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Probing nuclear dynamics of oriented HeH+ with odd-even high-order harmonics
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We study the electron-nuclear coupled dynamics for oriented HeH+ molecules in strong laser fields numerically
and analytically. At small orientation angles, the asymmetric molecule tends to stretch to distances larger than
the equilibrium separation and strong even harmonics are emitted. We show that the permanent dipole of the
system plays an important role in the vibrational dynamics of the nuclear wave packet. The nuclear motion and
the molecular structure can be read from the spectra and ellipticity of odd-even high harmonics. Our results also
have implications for strong-field ionization of the asymmetric system.
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I. INTRODUCTION

In recent years, the development of the laser technology
has allowed one to probe the ultrafast dynamics of atoms and
molecules on the attosecond time scale [1,2]. These exquisite
approaches in ultrafast measurement generally utilize the
processes of strong-field ionization [3,4] and high harmonic
generation (HHG) [5,6]. The latter has been termed as high
harmonic spectroscopy (HHS). The HHS has been used for
probing the structure [7–9] and electronic dynamics [10,11]
of atoms and molecules in atomic time-space scale. It can also
be used to trace the nuclear motion on a subfemtosecond time
scale [12,13] and monitor the change of the molecular bond
length in a chemical reaction [14].

Recently, there is an increasing interest [15] in the
HHS for asymmetric molecules which are active in many
chemical processes. For oriented asymmetric molecules, due
to symmetry breaking, both odd and even harmonics are
emitted, which show different spectral properties [16–18]
and carry different information of the target [19–21]. The
odd-even HHS already shows promise for use in imaging
the asymmetric orbital and revealing the electronic dynamics
under the influence of the asymmetric potential [22–25]. On
the other hand, with a permanent dipole, the asymmetric
molecule shows some complex responses to strong laser
fields, such as asymmetric ionization [26] and the large Stark
shift [27]. Considering the complex effects, further study
on the correlated electron-nuclear dynamics of the oriented
asymmetric system is a challenging work in theories and
experiments.

In this paper, we extend the theoretical study of odd-even
HHS to the vibrating asymmetric system in strong few-cycle
laser pulses. The study on vibrating HeH2+ has shown that
the nuclear motion affects importantly on the HHG [28].
Here, we choose HeH+ [29], a fundamental benchmark as
the simplest heteronuclear ion isoelectronic to H2 with X1�+
symmetry, as the target molecule. We solve the time-dependent
Schrodinger equation (TDSE) for oriented HeH+ in a non-
Born-Oppenheimer (non-BO) approach numerically. Our main
results are twofold. (1) The asymmetric molecule tends to

*chenyjhb@gmail.com

expand to larger internuclear distances at small orientation
angles θ (θ , the angle between the molecular axis and the
laser polarization) and stay near its equilibrium geometry
at large angles. We show that the permanent dipole of the
system, inherent for polar molecules, influences importantly
on the nuclear dynamics. (2) Strong even harmonics are
observed from the system. We show that the odd-even HHG
spectra encode the information of the vibrational dynamics
of the asymmetric molecule. The polarization measurement
of odd-even HHG also allows one to probe the instantaneous
structure of the molecule.

The main results are obtained with a single-active-electron
approximation and assuming perfect orientation of the asym-
metric system. To check our results, we also simulate
the dynamics of the vibrating HeH+ system with the use
of a simple two-electron model, and consider incomplete
orientation of the asymmetric system in the paper. The
HHG from the vibrating HeH+ system show some complex
phenomena. To understand these phenomena, a comparison
study is also performed with exploring the HHG from the
vibrating H2.

II. NUMERICAL PROCEDURE

To describe the coupled electronic and nuclear wave-packet
dynamics and consider the orientation effect, we use a non-BO
model of HeH+ with two-dimensional (2D) electron dynamics
and one-dimensional (1D) nuclear dynamics. To make the
computational effort manageable, a single-active-electron
model is also used. The orientation θ of the molecule relative to
the field is held fixed since the rotational motion is negligible
on the few-cycle time scale (∼10 fs). These treatments are
similar to those used for H2 in [12]. The effective Hamiltonian
used here is [30] (atomic units are used throughout)

H (t) = H0 + V (t), (1)

where

H0 = Tn + Te + Veff(R,r) (2)

is the field-free Hamiltonian with the nuclear kinetic energy
operator Tn, the electronic kinetic energy operator Te, and the
effective potential Veff which describes the interaction between

2469-9926/2016/94(5)/053407(10) 053407-1 ©2016 American Physical Society

https://doi.org/10.1103/PhysRevA.94.053407


W. Y. LI, S. J. YU, S. WANG, AND Y. J. CHEN PHYSICAL REVIEW A 94, 053407 (2016)

the active electron and the nuclei [12]. These terms have the
following forms:

Tn = − 1

2μn

∂2

∂R2
, (3)

Te = − 1

2μe

∂2

∂r2
= − 1

2μe

[
∂2

∂x2
+ ∂2

∂y2

]
, (4)

Veff(R,r) = V +
BO(R) −

∑
j=1,2

Z(R,|r − Rj |)√
ξ + |r − Rj |2

. (5)

Here, R is the internuclear separation and r is the electronic
coordinate with respect to the nuclear center of mass. μn =
MHeMH/(MHe + MH) is the nuclear reduced mass, and μe =
(MHe + MH)/(MHe + MH + 1) is the electronic reduced mass.
MHe and MH are masses of He and H nuclei.

In Eq. (5), the term V +
BO(R) denotes the lowest BO potential

of HeH2+ and

Z(R,rj ) = Zji exp
[ − ρ(R)r2

j

] + Zjo (6)

with rj = |r − Rj | = √
(x − xj )2 + (y − yj )2 and j = 1,2.

Here, Z1 and Z2 are the effective charges for the He and H
centers, respectively. The indices i and o denote the inner and
outer limits of Z1 and Z2. R1 and R2 are the positions of the He
and H nuclei that have the coordinates of (x1,y1) and (x2,y2)
in the xy plane. These relevant values are x1/2 = ±R1/2 cos θ ,
y1/2 = ±R1/2 sin θ with R1 = MHR/(MHe + MH) and R2 =
MHeR/(MHe + MH). For HeH+, we have used the parameters
of Z1i = 2

3 , Z2i = 1
3 , Z1o = 4

3 , and Z2o = 2
3 . ξ = 0.5 is the

softening parameter. ρ(R) is the screening parameter, which
is adjusted such that the resulting lowest BO potential of the
model molecule matches the real HeH+ BO potential taken
from [31].

In Eq. (1), the term V (t) describes the interaction of the
HeH+ system and the laser field. The latter used here is E(t) =
�eE(t) = �ef (t)E0 sin ω0t with the amplitude E0, the frequency
ω0, and the envelope function f (t). The symbol �e denotes the
unit vector along the laser polarization, which is along the
x axis here. A sketch of the coordinate system used in our
simulations is presented in Fig. 1. In the dipole approximation
and the length gauge, the term V (t) in our calculations has the
following form [30]:

V (t) = Ve(r,t) + Vn(R,t) = xE(t) − ζRE(t) cos θ, (7)

with ζ = (aMH − bMHe)/(MHe + MH). a and b are the
charges of He(Z = 2) and H(Z = 1) nuclei, respectively.
Considering the respective mass of He (including two protons
and two neutrons) and H (including one proton), the value of ζ

is − 2
5 . The first term Ve(r,t) = xE(t) in Eq. (7) describes

the laser-electron interaction. The second term Vn(R,t) =
−ζRE(t) cos θ describes the laser-nuclei interaction.

In our simulations, we use an eight-cycle laser pulse
which is linearly turned on and off for two optical cycles,
and then kept at a constant intensity for four additional
cycles. The TDSE of iψ̇(R,r,t) = H (t)ψ(R,r,t) is solved
numerically using the spectral method [32]. A grid size of
Lx × Ly = 204.8 × 51.2 a.u. for the electron and a range of
R = 0.6 . . . 6.9 a.u. for the internuclear distance have proven
sufficient for converged HHG spectra. Unless mentioned

FIG. 1. A sketch of the molecular geometry and the coordinate
system used in our simulations. The polarization direction �e of the
laser field is along the x axis. The molecular axis x ′ is located
in the xy plane with an angle θ to the x axis. The center of mass
of the molecular system is located at the origin of the coordinate
system o. R1 and R2 denote the positions of the two nuclei of He+

and H+ to the origin, respectively. r1 and r2 denote the positions of
the electron to these two nuclei and r denotes that to the origin.

elsewhere, the laser intensity explored here is I = 2.5 ×
1015 W/cm2, and the laser wavelength is λ = 600 nm.

Before discussing our results, we analyze the influence of
the term Vn(R,t) of Eq. (7) on the nuclear dynamics. Clearly,
the absolute value of the term Vn(R,t) is maximal for θ = 0◦
and it decreases with the increase of the angle θ . For θ = 90◦,
this term disappears. These analyses imply that the laser field
plays a more important role in the motion of the nuclei for
smaller angles. However, for the laser parameters explored in
the paper, the calculated HHG spectra with and without this
term at θ = 0◦ are very similar to each other (see Fig. 2).
We therefore expect that this term Vn(R,t) plays a small
role in the nuclear dynamics of the HeH+ system. In the
following discussions on electron-nuclei coupled dynamics
of the asymmetric system, we omit the influence of this term.

FIG. 2. Comparison of odd-even harmonic spectra of HeH+ at
θ = 0◦, calculated without (solid line) and with (dashed-dotted line)
the laser-nuclei-interaction term Vn(R,t) for I = 2.5 × 1015 W/cm2

and λ = 600 nm (a) and I = 2 × 1015 W/cm2 and λ = 500 nm (b).
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It should also be noted that the 1D nuclear model used
here is applicable only for short pulses. For long ones, the
rotational motion of the nuclei can not be neglected and higher
dimensions of the nuclear motion need to be considered.
In addition, for very intense laser fields, the laser-nuclei-
interaction term can also affect the motion of the nuclei and
induce the deviation of the nuclear motion from the x ′ axis
(see Fig. 1), especially for intermediate angles θ .

III. NUCLEAR DYNAMICS

A. Evolution of vibrational states

Figure 3 plots the populations of the first vibrational states
χv

g (R)φg(R,r) of the HeH+ system with υ = 0,1,2 . . . at
θ = 0◦ and 90◦. Here, φg(R,r) is the electronic ground-state
BO wave function and χυ

g (R) is the vibrational wave function
associated with φg(R,r). At the frame of BO approximation
with R as a parameter, the BO wave function φg(R,r) and the
BO potential Vg(R) associated with φg(R,r) can be obtained
through imaginary-time propagation of the Hamiltonian

He
0 (R,r) = Te + Veff(R,r). (8)

With diagonalizing the nuclear Hamiltonian

H
g

0 (R) = Tn + Vg(R), (9)

we then can obtain the vibrational eigenstates χυ
g (R) and

eigenenergy Eυ
g associated with φg(R,r). Here, Eυ

g is also
the energy of the whole Hamiltonian H0 of Eq. (2) including
electronic and nuclear motions. Alternatively, one can obtain
χυ

g (R) and Eυ
g through imaginary-time propagation of the

Hamiltonian H0. Both approaches give results very similar
to each other.

One can observe from Fig. 3(a) that for θ = 0◦, the
population of the ground state |0〉 = χυ=0

g (R)φg(R,r) (bold
black curve) decreases very rapidly, as that of the first excited
state |1〉 = χυ=1

g (R)φg(R,r) (thin red curve) shows a large
population at t > 1.5T . T is the laser cycle. This quick
depletion of the |0〉 state disappears for the case of θ = 90◦
in Fig. 3(b). In addition, the depletion of the |0〉 state at
θ = 0◦ is also asymmetric in one laser cycle. For example,

FIG. 3. Time-dependent populations of the first vibrational states
of HeH+ at θ = 0◦ (a) and θ = 90◦ (b).

around t = 2.5T (the vertical arrow), the bold solid curve falls
very fast at 2.5T < t < 3T (for which the laser polarization
is parallel to the permanent dipole of the system in our
simulations), and it almost does not change at 2T < t < 2.5T

(the antiparallel case). Note, this phenomenon is very different
from the fixed-nuclei case of HeH2+ in which the depletion
of the ground state is more remarkable for the antiparallel
case [33].

These above results imply a complex response of the
vibrating HeH+ to the laser field. The simulations with the
use of a 1D two-electron model in a non-BO approach for
HeH+, similar to the treatment for 1D H2 in [34], still repro-
duce this quick-asymmetric-depletion phenomenon, implying
that the latter is related to single-electron dynamics (see
Sec. V A).

Aside from the first excited state, other excited states such as
υ = 2 in Fig. 3(a) of θ = 0◦ also show a larger amplitude. On
the whole, the amplitudes of the excited states decrease fast as
the value of υ increases. However, the structures of the excited-
state curves are similar here, implying a similar mechanism for
the dynamical evolution of the excited vibrational states. By
contrast, the excited states show a small population in Fig. 3(b)
of θ = 90◦.

B. Effects of permanent dipole

Next, we explore the mechanism for this quick-asymmetric
depletion of the |0〉 state at θ = 0◦ with a two-level vibrational
model. Let us consider these two lowest states |0〉 and |1〉
which have large amplitudes. Under two-level approximations
with ψ(R,r,t) = a0

g(t)|0〉 + a1
g(t)|1〉, we have

iȧ0
g(t) = a0

g(t)[E0 + E(t) · 〈0|r|0〉] + a1
g(t)[E(t) · 〈0|r|1〉];

iȧ1
g(t) = a1

g(t)
[
E1 + E(t) · 〈1|r|1〉] + a0

g(t)[E(t) · 〈1|r|0〉].
(10)

Here, the dipole terms 〈0(1)|r|0(1)〉 and 〈0(1)|r|1(0)〉 are
defined as

〈m|r|m〉 =
∫ ∣∣χm

g (R)
∣∣2

Dp(R)dR,

〈m|r|n〉 =
∫ [

χm
g (R)

]∗
χn

g (R)Dp(R)dR, (11)

respectively. In Eq. (11), the term

Dp(R) =
∫

|φg(R,r)|2r dr (12)

is the permanent dipole associated with φg(R,r). The above
two-level model tells that for θ = 0◦ with E(t) · Dp(R) 	= 0,
the HeH+ system initially in the |0〉 state will be coupled to the
|1〉 state due to the effect of the permanent dipole. In addition,
the energy E0(1) of the |0(1)〉 state will also be dressed strongly
by the laser field. This Stark effect is stronger for the |1〉 state
because the value of 〈1|r|1〉 is somewhat larger than that of
〈0|r|0〉. Both of these two states are dressed up (as the laser
polarization is antiparallel to the permanent dipole) or down
(parallel) simultaneously. As they are dressed down, the energy
gap between the two laser-dressed states |0′〉 and |1′〉 is smaller
and a strong coupling can occur, as shown in Fig. 4. This strong
coupling then transfers the population from the ground state
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FIG. 4. The schematic of these two lowest vibrational states |0〉
and |1〉 dressed by the laser field as the laser polarization is antiparallel
(a) and parallel (b) to the permanent dipole. The latter is along the
molecular axis (the x axis here) and is directing from the He nucleus
to the H nucleus. The field-free (dashed curves) and the laser-dressed
(solid curves) potentials of HeH+ are also shown. See the text for
details.

to the first excited state. The above mechanism, associated
with the permanent-dipole effect, for the population transfer
between |0〉 and |1〉 is also applicable for that between |0〉
and a higher vibrational state such as |2〉 = χυ=2

g (R)φg(R,r),
resulting in a high population of the higher state. Due to the
similar population-transfer mechanism, the evolution curves
of the excited states in Fig. 3(a) also show a similar profile
(similar population “dips” and “humps”).

Note, for θ = 90◦, one arrives at E(t) · Dp(R) ≡ 0 and for
symmetric molecules, that is, Dp(R) ≡ 0. For these cases,
the two-level model tells that these two lowest states do not
couple, in agreement with our TDSE results. The population-
transfer mechanism discussed above is somewhat similar
to that introduced in [35,36] for H+

2 , where Raman-type
processes associated with multiphoton transitions between
laser-dressed (but not necessarily adjacent) vibrational states
play an important role. Considering the asymmetric depletion
of the ground state for the HeH+ system, we expect that the
effect of the permanent dipole is mainly responsible for the
phenomenon. This effect is absent for symmetric molecules
such as H+

2 or H2.

C. Quick nuclear motion

Due to the strong coupling of the lower vibrational states,
the initial nuclear wave packet χ0

g (R) of the system tends to
rapidly spread to larger R, as seen in Fig. 5(a), where we plot
the distribution of η(R,t) at θ = 0◦. The latter is defined as

η(R,t) =
∫

|ψg(R,r,t)|2dr (13)

with

ψg(R,r,t) = ag(R,t)φg(R,r), (14)

ag(R,t) = 〈φg(R,r)|ψ(R,r,t)〉. (15)

The function ψg(R,r,t) shown above is the bound wave packet
associated with φg(R,r). The amplitude ag(R,t) describes the
dynamical evolution of the nuclear wave packet related to
φg(R,r). For t > 3T , the distribution in Fig. 5(a) has large

FIG. 5. R-time-dependent distributions η(R,t) of bound wave
packet ψg(R,r,t) (a), (b) and α(R,t) of rescattering wave packet
ψre(R,r,t) (c), (d) at θ = 0◦ and 90◦.

amplitudes at distances larger than the equilibrium separa-
tion Re = 1.5 a.u. [evaluated from χ0

g (R)]. By comparison,
the distribution η(R,t) has large amplitudes around Re for
θ = 90◦ in Fig. 5(b). The HHG mainly occurs as the rescatter-
ing electron transits back to the ground state φg(R,r) [7,12].
For HeH+, the above results imply that besides the χ0

g (R) state,
higher vibrational states χυ

g (R) can be involved in the HHG.
Next, we turn to the dynamics of the rescattering electron,
the recombination of which probes the state of the parent
ions.

IV. ELECTRONIC DYNAMICS

A. Spreading of rescattering wave packet

The rescattering wave packet ψre(R,r,t) has been shown to
include full dynamical information of the rescattering electron.
It can be obtained numerically following the procedure
introduced in [37]. That is,

ψre(R,r,t) = f (r,rc)ψc(R,r,t), (16)

where

f (r,rc) = 1 (r = |r| < rc),

f (r,rc) = exp[−(r − rc)2/�2] (r � rc)

with rc = 10 a.u. and � = 2. The function ψc(R,r,t) appear-
ing in Eq. (16) is the continuum wave packet. Here, it can be
approximately evaluated with excluding the components of the
two lowest electronic BO bound states φg(R,r) and φf (R,r)
from ψ(R,r,t). Results obtained with excluding more bound
states are similar to those with this above treatment. Figure 6
plots the R-dependent distribution ζ (R) of the rescattering
wave packet at different angles, which is defined as

ζ (R) =
∫ |ψre(R,r,t)|2dr dt∫ |ψre(R,r,t)|2dR dr dt

. (17)

It is clear, the distribution ζ (R) shows a single peak with its
maximum at a distance Rm = 1.9 a.u. for θ = 0◦. This peak
shifts to smaller R as the angle increases. For θ = 90◦, the
maximum is located at Rm = 1.6 a.u. (near to the equilibrium
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FIG. 6. R-dependent distributions ζ (R) of rescattering wave
packet ψre(R,r,t) at different angles θ .

distance Re). The distance Rm corresponding to the peak of
the distribution ζ (R) at an angle θ is expected to play an
important role in the HHG of the asymmetric system. We will
return to the point later. In Figs. 5(c) and 5(d), we also show
the R-time-dependent distributions α(R,t) at different angles.
That is,

α(R,t) =
∫

|ψre(R,r,t)|2dr. (18)

One can observe that the distribution in Fig. 5(c) differs
remarkably from that in Fig. 5(d). The former shows a more
complicated time-dependent structure (which is believed to be
related to the effect of the permanent dipole [26,27]) and spans
a wider range of R.

Comparisons between the corresponding rescattering and
bound distributions in Fig. 5 provide deep insights into the
HHG of the vibrating system. For θ = 0◦ in Figs. 5(a)
and 5(c), one can observe that as the time increases, both bound
and rescattering distributions expand towards larger R. In
particular, as the bound distribution spreads to R = 1.9 a.u., the
rescattering one also has large amplitudes around R = 1.9 a.u.,
as indicated by the dashed arrow. For θ = 90◦ in Figs. 5(b)
and 5(d), both distributions concentrate around Re. These
phenomena can be understood as follows. Tunneling ionization
of the bound electron is usually easier to occur at larger R

[38,39]. If we assume that the nuclear wave packet related to
φg(R,r) spreads to a distance Rm around which the ionization
predominantly occurs, the rescattering wave packet arising
from tunneling will also have large amplitudes around the
distance Rm [the value of Rm read from Fig. 6 therefore can be
considered as the spreading extent of the nuclear wave packet
of φg(R,r)]. The spread of the nuclear wave packet differs for
different angles, resulting in the angle-dependent behaviors of
the distributions in Fig. 5. Because the HHG intensity depends
on the overlap of the rescattering and bound wave packets
[7,12], one can expect that the HHG will mainly occur around
the distance Rm.

It should be stressed that the variable Rm has a certain
value for an angle θ . The function ζ (R) defined in Eq. (17)
has the maximal value at a distance Rm for an angle θ . One

therefore can abstract the values of Rm from the function
curves of ζ (R) for different angles in Fig. 6. The HHG mech-
anism of the system associated with Rm is further explored
below.

B. Odd-even HHG

In Fig. 7, we show the odd-even HHG spectra parallel
to the laser polarization at different angles θ , which have
been divided by the corresponding ionization probability
for comparison. The coherent part of the spectra parallel
or perpendicular to the laser polarization can be evaluated
using [40]

F‖(⊥)(ω) =
∫

〈ψ(t)|�e‖(⊥) · ∇rVeff|ψ(t)〉eiωtdt, (19)

where �e‖(⊥) is the unit vector parallel (perpendicular) to the
laser polarization and ψ(t) ≡ ψ(R,r,t). We also compare
the spectra to relevant odd (even) dipoles Dodd (even)(ω,θ ),
which are mainly responsible for the emission of odd (even)
harmonics ω, as introduced in [19,25]. Assuming that the
electronic ground-state wave function of the asymmetric
molecule in BO approximation has the form of φg(R,r) =
Nf (a1e

−κra + a2e
−κrb ) and approximating the continuum state

|p〉 using the plane wave, the dipole Dodd ≡ Dodd(ω,θ ) which
is mainly responsible for the emission of odd harmonics along
the laser polarization �e‖ can be written as

Dodd(ω,θ ) ∝ Godd(ω,θ )
∫

dr[e−κr�e‖ · r sin(pk · r)], (20)

with Godd(ω,θ ) = a1 cos(pkR1 cos θ ) + a2 cos(pkR2 cos θ ).
Similarly, the dipole Deven ≡ Deven(ω,θ ) which is related to
the emission of even harmonics along the laser polarization,
can be written as

Deven(ω,θ ) ∝ Geven(ω,θ )
∫

dr[e−κr�e‖ · r sin(pk · r)], (21)

with Geven(ω,θ ) = a1 sin(pkR1 cos θ ) − a2 sin(pkR2 cos θ ).
Here, a1 = Z1/B, a2 = Z2/B, B = (Z2

1 + Z2
2)1/2, ra = |r

FIG. 7. Comparison of odd-even harmonic spectra (a), (c), (e) and
dipoles |Dodd (even)(ω,θ )|2 (b), (d), (f) of HeH+ for different angles θ .
The dipoles are calculated using different internuclear distances R, as
shown. The vertical arrows indicate the crossing points of odd-even
spectra and dipoles.
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− Ra|, rb = |r − Rb|, and κ = √
2Ip. Z1 and Z2 are the

effective charges for the He and H centers, respectively,
Ra = Z2R/(Z1 + Z2) and Rb = −Z1R/(Z1 + Z2). R is the
internuclear distance. Nf is the normalization factor and
Ip is the ionization potential of the ground state. pk is the
effective momentum of the continuum state |p〉 ∝ |eipk ·r〉 with
pk = |pk| = [2(IP + Ep)]1/2 that considers the Coulomb
acceleration [7]. Ep = ω − Ip is the energy of the continuum
state |p〉. The qualitative relation between the corresponding
dipoles Dodd (even) and spectra S

odd (even)
‖ along the laser

polarization is [23]

Sodd
‖ (ω,θ ) ∼ |a(ω)Dodd(ω,θ )|2,ω = (2n + 1)ω0;

Seven
‖ (ω,θ ) ∼ |a(ω)Deven(ω,θ )|2,ω = 2nω0. (22)

a(ω) is the spectral amplitude of the continuum electron which
is not sensitive to the angle θ [7]. This above relation clearly
shows that the emission of odd or even harmonics from the
asymmetric molecule is closely related to the symmetry of the
asymmetric molecular orbital.

For an angle θ , we calculate these dipoles Dodd (even) using
the distance Rm which is corresponding to the peak of the
distribution ζ (R) as discussed in Fig. 6, and the equilibrium
separation Re = 1.5 a.u. Figure 7(a) plots the odd-even HHG
spectra at θ = 0◦. Here, one can observe that the even spectrum
(bold curve) is stronger than the odd one (thin curve) for
harmonic orders lower than H133, and the situation reverses for
higher orders, resulting in a clear crossing point of the odd and
even spectra around H133, as indicated by the vertical arrow.
This crossing phenomenon of odd-even spectra is reproduced
by the odd versus even dipoles calculated with R = 1.9 a.u. in
Fig. 7(b), as shown by the solid curves. By comparison, this
crossing phenomenon is absent in the odd-even dipoles with
R = 1.5 a.u., as shown by the dashed and the dotted curves.
At θ = 90◦, the even harmonics disappear. In addition, the
dipole is independent of R [19]. For comparison, in Fig. 7(a),
we also show the HHG spectrum at θ = 90◦ (dashed-dotted
curve), which is close to the even spectrum of θ = 00 for lower
orders, and remarkably higher than that for higher orders near
to the cutoff region. These characteristics are also reproduced
by the dipole of θ = 90◦ versus the even dipole of θ = 0◦ with
R = 1.9 a.u. in Fig. 7(b).

Figures 7(c) and 7(e) plot the odd-even spectra at θ = 20◦
and 60◦. In both cases, the odd versus even spectra show
a clear crossing point, in agreement with the predictions of
the relevant dipoles in Figs. 7(d) and 7(f) calculated with
Rm. The dipole curves in Fig. 7(f) calculated using R = 1.5
a.u. also show the crossing, but the position of the crossing
point shifts to higher orders in comparison with the odd-even
spectra in Fig. 7(e). The close relation between the odd-even
spectra and the relevant dipoles calculated with Rm also holds
as incomplete orientation [20] is considered (see Sec. V B).
These results imply that the HHG of the system at an angle θ

predominately occurs around a critical distance Rm. The latter
depends on the nuclear motion, and can be tracked from the
odd-even HHG spectra by exploiting, for example, the crossing
phenomenon of these spectra.

In Fig. 7, the odd dipoles also show some striking minima
arising from two-center interference [41]. (The positions of
the minima predicted with Re are about 15 to 30 orders

FIG. 8. Comparison of odd harmonic spectra (a), (d), dipoles
|Dodd(ω,θ )|2 (b), (e), and ellipticity of relevant harmonics (c), (f) for
HeH+ at different angles θ . The internuclear distances R used in the
calculation of dipoles are as shown.

higher than those with Rm here.) The minima, relating to
the molecular structure [7,23], are absent in the HHG spectra
due to the contributions of different HHG channels arising
from the symmetry breaking [40]. Below, we will show that
the polarization measurement of odd-even harmonics [25]
provides another approach for probing the nuclear motion.

C. Ellipticity of odd-even harmonics

In Figs. 8(a) and 8(d), we show the odd spectra parallel to the
laser polarization at different angles, averaged by the relevant
ionization yields. We also compare them to the odd dipoles
calculated with Rm in Figs. 8(b) and 8(e). The ellipticity
of relevant harmonics is shown in Figs. 8(c) and 8(f). The
ellipticity of HHG is determined by the amplitude ratio and the
phase difference of the parallel and perpendicular harmonics.
That is,

ε =
√√√√1 + μ2 −

√
1 + 2μ2 cos(2δ) + μ4

1 + μ2 +
√

1 + 2μ2 cos(2δ) + μ4
, (23)

where μ = S⊥/S‖ and δ = φ⊥ − φ‖. The intensity and phase
of the harmonic components are given by S‖(⊥) = |F‖(⊥)(ω)|2
and φ‖(⊥)(ω) = arg[F‖(⊥)(ω)]. The range of the ellipticity is
0 � ε � 1. The linear, elliptical, and circular polarizations
correspond to ε = 0, 0 < ε < 1, and ε = 1, respectively.

One can observe, from Figs. 8(b) and 8(e), the minimum
in the dipoles shifts towards higher harmonic orders as the
angle increases. When the minimum in the corresponding
spectra in Figs. 8(a) and 8(d) does not appear, the maximal
ellipticity of harmonics appears at the harmonic order that
corresponds to the position of the minimum in the dipole,
as shown in Figs. 8(c) and 8(f). These results are similar to
the fixed-nuclei cases [25]. They reveal that for the vibrating
system, the minimum in the dipole can still be probed through
the measurement of the ellipticity of harmonics. Since the
minimum is associated with the molecular symmetry and the
critical distance Rm here, the probe of the minimum amounts
to the probe of the nuclear motion and the molecular structure.
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We note that the odd spectra at larger angles, as shown
in Fig. 8(d), also show the striking crossing phenomenon,
consistent with the predictions of the relevant dipoles in
Fig. 8(e). Results discussed in the paper have been checked
at other laser parameters, such as I = 2 × 1015 W/cm2 and
λ = 500 nm. Extended simulations also show that the distance
Rm is independent of θ for the symmetric case of H2 (see
Sec. V C).

V. EXTENDED DISCUSSIONS ON MULTIELECTRON
EFFECTS, ORIENTATION EFFECTS, AND SYMMETRIC

CASES

In this section, we check our main results with using other
laser parameters, using a 1D two-electron model for HeH+

and considering incomplete orientation of the asymmetric
molecule. To understand the angle dependence of the critical
distance Rm for HeH+, we also show the results for the HHG
from vibrating H2.

A. Other laser parameters and multielectron effects
on nuclear dynamics

In Fig. 3(a), it has been shown that the lowest vibrational
state |0〉 of the system depletes fast, resulting in the rapid
spreading of the nuclear wave packet. This depletion is asym-
metric in one laser cycle. Using a two-level model, it has been
shown that the asymmetric depletion arises from the effect of
the permanent dipole which induces a strong coupling between
the two lowest vibrational states of the system. The effect of the
permanent dipole is associated with the laser intensity. From
the two-level model in Sec. III B, one can predict that at lower
laser intensities, the permanent dipole plays a relatively smaller
role and the coupling between these two states is also weaker.
This prediction agrees with our extended simulations shown
in Fig. 9(a) with I = 1.5 × 1015 W/cm2. Here, the depletion
of the |0〉 state is slower in comparison with the high-intensity

FIG. 9. Time-dependent populations of the two lowest vibrational
states of HeH+ at θ = 0◦ obtained with different approaches: (a) the
approach for a 2D electron with the effective potential Veff introduced
in Sec. II at I = 1.5 × 1015 W/cm2 and λ = 600 nm; (b) the approach
for two 1D electrons with I = 1 × 1015 W/cm2 and λ = 600 nm.

case in Fig. 3(a). But, this asymmetric-depletion phenomenon
in one laser cycle can still be clearly identified here.

This quick-asymmetric depletion of the lowest vibrational
state relating to the quick spreading of the nuclear wave packet
is also verified with the use of a 1D two-electron model for
HeH+ in a non-BO approach. The 1D Hamiltonian is [30] (in
atomic units)

H (t) = − 1

2μN

∂2

∂R2
+ (Z1Z2)

R
+ 1√

(x1 − x2)2 + ε

+
2∑

j=1

[
− 1

2μe

∂2

∂x2
j

+ Ven(R,xj ) + xjE(t)

]
+ Vn,

(24)

where μN = MHeMH/(MHe + MH) is the nuclear reduced
mass, MHe and MH are masses of He and H nuclei. μe =
(MHe + MH)/(MHe + MH + 1) is the electronic reduced mass.
R is the internuclear separation and xj is the electronic
coordinate. The potential Ven, describing the interaction
between the electron and the nuclei, has the following form:

Ven(R,x) = − Z1√
(x − R1)2 + ε

− Z2√
(x − R2)2 + ε

. (25)

Here, Z1 = 2 and Z2 = 1 are the charges for the He and
H centers, respectively. R1 and R2 are the positions of
the He and H nuclei with R1 = MHR/(MHe + MH) and
R2 = −MHeR/(MHe + MH). ε = 0.59 is the softening pa-
rameter, which is adjusted such that the ground-state energy
of the model HeH+ molecule matches the real one of
E0 = −2.98 a.u. The term Vn ≡ Vn(R,t) is the laser-nuclei-
interaction term, as defined in Sec. II. We mention that the
equilibrium separation of the model molecule is R = 2 a.u.
here, somewhat larger than the real one of R = 1.4 a.u. As
the 1D model molecule with a larger equilibrium separation is
easier to ionize than the 2D one, in the 1D TDSE, we use the
laser parameters of I = 1 × 1015 W/cm2 and λ = 600 nm.
The 1D results for the populations of these two lowest
vibrational states are presented in Fig. 9(b), which are similar
to the 2D ones with showing the quick-asymmetric depletion
of the |0〉 state in one laser cycle and a large population of the
|1〉 state at t > 1.5T .

The 1D two-electron model of Eq. (24) considers the
multielectron effect with the reduction of the dimension of
the electron motion, when the 2D single-electron model of
Eq. (1) allows one to consider the orientation of the system
with the omission of the electron-electron correlation. This
similarity between the 1D and 2D results here indeed implies
that the rapid-asymmetric depletion of the ground state is not
sensitive to the dimension of the system and is mostly relevant
to the single-electron dynamics. As discussed in Sec. III B, we
anticipate that the effect of the permanent dipole associated
with single-electron dynamics is mainly responsible for the
rapid depletion.

B. Orientation effects on odd-even HHG

The molecules are not perfectly oriented in experiments
[20]. To study the influence of incomplete orientation, one
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FIG. 10. Comparison of odd-even harmonic spectra (a), (c), (e)
and dipoles |Dodd (even)(ω,θ )|2 (b), (d), (f) of HeH+ at θ = 0◦ for
different degrees of orientation 〈cos θ〉. The dipoles are calculated
using different internuclear distances R, as shown. The vertical
arrows indicate the crossing points of odd-even spectra and dipoles.
The laser intensity used here is I = 2.5 × 1015 W/cm2 and the laser
wavelength is λ = 600 nm.

can assume that the molecules are perfectly aligned and only
partially oriented (with nu molecules pointing up and nd

pointing down). Then, the degree of orientation can be defined
as

〈cos θ〉 = (nu − nd )/(nu + nd ). (26)

We have calculated the odd-even HHG spectra of HeH+ and
the corresponding dipoles for different degrees of orientation at
different angles θ . Some typical results at θ = 0◦ are presented
in Fig. 10. One can observe from Fig. 10, as the yields of odd
harmonics depend only on the alignment of the ensemble,
the yields of even harmonics are sensitive to the orientation
and decrease with the decrease of the degree of orientation.
However, in all cases, the relative yields of odd versus even
harmonics are well described by the odd versus even dipoles
calculated with the critical distance Rm = 1.9 a.u. These
results imply that as incomplete orientation is considered, the
vibrational motion of the nuclei can still be read from the odd
versus even HHG spectra.

In practice, the alignment of the sample is also incomplete
and the highest degree of molecular alignment can be around
0.8. In this situation, our results in Fig. 10 indicate that for a
better estimation of the nuclear motion using the phenomena
associated with odd-even HHG spectra such as the crossing
phenomenon of these spectra, a high degree of orientation is
preferred. As the high degree of orientation is not easy to
achieve in present experiments, the ellipticity measurement
of the odd spectra discussed in Fig. 8 may be a preferable
approach for probing the nuclear motion since the odd spectra
are only dependent of the alignment of the ensemble.

FIG. 11. Comparison of odd harmonic spectra (a), (d), dipoles
|Dodd(ω,θ )|2 (b), (e), and ellipticity of relevant harmonics (c), (f) for
H2 at different angles θ . The dipoles are calculated with the same
internuclear distance R = 1.6 a.u. The laser intensity used here is
I = 4 × 1014 W/cm2 and the laser wavelength is λ = 1000 nm.

C. Comparison with symmetric cases of H2

For symmetric molecules such as H2, the even harmonics
are absent. In addition, the effect of the permanent dipole
disappears and the vibrational motion of the molecule is not
sensitive to the angle θ . In the situation, the value of Rm is
independent of the angle θ and is usually nearer to Re than in
the asymmetric case, as shown in Fig. 11.

The results in Fig. 11 for vibrating H2 are obtained with
similar numerical procedures and similar laser pulses to the
case of HeH+ introduced in Secs. II– IV. As one can see
here, for different orientation angles θ , the behaviors of the
spectra, especially for the positions of the minima arising
from two-center interference, agree with the predictions of
the dipoles Dodd(ω,θ ) obtained with the same distance Rm =
1.6 a.u. This distance is near to the equilibrium separation of
H2 (Re = 1.4 a.u.), implying the slower nuclear dynamics of
H2 in comparison with HeH+.

One can also observe from Fig. 11, at the harmonic order
corresponding to the position of the minimum in the dipoles,
the ellipticity of harmonics shows a maximum, similar to
the asymmetric case of HeH+. The results also support our
conclusion in the paper that the polarization measurement of
harmonics can be used as a tool to probe the instantaneous
structure of the vibrating system.

Before conclusion, we add that aside from the omission
of the rotational motion of the nuclei which is important
in a long pulse, another limitation of our discussions in
the paper is the omission of the macroscopic propagation
of both fundamental and harmonic fields. This macroscopic
propagation can result in the phase mismatch of HHG which
remarkably reduces the HHG yield and therefore influences
the use of HHG as a tool to probe the nuclear dynamics.
To diminish the phase mismatch, in real experiments, short
laser pulses with long laser wavelengths and moderate laser
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intensities at which the ionization of the sample is weak are
preferred [42,43].

VI. CONCLUSION

In summary, we have studied the electron-nuclear coupled
dynamics of the vibrating HeH+ system in few-cycle laser
pulses. Our simulations show that the nuclear wave packet
of the asymmetric system spreads rapidly at small orientation
angles. This spreading remarkably influences the HHG. It
leads to the occurrence of the HHG around a critical distance
Rm beyond the equilibrium geometry. This distance Rm

reflects the spreading extent of the nuclear wave packet. It
depends on the molecular orientation and can be tracked from
the spectra and ellipticity of odd-even harmonics. By contrast,
the HHG for H2 occurs at a distance near to the equilibrium
separation and this distance is not sensitive to the molecular
orientation. We show that the permanent dipole of the HeH+

system (which is absent for H2) plays an important role in
the electron-nuclear coupled dynamics of the asymmetric
system. The interaction of the laser field and the permanent
dipole provides an effective approach for transferring the
populations from the ground state to the excited vibrational
states, resulting in the fast nuclear dynamics. As the effect of
the permanent dipole depends on the molecular orientation,

the nuclear dynamics activated by the effect such as the fast
spreading of the nuclear wave packet does so.

When the ionization of the electron prefers to occur at
larger internuclear distances [38,39] at which the energy gap
between the ground state and the first excited state of the
electron is smaller and the effect of the permanent dipole is
stronger, the rapid spreading of the nuclear wave packet will
influence the asymmetric ionization [26] and the excited-state
dynamics [33] of the asymmetric system. It is possible to probe
these influences of this spreading on ionization with elliptically
polarized pulses [3,44] or attosecond extreme ultraviolet pulses
[45]. In particular, when the excited-state channel is activated,
the tunneling time and the tunneling position of the electron
will be affected [46]. This spreading, therefore, can add
new observables into the attoclock experiment [47,48] which
probes the tunneling time delay of ionization. Due to the
influence on single ionization, this effect is also expected to
contribute to nonsequential double ionization [49–51] of the
asymmetric system.
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