
PHYSICAL REVIEW A 94, 053401 (2016)

Ionization of hydrogen atoms in attosecond pulse trains and strong infrared laser pulses

Sen Cui,1 Pei-Lun He,1 and Feng He1,2,*

1Key Laboratory for Laser Plasmas (Ministry of Education) and Department of Physics and Astronomy,
Shanghai Jiao Tong University, Shanghai 200240, China

2Collaborative Innovation Center of IFSA (CICIFSA), Shanghai Jiao Tong University, Shanghai 200240, China
(Received 2 August 2016; published 1 November 2016)

Ionization of a hydrogen atom exposed to an attosecond pulse train and a few-cycle middle infrared (MIR)
pulse is calculated with the strong field approximation. The ionization events initiated by two attosecond pulses in
the train are streaked in the presence of a weak MIR pulse, making the two ionization events overlap or separate
in momentum representation. By changing the weak MIR pulse intensity, the interference structure in the
photoelectron momentum distribution can be precisely tailored. When the MIR field is strong enough to produce
substantial ionization, the overlapped attosecond pulse train and MIR field trigger the XUV-phase-dependent
photoelectron angular distribution. Either the interference pattern or the angular distribution can be used to
extract the carrier envelope phase of attosecond pulses, which makes it possible to visualize the sub-XUV-cycle
dynamics.
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I. INTRODUCTION

The advent of ultrashort laser technologies provides a
tool to observe and manipulate ultrafast dynamics of atoms
and molecules [1,2]. Ionization, as the most fundamental
process of atoms in strong laser fields, has been extensively
studied in past decades. Ionization can be divided into
multiphoton and tunneling scenarios [3–6], depending on
the Keldysh parameter [7] γ = √

Ip/2Up, where Ip is the
ionization potential and Up is the ponderomotive energy
where Up = I/4ω2 with I and ω being the laser intensity and
frequency in atomic units. When γ � 1, the electron absorbs
one or several photons, and leaves its parent ion by taking
the excess energy n�ω − Ip where n is the number of the
absorbed photons. In contrast, when γ � 1, the electron sees
a quasistatic electric field and tunnels out the laser-distorted
Coulomb potential. The freed electron carries the momentum
equating to the opposite value of the laser vector potential
at the tunneling moment if the Coulomb field action can
be neglected. The tunneling electron may rescatter with its
parent core accompanied with high harmonic generation [8,9],
double ionization [10–12], electron excitation [13], and so on.
The freed electron propagation can be manipulated by several
strategies, for example, using an elliptically polarized laser
pulse to suppress the electron-ion rescattering [14,15] and
using multiple pulses to control the ionization and rescattering
timing [16]. The rescattered electron wave packet can be used
to image atomic or molecular structures [17–21].

With the help of isolated attosecond pulses, people are able
to deeply look into the ionization process with unprecedented
time resolutions. By combing the single attosecond pulse with
a few-cycle phase-stabilized infrared pulse, one may observe
the light-induced electron tunneling in real time [22,23].
Photoionization probabilities and photoabsorption can be
controlled by tuning the delay between the attosecond pulse
and the infrared pulse [24–26], in which scenarios the MIR
laser field shifts the energy levels and induces destructive or
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constructive transition between different electronic states. In
the combined XUV and MIR fields, the XUV-freed electron
is streaked by the time-delayed MIR pulse, and the streaked
electron spectrogram can be used to reconstruct the XUV pulse
duration and spectra phases [27]. In contrast, the infrared
laser waveform can be extracted from the streaked electron
momentum spectra [28,29].

Experimentally, the attosecond pulse train [30] is used more
widely than the isolated attosecond pulse because the former
can be produced more easily. A train of attosecond pulses
synchronized with an infrared laser pulse may contribute
a delay-dependent photoionization probability [31–33]. The
dissociative ionization of small molecules such as H2 can be
probed by the attosecond pulse train in the presence of a near-
infrared field [34]. The attosecond pulse train may produce
the replicas of the nuclear wave packet during the molecular
ionization; however, the summation of all nuclear wave packets
is prone to be added incoherently because of the entanglement
between the freed electron and its parent molecular ion [35].

Using an isolated XUV pulse plus a weak infrared laser
pulse, the XUV-induced photoelectron will be streaked by
the infrared field. Depending on the XUV pulse duration,
one may obtain the streaked photoelectron spectrogram or
side bands [36–40]. For an attosecond pulse train and a weak
infrared pulse, one may expect more complex photoelectron
momentum distribution (PMD) because the ionization events
induced by different attosecond pulses in the train may
interfere with each other. This interference structure can be
manipulated by the infrared field. In this paper, we use
the strong field approximation (SFA) to calculate the PMD
of a hydrogen atom in an attosecond pulse train and a
few-cycle MIR pulse. We use a MIR field because it may
streak the photoelectron momentum in a larger range than the
infrared laser with the same intensity does. We vary the MIR
intensity in a quite large range, and the PMD presents very
different structures, from which the relative phase between
different attosecond pulses can be retrieved. The rest of the
paper is organized as following. In Sec. II, we introduce
the theoretical model used for calculating the photoioniza-
tion. In Sec. III, the PMDs obtained with different MIR
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intensities are presented. The paper ends with a conclusion in
Sec. IV.

II. THEORETICAL MODELS

We use the SFA [7,41–43] to calculate the PMD. In our
process, the high-energetic XUV photon kicks off the electron
in a hydrogen atom and the freed electron escapes quickly.
Thus the Coulomb potential can be neglected and the SFA
is justified. The electron transition amplitude is described as
(atomic units are used unless stated otherwise)

M(p) = −i

∫ t

t0

dt ′〈 p + A(t ′)|r · E(t ′)|�0〉eiSp(t ′)+iIp(t ′−t0)

(1)

with the Volkov phase Sp(t ′) = 1
2

∫ t ′

t0
dt ′′[ p + A(t ′′)]2 and the

electric field E(t) = − d A(t)
dt

, �0 being the hydrogen atom
ground state and t0 being the starting time of the laser field.
The ionization potential of a hydrogen atom is Ip = 0.5 a.u.
The laser vector potential A comprises a MIR field and two
XUV pulses spaced by half a MIR period, which are written
as

Ax(t) = Ax,xuv1(t) + Ax,xuv2(t) + Ax,mir(t), (2)

Ay(t) = Ay,xuv1(t) + Ay,xuv2(t) + Ay,mir(t), (3)

where

Ax,xuv1(t) = A0,xuv sin

[
ωxuv

(
t + Tmir

4

)]
cos2

[
π

(
t + Tmir

4

)
τxuv

]
, − τxuv/2 − Tmir/4 < t < τxuv/2 − Tmir/4 (4)

Ax,xuv2(t) = A0,xuv sin

[
ωxuv

(
t − Tmir

4

)
+ φ

]
cos2

[
π

(
t − Tmir

4

)
τxuv

]
, − τxuv/2 + Tmir/4 < t < τxuv/2 + Tmir/4 (5)

Ax,mir(t) = A0,mir sin(ωmirt) cos2

[
πt

τmir

]
, − τmir/2 < t < τmir/2 (6)

Ay,xuv1(t) = A0,xuv cos

[
ωxuv

(
t + Tmir

4

)]
cos2

[
π (t + Tmir

4 )

τxuv

]
, − τxuv/2 − Tmir/4 < t < τxuv/2 − Tmir/4 (7)

Ay,xuv2(t) = A0,xuv cos

[
ωxuv

(
t − Tmir

4

)
+ φ

]
cos2

[
π (t − Tmir

4 )

τxuv

]
, − τxuv/2 + Tmir/4 < t < τxuv/2 + Tmir/4 (8)

Ay,mir(t) = A0,mir cos(ωmirt) cos2

[
πt

τmir

]
, − τmir/2 < t < τmir/2, (9)

where the XUV pulse durations τxuv and τmir have three and
four cycles, respectively. The XUV and MIR wavelengths are
40 and 1600 nm, respectively. The carrier envelope phases
(CEPs) of the first XUV and MIR field are both fixed at 0,
while the second XUV has a variable CEP. The XUV and MIR
intensities are modulated for different purposes. When linearly
polarized pulses are used, we simply omit the component of
Ay(t). Figures 1(a) and 1(b) plot the linearly and circularly
polarized XUV pulse train plus the MIR field, respectively.
The x and y components of the circularly polarized field are
projected onto the bottom and back planes in Fig. 1(b).

III. SIMULATION RESULTS

When the atom is exposed to the attosecond pulse train, the
electron absorbs a high-energetic XUV photon and escapes
with the momentum p = ±√

2(ω − Ip). For attosecond pulses
spaced by half a Tmir and the MIR pulse not introduced, the
photoelectron momenta show a series of peaks corresponding
to energy peaks spaced by 2ωmir, as shown in Figs. 1(c)
and 1(d). In the presence of another weak MIR field, the
photoelectron will be streaked and acquire a momentum shift
equating to the opposite value of the MIR vector potential at
the releasing moment. The two ionization events triggered by
XUV1 and XUV2 see opposite laser vector potentials; thus

they will be shifted negatively and positively along the x

axis. Such streaks separate parts of the momenta initiated by
XUV1 and XUV2 and thus clear up the interference peaks;
meanwhile, other parts of the momenta are packed together by
forming concentric rings in the middle, as shown in Figs. 1(e)
and 1(f). If the laser vector potential |Ax | >

√
2(ωxuv − Ip),

one may expect that the two ionization events triggered by two
XUV pulses will not meet in the momentum representation;
thus no any interference structure but only two separated
circles are obtained. The PMD obtained with more MIR
intensities can be observed in the movies in the Supplemental
Material [44].

For the linear and circular streaking, the most distinct
difference is that the up-down symmetry in Fig. 1(e) is broken
in Fig. 1(f). To understand the mechanism governed for such
symmetry broken, the line out at px = 0 in Fig. 1(f) is plotted in
Fig. 2(a). The erratic curve becomes regular if the origin of the
coordinate is shifted to the center of the concentric rings of the
interference pattern in Fig. 1(f), i.e., making a transformation
p′

y = py − 0.4. The p′
y spectrum corresponds to a series of

energy peaks spaced by 2ωmir, as shown in Fig. 2(b). The
black and blue lines correspond to negative and positive p′

y ,
respectively. Such a momentum transformation along the y

axis can be understood by looking into the phase in Eq. (1).
The two ionization events initiated by the two XUV pulses
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FIG. 1. (a) The combined linearly polarized XUV pulse train and
linearly polarized MIR field. (b) The combined circularly polarized
XUV pulse train and circularly polarized MIR field. The Ex(t) and
Ey(t) are projected in the bottom and back planes. In panels (a)
and (b), the MIR intensities are 1.2 × 1013 and 2.4 × 1013 W/cm2,
respectively; the XUV pulse train intensities are 2 × 1014 and
4 × 1014 W/cm2, respectively. Panels (c) and (d): The PMDs
triggered by the XUV pulse trains in panels (a) and (b), respectively.
The MIR field is not introduced for these two panels. Panels (e) and
(f): The PMDs produced by the combined laser fields in panels (a)
and (b), respectively. The XUV wavelength is 40 nm, and the MIR
wavelength is 1600 nm. φ = 0.
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FIG. 2. (a) The photoelectron momentum at px = 0 in Fig. 1(f).
(b) The kinetic energy spectrum p′2

y /2, where p′
y = py − 0.4 a.u..

The black and blue parts correspond to p′
y < 0 and p′

y > 0.

FIG. 3. PMDs when the CEP of the XUV2 is φ = 0 (a), π/2
(b), π (c), and 3π/2 (d). Other parameters are same as those used in
Fig. 1(f).

have the phase difference

�φV = Sp(t2) − Sp(t1) + Ip(t2 − t1)

= Tmir

2

p2

2
+ p

∫ t2

t1

dt A(t) + 1

2

∫ t2

t1

dtA2(t) + Tmir

2
Ip

= Tmir

2

( p − p0)2

2
+ C, (10)

where t1 and t2 are the timing when XUV1 and XUV2 appear,

p0 = − ∫ t2
t1

dt A(t)

Tmir/2 , and C is a constant by grouping other terms
in Eq. (10) and not related to the electron final momentum.
For the laser parameters used in Fig. 1(f), the calculated

p0,y = − ∫ t2
t1

dtAy (t)

Tmir/2 = 0.4 a.u., which agrees with the numerical
results exactly. The coefficient Tmir/2 in Eq. (10) reflects for
the energy separation 2ωmir in Fig. 2(b). By the way, the
momentum translation along the x axis in Figs. 1(e) and 1(f)
is not governed by Eq. (10), but the term 〈p + A(t)| in Eq. (1).

In the analysis of Eq. (10), the CEPs of the XUV pulses
are not included. Simulations show that the fine structure in
Fig. 1(f) is indeed affected by the XUV CEPs. Figure 3 shows
the PMD when the CEP of XUV2 is (a) 0, (b) π/2, (c) π , and
(d) 3π/2. The maxima and minima along px = 0 sensitively
depend on φ. However, the no-overlapped PMD initiated
by two XUV pulses are φ independent. The φ-dependent
concentric rings manifest themselves as Newton rings in
classical optics. The PMD evolution with φ can be read from
the Supplemental Material [44].

The φ dependence of the PMD at px = 0 can be used
to retrieve the XUV CEP in experiment. As few-cycle XUV
pulses have already been produced in laboratories [45], the
calibration of the CEP of attosecond pulses may make it
possible to visualize the sub-XUV-cycle dynamics. Figure 4
shows the density map of the py distribution as a function of
φ, in which px is fixed at 0. The clear fluctuation around
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FIG. 4. The photoelectron momentum py at px = 0 as a function
of φ. Other parameters are the same as those used in Fig. 1(f).

py = 0.4 a.u. makes perfect senses for φ measurement in
current laser technologies.

In the above calculations, the MIR field is too weak to
initiate comparable ionization with those initiated by XUV
pulses. If MIR and XUV pulses contribute comparable ioniza-
tion events, the PMD will show new structures. Figure 5(a)
shows the PMD when the MIR and XUV intensities are
2 × 1014 W/cm2 and 3 × 1013 W/cm2. The ring with the
center at (px,py) = (0,0) and radius 2.05 a.u. is mainly
contributed by the MIR field. The two small rings whose
centers are at (px,py) = (±2.05,0) are first produced by two
XUV pulses and later streaked by the MIR field. As we
stated above, the ionization events initiated by two XUV fields
do not overlap and thus do not interfere with each other.
However, in the areas where two small rings overlap with
the big ring, interference appears. Further, in the arcs of the
big ring that run through the two small rings, some maxima
and minima occur. This angular distribution is produced by
the overlapped XUV and MIR field. As explained in Ref. [46],

FIG. 5. The PMD induced by the combined circularly polarized
XUV pulse train and circularly polarized MIR field based on the
(a) SFA calculation and (b) time-dependent Schrödinger equation
(TDSE) simulation. The XUV intensities are 3 × 1013 W/cm2 and
3 × 1015 W/cm2 in panels (a) and (b), respectively, and the MIR
intensities are 2 × 1014 W/cm2 for both panels. Other parameters are
same as those used in Fig. 1(f).

FIG. 6. The photoelectron angular distribution by radially inte-
grating the MIR-induced tunneling photoelectron momentum dis-
tribution. Different curves correspond to φ = 0, 0.5π , π , 1.5π ,
and 2π from bottom to up. These curves are vertically shifted for
clear visualization. Other laser parameters are the same as those
used in Fig. 5. The dashed lines mark the shift of the angular
distribution.

the small fluctuated amplitude of the overlapped electric field
is exponentially exaggerated into the tunneling ionization rate,
and the local maximum ionization events are accelerated into
different directions, thus forming the angular-resolved PMD.

Though SFA calculations may capture the main picture
of photoionization, the neglected Coulomb potential will
modify the PMDs. To justify the rationality of the above
SFA calculations, we performed the numerical simulation of
a two-dimensional TDSE, in which the electron movement is
confined in the laser polarization plane. More details about
the TDSE simulation can be found in Ref. [47]. The TDSE
simulation result is shown in Fig. 5(b). Figures 5(a) and 5(b)
share similar structures, which verifies that the SFA works for
the given parameters.

The location of the angular maxima of the overlapped XUV
and MIR field depends on the CEP of the XUV pulse. Thus,
one may expect that the angular distribution of the PMD in the
big ring also depends on the CEP of the XUV pulse. By radially
integrating the PMD in the big rings, both generated by the SFA
and TDSE calculations, we obtain the photoelectron angular
distributions, as shown respectively in Figs. 6(a) and 6(b), in
which different curves are corresponding to different CEPs
and are vertically shifted for clear visualization. Other laser
parameters are same as those used in Figs. 5(a) and 5(b). The
fine structures around θ = π stay the same because the XUV1
pulse has a fixed CEP. In contrast, the distribution around θ = 0
has the trend to move right with the increasing φ, as guided by
the dashed lines in both panels of Fig. 6. Though the Coulomb
potential modifies the details of the angular distribution, the
XUV-CEP-dependent angular distribution is still observed.
This angular-dependent PMD offers a perspective to retrieve
the CEP of XUV pulses.
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IV. CONCLUSIONS

In conclusion, our simulations show the PMD can be
precisely tailored by the MIR and attosecond pulse train.
By manipulating the MIR intensity, one can steer the two
ionization events initiated by two XUV pulses in momentum
representation, making them overlap or separate, and thus the
interference pattern can be finely controlled. In the circular
streaking, one component of the streaking field may only play
a role in the Volkov phase instead of in the momentum shift
for the final state. The CEP of the XUV pulse may change the
fine structures of the PMD. The relative flat PMD in Fig. 5 can
be used to extract the CEP of the XUV pulse. Alternatively,
the CEP of the XUV pulse can also be retrieved by diagnosing

the angular distribution of the PMD if the MIR field is strong
enough to tunneling ionize the electron. Though ionization has
been comprehensively studied, our study shows there are still
a lot of intriguing phenomena about the ionization to be ex-
plored, and the ultrafast ionization process can be used to cali-
brate fundamental parameters, such as the CEP of XUV pulses.
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