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Prospects of charged-oscillator quantum-state generation with Rydberg atoms
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We explore the possibility of engineering quantum states of a charged mechanical oscillator by coupling it to a
stream of atoms in superpositions of high-lying Rydberg states. Our scheme relies on the driving of a two-phonon
resonance within the oscillator by coupling it to an atomic two-photon transition. This approach effectuates a
controllable open system dynamics on the oscillator that in principle permits versatile dissipative creation of
squeezed and other nonclassical states which are central to sensing applications or for studies of fundamental
questions concerning the boundary between classical and quantum-mechanical descriptions of macroscopic
objects. We show that these features survive thermal coupling of the oscillator with the environment. We perform
a detailed feasibility study finding that current state-of-the-art parameters result in atom-oscillator couplings
which are too weak to efficiently implement the proposed oscillator state preparation protocol. Finally, we

comment on ways to circumvent the present limitations.
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I. INTRODUCTION

The interface between different types of quantum systems
has been the subject of much attention in the quest for complex
quantum technologies [1—4]. In order to combine advantages
of various platforms, such as long coherence time, strong inter-
actions, or low-loss transport [5], one has to be able to transfer
quantum states between different systems. Alternatively, the
interactions between two different quantum systems can be
exploited to produce and probe quantum states [6,7].

Mechanical systems in particular have seen rapid ex-
perimental progress. Nowadays, micro- and nanomechanical
oscillators can be cooled down to the quantum regime, where
the quantized dynamics of the oscillator motion and controlled
interaction with other quantum systems have become possi-
ble [5,8—-10]. An alternative to the typically used optomechan-
ical interaction is to exploit electric forces to couple an atom
to a charged oscillator [11-15]. The strong dipole moment of
atoms excited to high principal number Rydberg states [16],
allows strong free-space interaction between single atoms
and a charged oscillator, without the need for a mediating
cavity. Atomic dipole—oscillator dipole coupling allows single
atom cooling and the construction of complex superpostions
of phononic Fock states [17]. Moreover, efficient coupling
between Rydberg atoms and microwave cavities [18] and
microwave waveguides [19], acceleration of flying atoms [20],
and creation of superpositions between different Rydberg
states [21] all constitute well established technologies. At
the same time, results in the fabrication of micromechanical
oscillators with resonance frequencies matching Rydberg
transitions in atomic systems, and with high quality factor are
promising, particularly using single-crystal diamonds [22,23].
Additionally, these oscillators can be superconducting, and
thus become chargeable on demand [24].

In this paper we exploit the coupling between flying Ryd-
berg atoms and a charged mechanical oscillator. We show that
when the oscillator is driven at two-phonon resonance and if
the coupling between the atoms and the oscillator is sufficiently
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strong, the system dynamics results in a nonclassical state of
the oscillator, whose nature can be tuned by a suitable choice
of the initial atomic state. The desired oscillator states are
obtained after the passage of only tens of atoms corresponding
to the initial transient period of an effective dissipative
dynamics. Specifically we show that under the strong coupling
condition one can create a squeezed or Schrodinger cat states of
the oscillator which are robust with respect to realistic thermal
noise. These states are particularly useful for fundamental
tests of quantum physics and decoherence processes [25,26],
quantum information and quantum simulation [27], metrol-
ogy and sensing of small forces [28], or even for dark
matter detection [29] or to probe quantum gravity inspired
models [30]. While squeezed states of micromechanical
oscillators have been produced [31-33], the creation of large
and robust Schrodinger cat states of macroscopic mechanical
oscillators is yet to be achieved. We perform a feasibility
study and find that with current state-of-the-art technology
it is challenging to access the strong coupling regime. To
ultimately reach the desired coupling strengths may necessitate
further developments, such as the use of collectively enhanced
coupling through oscillator arrays or atomic ensembles.

The article is structured as follows. We introduce the system
and describe its dynamics in Sec. II. We study the effect of
thermal fluctuations and experimental contraints in Sec. III.
Finally we comment on the implications of those constraints
and discuss possible future directions in Sec. IV.

II. THE SYSTEM

The system under consideration is shown in Fig. 1(a). It
consists of a stream of single Rydberg atoms coupled to a
charge Q at the tip of a micromechanical oscillator, which
oscillates in the z direction around the origin. We denote by Z =
Zosc(@ + a') the displacement operator of the oscillator, where
a' and a are the bosonic phonon creation and annihilation
operators, Zose = ~/ 1/ (2mewosc) the characteristic oscillator
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FIG. 1. (a) Setup of the system. Atoms pass one at a time above
a micromechanical oscillator. An arm with charge +Q oscillates
vertically, while another arm with charge — Q is fixed at position z_.
Atoms pass the oscillator at a rate r (see text for details). (b) In the
single-phonon process one deexcitation of the atom excites a single-
phonon transition in the oscillator. (c) In the two-phonon process
a two-photon transition in the atom via an intermediate manifold
excites a two-phonon transition in the oscillator.

length, m¢g the effective mass of the oscillator, and wosc 1S
the mechanical oscillation frequency. The atoms move along a
path R(#) = [X(¢),Y () = 0,Z(¢)] such that only one atom is
interacting with the oscillator at a time.

A. Single atom dynamics

In this article we consider two distinct situations: a single-
phonon and two-phonon resonance (see Fig. 1). In the first
case the atomic ground state |s) = |S;,2,1/2), the excited state
|p) = |P1y2,1/2), w, is the |s)-|p) transition frequency, and
the interaction is described by the interaction Hamiltonian
V=—p- E[R(t)] [see Fig. 1(b)]. Here, fi is the atomic dipole
of the |s)-|p) transition and E[R(7)] is the electric field at the
position R(¢) created by the oscillator charge. In the latter case,
the two-phonon oscillator transition couples to a two-photon
transition between Rydberg levels |s) = [Si2,1/2) and |s') =
|S] /2-1/2), which are § states with different principal quantum
number, via an off-resonant manifold of P states. We denote
by w) the P-S’ transition frequency and by A = @] — ws the
atom-oscillator detuning, which is assumed to be much larger
than the energy separation of states within the P manifold.
The interaction Hamiltonian in this case reads V = —(f, +
y) - E[R(t)], where fi, (fi,) is the dipole moment of the S-P
(P-S') transition (see Appendix A).

B. Single-phonon resonance

The first scenario we are studying is that of a single-phonon
resonance, where wosc = w,. Under the assumption of small
oscillator displacement as compared to the distance between
the oscillator and the flying Rydberg atom, z <« R, where

= |R(?)|, one can expand the electric field in powers of Z.
Using the rotating wave approximation, the interaction picture
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Hamiltonian reads (see Appendix A)

(1) ~ hy(®)s)(pla’ + hy* @) p)(sla, (1)

2 2 . . .
where y(t) = %@ is the time dependent coupling

strength [34]. For this resonant case,Athe time evolutionAcan be
solved exactly with the propagator U (ts,t;) = exp[—i Hi(t; —

DI = X Oyt ). whee
. cos ®, —i sin®,
Unlty.ti) = (—i sin ®,, cos O, ) @

Here n is the oscillator phonon occupation number, ®, =
Vn+1G,G = f " dty(¢) is the integrated coupling strength,
and (2) is written in the {Ip,n),|s,n + 1)} basis. This is
a situation corresponding to the micromaser physics as
described, for example, in Ref. [35].

The atoms are prepared identically and interact one at a
time with the oscillator [see Fig. 1(a)] such that the evolution
of the oscillator can be evaluated according to Ut r,1;) after
the passage of each single atom. The initial state of each atom
is assumed to be a superposition of the form

[¥V)a = als) + Blp), 3)

with the amplitude B = /1 — |a|?¢’®. The state of the
oscillator can be determined at an arbitrary time iteratively
as follows: the state of the oscillator p) after k atoms have
passed can be obtained by time evolving the initial product
state p, ® plkV [where p, = |¥).(¥|a is the initial state (3)
of the atom] with U and subsequently tracing out the atomic

degrees of freedom
P = Tr,[Up, ® plc VU] )

The propagator U gives the exact evolution of the system
as an atom travels past. However, it is useful to describe
the dynamics of the oscillator in terms of an approximate
master equation. We derive the master equation in the limit
where the change in the oscillator state due to the interaction
with a single atom is small such that g, ~ rAp&), where

osc?

Ap®) = p*+D — p®) and r is the rate by which the atoms
fly by the oscillator. The master equation approach has the
advantage that it provides useful insights in the dynamics of
the system without explicit exact solution. It also allows for
adding directly the coupling to a thermal bath [35], as we shall
discuss in detail in the case of the two-phonon resonance.

Next, assuming ®, < 1, the propagator (4) can be ex-
panded to second order in ®, which yields the effective open
system dynamics

—irGlap*a + Ba*al, posc]
+ r{D[aGal(posc) + PIBGE (posc)}, )]

where D[¢](p) = épél — 1(¢ép + péte) is the Lindblad dis-
sipator (see Appendix B for details).

pOSC ~

C. Two-phonon resonance

In order to move beyond a displaced thermal state and
achieve quantum states that are more complex we consider
coherent two-phonon transitions of the oscillator that generate
explicitly quantum effects. On the atomic side we consider
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two possible coupling mechanisms: direct single-photon and
intermediate states mediated two-photon transition between a
pair of atomic levels. As both situations lead to an equivalent
form of the effective interaction Hamiltonian, we first focus
only on the latter which we analyze in detail. We then invoke
the former in Sec. III for the sake of quantitative comparison.

The situation for atomic two-photon transition via an
intermediate manifold of states coupled to a two-phonon
transition of the oscillator is depicted in Fig. 1(c). When the
intermediate manifold of states is detuned far enough from
resonance with a single phonon it remains unpopulated and can
be eliminated from the dynamics leaving an effective two-level
system.

In the following we consider the case of a two-phonon
resonance with the initial atomic state |y), = a |s) + B |s) as
described in Fig. 1(c). On two-phonon resonance (w, + w, =
2wosc) the intermediate P levels are adiabatically eliminated
and the interaction between the atom and the oscillator is
described by the interaction picture Hamiltonian

Hix(t) ~ hya(0)ls)(s'1@")? + hys(0)ls')sla®> (6)

with (1) = (7:92255)? XU L [RY(R? 4 327)].
As in the single-phonon resonance case, the time evolution
of the system can be solved exactly using the propagator

Us(ty,t;) = expl—i Hia(t; — 1;)/1] = Yooy Uno(ty,1;). Here

—i sin®,
cos®,, )’

cos O, 2
—i sin®,

Unaltr,t;) = ( (7)

which is now written in the basis {|s’,n),|s,n +2)}, ®,, =
Vi F D +2) Gy and G, = [, dty(1). Note that the evo-
lution in the odd and even n subspaces of the oscillator are
independent of each other.

The two-phonon coupling between the atom and the
oscillator is reminiscent of two-photon micromasers [36-38],
and we show here that it allows the creation of squeezed
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states, as suggested by the form of the Hamiltonian (6) [39].
For the quantification of squeezing we introduce the standard
quadrature observable

Axs = (%5 — (Re) (8)

where {, = (@e~'? 4 a'e’®)/~/2. The quadrature angles ¢ =
0,7/2 correspond to the X and P quadratures, and the state is
squeezed along ¢ if Ay (g < 1/2. The squeezing of mechanical
motion was in fact achieved in recent experiments [31-33].
The manipulation of the oscillator state using Rydberg
atoms at two-phonon resonance, however, goes beyond the
squeezed state preparation and allows for creation of various
other kinds of nonclassical states. In order to quantify the
nonclassicality of the created states we use the negativ-
ity of the Wigner quasiprobability distribution W(x,p) =
i oo A (x + Yl osclx — y)e?PY/", where (¥ |x) = ¢ (x) is
the spatial wave function of the oscillator [40]. The negative
volume of the Wigner function then reads [41]

1
Vieg = 5(/ dx dp|W(x,p)| — 1)- (€))

The exact evolution of the system can be solved by
iteratively applying (4) where U is replaced by U, and we
take p{% = |0)(0|. The resulting state depends on the number
k of atoms that pass by the oscillator. The exact value of
k is not particularly important, as long as the number of
atoms is sufficient to reach the desired nonclassical state. For
the following calculations, we fix k = 30, which fulfills this
condition for all considered states.

We now turn to numerical simulation of the exact evolution
as described by Eqs. (3), (4), and (7). The results of the
simulation are summarized in Fig. 2. Figure 2(a) shows the
minimum variance A Xq%mm of the state of the oscillator as a
function of the integrated coupling strength G, and the atomic
excited state population |8|%. The angle ¢y, minimizing A x;
depends only on the relative phase 6 between the atomic
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FIG. 2. (a) Minimum variance A Xa%m;n and (b) negative volume of the Wigner function V., after k = 30 atoms have passed, as a function
of atomic excited state population |8|?> and two-phonon integrated coupling strength G,. (c)—(f) Wigner function W of the oscillator state for
different parameter choices (G,,|8/%): (c) (0.06,0.1), (d) (0.2,0.2), (e) (1,0.1), and (f) (1,0.4).
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states (see Appendix C). For 6 = 0 used in the simulation,
Gmin = /4. The negative volume of the Wigner function
Vieg (9) is plotted in Fig. 2(b).

Finally, Figs. 2(c)-2(f) show the Wigner function for
specific values of G, and |8|> denoted by x in Fig. 2(a). Points
(c) and (e) show examples of squeezed states for small G, and
large G», respectively. Points (d) and (f) show examples of
states with significant negative regions of the Wigner function.
The state shown in Fig. 2(d) has the qualitative features of a
cat state [42], which is of particular interest as it is used in
metrology for small force sensing [28] and in fundamental
tests of quantum mechanics [26].

III. THERMAL FLUCTUATIONS AND EXPERIMENTAL
CONSIDERATIONS

We now investigate how robust the production of these
quantum states is in the presence of thermal fluctuations.
Combining the master equation for the interaction with the
passing atoms, derived analogously to the single-phonon case
(see Appendix B), with the thermal processes gives

Pose ~ LalPose] + LinPosc], (10)
where the atomic part is
Lalpose] = r{—iGlap*a® + Ba*(@"). posc]
+ D[a G231 (pose) + PIBG2(@")(pose)} (1)

and the thermal part is

LinlPose] =T m(in 4+ 1)D[@](0osc)+ FmﬁthD[aT](posc)- (12)

Here Iy, is the coupling of the oscillator to the thermal bath
and iy, = m is the mean phonon number of the bath
at temperature 7.

To demonstrate how the coupling to the thermal bath
deteriorates the oscillator quantum states, we solve the master
equation (10) numerically for a total time corresponding to the
passage of 30 atoms and initial thermal state with 72, [43]. In
Fig. 3(a) we plot the negative volume of the Wigner function

(a) Vieg
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FIG. 3. (a) Negative volume V,, of the Wigner function of the
charged oscillator state and (b) minimum variance A X(l%min after 30
atoms have passed as a function of relative thermal coupling strength
I'/r and thermal bath occupation 7iy,. Parameters (G,,|B|%) used:
(a) (0.2,0.2), (b) (0.06,0.1).
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Vieg as a function of thermal coupling I', and mean thermal
occupation number 71¢,. The used parameters G, = 0.2, |8 |2 =
0.2 correspond to the cat state in Fig. 2(d). Figure 3(b) shows
the minimum variance A x Q%miu for parameters corresponding to
the squeezed state in Fig. 2(c).

It follows from Figs. 2(a) and 2(b) and Figs. 3(a) and 3(b)
that in order to create a nonclassical state one requires G, ~
0.1 and the atom passage rate r should be maximized while
minimizing 'y, and 71g,. With the help of specific examples,
we demonstrate the performance of the scheme below.

Considering 'y = 27 x 500 Hz and the state-of-the-art
temperature 7 = 10 mK corresponding to 77y, = 0.1, we find
for the cat state of Fig. 3(a) that Vjeg = 0.25Vjeq0. Here
Vieg,0 denotes the value of Vi, for the system not coupled
to a thermal bath [Vjee 0 = 0.24 for the parameters used in
Fig. 3(a)]. Similarly, using (10) with the parameters from
Fig. 3(b), we find that for squeezing to be achieved one needs
fim < 6 corresponding to 7 < 150 mK.

Next, in order to assess what couplings can be achieved in a
realistic experiment, we consider the following parameters:
133Cs Rydberg atoms with a transition between n = 100
and n = 101 which are separated by w, + o, ~ 2w x 6 GHz
[44] corresponding to an oscillator resonant frequency wese =
27 x 3 GHz, which are achievable, e.g., with clamped
mechanical beams [45] or diamond nanoresonators [46].
The detuning between the oscillator frequency and the P-S’
transition frequency is A = o) — wese ~ 2 x 300 MHz,
while the splitting Py, — Pj» < 20 MHz [44]. We take the
oscillator characteristic length zos = 10™'% m, the charge on
the tip of the oscillator O = 200e (compatible, e.g., with ~
aF capacitances of micron size electromechanical resonators
operated with ~ V voltages [47,48]) and thermal bath coupling
strength I', = 27 x 500 Hz (corresponding to a relatively
high quality factor Q = 6 x 10° of the oscillator [49]). For
n ~ 100 Rydberg states the atomic size is ~10*ag ~ 1 um,
and the corresponding dipole moments are j1o ~ [ ~ 10*eay
(ap is the Bohr radius). For the atomic motion, we consider
a simple linear trajectory R(z) = [vt,0, Zy] with ¢ going from
—00 to 0o, where we neglect any deflection of the atom’s path
due to the interaction with the oscillator (the static monopole
part of the field resulting from the charge Q can always be
compensated by additional static charges; see Appendix A
for details of the interaction). Assuming the atom-cantilever
distance to be Zp = 5 um we choose the atomic speed v =
10 m/s and the rate of atoms r = 10° atoms per second, giving
the separation between successive atoms of 100 um and the
interaction time of a couple of microseconds. This guarantees,
to a good approximation, that only one atom is interacting
with the oscillator at a time and that one can neglect the
decay of the Rydberg states which have a lifetime of 100 us
[52,53]. We then obtain for the integrated coupling strength

_ ( Q2o \2Holy 21T o 105
Gz_(4nh£0) A 48077 107,

We now turn our attention to the direct single-photon—two-
phonon resonance provided by the atomic dipole—oscillator
quadrupole coupling as we show in Appendix A. Here, an

analogous derivation leads to the integrated coupling strength

— Q//‘Ozx%sc 2 ~ -9 3 .
Go,quad = Tneh 2z 10~ which is smaller by orders of

magnitude compared to G, in the two-photon two-phonon
resonance scheme.
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IV. DISCUSSION AND OUTLOOK

We have explored a method of creating squeezed and nonclas-
sical states of a charged macroscopic mechanical oscillator.
Such on-demand quantum state preparation constitutes a
basic element of the mechanical oscillators state manipu-
lation toolbox using atoms. Specifically, the squeezed and
Schrodinger cat states that can be in principle generated
might find applications as probes of decoherence processes of
macroscopic bodies, in quantum information processing or in
sensing and metrology. The values of the estimated couplings
that are achievable with current state-of-the-art technology and
typical parameter regimes turn out to be too small to be of a
practical use. Further improvement might be sought, e.g., by
increasing the charge of the oscillator or by more suitable
choice of the employed Rydberg states which would increase
the dipole moment and decrease the two-photon detuning
A. Another possibility is to exploit the enhancement of the

J
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coupling when considering an ensemble of atoms coupled to
an array of oscillators which we leave for future investigations.

Note added. Recently, we became aware of a related
work [54].
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APPENDIX A: ATOM-OSCILLATOR INTERACTION

The interaction Hamiltonian between the dipole moment jt = [fi,fly, /1] = /,L()[MX,M ),,MZ] of an atom at position R and
the electric field E(R) created by a charge at position  can be expressed as a power series in 2:

V=—p ER) Al
__ 9 AXARY+R(Z D) o)
dmeo [(X2 + Y2+ (Z — 222
~ _ Qﬁ' -R _ QMO A 2 p2 ~ A n A2
" T 4megR? 4meoRS [M.(3Z7 — R) +3Z(M X + M,Y)]Z + O(Z") (A3)
= hy®) —h Y [y;RM;@+ah]+ Ol@+a) (Ad)

J=x.5.2

with R = |R| and the last line introduces notation for the coupling strengths y; that are used in the following.

The first term in Eq. (A3) corresponds to a Coulomb interaction, which can be canceled by additional static charges with
opposite sign [see also Fig. 1(a)] and thus we omit it in the following. The matrices M, , . depend on the specific atomic transitions
that couple to the electric field of the oscillator. We compute the matrix elements using the standard angular momentum theory
as [55,56]

L, m n
(MOt)LJ ' = (Lf]’amf]| XO('lemJ)’

J.my

(AS5)

where o = x,V,z, L is the electron angular momentum, J the total angular momentum, and m ; the projection of the total angular
momentum on the z axis. The operators § are given by the relations x4+, = :F\/Li( Xx £ iXy)and fo = {.. When expressed in the
coordinate basis, they are simply rescaled spherical harmonics ({+) = v %”Ylil ©0,9), (Xo) =V %”Y 1.0(60,¢). The dipole matrix
elements are then obtained with the help of the relation

(L) ,m'| %4 |Ly,my)

RN e A N Ty A ; L1
=(=1) ’<—m’, g m (-1 VQIT+1DQ2J +1) ;g

L
0 0)’ (A6)

.} are the Wigner 3 and 6 symbols, respectively.

L - L
J,}\/@L +1)(2L+1)(0

where ¢ = —1,0,1, 8’ = J' — L’ is the total spin, and (¢ | ), {;
Note that we have absorbed the radial part of the dipole transition elements into the dipole moment amplitude (.
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Single-phonon transition (a) (b)
[Pry2,—1/2) [Pi/2,1/2)

For a single-phonon transition we consider resonant tran-
sitions between the S and P manifolds of an atom within the
. - e
same principal quantum number, as shown in Fig. 4(a). The
transition matrices in the |L;,m ;) = {|S12, — 1/2),| P12, —

1/2),181/2,1/2),|P12,1/2)} basis read IS1/2,~1/2) S1/2,1/2)
0 0 0 1 FIG. 4. (a) Level scheme and transitions for a four-level manifold.
. 1flo o 1 o0 (b) Coupling strength y; for i = x, y, and z in short-dashed, long-
M, = —g o1 0 ol dashed, and solid lines, respectively, for an atom at position R =
1 0 0 0 [AZ),0,Zy]. The coupling strength has been scaled to the maximum
of y,.

0 0o 0 i
. = _1 0 0 i 0 We calculate the coupling strengths for a position
Y7310 =i 0 of R(A) =[AZ,0,Zp]. We ﬁnd that yy[R(A)] =0 and that
—i 0 00 v:[R(A)]/y:[R(A)] = . Note that the last ratio is inde-
0 -1 0 0 pendent of Z. Figure 4(b) shows the dipole coupling strengths
. 1{ -1 0 0 0 v;[R(A)] as a function of the scaled coordinate A, where
M, = 3lo o o0 1 (A7) the coupling strengths have been normalized to the maximum
0 0 1 0 value of y,. Since y, > y, we neglect y,. This simplifies the

description so that one can use only two of the four levels and
we choose |s) = |S1/2,1/2) and |p) = | P12,1/2).

J

With this two-level system the atom-oscillator Hamiltonian can be written as H= FIO + V, where ﬁo = hwosedTa + hw,67
and

‘7 Q OZOSC _[Ax(3Zz R )](a + &T) —|— 0([ZOSC(a + T)] ) (AS)

4 ()R5 3

where 6% = |p)(p| — |s)(s], % = |p)(s| + |s)(p| and we have used Z = zos (@ + a). When wese = w, the |s)-|p) transiAtion
of the atom is resonant with the one-phonon transition of the oscillator and the interaction picture Hamiltonian H; =
exp[—i Hot /R H expli Hyt /] reads

N 1 Zosc —iw, iw, A —iWos iw
73 f ESE (1) (ple™" ! + [p) (sle’*)(BZE — RON(@e™ ! +alel ") + F
1 Q/JLOZosc ~t 2 2 ~ 2 2 ’
= 3 ame s SHPIA'GZT = RY) +[p)(s1aBGZ" — RO + F
~ fw/(t)|s><p|&T +H.c., (A9)

where F and F’ contain only terms oscillating at w,. or higher frequency, which can be neglected through the rotating wave

Opozose 32— R2>

approximation and we have introduced the single-phonon coupling strength y (1) = drehR 3

Two-phonon resonance

Here we consider a situation where a two-photon atomic transition between different principal quantum number S states
ls) = 181/2,1/2) and |s) = |§] /20 1/2) couples to a two-phonon oscillator transition. The two-phonon transition is mediated by
an off-resonant coupling to the Py and P3;, manifolds. We denote by ;> (w3/2) the Py »-S" (P3/2-S") transition frequencies and
by Aj = wj — Wose, | = 2, 5 3 the respective detunings. In what follows, we refer to both manifolds combined as the P manifold.
Forrnally, the S-P (P-S’) transitions are described by a d1p01e moment operator fy (15) with magnitude 1o (1), respectlvely
The atom-oscillator interaction is given by the sum V([Lz) + V(uz) where V is given by (A3), and the transition matrices M
(Mj), j = x,y,z for the S-P (P-S') transitions now read

N 1 1 1
M, = |s) (—3(1)1/2, —1/2| + 3_ﬁ(P3/2’ —-1/2] - %(P3/2,3/2|) +Hc,
N 1 1 1
M, =ils) (§<P1/2, —-1/2] - m(Pyz, —-1/2| - %(P3/2,3/2|> + H.c,,

1 V2
MZ=|S> —§<P1/2,1/2|+T<P3/2,1/2| +H.C.,
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. I 1 I

M, =|s) <—§(P1/2, —1/2| + m(ﬂ/z, —-1/2| - %(P3/2,3/2|> +Hec,

NS 1 1

M =ils') (§<P1/2, —1/2| - m(f’yz, —-1/2] - %(P3/2,3/2|> +He,

(1 V2

M, =|s") —§(P1/2,1/2| + T<P3/2’1/2| + H.c. (A10)

Toﬁrstorderin%,thetotalHamiltonianintheatomicbasis{|s),|s/),|P]/2, — 1/2>,|P1/2,1/2),P3/2, — 1/2>,|P3/2,1/2),|P3/2,3/2>}
reads

0 0 0 0 0 0 0
0 2005 0 0 0 0 0
A 0 0 Wose + A]/z 0 0 0 0
H=hrl0 0 0 Wose + A1) 0 0 0
0 0 0 0 Wose + A3/2 0 0
0 0 0 0 0 Wose + Ag/g 0
0 0 0 0 0 0 Wosc + A’;/z
0 0 - % Sy VI -
0 i L AR —\F i
—Y+ —vi 0 0 0 0
+ hwosed'a — B —y- —y! 0 0 0 0 0 @+ ah, (All)
%)/+ %y; 0 0 0 0 0
V2y. V2y! 0 0 0 0 0
e S0 0 0 o 0

with 2 = ze.(@ + a'), and the atom-oscillator coupling strengths y. = 4?1’: e Z(X £ iY), v, = ﬁ’:gh‘}}‘s 322; R and similarly for

Y..v., where g is replaced by p. Taking the rotating wave approximation, the interaction picture Hamiltonian is

0 0 —yal —yal Fyal Vil - [inal
0 0 —via —via Lya Vi —[iya
—Y+a —yial Arp 0 0 0
ﬁ] = —h —yz& —)/z/fl]L 0 A]/z 0 0 O (A12)
«/LE}/-Fa \L@V-/F&T O O A3/2 O O
V2y.a V2ylaf 0 0 0 Az 0
—\/gy,& _\/gy;m 0 0 0 0 Asp

If [A12] & |A3)2| > |y| for all single-phonon coupling rates y, we can adiabatically eliminate the P manifold to get an effective
two-level atom. Such situation occurs for different species and a range of principal quantum numbers. For instance, taking '3*Cs,
n = 100for|s),n = 101 for |s"), and wesc = 27 x 3 GHz (the example considered in the main text) yields A, = 27 x 283 MHz
and A3» = 27 x 263 MHz. In order to simplify the treatment, we thus replace the detunings in Eq. (A12) by A &~ A, ~ Aj)s.
This also motivates the introduction of the effective transition frequency w, between the combined P manifold and the |s’) state
such that A = a)é1 — Wosc-

We are now in a position to apply the methods of degenerate perturbation theory [57] to find an effective Hamiltonian in
the space spanned by {|s),|s’)}. Defining the projector P = |s) (s] + |s")(s’| and its complement Q =1 — P, the Hamiltonian is
partitioned into the block dlagonal part Hp = PHII3 + QHIQ and the off- dlagonal perturbation VX = PHIQ + QHIP We find
a un1tary transformation U = €%, with G = —G', such that He“ = UHRU" is block diagonal, i.e., Heff =P HeﬁP + Q Hefo
and G = >0 G,
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The first nonzero contribution to the effective Hamiltonian is first order in % (second order in the expansion):

0 0 -yl oyl Gyal Vil - [find
0 0 —yla  —vyla  yla V2yla —\/gy;&
| —yia —yLal 0 0 0 0 0
Her = Hp + E[G(”,Vx], withGV = | —ya —ylat 0 0 0 0 0
r+a pyial 0 0 0 0 0
V2ya 2yl 0 0 0 0 0
—f y_a 3yratf 0 0 0 0 0
(A13)
The resulting Hamiltonian in the space {|s),|s")} is
L. . 3R ata 21 2
PALP = < ata(y-yy + v:.%) @h?s (); Vi +v- V++ J/ZJ/Z)> (Al4)
a2 vy +y-vi +2v:v) ala(yly, + y!%

The diagonal terms are the dispersive frequency shifts. A quasiperfect two-photon—two-phonon resonance is achieved if
%[(y_ Vi +v2) — YLyl + yz/z)], with n the phonon number, is negligibly small as compared to the off-diagonal terms
in (A14). For sufficiently small n which is the situation of this article, and under the realistic assumption of o ~ g the
quasiperfect resonance can be achieved and we thus consider only the off-diagonal terms of (A14). The effective two-phonon

coupling rate y» is given by the off-diagonal terms

QZOSC g /’LOI‘LQ 2 2
1) = — 2 = R*(R* +3Z AlS5
ya(t) = (J/ Yo tr-vi +2rv) = <4nh80R5 A 3[ (R”+327)] (A15)
and the resulting interaction picture Hamiltonian reads

Hiao(1) ~ hp(0)ls)(s'1(@") + hy; (0)1s') s1a”. (A16)

The integrated coupling strength, for an atom taking a path R(¢) = [vt,0, Zy] then becomes

00 2 /
QZosc HoMq 21

G, = dty(t) = . Al7
2 /m ya(1) (477580 T (A17)

Atomic dipole-oscillator quadrupole coupling

In principle, the two-phonon resonance condition with interaction Hamiltonian similar to (6) can be achieved by exploiting
the coupling between the atomic dipole and the oscillator quadrupole as we now show. The oscillator quadrupole corresponds to
the 22 term in the expansion of E(r). Speciﬁcally, the O(2%) term in (A1) reads

Qo
4R 2

0¢H =— [M X(5Z% — R + M,Y(5Z* — R + M, Z(5Z* — 3RH)]2* + 0(8%).

Under the two-phonon resonance condition wys. = w,/2, this term dominates the atom-oscillator interaction, and the resulting
interaction picture Hamiltonian reads

A 1 Qpozl, . N ,
Hiqua = 57 ps Z(5Z% = 3RM)Is)(pl@"y + |p)(sla*1 + F

~ hyrquaa(®)ls)(pl@"h?* + He., (A18)

where F’ contains only terms oscillating at wqs. or higher frequency, which can be neglected through the rotating wave
Oz, 2522 -3R%)

Ine iR 5 is the two-phonon coupling strength.

approximation, and y2 quad =

OQnozay 2

For an atom trajectory R(z) = [vt,0, Zo] the integrated two-phonon coupling strength is G quad = ffooo V2,quaddt = el g
0

APPENDIX B: DERIVATION OF THE MASTER EQUATION

We start the derivation of the master equation for the single-phonon resonance by using (2) and the atomic initial state (3)
and find the state of the oscillator after the passage of a single atom. For brevity we will write the state before the kth atom has
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passed p = p*~D ® p,. Expanding (4) yields

p&) = Tr[UupUi1 = >~ punl|BI*In) cos(©,) cos(,)(m| + lrf*[n — 1) sin(©,_1) sin(@y,_1)(m — 1|

n,m=0

—iaB*|n — 1) sin(®,_1) cos(©,,)(m| + iBa*|n) cos(®,) sin(®,,_1){m — 1|

+ larf*[n) cos(®—1) c0S(Oy—1)(m] + |BI*[n + 1) sin(©,) sin(©,,) (m + 1|

—iBa*|n + 1) sin(®,) cos(O,,_ ) (m| + iaf*|n) cos(®,_) sin(®,)m + 1]], (B1)

o]

where ©,, = Ga/n + 1, and p-D = > mom—0 Pam|n) (m|. In a similar fashion to the derivation in [35] we transform the sum over

0sc

n and m into an operator equatlon First, we can rewrite the bras and kets as [n — 1) = JT |[n)and [n + 1) =

n and n + 1 are written as a'a and aa', resulting in the replacements

[n) cos(GA/n) — cos(Gvata)|n), (B2)
n)cos(Gv/n + 1) — cos(Gvaah|n), (B3)
Jar
I — 1 sin(G/) — 2 Sm(GT a1, (B4)
a a
o JaaT
In+ 1) sin(GV/n + 1) — & Snif_f“ )y, (B5)
aa

This lets us replace Y, pum|n)(m| with p*-V giving

® — 181> | cos(GNaah p%P cos(GVaat) + sin(GvVa -4 sin(GvVaat
Pose = |,3||: (GVaar)pyg. ( at) + sin( )FPOSC \/ﬁ (GVaar)

+|oz|2|:cos(G«/€ﬁ&),o(k D cos(GVata) + sin(GvVat =D _—_ sin(Gvata)
osc F m

«/_ *=D cos(GV &&T)]

A

a
+iap” [cos(Gv&T&)pé’;C D — sin(GVaat
«/_

+ipa* [COS(G@),O(" .

osc e
aa

\/_ &=1) cos(G«/&T&)]. (B6)

Note that, up until now, these equations remain exact. We are now interested in an approximation where (n|Ga'aln) < 1
for all oscillator levels n up to some maximum 7ny,, that we set as a truncation of the oscillator space. To second order

cos(Gvata) ~ 1 — $ala, cos(Gvaal) ~ 1 — $aal, sm(G«/aTa)J% ~ Ga, and sin(G+aa') F‘ ~ Ga' leaving

1, . A 1,...
’0(()/;)2 |'3| ('OOSC 1) + Gz[atp(lzc 1) 2(aaT’OOQC 1) + 'O(k 1) 1)}) + |a|2<p + G2 [a'o(()kc 1) T z(aTa’OOSC 1) + p(k 1) T )})
+iaB G (pll; Va — apl; V) + ipaG(pl Val —atpl V) + 0(GY). (B7)

We then can find our approximate master equation:

Poe 1 Pz = Ponc ) (B8)
= V(D[Olel](,Oosc) + D[ﬂG&T](posc) - iG[C(,B*& + .Ba*&Taposc]) (B9)

where we have used || + |8|> = 1, and for the last line the index k has been suppressed, as none of the dynamics depend on
it. The derivation of the master equation for the two-phonon resonance follows the same lines, with a(a") replaced by a[(a')?].
The steady state of the evolution under (B8) is a displaced thermal state p,sc = D(A)puDT(A), where py = Z;’O:O

|n) (n| (1 1) m is the thermal state with average occupation number 71 = %, D(A) = exp[Aa' — A*a] is the coherent
displacement operator, and A = 1#% is the coherent shift amplitude. The solution is valid for values of |8|> below 0.5 as

it becomes unstable for higher 8 (negative 7).
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APPENDIX C: SQUEEZING ANGLE

A system described by a Hamiltonian H= Qle~?a? + ¢ (a")?] evolves according to the operator S = exp[—i A t] =
exp{—iQtle %4’ + e 9 (a")?]} = exp{Qt[e1O+7/2a? — ¢OF7/D(41)?]}. This yields the following operator relations:

StaS = a cosh(Q/2) — a'e! @™/ sinh(Q1/2), (C1)

Stat8 = a' cosh(Q/2) — ae " O*+™/? sinh(Q1 /2). (C2)

We can now calculate the variance in the ¢ quadrature with a vacuum initial state |0), with x4 = (e +atel?)/ V2.

Ax; = (015725510) — (01872, 510). (C3)

Using relations (C1) and (C2), (C3) becomes

Axy = 5[cosh’(Qt/2) + sinh®(Q1/2)] — sinh(/2) cosh(Q /2) cos(2¢p — 6 — 7/2)

= %[cosh(Qt) — sinh(2t) cos2p — 6 — 7 /2)]. (C4)

For 6 = 0, as considered in the main text, A X; is minimized for ¢ = 7 /4.
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