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A resource theory of quantum coherence attempts to characterize the quantum coherence that exists in a given
quantum system. Many different approaches to a resource theory of coherence have recently been proposed,
with their differences lying primarily in the identification of “free” or “incoherent” operations. In this article, we
compare a number of these operational classes. In particular, the recently introduced class of dephasing-covariant
operations is analyzed, and we characterize the Kraus operators of such maps. A number of coherence measures
are introduced based on relative Rényi entropies, and we study incoherent state transformations under different
operational classes. In particular, we show that the incoherent Schmidt rank can be increased arbitrarily large by
certain noncoherence generating operations. The distinction between asymmetry-based versus basis-dependent
notions of coherence theory is clarified, and we further develop the resource theory of N asymmetry, where N is

the group of all diagonal incoherent unitaries.
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In quantum systems, the notion of coherence is ubiquitous.
For instance, the state |[+) = 4/1/2(|0) + |1)) can be seen as a
coherent superposition of the states |0) and |1), while the state
|0) can itself be seen as a coherent superposition of |+) and
|—) = &/1/2(|0) — |1)). Thus, without further qualification, it
is completely ambiguous to say that one state has coherence
while another does not. One way to make such a statement
meaningful involves first identifying a fixed reference basis,
and then defining coherence with respect to this basis. More
precisely, a basis for the system’s state space is specified
(called the incoherent basis), and then a given state is deemed
incoherent if it is diagonal in this basis.

Recently, researchers have used this distinction between
coherent and incoherent states to construct resource theories
of quantum coherence [1-10]. A general quantum resource
theory consists of a class of “free” states along with a class
of “free” or allowable operations [11]. The essential resource-
theoretic condition is that the set of free states is closed under
the set of free operations. Hence, any state that is not free
is a resource since it cannot be obtained using the allowable
operations. For quantum coherence, the free states are the
incoherent states 7. As for the free or “incoherent” operations,
many different approaches have been proposed, motivated by
various degrees of physical and mathematical considerations.

The largest class of incoherent operations are the so-called
“maximal” incoherent operations (MIO) [1,12], and these
consist of all completely positive (CP) maps that act invariantly
onZ. A smaller set of operations was introduced by Baumgratz
et al. and simply goes by the name “incoherent operations”
(I0) [3]. Two other proposed classes of operations are the
strictly incoherent operations (SIO) [7,9] and the dephasing-
covariant incoherent operations (DIO) [13,14]. Each of these
operational classes is defined to reflect different measurement
scenarios. However, from a resource-theoretic perspective,
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they all lack physical consistency in terms of their imple-
mentation: in order to perform a general MIO/IO/DIO/SIO
map, coherence needs to be consumed on some ancilla system
[13]. The class of operations that maintain implementation
consistency was introduced in Ref. [13] under the name
of physical incoherent operations (PIO). The relationship
between these various incoherent operations is depicted in
Fig. 1.

In conjunction with each of the operational classes, one
can define different measures of coherence. From a resource-
theoretic perspective, the crucial property of these measures is
that they are monotonic under the specified class of operations.
To give the measures physical meaning, one seeks to find some
operational interpretation of the measure, thereby enabling
the measure to quantify some particular physical property or
process. A number of coherence measures have been proposed
in the literature such as the relative entropy of coherence and
the £ norm of coherence [3], entanglement-induced measures
of entanglement [15], distillable coherence and coherence of
formation [6,7], and the robustness of coherence [16]. For a
nice summary of different coherence measures, see the recent
review article [17]. In this paper, we introduce a general
prescription for generating a number of ‘“distance-based”
measures of coherence.

Close parallels can be drawn between the resource theory
of coherence and the resource theories of asymmetry [18-20].
In the latter, one identifies a particular unitary group G, and
the free states are those that are invariant under the G-twirling
operation p — fG dg U(g)pU(g)!. The free operations are
those that commute with the unitary action of the group and
are called G covariant. In physical systems, it is natural to
choose G as the group of unitaries that commute with the
time-translation operator " where H is the Hamiltonian
of the system. In this way, one can speak of “coherences”
between the eigenspaces of H, and a state is incoherent if it
commutes with ¢¥ for all time; states that do not commute
possess asymmetry with respect to the unitary group. Thus,
one obtains a type of coherence resource theory based on this
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FIG. 1. A heuristic comparison between the five incoherence
operations MIO/DIO/IO/SIO/PIO and TIO. The first five are classes
of CPTP maps defined on a system with a specified incoherent
basis. Maps from each of these classes act invariantly on the set
of states diagonal in this basis. TIO is fundamentally different since
the allowed operations in this class depend on invariances of the
generator H which may or may not fix a single incoherent basis. In
general, PIO will not be a subset of TIO since the former includes
all permutations while the latter may not. On the other hand, TIO ¢
MIO because TIO allows for decoherence-free subspaces.

notion of asymmetry. The G-covariant operations are free in
this resource theory, and in Ref. [21] these operations were
also called translationally invariant operations (TIO).

Note that an asymmetry-based resource theory of co-
herence is categorically distinct from PIO/SIO/IO/DIO/MIO
resource theories since in general the set of G-invariant
states will not coincide with Z. The resource theories of
PIO/SIO/IO/DIO/MIO are based on a basis-dependent defini-
tion of coherence which consists of first specifying an incoher-
ent basis and then defining incoherent states as being diagonal
in this basis. In contrast, the resource theory of TIO consists
of first specifying a symmetry and then defining incoherent
states as those possessing this symmetry. Consequently, the
asymmetry approach can lead to decoherence-free subspaces
when extending the symmetry to multiple systems, as we
discuss in Sec. IV of this paper. A detailed discussion on
the distinction between TIO and the family of operations
PIO/SIO/I0O/DIO/MIO can also be found in [14].

The purpose of this article is to provide a comparative
investigation into the resource theories of coherence under
different operational classes. This is an accompanying paper
to Ref. [13] and covers the detailed proofs omitted from the
latter. A summary of results and an outline of the paper is as
follows.

(1) In Sec. I, we give a quantitative overview of the opera-
tional classes PIO/DIO/IO/DIO/ MIO. Aside from character-
izing the structure of maps belonging to these classes, we focus
on the ability of these maps to transform states. In particular,
we consider the question of pure-state transformations using
incoherent operations. We show that the so-called majorization
condition decides transformation feasibility for the classes SIO
and a special subclass of IO that we denote by sIO. However,
whether or not the majorization condition also holds for IO
remains an open problem and we point out mistakes in recent
proofs claiming it does [22,23]. By constructing an explicit
family of transformations, we show that the majorization
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condition can be violated by MIO, even stronger the Schmidt
rank can be increased by MIO (Theorem 14).

(i) For a general single-party state p, one can associate
a bipartite maximally correlated state p" with respect to a
fixed incoherent basis according to

p=) coldyl & p" =) cylx)Siyyl. (1)

xy xy

The question is then whether a transformation p — o using
one of the incoherent operational classes implies that the
corresponding transformation p" — o) is possible using
local operations and classical communication (LOCC). We
show that transforming states using PIO/SIO/sIO indeed
implies the ability to transform the corresponding maximally
correlated states using zero-communication LOCC/one-way
LOCC/ two-way LOCC, respectively.

@iii) In Sec. II, we introduce a number of incoherent
monotones and measures for the various operational classes
based. All of these measures are unified within a very general
framework for constructing incoherent measures. Two classes
of measures included in this framework are the relative Rényi
« entropies of incoherence and the quantum relative Rényi o
entropies of incoherence. Within this class are the robustness
of coherence and the A robustness of coherence.

(iv) In Sec. III, we provide a comprehensive overview
of coherence in qubit systems. Necessary and sufficient
conditions are proven for the transformation of qubit mixed
states using SIO/IO/DIO/MIO, a result first reported in [13].
We show that all measures of coherence for qubits can be
expressed in terms of the robustness of coherence and the A
robustness, and we provide such expressions for the relative
entropy of coherence, and the £-1 norm of coherence.

(v) In Sec. IV, we discuss in greater detail the relationship
between coherence resource theories based on asymmetry
and those using a basis-dependent definition of coherence.
We develop the resource theories of G asymmetry and N
asymmetry, where G is the group of all incoherent unitaries
and N is the group of all diagonal incoherent unitaries.

(vi) Finally, Sec. V describes a number of open problems
related to the coherence measures and incoherent state trans-
formations studied in this paper.

Throughout the paper we assume that an incoherent basis
has been fixed and is taken as the computational basis. We
consider d-dimensional quantum systems, and for bipartite
systems the dimensions of the subsystems will be denoted
by ds and dg. The map which completely dephases in the
computational basis will be denoted by A, and its action is
given by

d
p > Alp) =Y li)ilpli)il. )
i=1

I. FIVE TYPES OF INCOHERENT OPERATIONS
A. Physical incoherent operations (P1I0)

The class of PIO is defined as the collection of operations so
obtained via actions on a primary and an ancillary system that
are noncoherence generating on both systems [13]. Denoting
the primary system by A and the ancilla by B, a general PIO
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operation corresponds to performing an incoherent unitary
U4p on the input state p4 and some fixed incoherent state
0Op, and then performing a general incoherent projective
measurement on system B. The Kraus operators for a general
completely positive trace-preserving map (CPTP) belonging
to PIO can be characterized by the following.

Proposition 1 ([13]). A CPTP map & is a physically
incoherent operation if and only if it can be expressed as
a convex combination of maps each having Kraus operators
{Kj};=1 of the form

K;=U;P; = Zeie‘lﬂj(x»(x'Pf" ®)

where the P; form an orthogonal and complete set of
incoherent projectors on system A and 7; are permutations.

State transformations

Proposition 1 shows that there is very little freedom in
the allowable Kraus operators for a PIO map. The following
lemma completely characterizes pure-state transformations by
PIO.

Proposition 2. For any two states |) and |¢), the transfor-
mation [) — |¢) is possible by PIO if and only if

k
W) =Y J/pilil), )

i=1

where the U; are incoherent isometries such that P;U;|¢) =
U;|¢) for an orthogonal and complete set of incoherent
projectors { P;};.

Proof. Necessity of this condition follows from the form
of K; as given in Eq. (3). Since K;[v) o |¢) for every j, we

must have ﬁUj Pj|yr) = |¢). Thus,

1
VP

Sufficiency of Eq. (4) can likewise be seen. Given the form
of Eq. (4), one performs the incoherent projection {P;}; on
[). Since P;U;|¢) =0 for i # j, outcome P; renders the
post-measurement state U |¢). The transformation is complete

Pily) = Ullp) = P,U]I).

by applying U]T ]

A generic state |) will not have a decomposition given by
Eq. (4) fork > 1. Thus, most pure states cannot be transformed
into any other outside of their respective incoherent unitary
equivalence class. This situation is highly reminiscent of
multipartite entanglement in which most pure states cannot
be transformed to any another other outside their respective
LU equivalence class.

In the asymptotic setting of many copies, the power of PIO
is greatly improved. The following proposition shows that
PIO is just as powerful as maximally incoherent operations
(MIO) in terms of distilling maximally coherent bits |+) =
J172(|0) + |1)) from many copies of a pure state. The optimal
distillation rate under MIO is given by S[A(v)], where S[p] =
—tr[plog, p] is the von Neumann entropy [7].

Proposition 3 ([7]). For any € > 0 and n sufficiently large,

the transformation |)®" LA |[+)®R] is possible by PIO
whenever R < S[A(Y)].
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Proof. The proof for this is presented in Theorem 3 of
Ref. [7] where the authors consider distillation using more
general incoherent operations (I0). However, their protocol
consists of incoherent unitaries and projections, and therefore
it can be accomplished using PIO. |

Rather surprisingly, the reverse transformation |+)®"” Y
[)®" is not possible for any coherent state |1) that is not max-
imally coherent, i.e., if |1/) is not of the form \/Lg > el |x).
As described in the main text, a proof of this fact follows from
communication complexity results in LOCC entanglement
transformations. The key idea is that a PIO transformation
0 — Zj pip; ®|j)(jl can be converted into a bipartite

(mc)

LOCC transformation p® — d_ipip; ®1jj)jjl with
no communication, where the correspondence between p;
and pj’"c) is given by Eq. (1). Specifically, if {U; P;} is the
PIO measurement, then the corresponding LOCC protocol
consists of Alice locally measuring {U;P;}, Bob learning
the outcome of this measurement through the projective
measurement {P;}, and then him applying the corresponding
U;. Therefore, if [4)(+]®" — 3 p;|¥;)(¥;1 ® 1) {j] by

PIO with Zj pilv il ~ | ) (y|®" for arbitrarily small €
and m is sufficiently large, then it is possible to transform
sufficiently large copies of an EPR state arbitrarily close
to [")®" by local operations and no communication.
However, as proven in Refs. [24,25], for any fixed n, there
exists an e-dependent lower bound on the communication
needed to perform such an entanglement dilution, provided
[) is not maximally entangled or a product state.

From this result we see that maximally coherent states are
the weakest among all pure states, in terms of their ability to
transform into other states. Under asymptotic PIO, the entire
hierarchy of coherent states gets turned upside down.

B. Strictly incoherent operations (SIO)

The class of SIO is defined as the collection of operations
so obtained via actions on a primary and an ancillary
system that are noncoherence generating on just the pri-
mary system. Note the difference in description between
SIO and PIO as stated above. A precise definition of
SIO is given in terms of Kraus operator representations as
follows.

Definition 1 ([7,9]). Let EA78 : L(HA) — L(HE) be a
CPTP map. Then, £478 is said to be a strictly incoherent
operation (SIO) if it can be represented by Kraus operators
{M} such that

AM;pM)) = M;APIM) ¥ j. Y p. )

The following lemma characterizes the form of Kraus
operators belonging to an SIO CPTP map.

Lemma 4. Let E478 : L(H*) — L(H?) be a CPTP map.
Then, £478 is SIO if and only if it can be represented by
Kraus operators {M;} of the form

da
Mj =" cjxlmj(0))(x]. (6)

x=1
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Proof. Sufficiency is obvious to check. Suppose now that
&A= 8 is SI0. Following the same arguments of Lemma 12,
there must exist Kraus operators {M;} with the properties that

AM;|x)(x|M}) = M;|x)(x|M] and %

AM;|x) (x| M) = 0 ®)

for all x',x € {1,...,ds} with x’ # x. Equation (7) implies
that

dy
M; =" cjul i)l )
x=1

where f; :{1,...,d4a} — {1,...,da}. Equation (8) implies
that

(yIMjIX)(x/IM;M =0 Vxuxly, (10)

which is equivalent to the condition that f; is one to one. Thus,
fj is a permutation 7; and M; takes the form of Eq. (6). W

1. Relating SIO to maximally correlated LOCC

The discussion after Proposition 3 describes how every PIO
operation can be translated into a zero-communication LOCC
protocol. A similar relationship holds for SIO and one-way
LOCC.

Proposition 5. Using the notation of Eq. (1), if p - o
by SIO, then there exists a bipartite LOCC transformation
p(mc) N O.(mc).

Proof. Let {M} be a set of SIO Kraus operators so that for
state p = ny dyy|x)(y| the QC post-measurement state is

o= MpM;® )il

J

= cjeClyduy | ()Y (0 @ 17}, (1)

X,y

where we have used Eq. (6). Then, the transformation p"
— o) can be accomplished by Alice performing the
measurement {M; }, announcing herresult ““;j” to Bob, and then
Bob performing the local permutation IT;:|x)—|m;(x)). W

2. State transformations

Using Proposition 5, we can completely classify pure
state transformations under SIO. The following is an analog
to Nielsen’s theorem for entanglement transformations of
bipartite pure states [26]. Consider two states

=S Vudn, e =3 st
i=1 i=1

where we have assumed without loss of generality that
the 1//1.i are non-negative and ordered such that w# > wiﬂrl,
and likewise for the ¢>ii . We say that |¢) majorizes |[y)
[denoted by T(¥) < T(¢)] if b, v} <k ¢ for all
k=1, ..., max{m,n}, where a sufficient number of zeros are
padded to the vector of shorter length so that both summations
can be taken over max{m,n} elements.

Lemma 6. The state transformation [i) — |¢) is possible
by SIO iff T(Y¥) < T(¢).
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Proof. Sufficiency: Suppose that T(1/) < T(¢). Then, there
exists a doubly stochastic matrix D such that T(3/) = DT(¢)
[27]. Birkhoff’s theorem assures that D = ), p,Il,, where
the p, form a probability distribution and the I1, are permuta-
tion matrices. Then, define the operators M, := /ps HL oS,
where the elements of § are given by [[S]];; = NIINE, ; and
“e” denotes the Hadamard product. Recall that the Hadamard
product of two matrices A and B is the matrix A e B with
elements [[A o B]];; = [[A]l;;[[B]l;j. Note that each M,, has
the form of Eq. (6). By construction M, |y¥) o |¢) for every
«, and the relation T(Y) = Y, paTloT(¢) readily implies that
Y MiM, =1

Necessity: Now, suppose that [¢) — |¢) by SIO. By
Proposition 5, this means that [/} — |¢)) by bipartite
LOCC. However, a necessary condition for this is that T(y) <
7(¢) [26]. |

By the same arguments, additional statements about SIO
pure-state transformations can be made that are analogous to
statements in bipartite LOCC. The following are the coherence
versions of the results presented in [28] and [29], respectively.

Proposition 7. The multioutcome transformation |yr) —
{I¢:), pi} is possible by SIO iff () < 3, piT(¢).

Proposition 8. The maximum probability of converting
|¥) — |@) is given by

n 2
min Lik Vi, (12)

ke(l...., max{mn}} 30 ¢1¢

With Lemma 6, the asymptotic transformation of pure states
becomes reversible under SIO. Indeed, the dilution protocol
described in Ref. [7] relies on being able to perform any pure-
state transformation provided the majorization condition is
satisfied. We thus have the following.

Corollary 9 ([7]). For any € > 0 and n sufficiently large,

the transformation | )®"R! A |@)®" is possible whenever
R < S[A(Y)]/S[A()].

C. Incoherent operations (10)

The incoherent operations of Baumgratz et al. have received
a considerable amount of attention in the resource-theoretic
development of quantum coherence. Physically, these can be
seen as generalized measurements performed on a quantum
system that are coherence nongenerating for each measure-
ment outcome; however, their physical implementation may
require performing a coherence-generating unitary across the
primary system and the ancillary system. Formally, their
definition is given by the following.

Definition 2 ([3]). Let £478 : L(HA) — L(HB) be a
CPTP map. Then, £47 5 is said to be an incoherent operation
(I0) if it can be represented by Kraus operators { M, } such that

A(Mg|x){(x|M]) = My|x){(x|M] V¥ x. (13)

From this definition, it is easy to see that an arbitrary
incoherent measurement has Kraus operators {M,}, of the
form

d
Mo =Y cail fulD)il, (14)
i=1
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where f, : {1,...,d} — {1, ...,d} and the completion iden-
tity demands

*
E Ca,icﬂf,j = 8,‘j. (15)
a such that

Ja()=fa(j)

Note that we could further decompose the sum as

d
Z CaiCaj = Z Z CaiCaj = Gij- (16)

k=1« such that
ijefa '

a such that

Ja()=Ffa ()

Let us comment on the problem of transforming pure
states using incoherent operations. It has been reported that
the majorization condition characterizes pure-state transfor-
mations under IO, i.e., that Lemma 6 can be extended to 10
[22,23]. However, as we now discuss, the proofs given in these
references are not correct. It is still an open question whether
T(Y¥) < T(¢)is necessary for an 10 transformation | ) — |¢).

1. Mistakes in the majorization proofs

To explain the mistake made in Ref. [22], let us begin by
studying the action of an incoherent operator M, on a state

[¥) = >, ¥ili). We have

d

M) => " Y casti |IK). (17)
k=1 \ief~'k)
What interests us are the diagonal elements of
AQ S, M Y)Y (¥ IM l). They  have  undergone the
transformation
Wl = | D D s || DD v

o \ief7'k) ) .

- |z

Z 'z w;ca,icz,]‘

Lo« \ijesi'® L
* *
=Y v Y caich; |- (18)
i,j Ia.sucll&lhm
ijefa (k) k

In Ref. [22], the authors assume that for each value of k, the
cross terms vanish. In other words, the assumption is that

*
> Caich; =8

«a such that
ijete ! ®

when, in fact, the full condition is given by Eq. (16).
To bring this out more explicitly, we adopt the notation used
in [22]. From the completion identity, Eq. (18) of [22] gives

Z(5l,i(z)51,i(3) + 52,i(2)52,i(3))k§")k§") =0. (19)

Note here the authors are assuming that the §; ;;) do depend on
n, whichis not true in general. Nevertheless, let us momentarily
continue with the argument with §; ;) being independent of n.
Because the measurement is incoherent, we have that

diodizy #0 =
82,2823 #0 =

82,i2)02,i3) = 0,
?2) 3) (20)
81,i2)01,i3) = 0.
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This means that Eq. (19) implies

> dLibLiok K =) Siedimk k) = 0. @21)

Therefore, when computing ), |... |2 in their Eq. (21), the
left-hand side of the second equation becomes

Z }32,1‘(2)@”)% + 52,i(3)k§")¢3 |2

=820V + 823 ¥3
Has Y Saidai (ks kS + k5VRS")

= 820 V3 + 8233, (22)

where we use Eq. (21). But, now let us consider the most
general 10 measurement by allowing §;;;) to depend on
n. That is, we make the replacement §; ;(;) — 5% j- Then,
Eq. (19) becomes

) () ) o)\, ) )
Y (3108 + 0 dhia ks kY = 0. (23)

n

However, we no longer have Eq. (21) because of the depen-

dence on n. In other words, in general 3, 8 i2)82.i3 ks k" #
0. Therefore,

Lo n . 2
Z ]82’fi(2)k2” V2 + 85 i ks V3|
n
) 2,2 @ 22
= > 8ok [ w3 + Y 8 k" w3
n n
+ v 8508 (VK KUK 24)
n

The cross term no longer vanishes.

An alternative proof for the majorization condition was
presented in Ref. [23]. The proof technique used is similar to
the proof of Lemma 6 in which the incoherent transformation
is mapped to a bipartite LOCC pure-state transformation.
However, the LOCC measurement described in that paper
is not trace preserving, and it is not clear how this can be
remedied [30].

2. Majorization for a special subclass of 10

At the present, it remains unknown whether or not the
majorization criterion dictates the feasibility of pure-state
transformations by 10. However, we can introduce yet an-
other class of operations more general than SIO for which
majorization precisely captures pure-state convertibility.

Definition 3. Let £478 : L(HA) — L(H®) be a CPTP
map. Then, £47 8 is said to be a special incoherent operation
(sIO) if it can be represented by Kraus operators {M,} each
having the form

My =) cax ol (X)) (x]. (25)

where f :{1,...,d} - {1,...,d} and Il, is a permutation.
Note that SIO C sIO C IO.
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We first show that the statement of Proposition 5 can be ex-
tended to sIO operations. However, the corresponding LOCC
transformation now uses two-way classical communication.

Proposition 10. If p — o by slO, then there exists a
bipartite two-way LOCC transformation p"¢) — o),

Proof. Suppose that p - o =), MapMi ® |a)(a| for
sIO Kraus operators {M,} given by Eq. (25). Let S C
{1,...,d} denote the range of f, x, =|f '(s)| for s €
S, and k =][[,.g«s. For each seS, let {|s,j):j; =
0,...,|f7'(s)] — 1} be a relabeling of the kets |x) with
x € f~!(s). Next, we want to define a generalized Hadamard
basis with respect to the |s, ji):

Ks—1

3 (27 ] . .
|s.ks) o= Y €PN )
Js=0

Finally, for every sequence k= (k1,ko, ..
{0, ...,k; — 1}, define the operator

.,k|5‘) with kS €

S|

1 —~
Ne= = Z:; |5} (5. Ks]. (26)

It can be seen that ) 7 Ng N; = I. The LOCC protocol then
consists of Bob first performing the measurement {N;};. The
state transformation corresponding to outcome k = (kg )Lﬂl is

P = " dyylxx) (Yl

xy
= dyjwi Is J)S v la ® 18,8 v |

ss" s, Jy
— X E E dsjlYS,J.A/elzn(Jfffx’)ks/Kv
58" JssJs!

X |5, js) (s, js'la @ Is)(s' B 27

Bob then announces his outcome k = (ks)lssz‘1 to Alice who
subsequently performs the unitary

Ui =3 3 ks sl @8)
S s

At this stage, Alice and Bob share the state
P = de1x)(y1a ® | FON Wb, (29)
xy

regardless of Bob’s outcome k. Alice now locally performs the
sIO measurement { M, }. She announces her result to Bob who
then performs the conditional permutation IT, on his system.
Thus, the resulting QC state is

(mc) __ *
o = dy,yCox Cary
Xy

X (Ha & Ha)|f(x)f(x)><f(y)f(y)|AlBl(Ha X Ha)
Q |aa){aet| 4,5, - (30)

|
Corollary 11. The state transformation |{) — |¢) is pos-
sible by sIO iff T(¥) < T(¢).
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D. Dephasing-covariant incoherent operations (DIO)

We next introduce a class of operations that generalizes
SIO. Notice that SIO is defined in terms of the Kraus operators
of a generalized measurement and their covariance with
the completely dephasing channel. But, what if one looks
more generally at CPTP maps and not just specific Kraus
operator representations? DIO represents the class of all CPTP
maps that possess covariance with the completely dephasing
channel.

Definition 4. Let £478 : L(HA) — L(H®) be a CPTP
map. Then, £4~ 8 is said to be a dephasing-covariant inco-
herent operation (DIO) if

[AEA7B1=0 (31)
which is equivalent to
AEE(p) = EME(A) VY p. (32)

The following provides an alternative characterization of
DIO maps that is computationally convenient.

Lemma 12. Let 478 : L(H*) — L(H?)be a CPTP map.
Then, £4~ %8 is DIO if and only if for all x’',x € {1,...,da}
with x” # x:

EA7B(Ix)(x]) e T and (33)

AEE(x)(x'])) = 0. (34)

Proof. The first condition in the equation above ensures that
E£4~ B js a MIO. Therefore, this is a necessary condition. The
second condition is also necessary since

AETE(x) (x']))
=7 B(A(x) (X)) = E47E0) = 0.

Now, to see that these two conditions are sufficient, note
that any density matrix p acting on H* can be decomposed as

p=A)+ Z, (35)

where Z is a Hermitian matrix with zeros on the diagonal. We
therefore have

AETE(p) = AETE(A)) + AETE(2))
= EA7B(A ) + AEATE(2)
=47 B(Ap)), (36)

where the second equality follows from (33), and the third

equality follows from (34). Hence, £4~ 2 is DIO iff (33) and

(34) hold. |
Note that if we denote by

(y|Mi|x)
(yIMz|x)
) eC”, (37)

Vylx =

(¥ My x)

we get the following corollary:
Corollary 13. Using the notation of (37), a CPTP map
EAZB L L(HA) — L(HP) is a DIO if and only if there exist
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conditional probabilities 7y, such that

Vi/\xvylx = Iy Oy, (38)
Vi Vyly = Pyl (39)

Consider now the equation o = £(p) where £ is DIO. We
therefore have

Oyy = prx/(ylg(lx)u'l)ly')- (40)

x,x’

In the notations above, this is equivalent to

Oy = Z ,Oxx’V:qu/Vy\x- 41

x,x’

The diagonal terms have the form

Tyy = D FyiePrr: 42)

X

E. Maximal incoherent operations (MIO)

We reach the final class of operations in our overview. These
are simply the class of CPTP maps that act invariantly on the
set of incoherent states. It is not difficult to see that this can be
equivalently defined as follows.

Definition 5 ([1,12]). Let £478 : L(HA) — L(HP) be a
CPTP map. Then, £47~5 is a maximal incoherent operation
MIO) if

Ao&A7BoA=E4BoA. (43)

Let £478 : L(HA) — L(H®) be a CPTP map with an
operator sum representation {M;}"_;, and let M denote the
set of MIOs. Then, from the definition above, £478 € M if
and only if

> (M Ix) x| My = (44)
j=1

for all x € {1,...,ds} and y # y’ with y,y" € {1,...,dp}.
Using the notation of (37) we get that then £4~5 € M if and
only if there exist dsdp vectors vy, € C™, and conditional
probability distribution ry, (i.e., ry > 0 and Zy rye = 1)
such that

Viv'\xvylx = Iyixyy, (45)
dp

ZV;MV}*W = Sxx’v (46)
=1

where the first equation follows from (44) and the second from
Y MM =1.

State transformations

Consider a MIO CPTP map that converts |¢) =
> Dxlx) to |¢) = Zy /gyly). In this case, we have
|p) (P = E(Y¥)(¥]), where £ is MIO. Then, there must exist
coefficients ¢; such that ZT:I |cj|2 = 1and M;|y) = c;|¢).

PHYSICAL REVIEW A 94, 052336 (2016)

Denoting ¢ = (c;); € C™ gives
BHe=Y PVyx V. (47)

Consider now the simpler case of d4 = 2. We will also assume
thatg, > Oanddp > 3.Thecasedp = 2isaspecial case of the
qubit mixed-state transformation to be discussed later. Denote
by ry =ry and t, = ry|; the two probability distributions,
and denote also v o = v, and v,|; = u,. With these notations,
conditions (45), (46), and (47) take the form

Vlvy’ = rydyy, “L“y’ = 1y0yy,
(48)

dp
ZV;HV =0, J/gy¢c = povy + /P1uy.
y=I
The last equation can be written as
JDiuy = /g€ — \/povy. (49)
Hence, we must have
Pitydyy :Pluluy’ = V4yqy + porydyy
— VPo(Jaye vy + Jgyvie), (50)

where we have used the normalization of ¢ and the orthogo-
nality of {v,} and of {u,}. Therefore, after dividing both sides
of the equation by ,/g,g, (which is nonzero) we get

clv,  vie

NN

1=¢—<

and fory =y’

)Vy?éy/ (51)

Pity = gy + pory — /Pogy(€vy +vie).  (52)

From (51) we get that

V,C

—

Vpo a, (53)

where a is some complex number independent of y satisfying
a + a = 1. Substituting this into (52) we get

el

plty ZCIy"i_pOry —{y- (54)
This equation holds iff
Po=p1 = % and t, =r,. (55)

With these choices, the first equation of (48) gives

dg dp
0= ZVJ;“Y = Z VI,(\/ﬁyc —-v,), (56)
y=l1 y=1

which is equivalent to

dp
1= Z V2q,vie =2a. (57
y=1
We therefore conclude that

fo_
vie=,/5 (58)

Since g, > 0 we get that v, # 0 for all y and therefore r, >
0 for all y. Together with the orthogonality relation of v,,
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this implies that the set of vectors (L vy} is orthonormal.

Therefore, the number of Kraus operators m (which is the
dimension of vy,) must be at least dz. Hence, the equation
above gives

dp 4 T
c'v,v,c
E E Y- L efe=1.
2ry r,

A simple calculation shows that Zy qy/ry obtains its mini-
mum value when

ry =3 . (59)
DIV
Therefore, we get
2
dp a 1 dp
1> 2>>_Z/—qy . (60)
ry 2

y=1 y=1

We therefore arrive at the following theorem.

Theorem 14. Let = /pol0) +./p1ll) and |¢p) =
Z‘;"‘:l Jayly), where g, > 0 and dp > 2. Then, |) can be

converted to |¢) if and only if py = p; = % and
dp
Y V@ <2 (61)
y=1

Proof. The necessity of this condition follows from the
arguments above. To prove sufficiency, take m = dg + 1 and
v, = /Tye,, where {e,} is the standard basis of C™, and r,
is given in (59). To be consistent with (58) we define for
j=1,...,dp

¢; = (T (62)
V2Y iy
and for j = dp + 1 we define
Cdp+1 (63)

Note that the term inside the sum is positive due to (61). Finally,
we define fory =1, ...,dp

u, =./2g,¢ —v,. (64)
With these choices, all the conditions in (48) are satisfied. This
completes the proof. |

Example 1. Consider the following two states:

= /40 + /1) (65)
V) flo \/7| \/7|2 (66)

We show that the transformation |+) — |¥) is achievable
by maximally incoherent operations. Indeed, consider the

and
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Sa
16§
14

1.2

1.0 ®
0.8 |
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0.6 |
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0.4 |
|

. 1 a
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FIG. 2. Comparison of S,(|+)) =1 (the horizontal line) and
S¢(J¥)) (the curved line) as a function of «. For 0 < o < 1,

Sa(1¥)) > Sa(|+)), and for @ > 3, Sa(|¥/)) < Sa(l+)).

following three Kraus operators:

301
2

M1=i o 1], (67)

343 0 1

L [0 4
r=—=|3 -2]. (68)

3v6\o 1

O
M=——[o 1] (69)

3Wols 2

It is straightforward to check that Z§:1 M} M; = I, where
I, is the 2 x 2 identity matrix. Furthermore, note that

M;|+) oc4]0) + |1) +12) o< ) V j =1,2,3. (70)

To see that it is a maximal incoherent operation, note that

3 3 1 4 0 O
ZMj|O)(O|M;=ZMj|1)(1|M;:6 01 0
j=1 j=1 0 0 1

(71)

In Fig. 2, we plot the Rényi entropies of these two states. From
the graph it is clear that S, (|y)) > S,(|+)) = 1 fora € [0,%).
Therefore, this example also demonstrates that all the Rényi
entropies with « € [0,%) are not monotones and therefore
are not measures of coherence. Furthermore, it provides an
independent proof that the Rényi divergences D,, and DY do
not satisfy the data processing inequality in the o ranges (2,00]
and [0, %), respectively.

II. FAMILY OF MONOTONES

In this section, we provide a general framework for
constructing distance-based coherence monotones and discuss
specific examples. Our main distinction will be functions
that behave monotonically under MIO and those that behave
monotonically under DIO.

Theorem 15. Let D(p || o) be a contractive function, i.e.,
D[E(p) || E(0)1 < D(p || o) if £ is a CPTP map. Let A, be a
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set of density matrices acting on C?. Note that the set A, can
depend of the state p. If £(A,) C Ag(,) for all free operations
&, then the two functions

Ci(p) = min D(p || o),
' (72)
Ci(p) = min D(o || p)

are monotonic under the set of free operations.
Proof.

CXIE(p)] = min DI[E(p) || 7]

‘L'EAg(p)

mgn)D[g(p) I ]

= félAn D[E(p) || E(0)]

//\

N

min D(p || o) = C(p). (73)
o€EA,
Similar arguments prove that C¥ is also a monotone. ]

A. MIO monotones

As a simple application of Theorem 15 take A, = Z, the set
of incoherent diagonal states. In this case, A, is independent
of p so we get trivially that

E(A) =EX) ST = Agp) (74)
for any DIO (or MIO) £. Moreover, in this case,
Ci(p)=minD(p || 0), (75)

which reduces to the the well-known relatively entropy of
coherence [3] when take D(p || o) to be the relative entropy.
However, note that under PIO, SIO, 10, DIO, or MIO

Ci(p) = min D(o || p) (76)
is also a monotone.

1. Relative Rényi a monotones

Beyond the relative Shannon entropy, one can consider
the more general relative Rényi entropies. For o € [0,00] the
relative Rényi entropy is defined by

Dy(p | o) :=

1 log, tr(p%c ' ™). (77)
This quantity is contractive (or equivalently satisfies the data
processing inequality) for all & € [0,2]. We will therefore be
interested here only in this range of . Define the «-coherence
monotone by (0 < o < 2)

Cu(p) := gleig Dy(p || o). (78)

We can compute this monotone explicitly, and part of the
following work overlaps with independent work conducted by
RastegininRef. [31]. Leto = )" g, |x)(x| be some free state.
Then,

Ing Z qx

Cu(p) —mln “xlp®lx). (79

PHYSICAL REVIEW A 94, 052336 (2016)

Denote

(x| p% X))
r

Ix

where r = Z((x|p"‘|x))1/a. (80)
> 0. Therefore,

logzqu o

o .
= log, r + min Do ({r} || {gx})
oa—1 {g:)

By definition, ), r, = 1 and ry

Ca(p) =

o
—3 log, r + m1n

o
1 . 81
o—1 0g, r (81)

where D, ({r.}||[{g<}) is the classical Rényi divergence. We
therefore conclude that for o € [0,2], the quantities

T logy Y0 ((xlp kD' (82)

Co(p) =

are coherence monotones. Note that in the limit« — 1 we get
Cy(p) = Cre(p). Furthermore, in terms of the completely
dephasing map A(p) := ) (x|plx) |x){x|, we have

Co(p) =

" log, rl(A(p") "]

1
1o AN /al- (83)

Cy(p) can also be written in terms of the eigenvalues of p as
follows. Suppose the spectrum decomposition of p is given by

p= Mlv)(vyl, (84)

where A, are the eigenvalues of p, with corresponding
eigenvectors |vy). Denote by D the n x n doubly stochastic
matrix whose elements are D,, = |{x|vy}|>. Then, Eq. (83)
takes the form

Co(p) =

1/a
- log, > (Z ny)a;) . (85)
x y

Note that for a pure state p = [{/) (| we have

Cah) = —“—lom, Y0} = Sialp). (86)
J

where Sj,, is the Rényi entropy with parameter 1/o €
[1/2,00].

Example 2. Consider « = 2 in (83). Then, this monotone
has a particular simple expression. Denoting by p,, the
components of p we get

Ca=a(p) = 2l0g, Y/ {xp?[x)

12
=2log, Y (Z |pxy|2) : (87)
X y

We now apply this to the qubit case where

_(r 7
p_<r 1_p>. (88)
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Then,
Coma(p) =210, [V P2 + 2+ /(1 — p2 + 2. (89)

2. Quantum relative Rényi o monotones

Forua € [%,oo], the quantum relative Rényi entropy is given
by

DWP(p || o) :=

1 v i
- log, (o = po = ). (90)

Define the quantum «-coherence monotone by
C@(p) :==min DL(p | o). 1)
o€l

The minimization in this case is harder to perform. However,
for a pure state p = |Y) (| we have

DY (p || o) = ——logy uf (o =" [y} (Yo =*)°]

= S logy(¥lo ¥ ),

which is very similar to the expression we get for the relative
Rényi entropy. We therefore conclude that for pure states

o —

20[ -1 _a
CPW)=——logy [ 3 pi ). 92)
J

o
20—1

Denoting y = we can rewrite the expression above as

1
Cow = 1 log | 2p] | =S®- 3)
J

Note that the range of y is also [%,oo]. Also, the other two
parameter quantum divergences introduced in [32] lead to the
same Rényi entropies for pure states. Therefore, one may be

tempted to conjecture that the transformation

V) — |9) (94)
is possible by MIO if and only if
S2(p) > Se(@) V@ € [5,00], 95

where the probability vectors p and q correspond to |1) and
|¢), respectively. However, note that the requirements py =
p1 = % in Theorem 14 show that this conjecture is false. That
is, the above equation is necessary but not sufficient for the
existence of a MIO from |¢) — |¢).

Example 3. Consider the case & = 0o in (90). In this case,

DY is known to be equal to the max relative entropy given by
DY (p || o) =log, min{r : p < Ac}. (96)

The corresponding monotone is therefore

Cé‘é)(p) = log, min {tr(o) p<Lo g 7 € I}. o7
tr(o)

To calculate this expression, observe that it can be rewritten as
CYD(p) =log, min{tr(c) : p < A(o) ; o =0}. (98)

Next, we recall the dual formulation in linear programming
(see, e.g. Renes’ paper on subrelative majorization [23], as

PHYSICAL REVIEW A 94, 052336 (2016)

well as recent work by Piani et al. [16]). Consider the following
setting of linear programming. Let V; and V, be two (inner
product) vector spaces with two cones K| C Vj and K, C V,.
Consider two vectors v; € V; and v, € V,, and a linear map
T : Vi = V,. Then, the primal form

max  {vy,x);. (99)
x € K,
v, —Tkx)eK,

The dual form involves 7* : V, — Vi:

min (Uz,y>2. (100)

yeKy
T*(y)—v € K

Applying this to our formulation, take V; =V, = H, the
vector space of n x n Hermitian matrices. Take K| = K, =
H, 4 as the cone of positive-semidefinite matrices in H,. Take
T = A which is self-adjoint. Finally, take v, = I, v; = p,
y =0, x = t. With these choices the dual is our original
expression for C, and the primal is the following expression:

C9D(p) = log, max {tr(pt) : A(T)< T ; ©>=0} (101)
= log, max {tr(p7r) : A(r)=1 ; 7 >0}. (102)

Note that for j # k, |tjx| < 1. Otherwise, if |rjk|'> 1, one
can find 0 € [0,27r] such that for |/) = |j) + €?|k), the
expectation value (¥ |t|y¥) < 0. We therefore conclude that

tr(ptr) =1 —i—Z,Ojkaj <1 +Z|ij|

Jj#k Jj#k
=14 Cy(p), (103)
where
Co(p) =Y _ |l (104)
J#k

is the so-called ¢; coherence measure [3]. This bound can
be saturated in the case where p is real with non-negative
off-diagonal terms, in which case we take t = |)(¥| with
W) =2, Ix).

Note the relation between C
coherence Cg, which is defined as

é%) and the robustness of

p+to
1+t

(105)

= mi > .
Cr(p) rg(r)l{t eI,o/O}

Letting 6 = p + to so that ¢t = tr[6] — 1, we can rewrite this
as

A

Cr(p) = min {tr[&] —1

—eZ,62p4¢. (106)

tr[&]

Putting everything together, we obtain the following:
Proposition 16.

CY(p) =log,[1 + Cr(p)].

Moreover, Cr(p) = Cq,(p) for pure states, qubit mixed states,
and any state p with non-negative real matrix elements when
expressed in the incoherent basis.

It is still an open problem whether C,, is a MIO monotone
in general, although it is a known monotone under 10 [3].

(107)
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B. DIO monotones

Next, we turn to DIO operations and consider DIO oper-
ations derived from Theorem 15. Take A, = {A(p)} which
contains only a single state. Note that under DIO £ we have

E(Ap) = {E(A(P)} = {AE(P)} = Ag(p)- (108)
Therefore, both the functions
CX(0)=D(p || A(p)), Ck(p)=D(Ap) [ p) (109
are monotones. If we take D(p,0) = ||p — o ||, where || ... ||
is the trace norm, we get
CRp) = Ch(p) = o — AW . (110)

which is a function only of the off-diagonal terms.
If we choose D as in (77), then we get the following
monotones:

CRp) =

1
log, tr[p*(A(p))' ™1,
a—1

(111)

1
Ca(p) = —— log, tr{(A(p)"p' 1.

o —

For a pure state p = |¢){(y| with [) =" /px|x) we have

1
log, (WI(A(p)' *|¥)
a—1
1
= 1 logZE pf“" =

CRp) =
1
-y

log,» " pl = S, (p).

(112)

where we denoted y = 2 — «. Since the CX is aDIO monotone
for o € [0,2], together with the fact that DIO C MIO, we have
that all Rényi entropies are DIO monotones. This is in contrast

with the set of MIO for which §, is a monotone only for

y =1

Robustness of coherence

To obtain another DIO monotone, take

A = {(1+I)A(,0)—,0

L f

t>0; (1+t)A(p)—p>0}.

(113)

In this case, it is straightforward to check that £(A,) € Ag(,)
for all £ € DIO. We consider the quantum Rényi relative
entropy C(Aq?a(p) = MiNgeq, DYD(p || o). Then, in the limit
a — 00, we obtain analogs to Egs. (96) and (98):

i (o)

o
=1 in §t <o, — €A
0g, min { o) | p< o ) 0 }

I+ 1A(p) —
tA>

; (1+DA(p) 2 p}

t+A
Al —p <A +0DA(); (1+1)A() > p}

= min
t,A>0 A
. t+ A
=min A | —p < (1 + t)A(p)}, (114)
t,A>0 A

PHYSICAL REVIEW A 94, 052336 (2016)

where the last equality follows from the fact that % > 1.

Note that 0 < A% — p, which means that 0 < (A —
1)A(p); thus, A > 1. Then, the minimum above can be written
as

in{A : t+a < AA(p) (115)
oo | M TP S
But, since % > 1 we must have o < AA(p). On the other

. 1+t . . .. .
hand, taking the limit # — oo in the above minimum gives

0 < AA(p). We therefore conclude that the above minimum
is equal to

rglig {A 1 p <AA(0)} (116)
or equivalently
I+min{r : p <(1+0)A(p)} (117)

t>0

Finally, note that # > 0 satisfies p < (1 + ¢)A(p) iff there
exists a matrix o such that (i) lejr’l" € Z, (ii) o > 0, and (iii)
A(o) = A(p). Therefore, we have the A analog of Proposition

16:

CX],)oo(p) =log,[1 + Ca r(p)],

where Ca r(p) is a quantity we shall call the A robustness of
coherence:

(118)

Car(p)
. p+to
::mm{t}O’ eI,a}O,A(a):A(p)}.
1+1¢
(119)
By construction, C g is a DIO monotone.
Example 4. Consider the qubit state
_ (P r
0= <r 1— p)' (120)
Then, the matrix o must have the form
_(r i )
o= , (121)
(—; I—p

to ensure that p + to is diagonal and A(o) = A(p). Now,
the condition o > 0 gives a lower bound on 7. We therefore
conclude that for0 < p < 1,

Cr(p) = (122)

’

vl —p)

and, otherwise, for p =0or p =1, Cr(p) = 0.
The form of o above can be generalized to any dimension.

That is, for p = A(p) + Z, o must have the form

a:A(p)—;Z. (123)

Hence, Cg(p) equals the minimum values of ¢ > 0 such that
o above is positive semidefinite. Note that the positivity of o
is equivalent to the positivity of
tA(p) — Z =tA(p) — [p — A(p)] = (1 + 1) A(p) — p.
(124)
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We therefore arrive at the following expression for Cg:
Ca.r(p) = 01X +0A)—p =0}

olple
=m _— s = 1 .
“{wmmw>h¢ \19) }
(125)

min{r >

Theorem 17. Consider the linear map
@, (p) = +0A(p) —p

The following are equivalent:
(1) ®,(p) is positive,
(2) ®,(p) is completely positive,
(3) the parmeter t > d — 1.
Proof. The Choi matrix

1© @)D
= Y 1)kl @ (1) (k)

J.k
—Zu Y1 ® @YD+ D 1)kl ® (1) (kD)
J#k

—rDJ GI® 1N GT= D 1)kl @ 1) (k]

J#k
= +t>Z|j><j| ® )il -

J

(126)

[anIC/aNE

Finally, note that the last term is positive if and only if 1 + ¢ >
d. This completes the proof that (2) and (3) are equivalent. It
is therefore left to show that (1) implies (3). To see it, note that

141
O, (I+){+D = 71 = )+ (127)
where |+) = ﬁ Zj | 7). Since we assume that ®; is positive,
it follows that 1 +¢ > d. |
Corollary 18. The function
Rp(p) :=log, [1 + Cr(p)] (128)

which we call logarithmic robustness of dephasing is a
faithful measure of coherence [i.e., Rp(p) = 0 iff A(p) = p]
satisfying

0< Rp(p) <

Conjecture 19. Rp is additive. It is true for pure states (see
below), unknown for mixed states.
Lemma 20. Forapure state [) =

log, d. (129)

S J/Prlx), withn <

dand p, > 0,

Cr(l¥)) =n—1. (130)

Proof. Let |p) = Y _, /qx€'%|x), then

(Vlply) — Zx;éx’ Y, Prx Prqee @)
(WIAIY) > Pxdx

< Zx;éx’ N Pxqx Px'qx
DN
=u'Au, (131)
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where u is a unit vector in C" with components

« Px9x

Uy = ———— (132)
vV Z;’:l Px'qx
and A is the n x n matrix
0 1 1 1
1 0 1 1
A=l 1 0 1 (133)
1P 11 -+ 0
Hence, by taking 6, = 0 and
=-——//j£:-—— (134)
x'=1

we get that u = \/Lz(l, DT corresponds to the maximal

eigenvalue of A; i.e. for this choice ufAu=n — 1. This
completes the proof. |

III. QUBIT COHERENCE

In this section we focus exclusively on maps whose input
and output space consists of single-qubit density matrices. We
will say that a qubit state p is in standard form when expressed

as
(P r
p= <r 1—-p
in the incoherent basis. Any state p can always be transformed
into standard form by an incoherent unitary transformation,

and thus each state can be uniquely parametrized by the tuple
(p.r)ywithp > 1, r > 0.

1
), P?E,rZO (135)

A. Channels: I0-MIO equivalence

The main result we prove here is that every MIO channel £
has a Kraus operator implementation that belongs to IO.

Theorem 21. 10=MIO for CPTP maps & : B(C?) —
B(C?).

Proof. Consider an arbitrary MIO CPTP map £ with Kraus
operator representation {M j}lj:O' We want to prove that £
has another Kraus operator representation with each operator
having one of the forms given in Eq. (141). Since &£ is MIO,
we have

m—1

> IM;lx)x My @ 1) =0,
j=0

Vx,ye{0,1}. (136)

Our goal is to find another Kraus operator representation
{M;},_, of the channel £ such that

@MLuxﬂMﬁy@1>=o, Y x,y € {0,1},Y j. (137)

We describe iteratively how this can always be done. In
the following, recall that Kraus operators {M j}§:0 generate
the same channel & iff M = ka;ol u jr My for some unitary
matrix u ji.

(1) Take x = 0. Find two distinct values (j,j) such that
(0|Mj|x)(x|Mj.|1) # 0 and (O|Mjr|x)(x|M;,|1) %+ 0; relabel
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and denote these by (j,j’) = (0,1). If two distinct values
cannot be found, then by Eq. (136) we must have that
(O|Mj|x)(x|M}|l) = 0 for all j, and in which case set Mj =
M for all j and proceed to step 4. Otherwise, proceed to step

(2) Consider an m x m unitary matrix whose only non-

trivial action consists of a 2 x 2 block (' |*). Then, a
different Kraus operator representation for £ is realized by
the elements M; = u;oMo + u;1 M, fori = 0,1 and M; = M;
fori =2,...,m — 1. The unitary matrix is chosen such that
(uoo,upr) is the normalized vector of (—(0|M;|x),{0|My|x)).

With this choice, we have

(0] Mo|x) = uoo (0] Mo|x) + uo1 (0|M;|x) = 0. (138)

_(3)_Repeat step 1 with the updated set of Kraus operators
(Mo, My, M}

(4) At this step in the procedure, we have a Kraus
representation { M j}_’;’;ol for € such that either (0| M;|x) = 0 or
(1|M|x) = 0 for all j.

(5) Repeat the previous steps except with choosing x = 1.
In the end, we obtain an ensemble satisfying Eq. (137). This
completes the procedure. |

B. Transformations: SIO-DIO-IO-MIO equivalence

We now proceed to show that in terms of a single incoherent
transformation p — o, MIO is just as powerful as SIO.
Since SIO is both a subset of IO and DIO it follows that
SIO=0I=DIO=MIO on qubits. As demonstrated above, the
robustness of coherence and the A robustness of coherence for
qubits can be computed explicitly:

Cr(p) = 2r,
(139)

Car(p) = —
’ vp(l —p)
In general, Cg is a MIO monotone while Cp g is DIO
monotone. However, we will now show that Cp g is also a
MIO monotone for qubits.

Theorem 22. Ca g is monotonic under MIO channels £ :
B(C?) — B(C?).

Proof. By Theorem 21, it suffices to prove that Cx g is an
IO monotone. For qubits, any CP map £ that belongs to 10
can always be expressed as

oc=Ep)=Y Jupdi+ Y KpoK}
a ]

+ D LypLl+ Y MspM], (140)
Y §

where the Kraus operators {Jy,Kg,L,,Ms}s s have the
general form
Jo = Jaol0) (O + Jer [T){1],

Kpg = kgol1)(0] + kg110) (1],
(141)
Ly =1,0|0)(0] + 1,,110)(1],

Ms = mso|1)(0] + ms1[1)(1].
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Crucially, these operators share the following relationships
with A:

A(JupI)) = JaA(p) T},

A(KgpK}) = KsA(p)J),
(142)
A(L,pLl)=Ly,pL},

A(Msp M) = MspM,]

for all p. Suppose now that ¢ > 0 satisfies (1 + 1)A(p) — p =
0. Then, for an IO channel £ we have

(1 +DAIEP)] = E(p) =to + Y _ Jal(1 + HA() — plJ]

+ 3 Ksl(1+0A(p) — pIK},
B
where

w= t(z LypL] + ZMapM§> > 0.

y $

By the assumption (1 +1#)A(p) —p = 0 we likewise have
(1 +1)A[E(p)] — E(p) = 0. From the definition of Cp g, it
therefore follows that

Ca.r(p) = Ca r[E()]. (143)

]

Next, we prove that monotonicity of Ca r(p) is also

sufficient for an SIO (and therefore also MIO) transformation.

Lemma 23. Let p and o have standard-form parametriza-

tions (p,r) and (gq,t), respectively. Then, p can be transformed
into o by SIO if and only if

Cr(p) = Cg(o) and Ca,r(p) 2 Ca r(0).

Proof. We will describe a channel £ consisting exclusively
of Kraus operators having the form J, and Kg as given in
Eq. (137). The transformation will consist of two steps p —
Omax —> O, Where oy« has parameters [q,#n.x(q)] with

(144)

max(q)_ r % 1fq>p ( )

The channel attaining f,,,x is given by p > omax = JpJ f4
KpK', where

ptq—1 ;
=l ifp =
0=
>

g ptq—1
r 2q-1

2o Hp2d (146)
Ji 1—q p+q—1 ifag >
=p 2g—1 q=Dp,
kK=1-j3
ki=1-j;

Finally, the transformation oy,,x — o can be seen as SIO
feasible by noting that any ¢ < #,,x(¢) can be reached for a

fixed value of g by applying a dephasing channel p = J;pJ IT +
Dp .]2T where J| = (Coge sige) and J, = (5139 6029), for some
appropriately chosen 6. |
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Combining Theorem 22 with Lemma 23, we therefore
obtain the main result:

Theorem 24. For qubit states p and o, the transformation
p — o is possible by either DIO, IO, or MIO if and only if
both Cr(p) = Cr(c) and Cxp z(0) = Ca r(0).

C. Coherence measures

For qubit states, a number of coherence measures have been
proposed and evaluated, in direct analogy to entanglement
measures in two-qubit systems. For instance, the so-called
coherence of formation and concurrence of coherence [6,7]
have been proposed, and both can be shown as being equivalent
to the £; norm: Cy (p) = 2r [6,33]. Distinct from these is
the relative entropy of coherence, which was known before
under the name G asymmetry (see [34] and references therein),
which takes the form

Crei(p) = S[A(p)] — S(p).

All measures in qubit systems can be seen as arising from the
two robustness measures Cg and Ca g according to

Ce,(p) = Cr(p),
Cr(p) Cr(p) |
Cre = -~ | —/1=-C 2 s
1e) f[CA,R(P)] f[CA_R(P) 2.4(0) ]
(148)

where f(x) = h(%[l —+/1—=x?]) and h(x) = —xlog, x —
(1 —x)log,(1 — x).

(147)

IV. COHERENCE THEORIES BASED ON ASYMMETRY
A. Translation-invariant operations (TIO)

Let us now comment further on asymmetry-based resource
theories of coherence. For a general compact group G’, a G'-
asymmetry resource theory identifies its free states as those
that are invariant under G’ twirling

60 = | dsU@rU,

where U : G’ — 'H is the representation of G’ on the Hilbert
space H and dg the Haar measure. The free operations are G’
covariant:

EWU()pU ()1 = UMIEPIU()!

forall g € G’ and all p. A coherence resource theory based on
asymmetry then identifies incoherent states (resp. operations)
with the free states (resp. operations) defined with respect
to the particular symmetry. For instance, if H is some
observable, say the Hamiltonian, one can consider the unitary
group of translations {e~""# : t € R}. A state p is said to be
incoherent if it commutes with every element of the group,
i.e., e i"H peitH — o forall ¢. The class of translation-invariant
operations (TIO) consists of all CPTP maps £ that commute
with the unitary action of the group, i.e.,

g[e—il‘H(p)eilH] — e—iZH[g(p)]eitH

for all ¢ and all p. The class TIO was first introduced and
studied in Ref. [21]. When H is proportional to the number
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operator N, then the unitary group of translations provides a
representation for U(1) [18].

Notice that the approach to defining coherence in the
asymmetry picture is different than the approach used in
the PIO/SIO/IO/DIO/MIO theories. The latter adopts a basis-
dependent definition of coherence in which a state is incoherent
if and only if it is diagonal in some specified basis Z, called
the incoherent basis. In order that a G’-asymmetry theory
likewise identifies 7 as the free states, one needs that G’ and
its representation U are such that

G(p) = A(p).

In the case of TIO, the condition that G(p) € Z amounts to the
generator H having a nondegenerate spectrum. But, in general,
degeneracies will exist and the resulting resource theory
will look very different than the basis-dependent theories of
PIO/SIO/10/DIO/MIO.

As an example of how TIO can define a resource theory
fundamentally different than PIO/SIO/IO/DIO/MIO, consider
a pair of bosons such as the electrons of a helium atom.
Due to the exchange symmetry, a natural incoherent basis to
consider for this system is {|bg) = /1/2(|01) + |10)), |b;) =
J172(101) — |10)), |by) = |00), |b3) = |11)}. In the basis-
dependent theories of PIO/SIO/IO/DIO/MIO, a state of this
system is incoherent if and only if it is diagonal in this basis.
However, in a coherence resource theory based on U (1) asym-
metry of the tensor product space C?> ® C2, |by) and |b;) are
still identified as incoherent states, but so is the superposition
state |Y) = +/1/2(]by) + |b1)) as well as the mixture p =
1/2(|bo){(bo| + |b1)(b1]). Typically, |¢) is called a coherent
superposition whereas p is an incoherent superposition. This
example shows how the notion of coherence in a TIO resource
theory depends crucially on the particular representation of
the symmetry group. Therefore, one cannot make a general
comparison between PIO/SIO/IO/DIO/MIO and TIO since
their relationship will depend on the representation.

Conceptuallly, a TIO-based resource theory can be inter-
preted as defining coherence with respect to just individual
degrees of freedom for a system, whereas a basis-dependent
definition of coherence considers all degrees of freedom. In
this sense, a basis-dependent theory of coherence may be
seen as capturing a more complete notion of coherence for a
system. In terms of the generator H, TIO theory characterizes
coherence between different eigenspaces of H rather than
among a specific set of eigenstates. In certain settings, it
may be desirable to think of coherence in this way [21]. See
also Ref. [14] for a complementary exposition of the different
approaches to defining coherence.

In the following, we introduce two resource theories of
asymmetry with the property that G(p) = A(p). In fact, we
identify the largest group with this property (Proposition 28).

B. G-asymmetry and N-asymmetry resource theories

The set of all incoherent unitary matrices forms a group
which we denote by G. The group G consists of all d x d
unitaries of the form wu, where 7 is a permutation matrix and
u is a diagonal unitary matrix (with phases on the diagonal).
We denote by N the group of d x d diagonal unitary matrices
and by I the group of permutation matrices. Note that N is
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a normal subgroup of G, and G = N x IT is the semidirect
product of N and I1. Clearly, the group G is compact and the
twirlings over N and G are given by
1
/ dg T,(p) = A(p) and / dg Ty(p) = 31, (149)
N G

where 7,(p) := gpg!, and the integration is with respect to the
Haar measure dg.

1. G-covariant maps

We would like to characterize the set of all G-covariant
quantum channels. That is, we would like to characterize all

CPTP maps that satisfy
[£,7,1=0, Vg eG. (150)

Consider the following three CPTP maps that are all G
covariant:

ED(p) = p,

1
£2(p) = dT” = Alp)], (151)
£9(p) = —[dA(p) - pl.

Remark. (1) The map £ is the trivial map and it is
covariant under all groups (with unitary representations),
whereas the last two maps are nontrivial as they are not
covariant with respect to all groups. (2) The two convex
combinations of £, £@, and £,

E¥p) = =1,

20+ T Le 4+ T2

2) 3)

d+15 ( )+d+15 ()=
are also covariant under all groups (note that the coefficient d
in front of I in the right-hand side of the second equation is
necessary since otherwise the map is not completely positive).
(3) The map £ is completely positive (see Theorem 17) and
the coefficient d in front of A(p) is necessary since otherwise
the map is not positive. (4) The dephasing map is the following
convex combination of £ and £:

0)

Alp) = 5<”<p> 41 8<3>(p> (152)

The following theorem shows that up to convex combina-
tions, these three CPTP maps are all the G-covariant maps.

Theorem 25. (a)Let G be as above, U be a unitary matrix,
and U(p) := UpU?. Then,

[U,A]l=0 <= UeaG. (153)

(b) A CPTP map € is G covariant if and only if £ is a convex
combination of the three CPTP maps defined above. Explicitly,
£ is G covariant if and only if

EP)=qip+ —[I -

- —pl

(154)

for some ¢; > 0 with 21'3=1 q = 1.
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Proof. (a) A direct calculation shows that A is a G-covariant
map [it also follows from part (b)]. Conversely, suppose
[A,U] = 0. Note that that for a given fixed x,

Z|x|U|x||x (x'],

U|x><x|UT.

AlU(|x)(xD] =

UTA(x)(x]D] = (155)

Comparing the two expressions gives (x'|U|x) = 0 except for
one value of x’. Hence, U € G. |
Before we prove part (b) of the theorem, we first prove the
following lemma:
Lemma 26. Let £ be an N-covariant CPTP map; that is,

[£,7,1=0, YgeN. (156)
Then, £ has the following Kraus decomposition:
E(p) = Z MipM)+ Y Jewpdly.  (157)

x#x'

where all M; = ZX ajx|x)(x| are diagonal matrices and
Jow = bxx’|-x><x/|~

Proof. We will apply Lemma 1 of [18] to the characteriza-
tion of N-invariant operations. Note first that the irreducible
representations of N = U(1)? are labeled by d integers k =
(ky, ...,kyg), and are all one dimensional. The kth irreducible
representatlon ux : N — C has the form

u (@) = e, (158)

where § = 01, ...,0) € U Tt follows from Lemma 1 of
[18] that the Kraus operators K , of an N-invariant operation
can be labeled by the irrep k and a multiplicity index o, and
satisfy

% Ko 8 = €™ Ko, VO € UQY,  (159)

where gj is the diagonal matrix with components €', .. . ,e!%
on the diagonal.

Note that by virtue of the fact that the irreps are one
dimensional, the Kraus operators do not get mixed with one
another under the action of N (this provides a significant
simplification relative to non-Abelian groups). The most

general expression for Ky 4 is
k.« ’
= E Colx){x

x,x’

7. Plugging this into (159) yields the

(160)

with some coefficients c
constraint

KO0 — iPky = 0,V 6 € U1 (161)
Hence, ck , must be zero unless k = 0 and x = x’, or the x
and x’ components of k are 1 and —1, respectively, and all
other components are zero. This completes the proof of the
lemma. |

Note that the lemma above provides the form of the Kraus
operators in the resource theory of symmetric operations under
the group N. This can be viewed as a physical resource theory
of coherence. However, as discussed in the paper, resource
theories of asymmetry cannot be used for coherence due to
decoherence subspaces. Moreover, as we can see from the
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above form of the Kraus operators, in the resource theory of
N-asymmetry permutations are not free! We are now ready to
prove Theorem 25.

Proof. In addition to the form in (157), £ also has to
commute with all permutations:

[E,7,]1=0, Vm eIl (162)
In particular, we get

TAEP] = ) ajxljpprv ()T (x)|

Jox,x'

+ Y Nbaw P I (0)) (T ()],
x'#x

(163)

whereas

ElT(P] =Y @jrcojncePar T () (7 (x)]

Jox,x'

+ Y b oo [T ) ().
X'#x

(164)

Hence, comparing the off-diagonal terms of £[7,(p)] =
T.[£(p)] give

E :ajxajf = E (ol = C
j j

since E[7,(p)] = 7:[E(p)] holds for all p and for all permu-
tations 7w € I1. The constant ¢ € R and is independent of x

(165)

and x’ Comparing the diagonal terms of E[7,(p)] = 7 [E(p)]
gives
Z lajclP o+ Y Ibeel?oew
{x":x'#x}
- Z |a17r(x)| Pxx + Z |bn(¢\)n(x)| Px'x’ v p. (166)
j {x':x's£x}

Since the equation above holds for all p we must have

2 2
Y lail? =Y lajzwl* =a
J J

(167)

and

byv)? = briomen|® = b, (168)

where a and b are non-negative real numbers independent of
x and x’. We therefore get that

E(p) = Zapxm (L D conw ) (61 4 Y bpaxla)(x
x#x! x'#x

=aA(p) +clp — A(p)] +b Z;Oxx(l — |x)(x])
= aA(p) +clp — A(p)] + bl — A(p)].

Note that the condition } _; M M+ T Jew = I gives

xx’

(169)

a+bld—-1)=1. (170)
‘We therefore conclude
1—
E(p) = aA(p) + clp — A(p)] + dTCI[I —A(p)], (A71)
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where 0 < a < 1. We now argue that

(172)

Indeed,
el < D lajadj|
and we alscj> have
() (ze)
- ZZ lajs* + Y Y ajdje =da+dd -,

x#x'

1
< Z 5(|ajx|2 +lajpH=a (173)
J

which is equivalent to ¢ >
(171) can be expressed as

a+cd-— ])8(')(,0) La
d

(a—od—-1)
- d

—a/(d — 1). Finally, we note that

E(p) = —a)EP(p)

EV(p). (174)
The constraints on ¢ in (172) ensure that the above equation
is a convex combination of £V, €@ and £, This completes
the proof of the theorem. |

2. N-covariant maps

The N-covariant operations given in Lemma 26 are very
similar to the “cooling operations” given in [35]. The only
difference is that J,. is zero unless x < x’ (in the context
of thermodynamics, the x index corresponds to energy levels,
and cooling operations can not increase the energy). Therefore,
N-covariant operations are a bit more powerful than cooling
operations, as can be seen from the following theorem, when
compared with Theorem 1 in [35].

Theorem 27. Let p,o be two density matrices of the same
dimensions, with all the off-diagonal terms of p being nonzero.
Define the matrix Q = (g,.) as follows:

. mm{‘;“, 1} if x =x/, 175
i ifx # 2, 17
Then, o = £(p) where £ is N-invariant operation if and only
it Q > 0.

Proof. Leta, = (aj,); where a;, are the coefficients of M

as in Eq. (157). Denote also Ay, = aj;axr, and

Py
y|lx = {|bxx/ |2

where b,, are the coefficients associated with the operator
Jyv in Eq. (157). Since & is trace preserving, ZX, Iy = 1.
Note that the matrix H = (h,,) is Gramian and therefore
positive semidefinite. Recall also that the components of any
positive-semidefinite matrix can be written as ajcax/ for some
vectors a,. Hence, from (157) it follows that there exists N-
covariant map & such that o = £(p) iff there exists H > 0 and
a column stochastic matrix R = (/) with diagonal elements

if x=ux,

if x #x/, (176)
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Txjx = hyy such that

X raypyy i x =X,
Txx = {hxx’pxx’ if x # x' (177)
From the relation above we get
Oxx' ’
hxx’ = = Gy for x 7é X,
Pxx’
. Oxx
hxxzrx\x <mm{—,1} = {Gxx- (178)
Poxx

Suppose now that o = £(p). Then, there exists H > 0 that
satisfies the above relations. Since Q and H are only different
in the diagonal elements we can write Q = H + D where
D is some diagonal matrix. The equation above shows that
D > 0. Therefore, Q > 0. Conversely, suppose Q > 0. We
need to show that there exists H > 0 and column stochastic
matrix R (with the same diagonal as H) that satisfy Eq. (177).
We take H = Q and show that there exists R with the
desired properties. For simplicity of the exposition here,
suppose that oy, < oy, for x =1,...,k and p,, > o, for
x=k+1,...,d. We take the column stochastic matrix R to
have the following form:

I, CD

(5 %)
where I is the k x k identity matrix, 0 is the (d — k) x k
zero matrix, D is the (d — k) x (d — k) diagonal matrix with
diagonal elements {0, /p,} Withx = k + 1, ...,d, the matrix
C is a k x (d — k) column stochastic matrix, and D’ is a
(d — k) x (d — k) diagonal matrix with diagonal elements
{1 —0oyx/pxx} With x =k +1,...,d. Hence, R is column
stochastic as long as C is column stochastic. With this form of
R, the condition o,, = Zy TxlyPyy 1s equivalent to

(179)

o1 P11 Ple+1)(k+1) — Tk+1)(k+1)
022 022 Plk+2)(k+2) — O(k+2)(k+2)

=] . |+C . . (180)
Okk Pik Pdd — Odd

Define r to be the k-dimensional vector whose components
are o,, — Py forx =1, ...k, and t the (d — k)-dimensional
vector whose components are py, — oy forx =k +1,...,d.
By definition, both vectors have non-negative components, and
note also that the sum of the components of r is the same as
the sum of the components of t. Hence, there exists a column
stochastic matrix C that satisfies r = Ct. This completes the
proof. ]

In the next proposition we show that the group N is the
largest group possible with the property that its twirling is the
dephasing map A.

Proposition 28. Let G’ be any group with unitary represen-
tation U(g) for g € G’ such that

fG dgU()pU(9)' = Ap). (181)

Then, the set {U(g)}ec' is a subgroup of N.
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Proof. 1f [, dg U(g)pU(g)" = A(p), then

/ ng(g)|x)(x|U(g)T= [x) x|, Vx=1,....d (182)
&

which gives

U(g)lx) = "*®|x), (183)

where {0, }le are one-dimensional representations of G’. The
equation above clearly indicates that U(g) € N so that U(G’)
must be a subgroup of N. In this sense, N is the largest group
with the property that G(p) = A(p).

The requirement G(|x){x’|) = 0 for x # x’ gives in addition

/ dg ei[e.x(g)_ex’(g)] = (Sxx" (184)

Taking dg = g—;‘ and 6,(g) = xa with o € [0,27] reproduce
the U(1) twirling. Of course, the equation above is also

satisfied for 0, (g) = x>a, but still the group G’ = U(1). N

V. OPEN PROBLEMS

We conclude with a few open questions.

A. State transformations

Pure-state transformations under SIO (both asymptotic and
single-copy cases) have been completely characterized in
this paper via the one-to-one correspondence with LOCC.
Consequently, among all coherence models discussed here,
the SIO model is the most similar to the theory of pure
bipartite entanglement. Particularly, in the single-copy regime,
pure-state transformations are determined by the majorization
criterion (similar to Nielsen theorem in entanglement theory).
A key open question is whether or not this criterion can be
extended to the IO and DIO models.

Since majorization is both a necessary and sufficient
condition for an SIO pure-state transformation |[{) — |¢),
it follows that it is sufficient for both IO and DIO (recall SIO
is a subset of both 10 and DIO). In IO it is also known to be
necessary if both pure states have a full Schmidt rank since
here the transformation is actually accomplished by sIO. But,
as we discussed in this paper, it is not clear if it is still the case
when the Schmidt rank of the target state |¢) is strictly smaller
than the Schmidt rank of |¢/).

As for DIO, we have shown that all the Rényi entropies of
the Schmidt components of a pure state are monotones under
DIO. In [36] it was shown that if S, () > S,(¢) for all « then
there exists a catalyst |C) such that the Schmidt components
of |¢)|C) are majorized by the Schmidt components of
|¢)|C). Therefore, the existence of a catalyst provides a
sufficient condition for the transformation |yr) — |¢) under
DIO. This means that necessary and sufficient condition for
pure-state transformation under DIO are somewhere between
majorization and catalytic majorization.

Majorization also provides sufficient condition for |{) —
|¢) under MIO, but here we also know that it is not necessary.
In fact, MIO can increase the Schmidt rank as demonstrated
in Theorem 14. However, Theorem 14 only involves a
transformation from pure qubit to pure qudit. It is left open
to extend it to higher dimensions.
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Necessary and sufficient conditions for mixed-state trans-
formations have only been found for the qubit case, and
a special type of asymmetry-based theory with symmetry
groups G and N. However, in higher dimensions, necessary
and sufficient conditions for mixed-state transformations for
SIO/1IO/DIO/MIO are not known. In the asymptotic limit of
many copies of a mixed state we know that IO is not a
reversible model, and distillation and formation rates have
been calculated in [7]. MIO, on the other hand, is a reversible
quantum resource theory (QRT) in the asymptotic limit of
many copies, due to a general QRT theorem proved in [11].
However, the asymptotic distillation and formation rates are
not known for SIO and DIO.

Finally, another area of open inquiry pertains to determining
the precise relationship between SIO, 10, and DIO. To our
knowledge, no operational gap in terms of state transformation
is known between these classes, despite the fact that they
represent distinct collections of CP maps. More precisely, for
every transformation p — o feasible by 10 (resp. DIO), is it
also feasible by DIO (resp. IO) as well as SIO? We suspect
that such examples can be found, but perhaps not when p is
pure.

B. Monotones

There are few open problems regarding coherence mono-
tones. In [3] a measure of coherence under IO was introduced.
This measure was defined by

Co(p) = pry, (185)

x#y

where p,, are components of p in the incoherent basis. We
have shown that the robustness of coherence as defined in (105)
equals Cy, for pure states and mixed states with non-negative
real off-diagonal terms. While the robustness of coherence is a
monotone under MIO, it is not known if Cy, is also a monotone
under MIO.

In the Appendix we have also introduced many monotones
under DIO. These sets of monotones are closely related to
monotones under thermal operations. In the resource theory of
quantum thermodynamics, the free (or “thermal”) operations
take the form p4 — trg[U(ps ® v U], where U is any

unitary that commutes with the joint Hamiltonian, and yl(;T) is
the Gibbs state at temperature 7 [37,38]. It was also observed
in [39] that thermal operations are time-translation symmetric,
and in particular belong to DIO when the incoherent basis is
taken to be the energy eigenstates, assuming no degeneracy
in the energy eigenstates. Therefore, all the DIO monotones
introduced in this appendix are also monotones under thermal
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operations. In the case of degeneracy in the energy eigenstates,
it is left open how to apply the DIO monotones to thermody-
namics.

C. Relating coherence with maximally correlated entanglement

Propositions 5 and 10 show that every transformation
p — o by either SIO or sIO corresponds to an LOCC trans-
formation between the corresponding maximally correlated
states p"9 — ¢, One obtains the maximally correlated
state pU" from the single-system state p via the “coherent
channel” |x) — |xx). In and of itself, such a channel appears
in the theory of coherent communication where the tasks of
coherent superdense coding and coherent teleportation are
fully dual to one another (see Chap. 7 of [40]). We have been
interested in using this channel to map the theory of SIO/sIO
into one-way/two-way LOCC. A natural question is whether
or not such a connection can also be established between
IO and LOCC. Such a relationship has been conjectured
in Ref. [7], and a probabilistic version of it was proven
in Ref. [41]. Specifically, it was shown that for every 10
transformation p — o, the transformation p¢ — ¢ can
always be accomplished with some nonzero probability. It
is unknown whether a deterministic LOCC implementation
is always possible, and whether such a result also holds for
transformations p — o that are feasible using DIO.

Lastly, Theorem 14 shows that p — ¢ by MIO fails to
imply p" — o™ by LOCC. Unlike LOCC, MIO is able
to increase the Schmidt rank under pure-state transformations.
An interesting open question is whether, analogous to MIO,
the Schmidt rank can be increased by some nonentangling
operation.

Note added. Recently, we became aware of independent
work by Marvian and Spekkens [14], where the physical
meaning of incoherent operations is analyzed and the class
of dephasing-covariant incoherent operations is presented.
Also recently, Bu and Xiong have demonstrated a state
transformation that can be performed by DIO but not 10 [42].
Their example also shows that £-1 norm is not a monotone
under MIO, thus resolving one of the open problems listed
above.

ACKNOWLEDGMENTS

We would like to thank I. Marvian and R. Spekkens
for constructive discussions during the preparation of this
manuscript. We also thank B. Yadin and J. De Vicente for
helpful comments on an earlier draft of this work. E.C. is
supported by the National Science Foundation (NSF) Early
CAREER Award No. 1352326. G.G. research is supported by
NSERC.

[1] J. Aberg, arXiv:quant-ph/0612146.

[2] F. Levi and F. Mintert, New J. Phys. 16, 033007 (2014).

[3] T. Baumgratz, M. Cramer, and M. B. Plenio, Phys. Rev. Lett.
113, 140401 (2014).

[4] T.R. Bromley, M. Cianciaruso, and G. Adesso, Phys. Rev. Lett.
114, 210401 (2015).

[5] K. Korzekwa, M. Lostaglio, J. Oppenheim, and D. Jennings,
New J. Phys. 18, 023045 (2016).

[6] X. Yuan, H. Zhou, Z. Cao, and X. Ma, Phys. Rev. A 92, 022124
(2015).

[71 A. Winter and D. Yang, Phys. Rev. Lett. 116, 120404
(2016).

052336-18


http://arxiv.org/abs/arXiv:quant-ph/0612146
https://doi.org/10.1088/1367-2630/16/3/033007
https://doi.org/10.1088/1367-2630/16/3/033007
https://doi.org/10.1088/1367-2630/16/3/033007
https://doi.org/10.1088/1367-2630/16/3/033007
https://doi.org/10.1103/PhysRevLett.113.140401
https://doi.org/10.1103/PhysRevLett.113.140401
https://doi.org/10.1103/PhysRevLett.113.140401
https://doi.org/10.1103/PhysRevLett.113.140401
https://doi.org/10.1103/PhysRevLett.114.210401
https://doi.org/10.1103/PhysRevLett.114.210401
https://doi.org/10.1103/PhysRevLett.114.210401
https://doi.org/10.1103/PhysRevLett.114.210401
https://doi.org/10.1088/1367-2630/18/2/023045
https://doi.org/10.1088/1367-2630/18/2/023045
https://doi.org/10.1088/1367-2630/18/2/023045
https://doi.org/10.1088/1367-2630/18/2/023045
https://doi.org/10.1103/PhysRevA.92.022124
https://doi.org/10.1103/PhysRevA.92.022124
https://doi.org/10.1103/PhysRevA.92.022124
https://doi.org/10.1103/PhysRevA.92.022124
https://doi.org/10.1103/PhysRevLett.116.120404
https://doi.org/10.1103/PhysRevLett.116.120404
https://doi.org/10.1103/PhysRevLett.116.120404
https://doi.org/10.1103/PhysRevLett.116.120404

COMPARISON OF INCOHERENT OPERATIONS AND ...

[8] U. Singh, M. N. Bera, A. Misra, and A. K. Pati,
arXiv:1506.08186.
[9] B. Yadin, J. Ma, D. Girolami, M. Gu, and V. Vedral, Phys. Rev.

X 6,041028 (2016).

[10] A. Streltsov, arXiv:1511.08346.

[11] E. G. S. L. Branddo and G. Gour, Phys. Rev. Lett. 115, 070503
(2015).

[12] J. Aberg, Ann. Phys. (NY) 313, 326 (2004).

[13] E. Chitambar and G. Gour, Phys. Rev. Lett. 117, 030401 (2016).

[14] 1. Marvian and R. Spekkens, arXiv:1602.08049.

[15] A. Streltsov, U. Singh, H. S. Dhar, M. N. Bera, and G. Adesso,
Phys. Rev. Lett. 115, 020403 (2015).

[16] M. Piani, M. Cianciaruso, T. R. Bromley, C. Napoli, N. Johnston,
and G. Adesso, Phys. Rev. A 93, 042107 (2016).

[17] A. Streltsov, G. Adesso, and M. B. Plenio, arXiv:1609.02439.

[18] G. Gour and R. W. Spekkens, New J. Phys. 10, 033023 (2008).

[19] I. Marvian and R. W. Spekkens, New J. Phys. 15, 033001 (2013).

[20] 1. Marvian and R. W. Spekkens, Nat. Commun. 5, 3821 (2014).

[21] I. Marvian, R. W. Spekkens, and P. Zanardi, Phys. Rev. A 93,
052331 (2016).

[22] S. Du, Z. Bai, and Y. Guo, Phys. Rev. A 91, 052120 (2015).

[23] J. Renes, arXiv:1510.03695.

[24] P. Hayden and A. Winter, Phys. Rev. A 67, 012326 (2003).

[25] A.Harrow and H.-K. Lo, in Proceedings of the 2003 IEEE Inter-
national Symposium on Information Theory (IEEE, Piscataway,
NJ, 2003), p. 429.

PHYSICAL REVIEW A 94, 052336 (2016)

[26] M. A. Nielsen, Phys. Rev. Lett. 83, 436 (1999).

[27] R. Bhatia, Matrix Analysis (Springer, New York, 1996).

[28] D. Jonathan and M. B. Plenio, Phys. Rev. Lett. 83, 1455
(1999).

[29] G. Vidal, Phys. Rev. Lett. 83, 1046 (1999).

[30] D. Yang (private communication).

[31] A. E. Rastegin, Phys. Rev. A 93, 032136 (2016).

[32] M. R. A. Koenraad and N. Datta, J. Math. Phys. 56, 022202
(2015).

[33] B. Toloui, G. Gour, and B. C. Sanders, Phys. Rev. A 84, 022322
(2011).

[34] G. Gour, 1. Marvian, and R. W. Spekkens, Phys. Rev. A 80,
012307 (2009).

[35] V. Narasimhachar and G. Gour, Nat. Commun. 6, 7689 (2015).

[36] S. Turgut, J. Phys. A: Math. Theor. 40, 12185 (2007).

[37] D. Janzing, P. Wocjan, R. Zeier, R. Geiss, and T. Beth, Int. J.
Theor. Phys. 39, 2717 (2000).

[38] F. G. S. L. Branddo, M. Horodecki, J. Oppenheim, J. M. Renes,
and R. W. Spekkens, Phys. Rev. Lett. 111, 250404 (2013).

[39] M. Lostaglio, K. Korzekwa, D. Jennings, and T. Rudolph, Phys.
Rev. X 5, 021001 (2015).

[40] M. M. Wilde, Quantum Information Theory (Cambridge Uni-
versity Press, Cambridge, 2013).

[41] E. Chitambar, A. Streltsov, S. Rana, M. N. Bera, G. Adesso, and
M. Lewenstein, Phys. Rev. Lett. 116, 070402 (2016).

[42] K. Bu and C. Xiong, arXiv:1604.06524.

052336-19


http://arxiv.org/abs/arXiv:1506.08186
https://doi.org/10.1103/PhysRevX.6.041028
https://doi.org/10.1103/PhysRevX.6.041028
https://doi.org/10.1103/PhysRevX.6.041028
https://doi.org/10.1103/PhysRevX.6.041028
http://arxiv.org/abs/arXiv:1511.08346
https://doi.org/10.1103/PhysRevLett.115.070503
https://doi.org/10.1103/PhysRevLett.115.070503
https://doi.org/10.1103/PhysRevLett.115.070503
https://doi.org/10.1103/PhysRevLett.115.070503
https://doi.org/10.1016/j.aop.2004.04.013
https://doi.org/10.1016/j.aop.2004.04.013
https://doi.org/10.1016/j.aop.2004.04.013
https://doi.org/10.1016/j.aop.2004.04.013
https://doi.org/10.1103/PhysRevLett.117.030401
https://doi.org/10.1103/PhysRevLett.117.030401
https://doi.org/10.1103/PhysRevLett.117.030401
https://doi.org/10.1103/PhysRevLett.117.030401
http://arxiv.org/abs/arXiv:1602.08049
https://doi.org/10.1103/PhysRevLett.115.020403
https://doi.org/10.1103/PhysRevLett.115.020403
https://doi.org/10.1103/PhysRevLett.115.020403
https://doi.org/10.1103/PhysRevLett.115.020403
https://doi.org/10.1103/PhysRevA.93.042107
https://doi.org/10.1103/PhysRevA.93.042107
https://doi.org/10.1103/PhysRevA.93.042107
https://doi.org/10.1103/PhysRevA.93.042107
http://arxiv.org/abs/arXiv:1609.02439
https://doi.org/10.1088/1367-2630/10/3/033023
https://doi.org/10.1088/1367-2630/10/3/033023
https://doi.org/10.1088/1367-2630/10/3/033023
https://doi.org/10.1088/1367-2630/10/3/033023
https://doi.org/10.1088/1367-2630/15/3/033001
https://doi.org/10.1088/1367-2630/15/3/033001
https://doi.org/10.1088/1367-2630/15/3/033001
https://doi.org/10.1088/1367-2630/15/3/033001
https://doi.org/10.1038/ncomms4821
https://doi.org/10.1038/ncomms4821
https://doi.org/10.1038/ncomms4821
https://doi.org/10.1038/ncomms4821
https://doi.org/10.1103/PhysRevA.93.052331
https://doi.org/10.1103/PhysRevA.93.052331
https://doi.org/10.1103/PhysRevA.93.052331
https://doi.org/10.1103/PhysRevA.93.052331
https://doi.org/10.1103/PhysRevA.91.052120
https://doi.org/10.1103/PhysRevA.91.052120
https://doi.org/10.1103/PhysRevA.91.052120
https://doi.org/10.1103/PhysRevA.91.052120
http://arxiv.org/abs/arXiv:1510.03695
https://doi.org/10.1103/PhysRevA.67.012326
https://doi.org/10.1103/PhysRevA.67.012326
https://doi.org/10.1103/PhysRevA.67.012326
https://doi.org/10.1103/PhysRevA.67.012326
https://doi.org/10.1103/PhysRevLett.83.436
https://doi.org/10.1103/PhysRevLett.83.436
https://doi.org/10.1103/PhysRevLett.83.436
https://doi.org/10.1103/PhysRevLett.83.436
https://doi.org/10.1103/PhysRevLett.83.1455
https://doi.org/10.1103/PhysRevLett.83.1455
https://doi.org/10.1103/PhysRevLett.83.1455
https://doi.org/10.1103/PhysRevLett.83.1455
https://doi.org/10.1103/PhysRevLett.83.1046
https://doi.org/10.1103/PhysRevLett.83.1046
https://doi.org/10.1103/PhysRevLett.83.1046
https://doi.org/10.1103/PhysRevLett.83.1046
https://doi.org/10.1103/PhysRevA.93.032136
https://doi.org/10.1103/PhysRevA.93.032136
https://doi.org/10.1103/PhysRevA.93.032136
https://doi.org/10.1103/PhysRevA.93.032136
https://doi.org/10.1063/1.4906367
https://doi.org/10.1063/1.4906367
https://doi.org/10.1063/1.4906367
https://doi.org/10.1063/1.4906367
https://doi.org/10.1103/PhysRevA.84.022322
https://doi.org/10.1103/PhysRevA.84.022322
https://doi.org/10.1103/PhysRevA.84.022322
https://doi.org/10.1103/PhysRevA.84.022322
https://doi.org/10.1103/PhysRevA.80.012307
https://doi.org/10.1103/PhysRevA.80.012307
https://doi.org/10.1103/PhysRevA.80.012307
https://doi.org/10.1103/PhysRevA.80.012307
https://doi.org/10.1038/ncomms8689
https://doi.org/10.1038/ncomms8689
https://doi.org/10.1038/ncomms8689
https://doi.org/10.1038/ncomms8689
https://doi.org/10.1088/1751-8113/40/40/012
https://doi.org/10.1088/1751-8113/40/40/012
https://doi.org/10.1088/1751-8113/40/40/012
https://doi.org/10.1088/1751-8113/40/40/012
https://doi.org/10.1023/A:1026422630734
https://doi.org/10.1023/A:1026422630734
https://doi.org/10.1023/A:1026422630734
https://doi.org/10.1023/A:1026422630734
https://doi.org/10.1103/PhysRevLett.111.250404
https://doi.org/10.1103/PhysRevLett.111.250404
https://doi.org/10.1103/PhysRevLett.111.250404
https://doi.org/10.1103/PhysRevLett.111.250404
https://doi.org/10.1103/PhysRevX.5.021001
https://doi.org/10.1103/PhysRevX.5.021001
https://doi.org/10.1103/PhysRevX.5.021001
https://doi.org/10.1103/PhysRevX.5.021001
https://doi.org/10.1103/PhysRevLett.116.070402
https://doi.org/10.1103/PhysRevLett.116.070402
https://doi.org/10.1103/PhysRevLett.116.070402
https://doi.org/10.1103/PhysRevLett.116.070402
http://arxiv.org/abs/arXiv:1604.06524



