parameter
regimes exhibiting maximal coupling. The formalism is
applicable to systems of any dimensional scales, ranging from
cavity optomechanical systems involving localized photon and
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phonon modes up to bulk materials in which photons and
phonons are described by continuous fields as in Brillouin
optomechanics.

We treat a cylindrical nanoscale waveguide (tapered fiber),
which exhibits a (quasi)continuum of modes propagating in
the longitudinal direction with localized discrete modes due
transverse confinement. We consider in much detail the case
of a nanofiber made of silicon material that is embedded in
free space. We analytically solve for the photon and phonon
vector mode functions and dispersion relations and calculate
the photon-phonon coupling parameters originating from
electrostriction and radiation pressure mechanisms. This case
is motivated by the recent progress in Brillouin optomechanics
[10-13,25], but also by the work on tapered optical nanofibers
that have been used in manipulating, trapping, and detecting
neutral cold and ultracold atoms [26,27], in which optically
active mechanical modes of tapered nanofibers have been
also investigated [28]. Moreover, we provide a means to
compare the theoretically calculated photon-phonon coupling
parameter with the experimentally observed gain parameter.
Moving to the real-space representation of the Hamiltonian,
we solve the system of equations for the Stokes stimulated
Brillouin scattering. The Stokes field is amplified with a
gain parameter that is related to the photon-phonon coupling
parameter in the derived Hamiltonian, similar to what has been
discussed by Van Laer et al. [23].

The paper is organized as follows. Section II contains the
derivation of the classical, perturbed Hamiltonians for the
coupled light and mechanical excitations through radiation
pressure and electrostriction mechanisms. The discussion
is followed by the canonical quantization of the coupled
classical fields, where the interacting multimode photon
and phonon Hamiltonian is derived. The photon-phonon
coupling parameters are explicitly calculated for the case
of cylindrical nanowires in Sec. III. A relation between the
photon-phonon coupling parameter and the gain parameter of
Stokes stimulated Brillouin scattering is presented in Sec. IV,
and the coupled photon-phonon real-space Hamiltonian is
introduced. The appendices include the full solutions of the
electromagnetic fields and the mechanical excitations in a
cylindrical dielectric waveguide.

II. COUPLING AMONG ELECTROMAGNETIC FIELD
AND MECHANICAL VIBRATIONS

We aim first to derive the classical Hamiltonian that
represents the mutual influence of the mechanical excitations
and the electromagnetic field in a bounded dielectric medium,
and which are characterized by the electric field E(x) and
the mechanical displacement field Q(x), respectively. The
electromagnetic field in a dielectric, lossless, and nonmagnetic
medium with a scalar permittivity €(x) is described by the
Hamiltonian [29]

2 €(x)

where the electric displacement field is defined by D(x) =
€(x)E(x). The Hamiltonian coupling of photons and phonons
follows from evaluating the correction §H to H due to a
mechanical displacement Q(x) causing a perturbation §e(x)

1 1 , 1 5
H = —/dV —|DX)|* + —|BXx)| ¢, (D
Mo
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in the permittivity €(x). We will consider corrections in first
order of the mechanical displacement throughout the paper and
limit the discussion to isotropic fluctuations in the dielectric
constant. The explicit dependence of §e(x) on Q(x) differs for
radiation pressure and electrostrictive interaction, and will be
detailed below. Nevertheless, both effects are covered by the
perturbation to the field Hamiltonian in Eq. (1):

SH = %/dv Se ' (x)Dx)|%. )

Here 8¢~ !(x) in Eq. (2) denotes the perturbation of the inverse
of the permittivity, which is not to be confused with the inverse
of the perturbation [8€(x)]~'. The contributions to § H due to
the corrections in the amplitude of the electric displacement
field D are negligibly small, on the order of the ratio of phonon
to photon frequency, as shown in Appendix A. A further
correction of the same order is introduced through magnetic
polarization effects [24]. Note that the perturbation of the field
Hamiltonian Eq. (1) needs to be done in the representation
where the energy density is expressed in terms of the electric
displacement field. If instead the electric field E is used, the
contributions due to corrections of the field amplitude will be
significant, cf. Appendix A, and § H would take a much more
cumbersome form.

We consider a dielectric material with permittivity €(x) =
€1 in a volume Vy, which is localized in a surrounding medium
with permittivity €(x) = €, occupying the complementary
volume V,. For a dielectric material in vacuum €, = ¢y. The
unperturbed permittivity can be written as

€(X) = € + (€1 — €2)O(X), 3)
where ®(x) is a step function defined by

1 f
om=1{) o

A mechanical displacement Q(x) of the dielectric medium
in V; will affect the material’s permittivity in two ways:
In the electrostrictive mechanism, the fluctuations change
the magnitude of the permittivity of the material in V; at
a fixed boundary. Radiation pressure in turn corresponds to
fluctuations in the material boundary at a fixed magnitude of
€1. Thus, the perturbed permittivity can be written as

€(x) =€+ [€1(Q) — £]0x + Q),

where €(Q)|g=0 = €. The first-order corrections is de(x) =
dé€rp(x) + de€ei(x) and the contributions from radiation pressure
and electrostriction are, respectively,

x eV,
XEVz'

Serp(x) = (61 — €)QX) - VO(X), 4)

Sea(x) = 861 (Q)O(x). (&)

The contributions of these two perturbations to the interaction
Hamiltonian in Eq. (2) will be treated in the following two
subsections.

A. Radiation pressure

We note first that VO(x) in Eq. (4) denotes a § distribution
whose effect is to turn volume integrals into surface integrals
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over the boundary dV between V| and V,, that is

/ dVEx) - VO(x) = / dA -f(x), (6)
Vit Vs av

where dA is the infinitesimal surface element. Thus, when
using Eq. (4) in Eq. (2) it will be vital to take care that the
remaining integrand does not contain discontinuities on the
boundary surface rendering the integral undefined.

This concerns in particular the discontinuity in the field
component of D(x) parallel to the boundary surface. In order to
overcome this difficulty we consider an (arbitrarily thin) shell
volume V'’ enclosing the boundary surface 9V, and rewrite the
contribution to the interaction Hamiltonian Eq. (2) within V'
in terms of the fields E(x) = D(x)/e(x) and D (x) parallel
and orthogonal to the surface that are both continuous,

1
SH = 5/ dV{—8eX)|Ej(®)* + 8 ' )DL ). (7)
v

Here we used €2(x)8e¢ ! (x) = —8€(x). In restricting the inte-
gration to the shell volume V'’ we anticipate, in view of Eq. (6),
that it is the energy within this subvolume that will be relevant
for the perturbation due to radiation pressure. The remaining
hurdle is to arrive at a well-behaved perturbation of the inverse
permittivity in Eq. (7). This can be achieved by expressing the
inverse as e " (x) = 6{1 + (ef1 — e;l)®(x), which yields

e ) = (7' — &) Q) - VOX), (8)

for the contribution due to radiation pressure.
Finally, we can use Egs. (4), (6), and (8) in Eq. (7) to arrive
at the Hamiltonian describing radiation pressure interaction

1
$Hp =~ /wdA.Q(x)

x {AelEj(x)1* — A(e HID L (X)) )

We used the symbols Ae = €¢; — €, and Ale™) = el_l — 62_1

following the notation introduced by Johnson et al. in Ref. [22].
The integral in Eq. (9) is over the surface 0V of the dielectric
medium, and all fields are evaluated on that surface. Thanks to
the continuity of E; and D there is no ambiguity in evaluating
the field on either side of the surface.

The result presented here agrees with the one derived in
Ref. [22] for the perturbed eigenfrequency of photonic field
modes. Johnson et al. used a smoothing procedure in order to
deal with the difficulty of discontinuities of field amplitudes at
the surface. The alternative approach presented here avoids
such technicalities and at the same time provides directly
the interaction Hamiltonian covering both frequency shifts of
photon modes and Brillouin scattering among different field
modes. It is this last aspect that is of main interest in the
description of the optomechanics of extended nanophotonic
waveguides. Furthermore, the interaction Hamiltonian Eq. (9)
is directly amenable to quantization, as will be done in
Sec. IIC, and provides firm grounds for the description of
radiation pressure effects in Brillouin quantum optomechanics.

B. Electrostriction

Electrostriction appears due to the tendency of a dielectric
material to be compressed in the presence of light, and as
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a consequence to excite mechanical vibrations in the medium
[18,19]. The appearance of mechanical vibrations modulate the
optical properties and result in small changes in the dielectric
constant that induce scattering of the light. A Hamiltonian
description of electrostriction has been derived previously by
Agrawal et al. [21]. For completeness we present a derivation
within the present approach, starting from Eq. (12) for the
perturbation of the bulk value of the permittivity due to a
mechanical displacement.

By means of the electrostriction constant y, the change
in the permittivity can be related to fluctuations of the mass
density p,

Vel
8€1(Q) = 6078p(Q), (10)

which in turn is determined through the mechanical displace-
ment,

5p(Q) =~ —pV - Q(x). (11)
Overall, we arrive from Eq. (12) at
d€a(x) = —€oyelV - QX)]O(X). (12)

Electrostriction mechanism in nanoscale structures can give
rise to anisotropic phenomena. Anisotropic contributions
induced by longitudinal phonons in nanoscale waveguides
are immaterial [30]. As we concentrate mainly in processes
involving longitudinal phonons we treat here only the isotropic
case of scalar fluctuations [18,19]. Anisotropic phenomena
induced by tensor fluctuations of the dielectric function are
beyond the scope of the present paper.

The relation Eq. (12) can be used directly in Eq. (2) when
resorting to the representation of § H in terms of the electric
field (using again €*(x)8[e ~!(x)] = —8e(x)),

1
3He = ——/ dV8eq(x)[E(x)|*. (13)
Vi+V2

No issues regarding discontinuities in the integrand arise here
since the domain of integration is effectively limited to the
volume V) occupied by the dielectric due to the step function
in Eq. (12). Here § H,; decreases by increasing de as expected.
Finally, this yields the Hamiltonian for the electrostrictive
interaction of photons and phonons,

€0 2

> dV[Vv - QXIEX)". (14)

Vi

0H, = Vel

It is evident from Egs. (9) and (14) that radiation pressure and
electrostriction are surface and volume effects, respectively.
For sufficiently small dimensions radiation pressure will there-
fore dominate and may ultimately provide largely enhanced
coupling strengths per single photon and phonon. We will
show this explicitly for the example of a cylindrical waveguide
in Sec. IIl. Before that, we will quantize the interaction
Hamiltonians in Egs. (9) and (14), and extract the quantum
mechanical coupling strengths at the single photon/phonon
level.

C. Quantization

We aim to derive the photon-phonon interaction Hamil-
tonian in dielectric media by canonically quantizing the
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electromagnetic and mechanical fields that were presented in
the previous sections [29,31-33]. The Hamiltonian of the free
photon field reads

Ao = Y heod . (15)

where the summation is over all the photon modes and the sum-
mation index & comprises any index labeling photon modes for
a given geometry. In the following we will assume a discrete
set of indices, such that fzot and d, are dimensionless bosonic

creation and annihilation operators, and fulfill [&a,&;] = 8up.
Continuous index sets as relevant to problems with, e.g.,
translational symmetry can be attained via appropriate limiting
procedures, as detailed, for example, in Ref. [34]. The electric
field operator reads E(x) = E(x) + E)(r), where

EV@,n =i Eaa,Us(x), (16)

and E©) = (E)T. The (dimensionless) vector function U, (x)
of mode « and the eigenfrequency w, are obtained by solving
Maxwell’s equations with appropriate boundary conditions, cf.
Appendix A. The electric field amplitude of a single photon in

mode « is
[ hawy
ga == m (17)
€0 Va

The effective volume V¥ hot

tion condition,

is calculated from the normaliza-

/dV|Ua(x)|2 = yphot, (18)
On the other hand, the phonon Hamiltonian reads

ﬁphon = Zhgvéiév’ (19)

where bf and b, are the bosonic creation and annihilation
operators of a phonon in mode v with angular frequency €2,.
The index v again stands for any discrete index relevant for a
given geometry. The operator corresponding to the mechanical
displacement field is Q(x) = Q" (x) + Q) (x), where

QY =) 2,6,W,(x), (20)

and Q) = (Q™)f. Here W, (x) is the (dimensionless) vector
mode function of phonons with eigenfrequency €2,, which is
obtained by solving the equations of motion of mechanical
excitation as shown in Sec. III. The zero-point-fluctuation of

mode v is
Z, = —h 21
v 2M‘I}Jh0n§2v . ( )

The effective mass associated to phonon mode v is given by

M — p VP where p is the medium’s mass density and

P hon i the phonon effective volume, which can be calculated
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from the normalization condition,
/ dV|W,(x)|* = vphon, (22)

The quantized interaction Hamiltonian is obtained from
the classical one by replacing the displacement and the
electromagnetic fields by operators and using normal ordering.
We will use the notation (:X:) to denote the normally ordered
form of the operator X. The radiation pressure Hamiltonian
reads

1 ~
Hy = —E/W [dA - Q(x)
x (Ae|Ey ) — A HD ™),  (23)

and the electrostriction Hamiltonian reads

A

Hel=yel% AV - QE)E®[Z: .  (24)

Vi

In terms of creation and annihilation operators, using the above
definitions, the interaction Hamiltonian is

I:II = I:Irp + I:Iel
=hY {fiblabay + faanvalawb). (25

aa'v

Thus, the optomechanical photon-phonon coupling strength

(of dimension Hz) is fowv = for, + fh,» where the radiation
pressure coupling is given by
. 1
Foory = — 3ZvEala | dA-W,(x)

A%
x |Ae U x) - UL (x) — e} Ae™)
x Uy~ (x) - Uy~ ()} (26)

All mode functions are evaluated on the boundary surface,
and most important here is that the perpendicular components,
UL =, are evaluated on the internal side of the surface, as in-
dicated by the superscript symbol (<). For the electrostrictive
coupling we get

€0
o = Vel 3 nga got’

aa'v

dVIV - W,(x)]UL(x) - Uy (x).

Vi

27)

The results are applicable to any dielectric material ranging
from fully confined media, as for a resonator, up to partly
confined media, as for a waveguide. The interactions are
consistent with the results in Ref. [24], but here we give
explicitly the appropriate normalized amplitudes.

III. COUPLING AMONG PHOTONS AND PHONONS IN
NANOPHOTONIC WAVEGUIDES

The formalism of the previous section has been applied
extremely successfully to quantum optomechanical systems
comprising single electromagnetic and mechanical modes.
Our main concern here is the application to extended media,
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N\

FIG. 1. An optical nanofiber of radius a and refractive index n,
which is localized in free space.

where the multimode character of the interaction Hamiltonian
is essential but at the same time field confinement due to small
spatial extensions yields strong coupling due to enhanced
radiation pressure. In the following we present analytical
results for the coupling strengths f.>, and f¢, for the most
elementary such geometry, namely a cylindrical nanophotonic
waveguide. We consider a dielectric nanowire that is localized
in free space and extended along the z direction over a length
L with a nanoscale radius a, as seen in Fig. 1. The dielectric
constants are €; = eon® and €, = €, where n is the medium
refractive index. Recently, such tapered optical nanofibers have
been intensively studied [26-28].

The strong confinement in the transverse direction results
in discrete modes for both the electromagnetic and mechanical
fields. In the following we will consider only a single transverse
mode for the photons and phonons. The electromagnetic and
mechanical fields can propagate along the waveguide axis with
wave number k, which takes on the values k = ZT”m with
m=0,£1,%+2,..., where L is the waveguide length and
we use periodic boundary conditions. Phonon wave numbers
will be denoted by ¢ and have a natural cutoff that is given by
the inverse of the crystal lattice constant.

A. Photons in nanoscale waveguides

The photon Hamiltonian for a single tranverse mode reads

Hppor = Y _ hetfay. (28)
k

where &Z and @, are the creation and annihilation operators of
a photon of wave number k and angular frequency wy. The
electric field operator reads, in cylindrical coordinates,

E(r60,2) =i Z

phot
k 26() Vk

hwk

x {au(r,0)e™ — alui(r.0)e ), (29)

where u,(r,60) is the transverse vector mode function, and the
effective mode volume Vkphm is defined by f dV|u(r,0)> =
vphot
k ’ . . . .
The lowest propagating mode in an optical nanofiber is
the HE;; mode. We concentrate in photons with a fixed
polarization, and we consider rotating polarization with left-
or right-hand circular rotations. Detailed calculations of the
cylindrical waveguide photon dispersions and mode functions
are given in Appendix B. The photon dispersion, which is
the relation between the angular frequency, w, and the wave
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0 1 2 3 4
ka
FIG. 2. The lowest HE,; fiber mode is presented as w/(2m) vs.

ka. Here n = 3.5 for silicon material. Beyond the dashed line at
w/(2m) ~ 2.186 x 10'* Hz other photon branches start to appear.

number along the fiber axis, k, can be extracted from the
expression [35]

Jo(pa) [ 1+n*\ Ko(qa) + Ka(qa) 1
pali(pa) —\ 2n? 2qaKi(qa) p*a?

B <nz—1>2<Ko(qa)+1<2(qa))2
2n? 2qaK (qa)
kN[ 1 1\ 20
*(m) (ﬁ*ﬁ) O

where p = Vkin®> — k%, and ¢ = Vk* — k§, with ko = w/c.
Propagating modes can appear only in the range 1 < % < n.
In the literature this result is commonly represented in terms
of the fundamental parameter V = koa~/n? — 1. For silicon
we have n &~ 3.5 and up to about V ~ 3.84 only the HE,
photons propagate in the fiber, and beyond V ~ 3.84 TM and
TE modes can be excited. The HE;; dispersion relation is
plotted in Fig. 2 for w/(2m) as a function of ka. For small
wave numbers the photons are unconfined in the nanofiber and
propagate with the group velocity c/n, but beyond ka ~ 0.7
they get confined and propagate with almost linear dispersion
of group velocity v, & ¢/5.

The vector mode functions inside the fiber, that is for (r <
a), are given by

re __p ko B +i6
TANES lBﬂ[(l $)Jo(pr) — (1 + 5)J2(pr)le™,

k .
ups = B 11 =)(pr) + (1 + ) h(pr1e?,  (31)

uys = BJ\(pr)et?,
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1.7
1.6 1
1.5 ¢
2"'-1.4
>%1.3'
1.2 ¢

1.1

1 1.5 2 2.5 3 3.5
ka

FIG. 3. The relative photon mode volume V™™ /Vj vs. ka for
HE,; fiber photons.

and outside the fiber, that is (r > a), are given by

e —_ig K Nipa)
YT T 2q Ki(ga)
[(1 — $)Ko(gr) + (1 4+ $)Ka(gr)]e*™,
uz> = :I:Bi Ji(pa)
2q Ki(ga)
[(1 — )Ko(pr) — (1 + s)Ka(gr)le™®,  (32)

J .
M2> =B ](Pa) K](C]F)Eile,
Ki(ga)
where
1 1 J! K/ !
s=|: st 2:“ 1(pa) 1(g4) } , (33)
p*a*  q*a* || paJi(pa) qaKi(qa)

and (%6) stand for left- and right-hand circular polarizations.
The parameter B is fixed from the normalization relation stated
above. In Fig. 3 we plot the effective volume Vkphot of photon
mode k relative to the total fiber volume Vr = wa?L as a
function of ka. Here a minimum appears around ka =~ 1.74
in which the photon mode is highly concentrated inside the
fiber, and a small part penetrates outside. For example, for
a = 250 nm we get a minimum at A &~ 900 nm.

B. Phonons in nanoscale waveguides

The phonon Hamiltonian for a single mode is given by

Hphon = Y hS2,b}b,. (34)
q

where 55 and b, are the creation and annihilation operators of
a phonon of wave number g and angular frequency €2,. The
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18

16 1 /

14 ¢ %
N 12 f ’

o N A

0 1 2 3 4
ga
FIG. 4. The lowest two branches of the longitudinal phonon
modes, for 2/(27) vs. ga for a silicon waveguide (n = 3.5): Lower,

acoustic branch (solid blue line); upper, vibrational branch (dashed
red line).

displacement operator is defined by

Qr0.2) =Y Zy{bywy(r.0)e'™ + bl wi(r.0)e ™4}, (35)

q

where w,(7,0) is the transverse vector mode function. The
zero-point-fluctuation is Z, = (h/2M,Q,)"/* with effective
mass M, = pVth and effective phonon mode volume
[dVIw,(r,0)> = VP

In optical nanoﬁbers torsional, longitudinal, and flexural
phonons can be excited. Here we consider only longitudinal
modes, as the torsional modes decouple to the light through
radiation pressure and the flexural modes are of higher energy.
Detailed calculations of the cylindrical waveguide phonon
dispersions and mode functions are given in Appendix C.
The longitudinal phonon dispersion can be extracted from the
expression [36]

(¢ - 12)2 maJo(ma)

s 2 Mmado(na)
9N
Ji(ma)

—202(q2 + 1),
Ji(n.a) i a”+ i)
(36)

where we have 771 =% —¢*andn? = vz — ¢?. The lowest

two longitudinal branches are plotted in Fig. 4 for Q/(2x)

as a function of ga. We treat silicon material with v; = 8433

m/s and v; = 5843 m/s. For small wave numbers ga < 1, the

lowest acoustic modes have a linear dispersion, and the lowest

vibrational modes are almost dispersion-less up to ka ~ 2.

Both branches become linear beyond the anticrossing point.
The vector mode functions are given by

—AnJi(yr) +iCqJi(nsr),
=0, 37

wy =
0
q
w; = iAqJo(mr) — CnJo(ner).
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a -9
()3><10

25

(b) ., x107®

ga

FIG. 5. The relative zero-point fluctuation, Z,/a vs. ga, (a) for
acoustic modes, and (b) for vibrational modes.

The parameters A and C are fixed using the boundary condition
relation,

2ign Jl(ma)A
[n? — %] (@)

and the normalization relation stated above. Note that A
also plays the role of a scaling factor that takes care of the
appropriate units.

For illustration we consider a nanofiber of radius a =
250 nm and length L =1 cm made of silicon material
(density p = 2328 kg/m?). In Figs. 5(a) and 5(b) we plot
the zero-point-fluctuation relative to the fiber radius, Z,/a,
as a function of ga, for the lowest two branches. It appears
that the zero-point fluctuations decrease with increasing ga
for the acoustic modes, where a singularity appears around
ga ~ 1.8, and increase afterward for larger ga. The singularity
appears at the anticrossing point among the acoustic and the
lowest vibrational modes, as seen in Fig. 4. The vibrational

C= (38)
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modes have finite zero-point-fluctuations that decrease with
increasing ga.

Importantly, the phonon frequencies for both acoustic and
vibrational modes are in the GHz regime, which allows
to achieve low thermal occupation numbers at cryogenic
temperatures. Moreover, mechanical quality factors measured
in recent experiments with tapered nanofibers were in the range
of 10* [28]. For square-shaped waveguides, mechanical quality
factors of several 100 have been measured [12,13]. In view of
the tremendous progress made regarding mechanical quality
factors of single-mode optomechanical systems we expect
that there is vast room for improvement here with optimized
nanostructures.

C. Photon-phonon interactions

Insertingly, the analytical expressions for the nanowire
photon and phonon modes derived in the previous sections
into the general expression for the photon-phonon interaction
Hamiltonian Eq. (25) yields

Ay = b)Y (fEbial_ai+ fgdla—gbs). (39
kq

where we exploited the translational symmetry along the
waveguide axis, implying

1 [E . ,
3 / dze I = 5y, (40)
0

Translational symmetry results in conservation of momentum
in which two photons of wave numbers k and k — ¢ scatter
by emission or absorption of a phonon of wave number q.
The coupling is fi, = fkrg + fkel, as in Eq. (25). The coupling
parameter due to radiation pressure is given by

Z
P __ q 1p
Jig = _aeffvwkwk—quq’ 4D
k
where
2
p_ @ n - 1wr
kq a2 q

k

<7< Ox< O< 2 rx< r<
x Qup“up=, +u T w S, ntu T w s, ), (42)

and all vector mode functions are evaluated on the fiber surface
according to Eqs. (31). The effective radius of the photon mode
asz is defined through Vkphm = n(a,fff)zL. In view of w; < wy
we approximate wi_, = wy in the following. The dependence
of | fg| on L is only through Z, that gives | fi4| o 1/«/Z.

In Figs. 6(a) and 6(b) we show the radiation pressure
coupling parameter, | f,:g| /(2m), versus ka and ga for scat-
tering that involves, respectively, the acoustic modes and the
lowest vibrational modes for a fiber of length L =1 cm.
Radiation pressure coupling parameters have high values
of about 10kHz, in the region of ga ~ 1.5-2, for acoustic
modes and ga =~ 1-1.5 for vibrational modes, which appear
in the region of ka ~ 2-3 for photons. This region for optical
photons appears at nanoscale waveguides, and the coupling is
significantly decreased at microscale and larger structures.
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FIG. 6. The radiation pressure coupling parameter | fk‘};l /Q2m)
contour vs. the plane (ka — ga), for scattering that involves: (a)
acoustic modes, and (b) vibrational modes. The fiber length is L =
1 cm. The optomechanical parameters f;; scale as L=/,

The coupling parameter due to electrostriction is given by

Z

f/f,; = aT?waka F, (43)
k

where
1 Yel “ <x <
Fg = ﬁfo rdriug"(r) - we_,(r)]
19 , .
X {;5[rwq(r)] + lqw;(r)}. (44)
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[1°'1/(2 7) [kHz]
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FIG. 7. The electrostriction coupling parameter | f,f; |/(2m) con-
tour vs. the plane (ka —ga), for the scattering that involves:
(a) acoustic modes, and (b) vibrational modes. The fiber lengthis L =
1 cm. The optomechanical parameters £ scale as L=/,

In Figs. 7(a) and 7(b) we show the coupling parameter
| f,f; |/(2m) versus ka and ga, for scattering involving, respec-
tively, the acoustic modes and the lowest vibrational modes
again for a fiber of length L =1 cm. The electrostriction
parameter for dielectric materials can be written as y, ~
n*p1,, where pp, is the elasto-optic parameter. For silicon
we have n =~ 3.5 and pj» =~ 0.017, hence we get y, & 2.55.
For acoustic modes the electrostriction coupling parameters
increase with increasing ka and ga, while for vibrational
modes they increase with increasing ka only at small ga.

The comparison between the two coupling mechanisms
show that electrostriction is small in zones where radiation
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pressure is maximal, which is the case for optical light in
nanoscale waveguides. But for microscale and larger waveg-
uides electrostriction becomes dominant where radiation
pressure is significantly suppressed. Nanowires of square cross
sections are expected to give larger photon-phonon coupling
parameters due to the fact that light is more concentrated on
the boundary [9], but they have smaller mechanical quality
factor relative to cylindrical nanofibers.

IV. REAL-SPACE REPRESENTATION AND BRILLOUIN
GAIN PARAMETER

In this section we transform the coupled photon-phonon
Hamiltonian from momentum-space to real-space represen-
tation. This is especially instructive in cases when the
description can be effectively constrained to relatively narrow
frequency bands, as is the case when narrowband light is
injected into the nanofiber and at the same time Brillouin
scattering populated only selected narrow bands of phonons.
The real-space representation developed in the following
provides coupled one-dimensional propagation equations for
narrowband photons and phonons. As a first application we
derive the Brillouin gain parameters for nanofibers measured
in recent experiments from our ab initio calculation of the
optomechanical coupling parameters fkrg and f,fql.

A. Real-space representation

For the effectively one-dimensional photon field introduced
in Sec. III A we define associated operators in real space as

A 1 .
(Z) — CAl el(k*ko)z.
o=

kGBkO

Here By, denotes a suitable bandwidth of photon wave numbers
centered around a central wave number ky. The operator U (z)
defined such as to describe slowly varying spatial amplitudes
relative to the wave e'%o?, For positive (negative) sign of kg the
slowly varying operators v/ (z) describe right (left) propagating
photons. The definition of /(z) implies [V (z), ¥ (z))] =
8(z — 7'), where the § function is understood to be of width
~By, ! The inverse relation is

1 fL Aoy ith—k
G = —= | dzi(z)e” " T".
VL Jo

Furthermore, we approximate the photon dispersion relation
shown in Fig. 2 within the relevant bandwidth By, as
wy = wy, + ve(k — ko), where wy, is the bandwidth’s central
frequency, and v, = 9wy /0k is the group velocity. For the
silicon nanowire considered here we have v, 2 ¢/5 in the
range of wave numbers 1 < ka < 3, cf. Fig. 2. In real-space
representation the Hamiltonian Eq. (28) of the free photon field
for modes within the bandwidth By, is

A T 7 ) aA
1mmzm%/ﬂW@W@—m%/ﬁw%)gQ

(45)

In complete analogy, we define for the one-dimensional
fields in Sec. I1I B of acoustic phonons and vibrational phonons
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z=0 z=L

FIG. 8. The backward Stokes SBS. The pump field of frequency
w, and wave number k,, is scattered into the Stokes field of frequency
w, and wave number k;, and a sound wave of frequency €2 and wave
number q.

the real-space operators,

N 1 A
00) = — b el(q—qo)z’
VL 2 b

q€By,

with inverse relation,
N 1 N .
by =— / dzQ(z)e 10", (46)
q ﬁ

and commutation relation [Q(z),01(z))] = 8(z — 2'). The
phonons have a linear dispersion with sound velocity vy,
such that within the bandwidth B, we approximate 2, =
Q4 + v5(g — qo). Thus, the free Hamiltonian Eq. (34) for
phonons is

A

Ao = 12, [ 420'@00) ~ ih [ d:01) 52,

9z
47

The vibrational modes are almost dispersion-less below ga =~
2, such that vy =~ 0 in this regime.
Finally, the interaction Hamiltonian Eq. (39) is given by

1:11 = «/Zh/dz
x{f* 0TV (V) + TP () 0@)), (48)

where f is the photon-phonon coupling parameter in the local
field approximation, in which we neglect the weak dependence
of f on wave numbers within the relevant bandwidths B, and
By, of phonon and photon modes.

B. Brillouin gain parameter

The real-space description from the previous section gen-
eralizes immediately when more than one band of phonon
or photon modes are considered, as we will discuss now for
the case of stimulated Brillouin scattering. The result of this
treatment will be a direct relation between the optomechanical
coupling parameters f, and the Brillouin gain parameter,
which can be observed directly in experiments. We consider
the backward Brillouin scattering among two narrow band
light fields, (s) the Stokes probe field and (p) the strong pump
field, involving acoustic phonons, as seen in Fig. 8. We denote
the central frequencies for the three bands by w;, @), and €,
respectively, and assume energy conservation, w, = w; + €2,
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O\)“

ks kp k
FIG. 9. The backward Stokes SBS. The process is presented

schematically on the dispersion plot in order to emphasize the
conservation of energy w, = w, + £ and momentum g = k; + k.

and momentum conservation, kK, = Kk, + q. These conditions
are illustrated in Fig. 9.

Generalizing the results from the previous section to this
configuration, the real-space Hamiltonian is

A= —ihvS/sz (z )8Q(Z) —ihvg/d i )MP(Z)

+ihvg/dz$f(z)%z(z) +«/Zh/dz
< {f* 0NV P @) + [P () O)},

(49)

This Hamiltonian is written in an interaction picture with
respect to

=1 [[dzto, )@@ + 0,3 @E) + 20O,
(50)

and under a rotating wave approximation where all nonreso-
nant terms (such as Qhﬁ; Vs or Q“ﬁ, v ») were dropped.

The equations of motion corresponding to the Hamiltonian
in Eq. (49) are

(;f + g )wp(z 1) =—ivVLfQz.)s(z.0),

d
(al‘ Uga >ws(z 1) —_l\/_f Q (Z l)lﬂp(Z 1),

(% + vsa—z) Oz, = —%Q(m) — VL0, (2,0

+ F(z,1), (51)
where T’ is the acoustic phonon damping rate, and we neglect
the photon damping. F'(z,t) is the Langevin noise operator. The
damping rate parameter can be extracted from the observed
mechanical quality factor Q and in knowing the phonon
frequency [8—13]. At steady state all time derlvatlves for the
slowly varying operators vanish and, moreover, Q(z t) can
be neglected for acoustic phonons. Hence, we get

2VLf*
r

O@z,t) ~ —i i@, ,(z,0) + %Fw). (52)
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Substitutions of Q(z,7) in the equations of motion for the
photon fields yields

31/? (z,1) = — 'f'zw(z s (2. (2,1
3z pl%s Vg s P
LS F(z,0)¥5(z,1),
r 8
J . fa|2 :
a—zws(z,t) = - w (2, p(2,0)¥5(2,1)
— 2“/_f Fi(z,000,(z,1). (53)
F g
The light field intensity is defined by [34]
I, = Ug a (I// 2.0V ,(z2,1)), (54)
I = vgjmﬁj (z,05(z,0)), (55)

where we set w = wy; >~ w,, and denote by 4 the waveguide
cross section. The strong pump field is considered as a
classical field, and we use the Langevin force properties

(F(z.0)(z.1)) = (I:"T(z,t)lﬁj(z,t)) = 0. Then we have

d
— I, = -G Al 56
9z B p ( )
a—zlp = —GpAl, I, (57)
where the Brillouin gain factor is defined by
ALIFP?
= . 58
hoviT (58)

Neglecting the pump depletion, then the first of Egs. (56) can
be integrated to give 1.0y = I,(L) exp(Ggl,V). Note that the
Stokes field is propagating to the left, such that /;(0) described
the outgoing intensity. Thus, the gain parameter G 5 expresses
the gain in Stokes intensity per medium volume and pump
intensity. We remark also that the coupling parameters in
Egs. (41) and (43) are proportional to L~!/2, which makes
| f12L and therefore also G g independent of L.

We consider the scattering of the photons maximally
localized in transverse direction with ka ~ 1.74, which is, for
a = 250 nm, of wavelength A ~ 900 nm. The phonons for the
backward scattering are of ga ~ 3.48 with the damping rate of
I'/(2m) = 1.5 MHz. The photon-phonon coupling parameter
is f/(2m) ~ 5kHz, for a nanowaveguide of length L = 1 cm.
For Q/(27w) = 15GHz the quality factor is Q = 10*. The
group velocity is about v, ~ ¢/5. The gain efficiency is
about Gz ~ 10*m~'W~!, which agrees with the experimental
results in Ref. [12]. The values of all parameters used here are
summarized in Table 1.

The result provides a relation between the observable gain
parameter G and the photon-phonon coupling parameter f,
which agree with the one derived in Ref. [23]. The relations
allow us to compare the value of the calculated photon-phonon
coupling parameter to the experimental value of the gain
parameter. A similar result holds for the forward Brillouin
scattering involving vibrational modes.
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TABLE I. Values for case study on silicon nanowire.

Name Symbol Value

Fiber radius a 250 nm

Fiber length L lem
Photon group velocity v, c/S

Photon wavelength A 900 nm (ka ~ 1.74)
Acoustic phonon frequency Q/Q2mr) 15GHz (ga =~ 3.48)
Phonon damping rate '/2m) 1.5MHz

Mechanical quality factor 0 10*

Photon-phonon coupling f/@2m) SkHz
Gain parameter Gp 10* m~'w-!
V. SUMMARY

Starting from the classical electromagnetic field Hamil-
tonian in dielectric media we derived the mutual coupling
between light and mechanical excitations. The interaction
Hamiltonian is obtained by perturbing the medium due to
mechanical excitations. We treated two types of fluctuations
in the dielectric medium. The first is the fluctuation in the
dielectric constant that generates electrostriction coupling, and
the second is fluctuations in the dielectric material boundaries
that introduces radiation pressure. In order to overcome the
difficulty due to the field jumps on the boundaries we expressed
the Hamiltonian in terms of continuous fields. The main
objective in both cases is to represent the fluctuations in
terms of the mechanical displacement vector. The derived
Hamiltonian can be adopted for any structure of dielectric
medium ranging from nanoresonators up to bulk materials.

In quantum mechanics the electromagnetic field is repre-
sented as photons and the mechanical excitations as phonons,
where the classical formulation allows direct quantization by
converting the classical electric field and the displacement field
into operators. We treated in much detail the case of a cylindri-
cal nanophotonic waveguide, in which photons and phonons
can propagate along the waveguide with continuum wave
numbers and are strongly confined in the transverse direction
with discrete modes. We explicitly solved for the photon and
phonon dispersions and mode functions, where each discrete
mode gives rise to photon or phonon branch. We derived the
multimode photon-phonon interaction Hamiltonian for both
electrostriction and radiation pressure couplings. The lowest
photon branch is for HE; photons, in which a single photon
mode can propagate within the fiber with linear dispersion of
group velocity ~c/5, where for a silicon nanowire this mode
is maximally localized inside the waveguide around ka =~
1.74 with a small part that penetrates into the surrounding
environment. The lowest phonon branch is of acoustic modes
with linear dispersion, and the lowest excited phonon branch is
dispersion-less of localized vibrational modes with frequency
of about 10GHz. These two phonon branches approach
different linear dispersions beyond the anticrossing point.

We calculated the photon-phonon coupling parameters due
to electrostriction and radiation pressure mechanisms for a
silicon nanofiber. For optical light we found that radiation
pressure dominates electrostriction coupling at nanoscale
waveguides with coupling parameter of about 10 kHz, while
electrostriction becomes dominant at larger dimensions. We
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provide a tool for checking the validity of the theoretically
predicted coupling parameters by relating them to the ex-
perimentally observed gain parameter. We consider Stokes
backward Brillouin scattering, where a strong pump field
scatters into a Stokes field and a sound wave. Starting from
the real space representation of the photon and phonon
Hamiltonians, we solve the field equations of motion at steady
state to get the Stokes field amplification where the gain
parameter is expressed in terms of the photon-phonon coupling
parameter.

The results presented here provide a general outline for
deriving quantum optical multimode Hamiltonians for inter-
acting photons and phonons in optomechanical nanophotonic
structures. In view of the success achieved in recent years
with optomechanical structures involving single phonon and
photon modes we envision that their multimode counterparts
offer great possibilities to observe and exploit quantum
effects in extended nanophotonic media. In particular, the
optomechanical Kerr nonlinearity mediated by phonons can
be exploited for the study of quantum nonlinear optics and for
many-body physics of strongly correlated photons. Moreover,
Brillouin induced transparency with the possibility of slow
light, in analogy to EIT in cold dense atomic gases, can be
achieved in the present nanoscale waveguides. The quantum
optical Hamiltonian derived in the present work provides firm
grounds for future explorations into these directions.
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APPENDIX A: PERTURBATION THEORY OF
MAXWELL’S EQUATIONS

We will show here that Eq. (2) provides the relevant part
of the correction to the field Hamiltonian for a given change
of the permittivity and determine the order of magnitude of
the correction due to induced changes in the field amplitudes.
The equations of motion following from the field Hamiltonian
Eq. (1) are Maxwell’s equations:

oH
VXE=—uy—, (Ala)
ot
V.- (e(x)E) =0, (A1b)
oE
VxH= G(X)E’ (Alc)
V-H=0, (Al1d)

where E and H = B/ are the electric and magnetic fields,
and €(x) is the (dimensionless) permittivity of the assumed
dielectric, lossless, and nonmagnetic material. Maxwell’s
equations imply for the magnetic field

1 82H + v €0 v H 0
- x| —V x =0.
c? 912 €(x)

053827-11



HASHEM ZOUBI AND KLEMENS HAMMERER

Harmonic solutions H(x,#) = Hy(x)e/“*' therefore fulfill the
eigenvalue equation,

o}
V x —V x Hy | = —Hy. (A2)
€(x) c?

The operator on the left-hand side is Hermitian [37] and, there-
fore, the eigenmodes are orthonormal, fv dVH;(x)H;(x) =
Srr- When the permittivity is changed slightly €(x) — €(x) +
8e(x) the perturbed eigenmodes Hy + §H; will remain or-
thonormal, which implies for the first-order corrections,

/ AV ISHIOH (0 + Hi0SH (0} = 0. (A3)

On the other hand, the electric displacement field D =
€(x)E corresponding to field mode H; is Dy = ia)k_'V x Hy
due to Eq. (Alc), and the same relation holds for the
first-order perturbation 5§Dy = ia)k_lV x 6H. Note that this
statement does not apply in the same way to the electric field
E: = i[e(X)wx]~'V x H; whose perturbation contains, apart
from §Hy, further contributions proportional to de(x). For a
general electric displacement field D(x,t) = ), Dp(X)d(t)
with amplitudes d;(¢), one therefore finds

1
/ dV ——38D*D
v €(®)
drd, 1 .
= Z = | av—(V x SH:)(V x H))
W) €(x)
1 dxd
=y &4 /dVSH,*;V x (iv xH,)
€0 47 @ Jy €(x)

dd
- Z LD gy SHAH,,
€0 v

where we used the eigenvalue Eq. (A2) in the last step. Overall,
this implies

1
/ dV ——(SD*D + D*5D)
v E(X)

d*dl

Wi « (€07
/ dV(—SHkHz + —Hk8H1> ~0,
6() o wy Wi

where we used Eq. (A3) and the fact that the optical photon
frequency is not changed appreciably in Brillouin scattering,
thatis wy /@ = 1 + O(@Wphonon/ @photon)- Thus, the contribution
to the perturbation of the field Hamiltonian due to the
corrections in the field amplitudes, [, dVe(x)~'8|DJ%, is at
most of magnitude O(wphonon/@photon) to first order in e (or
equivalently, in the mechanical displacement Q). Note that this
is not the case for fv dV e(x)8|E|? for the reason given above.
The reasoning presented here also shows that the first-order
correction of the Hamiltonian due to the perturbation of the
magnetic field amplitudes vanishes exactly due to Eq. (A3).

APPENDIX B: NANOFIBER ELECTROMAGNETIC FIELD

Here we present the rigorous derivation of the nanofiber
modes [35,38] for a cylindrical waveguide. We start from the
Maxwell’s Eq. (Ala) in cylindrical coordinates (r,6,z). The
fields Ey, Hy, E,, and H, can be expressed in terms of the
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axial fields E, and H, by

E — i [L()a)l d H
" ,uoea)z ar Bet rog )
19 a
E, = 1 Mow_HZ ’
oea)2 ro B or
B1)
H — ()a)l d E
T ,uoewz B rog )
139 d
Hy =—i— g Mo—w—Ez ,
poew? — B2\ r 396 B or

where S is the axial wave number. The solution for the axial
fields is given by

E(x,1) = R(re*!" e P,
H,(x,t) = R(r)e™" e " Fe=en, (B2)

where / =0,1,2,.... The radial function R(r) obeys the
Bessel equation

1 & k* — B R(r)=0 B3
|:;8_r+m+< B 7_2)i| (r)=0, (B3)

where k2 = /,L()Ga)z. The solution inside the fiber, thatis r < a,

with € = 60]12’ is giVeH by
E.(r,0,2,1) = AJj(pr)e (Fa—orlo),
H.(r,0,2,t) = BJy(pr)e Pi=erxl0) (B4)

where p = Vv nzkg — B2, with kg = w/c is the free-space wave
number. The solution on the outside of the fiber, thatis (r > a),
with € = €, is given by

E.(r0,2,t) = CK (qr)e " Fe—orl0)
H.(r,0,z,1) = DK (qr)e =010 (B5)
where ¢ = M

Using the relations Eq. (B1), the solutions inside the fiber,
that is r < a, are given by

E (r0,z,t) = {—ZEAJI (pr) + M(j:l)B

Ji(pr)
pr
el(a)l ﬁzil@)

Ji(pr)

Eo(r,0,z,t) = {é(:{:l)A +i —BJ;( )}
p p
oi@1—BE6) (B6)

E (r,0,2,t) = AJj(pr)e' @ PO

and
, cw Ji(pr)
Hr(r,e,z,t)z{—zéBJ,’(pr)— @ At }
p p pr
ei(wt—ﬂzil@)
J,
Hy(r,0,2.1) :{é(il)B Wpr) iTAJ/(pr)}
P r p
ei(a)t—ﬁz:th)’ (B7)

H(r,0,2,1) =BJi(pr)e' ' ~F=10,
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The solutions outside of the fiber, that is » > a, are given by

K
E.(r0,z,t) = {IECK (gr) — @(ilw l(qr)}
q qr
el(wt—ﬂzile)’
K
Ee(rﬁ,z,t)z{ P e Kan) 1o p e r)}
qr q
et(a)t—ﬂz:l:le)’ (B8)

E.(r,0,z,1) = CK(gr)e' @ PO

and
K
H(r6,2,1) = {iéDKl/(qr) 99 z(qr>}
q q qr
ei(wtfﬂzile)’
K
He<r’9,z7t>={—é(ﬂw ar 9% ek )}
q qr q
ei(wl—ﬁzila)’ (B9)

H,(r.8.2,1) = DK)(qr)e'~F=10,

The plus sign (4+]) refers to the right-handed solution of
the transverse field, and the minus sign (—/) refers to the
left-handed solution. The linearly polarized solution can
be composed as a superposition of right- and left-handed
solutions.

The constants A, B, C, and D can be fixed by the boundary
condition between the inside and outside fields on the fiber
surface, where the fields E,, Ey, H,, and Hy are continuous
on the boundary. For the constants we obtain the relations

c=alPY _ cpa,

Ki(qa)

iBEDT 1 1
B=A

o [(pa)2 * (qa)z}

/ ’ —1
§ ( ) Kiqa) ) e
paJi(pa) qakK(qa)

and A can be fixed by the normalization condition. The
continuity leads to a characteristic equation that determines
the wave number S. For the EH modes, in which E. is larger
than H,, we get

Ji—1(pa) _ 14+ n*\ K;—1(qa) + K;41(qa) l
paJi(pa) 2n? 2gaK;(qa) p2a?

N 2 (Kii(ga) + Kini(ga) |
2n? 2qgakK(qa)
172

L (8 | L] 2
nko qa® ' pa? ’

(B11)
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and for the HE modes, in which E; is smaller than H,, we get

Ji—1(pa) _ 1+ n*\ K;—1(qa) + K;11(qa) l
pali(pa) 2n? 2qaK(qa) p2a?

~ <n2 - 1>2<K11(qa> + K1+1<qa)>2
2n? 2qgakK(qa)

172
C(BY(L, LY /
nko q2a’ ' pa?

The equations can be solved numerically or graphically and
give a set of discrete solutions for 8 at each / that are specified
by index m. The modes are labeled by HE,,, and EHy,,. The
transverse modes EHy,, are usually denoted by TMy,,, where
H, vanishes. The transverse modes HE,, are usually denoted
by TEy,,, where E, vanishes. The modes HE;,, and EH,,, are
termed hybrid modes, as all field components are nonzero. The

hybrid modes represent screw rays and / is associated with the
orbital angular momentum along the fiber axis.

(B12)

APPENDIX C: NANOFIBER MECHANICAL VIBRATIONS

We present the elastic waves in a cylindrical waveguide of
isotropic medium [36]. The displacement vector is given by
Q = (0,,00,0;). In the theory of elasticity the displacement
can be derived directly from the scalar ¢ and vector W
potentials. In general, we can make the decomposition Q =
Q; + Q:, where Q; = V¢ is a divergence-free vector, and
Q; = V x V¥ is an irrotational vector. Hence, the material
displacements are obtained from the potentials by

Q=Vp+VxWU. (C1)
The scalar field obeys the wave equation

1 8%

Vi — —-2 o,
v 9r?

(C2)

where v; is the velocity of the longitudinal wave, in which
V x Q; = 0. The vector potential obeys the wave equation

VU — ——— =0, (C3)

where v, is the velocity of the transverse wave, in which V -
Q; = 0. As the three displacements are expressed in terms
of four scalar potentials, one needs an extra relation between
the potentials. The constraint condition usually used is V -

=0, butthe V- ¥ # 0 condition is also possible. The two
dlsplacement parts propagate independently. The longitudinal
component, Q;, propagates with velocity v;, and the transverse
component, Q,, propagates with velocity v;.

Now we concentrate in the solution of the wave equations
in cylindrical coordinates. For harmonic waves of frequency
2, we have

¢(r,0,2,t) = ¢p(r,0,2)e ',
Wi (r,0,2,t) = W;(r,0,2)e ", (C4)
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with (i = r,0,z). The Laplacian of scalar and vector potentials
are defined by

Vip =V Vo,
VI =V(V-¥)—V xV x . (C5)

The wave equations are given explicitly by

2 Q@
Vg + ¢ =0,
Y

vy _ Ly 28%+92\v =0
T2t 2 6 v
(C6)
Vi~ Ly, 20 Ly
0T 2T 2 vtz9_’
QZ
VAW, + — W, =0.
Uy

The equations for ¢ and W, are separated, and for ¥, and Wy are
coupled. The Laplacian V? is given in cylindrical coordinates.
The solution for ¢ has the form

&(r,0,2,1) = R(r)O(H)e! 43—, (C7)

where R(r) and ®(0) obey the equations

82®+2O 0

2 Lo =0,

362

?R 10R [(Q* n?
—+-—+|—>5—-¢* )R- 5R=0, C8
8r2+r8r <v12 q) r2 €8)

with (n = 0,1,2, ...). The general solution has the form

&(r,0,2,1) = AJ,(qr) cos(n@)e! 93—, (C9)

with n? = £ — 2. The solution for ® can be either cos(n8)
=

or sin(n6), and for R(r) the solution is the Bessel functions of
the first kind. Similar solution holds for ¥,, where

W, (r,0,z,t) = BJ,(n,r)cos(nd)e’ 4= (C10)
with n? = ?—: - q°.
The solutions for ¥, and Wy have the form

W,(r,0,z,1) = U,(r) sin(n@)e' 4=,

Wy(r,0,z,1) = Wy(r) cos(nb)e! ==, (C11)
where

U,(r) = DJyy(er) + C i (1),

Uy(r) = DJy_1(nr) — C i1 (mer). (C12)

Here using cos(n6) in ¥, implies sin(n6) in Wy, and viceversa.
We have four constants A, B, C, and D. We still are free
to add another relation between the potentials. But the usually
used relation of V - ¥ = ( gives a complex relation. Here we
use the simple relation ¥, = —Wy, which leads to D = 0.
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The general solutions can be given by
¢(r,0,z,t) = AJ,(qir) cos(nd)e' @<,

W, (r,0,2,t) = C g1 (n,r) sin(nd)e' 4<%,
. (C13)
Wy (r,0,2,1) = —CJpy1 (1) cos(nd)e’ @0,

WL(0,2,0) = By () Sin(af)e 40

The constants A, B, and C are fixed from boundary conditions.
The displacement components are given in terms of the
potentials by

0 10w ow

e TR
0y — Log v, oW, i
CTre0 ar | 8z
36 19w, 13(r¥y)
0. =2 - 4o .

0z r 00 r or

The boundary condition implies the surface, at r = a, to be
free, which leads to the equation that relates €2, g, and n. Three
cases can be treated, which are (i) torsional waves for n = 0,
where Qy is independent of 6, (ii) longitudinal waves forn = 0
where Q, and Q, are independent of 6, and (iii) flexural waves
for n = 1 where Q,, Qy, and Q, are dependent on (7, 0, z).

1. Torsional waves
For axially symmetric torsional waves with n = 0, which
are the simplest case for elastic waves in a rod, the displace-
ment along the 6 direction is defined by

QQ(F,Z,I)Z _i\ljz, (CIS)

ar

and Q, = Q. = 0, where the potentials ¢, W,, and ¥y are
taken to be zero. Here the solution for the potential is W, =

W, (r,z,t) and has the form
W, = BJo(,r)e @, (C16)

where B is an amplitude and n? = ?—22 — g°. The displacement
reads

Qo(r,z,t) = Bnt.]l(ntr)ei(qz—ﬂt).

The force-free surface leads to the condition [36]
nraJy(n;a) = 0, where either n,a = 0 or Jo(n,a) = 0. The case
of n,a = 0 gives the solution

(C17)

2.2
W, ~ — B it (C18)

with gy = €2/v,. Hence, we have

1 )
09 ~ ggnfre“%*‘z’). (C19)
The condition J,(n,a) = 0 gives asetof roots, e.g., &1 = 5.136,
&, =8.417, ¢ = 11.620, ..., and we write &, = n,a, where
we can write the solutions as

0! = B Jy(eur/a)e @), (C20)
a
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2. Longitudinal modes

For longitudinal acoustic modes with n = 0 from symmetry
consideration we have Q, = Q,(r,z,t), Q, = Q,(r,z,t), and
Qp = 0. Here we have ¥, = W, = 0, and hence the displace-
ments are related to the potentials by

ap Iy

0 =—-—"
or 0z
0 10(r¥y)

sza—z‘f‘;a—r- (c21)

The solutions for the potentials are
¢ = Ado(mr)e’ ==,
Wy = —CJy(nyr)e’ =20, (€22)

where n? = ?—3 — g2, for (i =1,t). The requirement of the
stress to vanish on the fiber boundary, (r = a), leads to the

PHYSICAL REVIEW A 94, 053827 (2016)

Pochhammer frequency equation,

(¢ - 2)2 maJo(ma)

2 277sz0(77:0)
t q9M—FF ~ =
Ji(pa)

=2 2(,2 4 2 .
Ty~ 2@
(C23)

In the limit of ga < 1 one gets the sound wave linear
dispersion 2 & v,q. The displacements are given explicitly
by

0, = —{An Ji(mr) — igCJiy(n,r)}e’ @0,
Qy =0,
0. = {igAJo(yr) — n,C Jo(n,r)}e ==,

From boundary condition we can get also relations between A
and C. Namely, the vanishing of the stress and the strain on
the surface yields [36]

2igmJi(ma)A = [n

(C24)

2 Plha)C.  (C25)
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