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We study universal bosonic few-body systems within the framework of effective field theory at leading order
(LO). We calculate binding energies of systems of up to six particles and the atom-dimer scattering length.
Convergence to the limit of zero-range two- and three-body interactions is shown, indicating that no additional
few-body interactions need to be introduced at LO. Generalizations of the Tjon line are constructed, showing
correlations between few-body binding energies and the binding energy of the trimer, for a given dimer energy. As
a specific example, we implement our theory for *He atomic systems and show that the results are in surprisingly
good agreement with those of sophisticated “He -*He potentials. Potential implications for the convergence of

the EFT expansion are discussed.
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I. INTRODUCTION

Universal systems are not sensitive to the details of their
microscopic physics. To a desired accuracy, their properties
are frequently governed by a much more restricted set of
parameters than the “underlying” theory of the microscopic
dynamics. Effective field theory (EFT) is the framework to
formulate universal systems in a systematic expansion in a
ratio of small parameters so that at lowest orders only a few
parameters appear. In this paper we discuss the properties of
universal few-boson systems from the perspective of EFT.

Consider particles interacting through an interaction with
range R. The effective range expansion (ERE) describes the
two-body scattering process at relative wave number k < 1/R
through a power series in k2,

kot 8(k) = — - + k2 + 00 1)
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where §(k) is the s-wave phase shift, a, is the scattering length,
1, is the effective range, and further parameters appear in the
higher-power terms. Typically, all ERE parameters have a size
set by R, for example, |ay| =~ |rz| = R. A type of universality
occurs when the system is fine tuned such that the scattering
length is large compared to the other ERE parameters, |a,| >
|r2| & R. In this case the two-body system of reduced mass u
has a shallow real or virtual bound state at a binding energy
By ~ h*/(2pa3) < h?/(2uR?), with corrections on the order
of R/|ay|. As first shown by Efimov [1], a number of shallow
bound states appear when more particles are present. The
properties of these systems are characterized by only a few
parameters; for a review, see Ref. [2].

Itis indeed common in physics to have an underlying theory,
valid at a momentum scale My;, while we are interested in pro-
cesses occurring at typical momenta Q which are comparable
to a much lower momentum scale My, Q0 ~ M), < My;. For
example, nuclear structure involves momenta that are much
smaller than the typical momentum scale of QCD, Mqcp ~
1 GeV/c. In this case, the range of the two-nucleon force
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R ~ h/myc >~ 1.4 fm, which is set by the pion mass m,, is
thought to be relevant for heavy nuclei. However, the two-
nucleon scattering lengths in both spin-singlet and spin-triplet
s waves, respectively ay; >~ —23.4 fm and ap; >~ 5.42 fm, are
larger in magnitude than R. Nuclear few-body systems thus fall
into the same universality class as other systems characterized
by large scattering lengths.

Another system in this class, which has even larger scale
separation, is the “He atomic system [3]. Here a, ~ 180ay,
where ag is the Bohr radius, is much larger than the van der
Waals radius, R ~ 10ay. In addition, over the past two decades
much attention has been devoted to an artificial system where
these scales can be tuned by hand, namely ultracold atoms near
a Feshbach resonance. Here a, can be tuned to any value by
changing an external magnetic or electric field [4].

Effective field theory allows us to focus on the low-
momentum region in the more general case where there
exist light particles (such as pions in nuclear physics) that
generate long-range forces, which invalidate a straightforward
ERE at two-body level. In EFT one starts by constructing
the most general effective Lagrangian by integrating out the
high-energy degrees of freedom, while keeping the symmetries
of the underlying theory. The details of the underlying
dynamics are contained in the interaction strengths, called
low-energy constants (LECs). Through an estimate of the
effects of interactions on observables, called power counting,
a controlled approximation for the system at hand is obtained.
Even when we are at such low energies that the ERE applies,
the EFT with My; ~ hA/R allows us to account for deviations
from the zero-range limit in a systematic expansion in
M,/ My ~ R/|az|, not only for the two-body system but also
for more-particle bound states, as long as they are sufficiently
shallow, and for reactions involving these states.

The EFT that reproduces the ERE for any short-range
force was formulated at the two-body level in Ref. [5]. It was
shown that at leading order (LO) a single two-body §-function
interaction appears which captures the information about a,,
while at higher orders other ERE parameters enter through
more-derivative contact forces. After renormalization, the two-
body amplitude is equivalent not only to the ERE, but also to
Fermi’s pseudopotential and to an energy-dependent boundary
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condition at the origin. The extension to three-boson systems
was formulated at LO in Refs. [6-8], where it was found that a
three-body, no-derivative contact force with a parameter A, is
needed for proper renormalization. The three-body force is on
alimitcycle and A, controls the position of the tower of Efimov
states, for example, the binding energy Bj; of the three-body
ground state. As A, is varied at fixed a,, correlations appear
among three-boson observables, such as the bosonic analog of
the Phillips line [9], which relates the atom-dimer scattering
length a3 to Bs. The successful, fully perturbative extension
to the next two orders of the expansion was carried out in
Refs. [10] and [11], the latter explicitly demonstrating the
appearance of a new three-body force, with a new parameter.
The minimum orders at which three-body forces of various
types appear have been determined in Ref. [12].

Two questions arise.

(1) Are higher-body forces needed at LO to describe
systems with more bodies? A first step in this direction was
taken in Refs. [13,14], where the four-boson system was shown
to be properly renormalized, at least within the first cycle of
the three-body force. As a consequence of the absence of a
LO four-body force, correlations develop between four- and
three-body observables such as the bosonic analog of the Tjon
line [15], which relates the binding energy By of the four-body
ground state to B3. Although no higher-order calculation of this
system exists, it is inevitable that at some order a four-body
force will appear and introduce a new scale. The importance
of this new scale has been the subject of debate [16,17].

(2) Whatis the regime of validity of the EFT as the number
of particles increases? As shown in Ref. [14], a three-body
Efimov state spawns two four-body states, one barely more
bound and another much more bound than the three-body
parent. Model calculations [18-21] indicate that the same
phenomenon repeats as the number of bodies is increased
further. Thus, one expects deeper and deeper states. A measure
of the particle binding momentum for a system of N identical
particles of mass m is

ZmBN
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The EFT expansion in R/|a,| includes, for few-body systems,
also an expansion in Qy R, which increases as the binding
energy per particle, By /N, increases.

In order to make progress in answering these questions,
here we build the EFT for few-boson systems with a large
two-body scattering length and study such systems with up to
six particles at LO. One calculation for N > 4 particles exists
in short-range EFT: the binding energy of N = 6 nucleons at
LO [22] is consistent with both the absence of LO higher-body
forces and EFT convergence, but is not conclusive.!

We extend the LO results to up to six bosons by solving the
Schrodinger equation with the stochastic variational method

"Note that finite-range potential models, such as those employed in
the N > 4 calculations of Refs. [18-21,23], resemble an EFT with a
finite regulator, and most of their results are likely to be compatible
with EFT. However, in an EFT regulator insensitivity is needed for
model independence, while physical range effects are subleading and
should be treated in perturbation theory [5,10].
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(SVM) [24]. With an eye to future extensions employing
Monte Carlo methods, we use a local Gaussian regulator. Our
approach is valid for any bosonic system with large scattering
length, including those close to the unitary limit |a;| — oco.
In order to be concrete, we apply the EFT to *He atoms,
motivated by the recent experimental verification of the excited
Efimov state in this system [25]. Helium systems have been
studied extensively with various ‘He -*He potentials; see, for
example, Refs. [26-38]. In EFT, the three-*He system has been
studied up to N’LO [6,7,11,39] using a formulation based on a
dimer auxiliary field and on a sharp-momentum regularization
with two- and three-body parameters A, > Ajz. The four-*He
system was calculated at LO [13] by solving the Yakubovsky
equations with a nonlocal Gaussian regulator.

For N < 4 our results are consistent with previous works.
For a suitable two-body interaction strength a shallow dimer
exists with a spatial extent that is about 10 times larger than the
range associated with the van der Waals interaction between its
constituents. Two trimers are bound: one shallow, close to the
dimer, and one much deeper, about 50 times more bound. The
ground-state trimer, in turn, is followed by two tetramer states,
one close to the trimer and one deeper. When the excited-trimer
binding energy B is used to fix the three-body force parameter,
the ground-state trimer and tetramer binding energies converge
in the zero-range limit. Both trimer and tetramer [26] ground-
state energies are correlated with the excited-trimer energy.

For N =5,6 we find similar convergence of binding
energies with increasing cutoff parameter, suggesting that no
higher-body forces are needed in LO. As a consequence,
we can construct generalized Tjon lines where the binding
energies beyond N =4 are correlated with B; at fixed
two-body input. Such lines have been constructed before by
combining results from different phenomenological two-body
potentials [27,28]; here, these lines arise from the continuous
variation of the single LO three-body parameter A,. Deeper
states are smaller, and therefore finite-range corrections are
expected to be more important for them. The ground-state
energies grow to about 16 times the trimer energy at N = 6,
but we will see that our results still agree with potential models
within about 15%. Although we cannot offer a conclusive
answer without higher-order calculations, our LO calculations
are very encouraging for the convergence of the EFT in
many-body systems. They also provide a baseline for future
comparisons with higher-order results.

Our paper is organized as follows. In Sec. II we introduce
the LO EFT and its regularization and renormalization. We also
discuss the two inputs needed to fix the two LO parameters.
In Sec. III the numerical method for the solution of the
Schrodinger equation is presented. Our results are given in
Sec. IV, while Sec. V summarizes our findings and some of
their implications.

II. THEORY

A system of spinless bosons of mass m interacting via a
short-range force can be described by the Lagrangian density

V2 cO DO
L= w*(iaw %>w -5 W - =Wl

3)
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where v is the bosonic field operator, C© and D© are
low-energy constants, and “---” stand for terms with more
fields and/or more derivatives, which are subdominant. Since
this work is focused on the leading order, these terms will
be neglected in the following. For simplicity we use units
where h = ¢ = 1.

The interactions in Eq. (3) are § functions in coordinate
space. For singular interactions, the solution of the Schrodinger
equation requires regularization; that is, the introduction of a
function that suppresses momenta above a cutoff A. This is
achieved by smearing the 8 function over distances ~A~'.
Observables are independent of the arbitrary value of A
(renormalization) if the LECs have specific dependencies on
A. In the following we use dimensionless LECs by writing

2
C(O)(A) — 4—7TC(0)(A), E(O)(A) — @D(O)(A). 4)
mA mA*
When the EFT is truncated at given order, observables acquire
a residual cutoff dependence O(Q/A), which can be made
arbitrarily small by increasing A. However, the truncation of
the Lagrangian induces relative errors of O(Q/My;). Thus, a
variation of the cutoff from My; to much larger values gives an
estimate of the theoretical error. (For values of A below M},
the error is dominated by the regularization error.) We discuss
our specific regularization and renormalization procedures
next.

A. Two-body sector

At low energies, and since |a;| is much larger than the
range of the potential, physics cannot be sensitive to the
short-distance details of the potential. Therefore, the potential
between the particles can be represented by a contact potential,
V = CO8(r). To see the need for regularization, one can solve
the momentum-space Schrodinger equation for the two-body
bound state,

d3 p/

2 i)+ CO / s
m P 2n)?

where B, is the dimer binding energy and ¢(p) is the
momentum-space radial wave function. Solving for ¢(p), the
coupling constant C© has to satisfy

1 d’p’ 1
co Qr)} p?/m+ By

However, since the integral on the right-hand side diverges, no
solution exists for any finite C(©.

If we denote the incoming (outgoing) relative momenta
in two-body scattering by p (p’), one can regularize the
integral by introducing cutoff functions f(p)fa(p’), where
A is the cutoff parameter. Using a Gaussian function, f(x) =
exp(—x?/A?), the equation for C® is modified to

L d*p" exp(=2p"/A*) &
COw) ) @ny p?/m+B

which converges. The solution can be expanded in powers of
0>/ A, where Q> is defined in Eq. (2):

2
COA) = —:1—7;\/%[1 - \/ﬂ% + 0(%)} (8)

¢(p") = —Bag(p), ®)

(6)

PHYSICAL REVIEW A 94, 052502 (2016)

Therefore, to keep the dimer binding energy fixed, the coupling
constant has to “run” with the cutoff parameter A. For another
regulator the dependence of C© on A will not, in general, be
given by Eq. (8), but it will still be such as to reproduce B,.
Any physical observable has to be independent of A and of
the regularization method used, within the error generated by
the neglect of higher orders.

In coordinate space the contact potential is now smeared
over a range ~1/A. For the nonlocal Gaussian regulator the
result is a nonlocal potential [8],

(rIVIr')y = CON) 8a(r) 8a(r), )
where
_ A3 2.2
8a(r) = o575 exp(—=A’r*/4) (10)

satisfies limp_, oo 64 (F) = 6(r).
To get a local potential we use a regularization f,(g) on
the momentum transfer ¢ = p — p’, yielding instead

(rIVIr'y = CON)8A(r) 8(r — 7). (11)

Defining the dimensionless LEC according to Eq. (4) and
summing over all pairs, the two-body interaction is

4
Vap =~ COR) Y 84 (riy), (12)

i<j

where r;; is the position of particle i with respect to particle
j- We will employ the Gaussian regularization (10). To
renormalize CY(A), one has to choose an observable to be
fixed to its physical value. The parameter C(A) is then, in
fact, a function of the dimensionless ratio O,/A. However,
for a local regulator the running of C”(A) cannot be obtained
analytically; we discuss it in Sec. IV A below.

B. Three-body sector

Although the two-body system is suitably renormalized, the
trimer ground-state binding energy Bj is found to be strongly
dependent on the cutoff [6,7], B3 « A? /m, a result first
obtained by Thomas [40]. As A increases, other bound states
appear in the spectrum. Since A is not a physical parameter,
a three-body contact interaction has to be introduced at this
order for renormalization [6,7].

In Refs. [6,7], the two-body amplitude in the large-cutoff
limit was used as input to solve the three-body problem, and a
sharp cutoff function fA(x) = 6(1 — x/A) was introduced in
the resulting integral equation. The running of the three-body
LEC was found to be

(47)% sin [so In(A/A,) — arctan s, ' |

DO(A) x T -
mA*® sin [so In(A/A,) 4+ arctan s, ]

. (313)

where sp >~ 1.00624 and A, is a parameter determined by
one three-body datum. A similar structure was found with the
nonlocal Gaussian regulator [8,13]. This log-periodic structure
has divergences, signaling the appearance of deep bound states.

Here we employ the same local Gaussian regulator as in
the two-body system. With the dimensionless LEC introduced
in Eq. (4) the three-body interaction can be written as a cyclic
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TABLE 1. Length scales (in A) for two *He atoms, deduced
from two modern “He -*He potentials, LM2M2 and PCKLIJS. The
scattering length a, and effective range r, are from Refs. [30,33,36],
while the van der Waals length r4w is evaluated from the value of
the van der Waals coefficient C¢ calculated in Refs. [42,43].

LM2M2 PCKLIS
a 100.23 90.42(92)
" 7.326 7.27
Feaw 5378 5378

permutation of triplets:

(4m)?
mA*4

Vap = DO(A) Z ZfsA(rij)SA(rjk)' (14)

i<j<k cyc

The parameter D®(A) now depends not only on Q,/A but
also on A,/A. We discuss the solution of the three-boson
system with our local regulator in Sec. IV B.

C. *He atoms

The previous arguments and most of the issues we address
below concern any universal bosonic system and also apply to
fermions with three or more states; for a review, see Ref. [41].
(For fermions with less than three states, there is no LO three-
body force.) To be definite, we focus on *He atomic systems
when presenting numerical results.

The *He atomic system was the subject of much study, both
theoretical and experimental. The length scales associated with
the two-body system are the main ERE parameters, a, and
r2, as well as the van der Waals length, defined as rygw =
(mCg)'/*, where Cg characterizes the potential tail —Cg/7°. In
Table I we present these length scales for *He atoms as obtained
by two modern *He -*He potentials, LM2M2 [29] and PCKLIS
[36]. As expected in this universality class, a, > ry ~ Fyaw-

In Table II we summarize the energies of “He clusters, as
calculated from the same two potentials in Ref. [37]. We show
in Table II also the results extracted from experimental data.
The dimer binding energy B, is calculated in Ref. [44] from the
measurement of the average separation, (r) = 52(4) A [45].
Very recently, a value of 1.76(15) mK was measured for the

TABLEIL Binding energies (inmK) of “He clusters. B\’ denotes
the binding energy of the N-body ground (lowest excited) state.
The first two columns show results [37] for two modern “He -*He
potentials. The last column displays experimental results [25,45,46],
as described in the text.

LM2M2 PCKLIJS Experiment
B, 1.3094 1.6154 1.379%, 1.76(15)
B; 2.2779 2.6502
Bi-B, 0.9685 1.0348 0.98(2)
B, 126.50 131.84
B} 127.42 132.70
B, 559.22 573.90
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dimer energy [46]. The difference between excited-trimer and
dimer energies, By — B,, was also measured recently [25].

Renormalization at the two- and three-body levels requires
the input of two observables to determine the running of
CO(A) and DO(A). We fit C© to the dimer binding energy
B, and D to the excited-trimer binding energy Bj. The
excited trimer is closer to the three-boson threshold than
the ground trimer and thus, presumably, afflicted by smaller
errors stemming from the EFT truncation. This induces a
dependence of the three-body LEC D on the ratio 03/A,
where Q% = ,/2m B} /3 is the binding momentum of the trimer
excited state, which is related to the A, introduced in Sec. II B.

One would like to use the experimental data to calibrate the
EFT. However, there are two problems. First, the experimental
situation is not entirely clear, as can be seen from the
discrepancy in the dimer binding energies in Table II. Second,
there are no other experimental numbers to compare our
predictions with, even if we neglect the spread in dimer binding
energies. We use instead values calculated from the two
modern potentials LM2M2 and PCKLIJS, which give B, and
B} — B, in fair agreement with data and provide a reasonable
representation of the data spread. For these potentials a number
of other observables have been calculated, comparison with
which offers an assessment of the success of the EFT at LO.
Needless to say, as the experimental situation improves our
calculations can be repeated with experimental input, short
circuiting the need for potential models.

From the values of B, and Bj, the input binding momenta
are Q5 =~ 0.0055q," and Q% ~ 0.0059a," for the LM2M2
potential and Q5 >~ 0.0061a;"' and Q% ~ 0.0064a," for the
PCKLIJS potential. With this input, LO predictions can be
made for systems with more particles. Our method of solution
of the Schrodinger equation is described in the next section.
Calculations are performed at various cutoff values. The
residual cutoff dependence of an observable can be expanded
in a power series in Q/A, where Q is the typical momentum
associated to the physical process where that observable is
measured. After fitting the coefficients of the power series
to the numerical results at cutoff values A = 1/R, we can
extrapolate to A — oo, which corresponds to a zero-range
potential.

However, in any physical situation the underlying interac-
tions have a finite range R, effects of which are accounted
for by higher-order EFT interactions. A rough estimate of the
LO relative error is Q R, where we take 1/R ~2/r, > 1/a
from Table 1. An alternative error estimate is obtained from
the residual cutoff dependence. If Q is identified correctly,
the coefficients of the series in Q/A are expected to be of
O(1). Then, by varying the cutoff from ~1/R to oo, we
obtain an estimate of the error, which should be comparable
to the rougher QR estimate. Note that the two estimates can
easily differ by a factor of O(1), which is the expected size
of the series coefficients. Yet another way to gauge the size of
higher-order effects is to use different inputs that are supposed
to be the same at the order of interest, for example, 1/a;
or O, at LO. Better estimates can be obtained once a few
subleading orders have been calculated, and one can be more
confident about the magnitude of the product Q R for a given
observable.
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III. METHOD

To solve the N-body Schrodinger equation, we use N — 1
Jacobi vectors 5,,n =1,...,N — 1, which we collect in a
“vector of vectors” § = (1,72, ....9ny_1)". We expand the
wave function on a correlated Gaussian basis,

R 1
v(n) = lZciSexp (—EnTAm), (15)

where A; is an (N — 1) x (N — 1) real, symmetric, and
positive-definite matrix and ¢; is a coefficient to be determined.
Here S is the symmetrization operator necessary to enforce
bosonic symmetry.

One of the advantages of this basis is that the matrix
elements of the Hamiltonian as well as the overlap of two
basis functions can be calculated analytically in most cases.
Denoting by |A) a basis vector with matrix A, the overlap
matrix element is

N-173/2
%] , (16)

where B = A + A’. The matrix element of the internal kinetic
energy is

(AlTn A7)

(AlA")
where G = AB~'A'TI, with IT,; = 2u,,) '8,y an (N — 1) x
(N — 1) diagonal matrix and u,, the reduced mass correspond-
ing to coordinate n,. The matrix elements of the potential
involve the relative particle positions, which we write as
rij= a)lCn For a fixed pair ij, w;; is an N — 1-component
vector. The two-body interaction matrix element is then
(AlVy|A')  APCO(A)

A2 —-3/2
AIA)  2gam §<1+ﬁ"7> - 19

where f;; = a)g B~ lw; ;. For the three-body interaction,

(A|V3|A)  A’DO(A)
(AlAYy

= 3TrG, (17)

dam

AZ\T72
X det| 7 + F,'-k—)} , (19
where I is the 2 x 2 identity matrix and F;;; = QiTjkB‘lQ,-jk
isa2 x 2 matrix, with Q;;; = (wix wj;)a2 x (N — 1) matrix.

Another advantage of this basis is its flexibility: Since we
want A~! < R < a, we need a large spread of basis functions,
which can be achieved within this basis.

To optimize our basis, we use the stochastic variational
method (SVM) [24]. To add a function to our basis or to refine
our basis by replacing an exist basis function with a new one,
the elements of the matrix A; are chosen randomly one by one,
and the one which gives the lowest energy is taken. According
to the variational principle, upper bounds for the ground and
excited states are guaranteed.

IV. RESULTS

Here we present the results of the LO EFT (Sec. II) solved
with the SVM (Sec. III) for N = 2-6 particles.
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FIG. 1. The dimensionless two-body low-energy constant C®
for various cutoff values A, in units of the dimer binding momentum
Q,. Shown are the results for *He atoms (red circles) and a fit with
Eq. (20) (red dashed line) which has the asymptotic value C (blue
dotted, horizontal line).

A. Two bosons

We solve the two-body Schrodinger equation and demand
that the dimer binding energy B, be reproduced for any value
of the cutoff. This determines the values of the LEC C©(A),
which is shown in Fig. 1. The numerical results are well fitted
by

) 0> g
0) — O =<
C (A)_Coo|:1+(x +,B< ) + i|, (20)

where CY ~ —2.379, o ~ 2.241, and B ~ 1.456. This curve
is universal in the sense that at the same cutoff A different input
potentials, which differ in Q», correspond to points lying on
this curve. The Q,-independent asymptotic value c is also
indicated in Fig. 1.

Equation (20) can be compared with Eq. (8), which was
also obtained with a Gaussian regulator, but a separable one.
In both cases, the expansion coefficients are numbers of O(1),
as expected from the fact that the two-body binding momentum
0 provides the scale for cutoff variation of the LEC.

At this order, the two-body amplitude gives rise to the ERE
expansion (1) with 1/a; = Q. The other ERE parameters are
cutoff dependent and vanish as A — oo. For example, the
induced effective range is

Fa(A) = %[1 + 0(%)] 1)

where y =~ 2.869. This is because the regularized two-body
potential (12) has a range ~A~!. In the limit of A — oo we
reproduce, therefore, the limit of a zero-range potential. The
A" dependence in Eq. (21) implies two-body corrections to
the zero-range limit appear at next-to-leading order (NLO).
At this order a two-derivative é-function potential must be
introduced in first-order distorted-wave Born approximation
and its LEC adjusted to yield a finite effective range r;
[5]. At next-to-next-to-leading order (N?LO), corrections
proportional to r22 determine the two-body amplitude [5].
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FIG. 2. The dimensionless three-body low-energy constant D©®
for various cutoff values A, in units of the binding momentum of
the trimer excited state Q3. The upper branch (solid blue circles)
corresponds to fitting the first unrenormalized excited state to the “He
trimer excited state of the PCKLJS potential; the lower branch (open
red circles) corresponds to fitting instead the second unrenormalized
excited state.

B. Three bosons

In the three-boson system, we demand that the binding
energy Bj of the trimer excited state be obtained at all values
of the cutoff. This can be achieved in different ways, depending
on which unrenormalized state we bring to the excited-state
energy with the three-body force. Different unrenormalized
states lead to different functions D@ (A). The resulting three-
body LEC is plotted in Fig. 2 for various values of A/Q3,
when the PCKLIJS value of the binding energy of the trimer
excited state is used as input. The two branches correspond
to fitting the unrenormalized first and second excited states to
the excited trimer. Similar cutoff dependence arises from the
LM2M?2 potential.

The structure shown in Fig. 2 is not the same as Eq. (13): Not
only is the form different, but also our D®(A) depends on the
value of 5. In contrast to the regularization procedure that led
to Eq. (13), here we can choose which unrenormalized state to
use. Equation (13) comes from studies of a nonlocal potential,
while we employ a local one with the same cutoff in the two-
and three-body sectors, suggesting that this is the source of
the differences. However, since D@ (A) is not an observable,
it may depend on the regularization scheme; only observables
need to be independent of the regularization scheme. In the
following we use the upper branch of Fig. 2.

With the LECs fixed, we can predict the ground-state trimer
energy. The ratio of the binding energies of the trimer ground
and excited states is plotted in Fig. 3. The numerical results can
be fitted by a series in powers of the small parameter O3/ A,

By(A) _ Bi(c0) 03 03\
B; = B;‘ |:1 +C¥3T + ﬁz(x)

3
+y3<%> +] (22)

where Qj itself is calculated from Bs3(co). To check the
stability of such a fit, we cut this series after each term and fit to
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FIG. 3. The ratio of ground-to-excited-state binding energies of
the “He trimer, B;/Bj, for various cutoff values A, in units of
the asymptotic ground-state binding momentum Q3. The upper and
lower (black) circles correspond to the LO EFT calculation based
on, respectively, LM2M2 and PCKLIJS potentials. The horizontal
(gray) dashed lines indicate the values calculated directly from the
corresponding potential [37]. Also plotted are fits to powers of Q3/A
in Eq. (22) cut after the first (red dashed lines), second (green dotted
lines), and third (blue dot-dashed lines) terms.

the calculated data. The resulting parameters are summarized
in Table III. They have natural size and similar values for the
two potentials. The corresponding curves, plotted in Fig. 3, are
very close to each other for A/Q3; beyond about 8. This all
suggests good convergence to the zero-range limit.

For the LM2M2 input, the asymptotic value of the
binding energy is Bz(00)/Bj >~ 57.15(4), corresponding to
03 ~ 0.045a,", while for the PCKLIS input, B3(c0)/Bj ~
51.50(3), corresponding to Q3 =~ 0.0464, ! For the asymp-
totic value we took the mean of the various fits, and the error
given above reflects only their spread. A naive estimate of
the relative truncation error is Q3r,/2 ~ 0.3, while cutoff
variation gives about 0.1, because the magnitude of the
dominant coefficient a3 is ~1/3. For comparison, the ratio
calculated directly from the potentials is 55.53 and 49.75 for
LM2M?2 and PCKLIJS, respectively [37]. This agreement at
the 5% level is somewhat accidental, since we have noticed
that fitting the two-body LEC to the scattering length a;
instead of the binding energy B, results in an agreement at
the 20% level instead. In Table IV, we list Bz(oo)/ B for
these potentials depending on the input used, either B, or a,.

TABLE III. Dimensionless parameters of the fit (22) to the trimer
ground-state energy. The upper (lower) results correspond to the
LM2M2 (PCKLIJS)-based EFT.

B3(00)/B3 a3 B3 V3
57.18 —-0.26

57.10 —-0.21 —0.39

57.16 —0.26 0.20 —2.04
51.51 —0.28

51.47 —0.25 —0.26

51.52 —0.31 0.45 —2.66
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TABLE IV. Asymptotic values of the trimer ground-state energy
in units of the excited-trimer binding energy, depending on the two-
atom input: dimer binding energy or scattering length. The upper
(lower) results correspond to the LM2M?2 (PCKLJS)-based EFT. The
error is only that which comes from the fitting procedure. Also,
for comparison we list the values obtained [37] directly from the
corresponding potential.

Input B3(c0)/ B3
B> = 1.3094 mK 57.15(4)
a, = 100.23 A 65.30(3)
Direct [37] 55.53

B, = 1.6154 mK 51.50(3)
a = 90.42 A 59.81(2)
Direct [37] 49.75

Presumably, carrying out the EFT expansion around the dimer
pole in the complex momentum plane instead of the origin is
better because one starts closer to the positions of the poles
representing more-particle bound states [47,48]. Therefore,
below we continue to use B, as input. Since the two fitting
procedures differ by NLO terms, we assign a relative error
of about 0.2 to our LO result, which makes the extrapolation
error completely negligible.

As for two bosons, we can look at predictions for scattering
as well. To avoid dealing with continuum wave functions, we
put our system in an isotropic harmonic trap of frequency w
and calculate the two-body (E>) and three-body (E3) energies
for various trapping frequencies. As the trap is weakened, that
is, w becomes small, the lowest two- and three-body states
approach the free dimer and the free trimers, while higher
states form the respective scattering continua. For the three-
body system, the energies above the dimer energy can be used
to extract atom-dimer scattering parameters, as long as the
harmonic-oscillator length a5, = 1//2uw, where u >~ 2m/3
is the atom-dimer reduced mass, is larger than the dimer size
~a,. In this case, we can treat the dimer as a pointlike particle,
and the solution for two-body scattering inside a trap [49,50]
can be used to extract the free-space scattering parameters. For
sufficiently small E3,

s TB=m/4l @(1 @ nlz),

Pl(1—m/4 a3

4a3 3
where n = 2(E3 — E»)/w, | = ax/ay,, and a3 and r3 are the
atom-dimer scattering length and effective range, respectively.

Results for the left-hand side of Eq. (23) ata cutoff A/ Q3 =
27.5 are given as a function of n/? in Fig. 4. Fitting them with
the right-hand side of Eq. (23) allows us to extract a3 and r3
at that cutoff. The resulting atom-dimer scattering length a;
is shown in Fig. 5 for various cutoff values. We fit the cutoff
dependence with

ay(A) _ as(w){1+&3Q_§‘+53<Q_§>2
A

as as A

£\ 3
+73(%> +] 4)
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FIG. 4. The left-hand side of Eq. (23) as a function of 7, the
difference between three- and two-body energies in units of half
the harmonic oscillator frequency, multiplied by [? = (a,/ay,)?, at a
cutoff A/Q3 = 27.5. Also plotted is the fit with the right-hand side
of Eq. (23).

The resulting parameters are summarized in Table V and the
corresponding curves plotted in Fig. 5. Again, convergence to
the zero-range limit is good. The asymptotic value is a3(c0) =
1.153(1) ay (az(o0) = 1.322(1)a,) for the EFT based on
the LM2M2 (PCKLIJS) values. An estimate of the relative
truncation error is Q3r,/2 ~ 0.1, since our most important
source of systematic error here is the determination of the
three-body force parameter.

The atom-dimer scattering length was first shown by
Efimov [51] to have a log-periodic structure in a A, a result
which was reproduced in EFT [6,7]. Several authors calculated
this quantity using various *He -*He potentials. In Table VI we
summarize the available results for the LM2M?2 potential and
compare them with our asymptotic value. The results from
Ref. [32] are in (marginal) agreement with ours, considering

1407y
E\
1350 ™~ .
[ \‘_0--&--&-.—-. P —
1.30F .
) :
g 125- ]
1.20}\ .
[ \“’---.._._._ | _
L15F
50 100 150 200 250 300

A/Q3

FIG. 5. The ratio of the atom-dimer scattering length a; to the
two-atom scattering length a, for various cutoff values A in units of
Q3. The upper and lower (black) circles correspond to the LO EFT
calculation based on, respectively, PCKLJS and LM2M?2 potentials.
Also plotted are fits to powers of Q3/A in Eq. (24), cut after the
first (red dashed lines), second (green dotted lines), and third (blue
dot-dashed lines) terms.
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TABLE V. Dimensionless parameters of the fit (24) to the atom-
dimer scattering length. The upper (lower) results correspond to the
LM2M2 (PCKLIJS)-based EFT.

az(00)/ay a3 B3 7
1.153 0.72

1.153 0.70 1.03

1.153 0.71 1.11 —14.2
1.322 0.69

1.322 0.69 0.21

1.322 0.70 —0.54 15.3

our truncation error. We agree very well with the very precise
results of Refs. [33-35,38] and with the LO EFT result of
Ref. [39]. Higher ERE parameters can be obtained similarly.
At NLO, no new three-body force is necessary for renor-
malization [7], and corrections linear in r, can be predicted
[10]. At N%LO, a two-derivative three-body force appears [11]
and a second three-body input is needed. Taking it to be a3,
Ref. [11] presents results for the atom-dimer phase shifts and
the trimer ground state. Comparing with the LO results from
Refs. [6,7], reasonable convergence with order is found.

C. Four, five, and six bosons

We have seen that a three-body counterterm is needed to
stabilize the three-body system. Are more terms needed to
stabilize heavier systems?

The answer for N =4 is believed to be known: No
four-body counterterm is needed at LO. This is a consequence
of the apparent convergence with the cutoff of the calculated
tetramer energy, at least for one regulator function and a
certain cutoff range [13,14]. It is manifested in a correlation
between the tetramer and trimer binding energies for fixed
dimer energies but different values of A,. In nuclear physics,
the equivalent correlation between the “He and *H binding
energies calculated with different nuclear potentials is known
as the Tjon line [15].

Pushing the number of particles up, do we need to add other
counterterms? In the nuclear case, where there are four-state
fermions (protons and neutrons with spin up and down), such
a counterterm would involve at least two derivatives because
Pauli exclusion forbids more than four nucleons to come
together. Indeed, the binding energy of °Li was calculated
within a similar EFT and seems to be converged without
additional counterterms [22]. However, is the same true also
for bosons, where no-derivative contact counterterms exist?

TABLE VI. The *He atom-dimer scattering length in units of the
atom-atom scattering length, as calculated with the LM2M?2 potential
and with LO EFT in Ref. [39] and in this work. The cited error for
our result reflects only uncertainties in the extrapolation procedure;
for an extensive discussion of systematic errors, see Sec. [V B.

Ref. (32] (33] [34,3538]  [39]  This work

az/a 1.26 1.152(5) 1.151(2) 1.128 1.153(1)
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FIG. 6. The ratio of the ground-state energies of the *He tetramer
and trimer, B,/Bj;, for various cutoff values A, in units of the
asymptotic tetramer binding momentum Q,. The upper and lower
(black) circles correspond to the LO EFT calculation based on,
respectively, LM2M2 and PCKLIJS potentials. Also plotted are fits
to powers of Q4/A in Eq. (25) cut after the first (red dashed lines),
second (green dotted lines), and third (blue dot-dashed lines) terms.

Here we calculate the tetramer, pentamer, and hexamer
ground-state energies at LO. We show that these energies
converge as the cutoff is increased, dispensing with the need
for higher-body interactions at this order. We also construct
generalized Tjon lines.

The ratio of the tetramer and trimer ground-state energies
is plotted in Fig. 6 for various cutoffs. The corresponding
plots for the pentamer and hexamer ground-state energies
are presented in Figs. 7 and 8, respectively. Convergence is
evident. To strengthen the argument, we again fit the numerical
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FIG. 7. The ratio of the ground-state energies of the *He pentamer
and trimer, Bs/Bj;, for various cutoff values A, in units of the
asymptotic pentamer binding momentum Qs. The upper and lower
(black) circles correspond to the LO EFT calculation based on,
respectively, LM2M2 and PCKLIJS potentials. Also plotted are fits
to powers of Qs/A in Eq. (25) cut after the first (red dashed lines),
second (green dotted lines), and third (blue dot-dashed lines) terms.
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FIG. 8. The ratio of the ground-state energies of the *He hexamer
and trimer, Bg/Bs, for various cutoff values A, in units of the
asymptotic hexamer binding momentum Q. The upper and lower
(black) circles correspond to the LO EFT calculation based on,
respectively, LM2M2 and PCKLIJS potentials. Also plotted are fits
to powers of Qg/A in Eq. (25) cut after the first (red dashed lines),
second (green dotted lines), and third (blue dot-dashed lines) terms.

results with expressions of the type

By(A) _ By(c0) On on\’
Bi(&) | Ba(oo) [H“’VT”’V( >

3
+W(%) +] (25)

where Qpy is calculated from By(oco) via Eq. (2). The
corresponding curves truncated at successive terms are also
shown in Figs. 6, 7, and 8.

The fitting parameters for N = 4 are shown in Table VII.
The values are somewhat larger than for the ground-state trimer
in Table II1, reflecting slower convergence. However, they still
can be considered natural, suggesting that the tetramer is likely
within the EFT despite being considerably more bound than
the trimer. Although we cannot fully exclude a mild In A diver-
gence, adding such a term to Eq. (25) requires a much smaller
coefficient. Thus, we confirm, with a different regulator than
in Ref. [13,14], that no four-body force is needed at LO. Our
results are qualitatively similar for N = 5,6. The fitting pa-
rameters os ¢, Bs.6, and ys ¢ for the pentamer and the hexamer
binding energies are, again, of natural size, while an In A term

A

TABLE VII. Dimensionless parameters of the fit (25) to the
tetramer-to-trimer binding-energy ratio. The upper (lower) results
correspond to the LM2M2 (PCKLIJS)-based EFT.

B4(00)/B3(00) ay Ba Va
4.128 —1.34

4.240 —2.06 493

4.238 —2.02 4.06 4.30
4.090 —1.36

4.165 —1.90 4.02

4.157 —1.80 2.32 7.99
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TABLE VIII. The N-body *He binding energies, in units of the
trimer binding energy, for N = 4,5,6. Our results are compared to
those obtained with the PCKLJS [37], LM2M2 [32], and TTY [31]
potentials, as well as a soft-core potential [19]. The cited errors for
our results reflect only uncertainties in the extrapolation procedure;
for an extensive discussion of systematic errors, see Sec. [V C.

Ref. [37] (32] (31] [19] This work
Bi/By 435  444(1)  4.49(2) 4.500 4.20(6)
Bs/B; 10.33(1)  10.519(8)  10.495 9.5(2)
Bs/Bs 18.41(2)  18.50(2) 18.504  16.3(5)

is much smaller. The good convergence of the pentamer and
hexamer ground-state energies for our regulator is evidence
that no five- and six-body forces are needed at LO, either.

Our converged values for the tetramer-to-trimer ratio
of ground-state energies are By(00)/B3(c0) ~ 4.20(6) and
4.14(4) for LM2M2 and PCKLIJS potentials, respectively. This
is to be compared with the corresponding values predicted
directly from these potentials, respectively 4.42 and 4.35 [37].
Similarly, we find that our converged values for the pentamer-
to-trimer ratio of ground-state energies are Bs(00)/B3(00) =~
9.5(2) and 9.3(2) for LM2M2 and PCKLIJS, respectively. For
the hexamer-to-trimer ratio, we find Bg(00)/B3(00) =~ 16.3(5)
for LM2M2 and 16.0(4) for PCKLJS. We are not aware of
five- or six-body calculations using the PCKLIJS potential.
The values predicted directly from the LM2M?2 potential are
10.33(1) for pentamer and 18.41(2) for hexamer [32]. In
Table VIII we summarize the binding energies ratios for N > 4
systems, as well as available results calculated directly from
“He -*He potentials.

The errors reported above are only fitting errors. Our naive
systematic error is much larger, ranging from 55% for N = 4
to 90% for N = 6, if we use Qnr2/2 ~ (r2/2a2)+/2Bn/N B,
for an estimate. Cutoff variation gives similar estimates,
since the fitting parameters are O(1). Yet, compared with
values obtained directly from the LM2M2 potential [32],
our central values for energy ratios are off by only about
5% for N =4 and 15% for N = 6. The soft-core potential
of Refs. [19,21] resembles our LO supplemented by some
higher-order corrections, so we might expect that NLO will
supply most of the difference between our results and those
of Ref. [32]. This suggests that Qyr,/2, with Qv defined by
Eq. (2), is an overestimate of the systematic error. Note that
the spread among potential models, which differ in the details
of short-range physics, is only about 2%. It seems that, despite
the increasing binding, most of the dynamics of these atomic
droplets takes place at distances larger than ryqw, with 1/QOx
an underestimate of the relevant distance.

The absence of higher-body forces at LO means that, for
fixed two-body input, the LO energies of not only the ground
tetramer, but also of the ground pentamer and hexamer are
determined by the three-body parameter. Since we use the
excited-trimer energy as input, the same is true, as we have
seen in Sec. IV B, for the ground trimer. As a consequence,
these energies are all correlated. Next we vary Q% at fixed
B, therefore changing B3, and calculate B3, B4, Bs, and Bg.
The generalized Tjon lines are plotted in Fig. 9, where the
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FIG. 9. Generalized Tjon lines: binding energies per particle,
By/N,inmK for the N = 3 (blue line, bottom), 4 (green line, second
from bottom), 5 (red line, third from bottom), and 6 (purple line, top)
ground states for various values of the trimer excited-state energy per
particle, B3 /3, in mK, at fixed dimer binding energy B,. Here we

used B, = 1.6154 mK and A ~ 1.22 A_l. Linear fits are also shown.

correlation between the ground-state binding energies By /N
and Bj/3 is evident. The results presented in Fig. 9 were
obtained for a dimer binding energy B, = 1.6154 mK and a

cutoff A ~ 1.228 7. Qualitatively similar results are obtained
for higher cutoffs. In the region we focus on, the generalized
Tjon lines are approximately straight with a derivative that
increases monotonically with N. The corresponding linear fits
are also shown in Fig. 9.

Changing B,, line positions change, but not, of course, the
fact that a correlation exists among the various energies. On
dimensional grounds we can write

By B:
—~ = CN(B2/BY) ?3, (26)

where the ¢y (Bj/ B,) are universal, dimensionless functions of
the only dimensionless ratio at LO, B/ B,. (At finite cutoff, cy
depends also on Q%/A.) Results from phenomenological two-
body potentials with similar dimer binding energies should
fall on or close to these lines. Because the scattering length
of the “*He dimer is so large, this system is relatively close
to the unitarity limit in the sense that the first Efimov excited
state exists. The generalized Tjon lines at unitarity, while not
exactly the same as those in Fig. 9, are not very different.
Expanding in a series in B,/ B3,

By B}

N = cn(0) 3 + - 27)
in terms of the universal set of numbers cy(0). Eliminating B}
in favor of Bj3,

By Ncy(0)

B3 363(0)
where the last approximation summarizes our converged
values in Table VIII. Since B,/Bs ~ 1072, Eq. (28) applies
to N = 2 as well.

Near unitarity, then, the physics of few-boson clusters is
essentially determined by the single parameter, A,, that fixes

~ (N —2), (28)
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Bs.Moreover, the N dependence is particularly simple: By /B3
seems to grow as N 2 as noticed in Ref. [52]. In fact, our N < 6
results, even though not quite at unitarity, are well described
by the empirical relation [53]

2
By o lv_3y B ysa_
EWPN3)&+4N] (29)

which reduces to (N — 2)> for Bs/B; ~ 4. Our results in
Table VIII differ by less than 15% from the N < 6 ground-state
ratios at unitarity obtained with a particular potential [18,20].
Note that the latter ratios are more consistent with

N(N —1)(N =-2)
6

(N =2)> >

in Eq. (28) and we cannot exclude such form. However, the
7 < N < 10 values for the ratio By/B; in Ref. [18] are
in much better agreement with (N — 2)?, and for N > 11
energies grow even slower. Ground-state ratios calculated from
other potentials [23,54] show different trends as N increases,
but tend to agree with Eq. (29). In EFT, saturation arises from
a balance between two- and three-body forces, and the latter
cannot be separated from the high-momentum components of
the former in a cutoff-independent way. In this context there is
no obvious argument to justify a dependence on N of one form
or another. An EFT calculation along the lines of this paper
but for a wider range of N values would be highly desirable.

V. CONCLUSION

Summing up, we constructed an effective field theory
for the few-boson system. We have solved the leading-order
Schrodinger equation for up to six particles using a correlated
Gaussian basis and the stochastic variational method. We have
shown that various observables converge as the arbitrary ultra-
violet cutoff increases. The extrapolation to the infinite-cutoff
limit corresponds to a zero-range interaction. It is therefore safe
to assume that the dominant features of bosonic systems, when
within the domain of validity of EFT, are described by two
parameters: the coefficients of the contact two- and three-body
forces, which encode the two-body scattering length a, (or
the dimer binding energy B,) and a three-body parameter A,
(or a trimer binding energy). Generalized Tjon lines were
introduced, showing the correlation among the ground-state
energies of three, four, five, and six particles when A, is varied
at fixed as.

For concreteness, we have presented results for “He
systems. As input, we could have used the experimental values
for the binding energies of the dimer, B,, and of the excited
trimer, B}. In order to gauge the convergence of the EFT,
we opted instead to use values from two modern *He-*He
potentials, LM2M2 and PCKLJS. These are representative of
the experimental data, and therefore our numbers for other
observables can be seen as EFT predictions. At the same time,
they allow us to compare our results with few-body energies
obtained directly from these potentials. The latter energies
contain information not only about B, and B3, but also about
a host of other “*He properties. The point of an EFT is that
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this extra information is only relevant in a marginal way, as
we proceed to higher orders. This is, of course, true only for
observables for which the EFT expansion converges.

Our results for *He systems are in surprisingly good
agreement with the literature. They reproduce the LO results of
Refs. [11] and [13] for N = 3 and 4, respectively, and extend
LO contact EFT to N = 5,6. The ground-state energies we
calculate agree with direct results from the same potential
at a level that ranges from about 5% at N =3 to 15% at
N = 6. In contrast, a naive estimate based on the range of the
potential and Eq. (2) as an estimate of the particle binding
momentum gives much larger errors. If not accidental, this
agreement would imply that the range of applicability of the
EFT is much wider than expected. Such optimism has become
part of EFT folklore since a good description was obtained in
nuclear physics for the triton [55] and, especially, the relatively
tight « particle [56], even though Li [22] did not come out
particularly well despite having a similar binding energy per
particle. Here we have added circumstantial evidence that the
EFT expansion works well beyond N = 3 *He atoms. Systems
within the range of applicability of contact EFT share the
same dynamical origin as the three-body states that are usually
labeled “Efimov states.”

Note that the PCKLIJS potential gives about 30% more
binding energy for the dimer compared to LM2M?2. Heavier
systems are also more bound for PCKLIJS, but the excited-
and ground-state trimers are more bound by just 15% and 5%,
respectively. Our N = 4,5,6 ground-state energies for these
potentials also differ by 5% or less. It seems that, once B3 is
obtained correctly, By 5 ¢ follow. This pattern is consistent with
potentials having similar values of A,, which determine the
larger B3 45,6, but somewhat different values of the large a,,
which affect primarily the smaller B, and Bj. Perhaps the LO
error in B3, which we estimated at 20%, is also a reasonable
estimate of the error in By 5¢.
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While we have presented results for “He systems, qualita-
tively similar results are obtained for other systems with large
scattering lengths, including the unitarity limit 1 /a, = 0. The
EFT captures Efimov physics at LO, where A, determines the
position of the geometric ladder of three-body bound states.
In systems with more particles, A, also sets the scale for
the binding energies. For N < 6, energies have the simple
approximate scaling in Eq. (28) or a similar form. That Q3r,/2
might be a more realistic error estimate than Qyr,/2 is
consistent with the observation in Ref. [23] that the average
interparticle distance at unitarity is more or less constant with
N and of O(1/Q3).

Thus, an EFT expanded around the zero-range limit
captures the essence of universal bosonic systems. Corrections
to the zero-range limit, such as the two-body effective range
ry, appear at next-to-leading order. Stronger arguments than
presented here about the convergence of the EFT expansion
require higher-order calculations. We plan to extend our
calculation to NLO in a future publication.
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