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Triplet pair amplitude in a trapped s-wave superfluid Fermi gas with broken spin rotation
symmetry. II. Three-dimensional continuum case
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We extend our recent work [Y. Endo et al., Phys. Rev. A 92, 023610 (2015)] for a parity-mixing effect in
a model of two-dimensional lattice fermions to a realistic three-dimensional ultracold Fermi gas. Including
effects of broken local spatial inversion symmetry by a trap potential within the framework of the real-space
Bogoliubov-de Gennes theory at T = 0, we point out that an odd-parity p-wave Cooper-pair amplitude is
expected to have already been realized in previous experiments on an (even-parity) s-wave superfluid Fermi
gas with spin imbalance. This indicates that when one suddenly changes the s-wave pairing interaction to an
appropriate p-wave one by using a Feshbach technique in this case, a nonvanishing p-wave superfluid order
parameter is immediately obtained, which is given by the product of the p-wave interaction and the p-wave pair
amplitude that has already been induced in the spin-imbalanced s-wave superfluid Fermi gas. Thus, by definition,
the system is in the p-wave superfluid state, at least just after this manipulation. Since the achievement of a
p-wave superfluid state is one of the most exciting challenges in cold Fermi gas physics, our results may provide
an alternative approach to this unconventional pairing state. In addition, since the parity-mixing effect cannot be
explained as far as one deals with a trap potential in the local density approximation (LDA), it is considered as a
crucial example which requires us to go beyond the LDA.
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I. INTRODUCTION

In a recent paper [1], using symmetry considerations,
we pointed out that the spatial inhomogeneity caused by
a harmonic trap potential, which breaks the local spatial
inversion symmetry of the system except at the trap center,
may induce an odd-parity (spin-triplet) Cooper-pair amplitude
in the even-parity (spin-singlet) s-wave Fermi superfluid when
the spin rotation symmetry is also broken. Here, the local
spatial inversion symmetry is the inversion symmetry of the
system with respect to an inversion center. For example, when
we carry out this symmetry operation for a one-dimensional
harmonic potential V (x) = cx2 (c > 0) with respect to x = a,
one finds the breakdown of this symmetry as V (x) → V (−x +
2a) �= V (x), unless a = 0 (trap center). On the other hand, the
spin rotation symmetry in the present case is the symmetry with
respect to exchange of two pseudospins ↑�↓. In Ref. [1], to
confirm the above-mentioned parity-mixing effect in a simple
manner, we explicitly evaluated the induced odd-parity pair
amplitude in toy two-dimensional lattice fermions satisfying
the above two conditions.

The above-mentioned work [1] is strongly motivated by the
current status of cold Fermi gas physics. That is, the p-wave
superfluid phase transition has not been realized yet, in spite
of great experimental efforts [2–8]. One serious reason for
this is that, while a p-wave pairing interaction is necessary
to realize a p-wave superfluid Fermi gas, it also causes three-
body loss [9–11], as well as dipolar relaxation [6], leading to
very short lifetime of p-wave Cooper pairs. Because of this,
when one tunes an external magnetic field to be close to a
p-wave Feshbach resonance, although, theoretically, a strong
p-wave pairing interaction is expected to give a high p-wave
superfluid phase transition temperature [12–15], the p-wave
pairs are actually destroyed before the p-wave condensate
grows enough.

However, if one could prepare a nonvanishing p-wave pair
amplitude [which is symbolically written as 〈�σ (r)�σ ′(r ′)〉,
where �σ (r) is the field operator of a fermion with spin-σ ]
without using a p-wave pairing interaction, this current
situation would be improved to some extent, because one
could then avoid the serious short-lifetime problem of p-wave
Cooper pairs. Of course, the system is still not in the p-wave
superfluid state because of the vanishing p-wave superfluid
order parameter,

�p(r,r ′) = Up(r,r ′)〈�σ (r)�σ ′(r ′)〉, (1)

due to the absence of a p-wave pairing interaction Up(r,r ′).
In this case, however, when one rapidly introduces a p-wave
pairing interaction Up(r,r ′) associated with a p-wave Fes-
hbach resonance by adjusting an external magnetic field, a
nonvanishing p-wave superfluid order parameter (which is
given by the product of this interaction and the p-wave pair
amplitude which has already been prepared before this ma-
nipulation) is immediately obtained. Then, by definition, the
p-wave superfluid state which is characterized by the p-wave
superfluid order parameter �p(r,r ′) would be realized, at least
just after the introduction of the p-wave interaction. Once
the p-wave superfluid state is realized, as usual, the p-wave
interaction would cause the particle loss, as well as dipolar
relaxation. However, this idea might be an alternative to the
conventional approach where a p-wave interaction is used
from the beginning.

The purpose of this paper is to assess to what extent the
parity-mixing effect discussed in our recent paper [1] can be
used to prepare a p-wave pair amplitude in the above idea. For
this purpose, beyond the previous toy two-dimensional lattice
model, we deal with a realistic three-dimensional continuum
s-wave superfluid Fermi gas in a harmonic trap. This extension
is very relevant, because all the current experiments on s-wave
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superfluid Fermi gases [16–20] are done in the absence of a
deep optical lattice.

Between the above-mentioned two conditions for the parity-
mixing effect, the local spatial inversion symmetry is always
broken in a harmonic trap, when one takes the inversion
center away from the trap center. Thus, no additional setup
is necessary for this first condition. However, we should
note that the local density approximation (LDA), which
has widely been used in considering a trapped Fermi gas
[21–24], cannot correctly treat this symmetry breaking. This
is simply because LDA deals with the system at each spatial
position as a uniform system with a position-dependent Fermi
chemical potential involving effects of a trap potential. Thus,
in this paper, we employ the real-space Bogoliubov-de Gennes
mean-field theory [25,26] to fully take into account the spatial
inhomogeneity in a trap.

For the second required condition for the parity-mixing
effect (broken spin rotation symmetry), a spin-imbalanced
s-wave Fermi superfluid, which has already been realized
in 6Li Fermi gases [27–30], is most promising, where the
density difference between two Fermi species naturally breaks
this symmetry. In a trapped s-wave superfluid Fermi gas
with spin imbalance, we evaluate how large the p-wave
Cooper-pair amplitude is induced, to assess whether or not this
phenomenon can be practically used for our purpose toward
the realization of a p-wave superfluid Fermi gas. In this paper,
we also investigate the other two cases when the spin rotation
symmetry is broken by (1) mass imbalance [31–36] or (2) a
spin-dependent trap potential.

This paper is organized as follows. In Sec. II, we explain our
real-space formulation. In Sec. III, we numerically evaluate the
magnitude of the triplet pair amplitude induced in a trapped
s-wave superfluid Fermi gas with spin imbalance. The cases
with mass imbalance and a spin-dependent trap potential
are also examined there. Throughout this paper, we take
� = kB = 1, for simplicity.

II. FORMALISM

We consider a three-dimensional continuum s-wave super-
fluid Fermi gas in a harmonic trap potential, described by the
Hamiltonian

H =
∑

σ

∫
d rψ†

σ (r)

[
− ∇2

2mσ

− μσ + Vσ (r)

]
ψσ (r)

−Us

∫
d rψ†

↑(r)ψ†
↓(r)ψ↓(r)ψ↑(r). (2)

Here, ψσ (r) is the field operator of a Fermi atom at r , with the
pseudospin σ = ↑,↓, the Fermi chemical potential μσ , and the
atomic mass mσ . −Us(< 0) is an s-wave pairing interaction.
Fermi atoms with spin-σ feel the harmonic potential Vσ (r) =
mσω2

σ r2/2. For simplicity, we only consider an isotropic trap
in this paper. To induce the triplet Cooper pairs, it is necessary
to simultaneously break the spatial inversion symmetry and the
spin rotation symmetry [1]. The former is naturally realized
by the harmonic trap potential Vσ (r), except at the trap center
(r = 0). For the latter, we mainly discuss the case with spin
imbalance, which is realized by taking μ↑ �= μ↓ in Eq. (2).
In addition to this, we also investigate the cases with mass

imbalance (m↑ �= m↓), as well as spin-dependent trap potential
(ω↑ �= ω↓), which also break the spin rotation symmetry.

To fully take into account the broken local spatial inversion
symmetry by a harmonic trap (which is essential for the parity-
mixing phenomenon [1]), we go beyond LDA to employ the
real-space Bogoliubov-de Gennes (BdG) mean-field theory
[25,26]. In this case, the Hamiltonian Eq. (2) is reduced to

HBdG =
∑

σ

∫
d rψ†

σ (r)

[
− ∇2

2mσ

− μσ + Vσ (r)

]
ψσ (r)

−Us

∑
σ

∫
d rn−σ (r)ψ†

σ (r)ψσ (r)

+
∫

d r[�(r)ψ†
↑(r)ψ†

↓(r) + H.c.]. (3)

The BdG Hamiltonian in Eq. (3) involves two mean-
field parameters that are determined self-consistently, that
is, one is the s-wave superfluid order parameter �(r) =
−Us〈ψ↓(r)ψ↑(r)〉, and the other is the Hartree potential
−Usn−σ (r) = −Us〈ψ†

−σ (r)ψ−σ (r)〉. For these self-consistent
calculations, it is convenient to expand the fermion field
operator ψσ (r) with respect to the eigenfunctions f σ

nlm(r) of
the one-particle Schrödinger equation,[

− ∇2

2mσ

− μσ + Vσ (r)

]
f σ

nlm(r) = ξσ
nlf

σ
nlm(r), (4)

as

ψσ (r) =
∞∑

n=0

∞∑
l=0

l∑
m=−l

cnlmσ f σ
nlm(r), (5)

where cnlmσ is the annihilation operator of a Fermi atom with
the eigenenergy

ξσ
nl = ωσ

(
2n + l + 3

2

)
− μσ . (6)

The eigenfunction f σ
nlm(r) can be written as f σ

nlm(r) =
Rσ

nl(r)Ylm(r̂), where Ylm(r̂) is the spherical harmonics (where
r̂ = r/r), and the radial component Rσ

nl(r) has the form

Rσ
nl(r) =

√
2(mσωσ )

3
4

√
n!(

n + l + 1
2

)
!
e− x2

σ
2 xl

σL
l+ 1

2
n

(
x2

σ

)
, (7)

with xσ = √
mσωσ r and L

l+ 1
2

n (x) being the Laguerre polyno-
mial. Substituting Eq. (5) into the BdG Hamiltonian in Eq. (3),
one has

HBdG =
∞∑
l=0

l∑
m=−l

C
†
lm

(
ξ

↑
nlδnn′ + J

l,↑
nn′ (−1)mF l

nn′

(−1)m
(
F l

)T

nn′ −ξ
↓
nlδnn′ − J

l,↓
nn′

)
Clm,

(8)

where C
†
lm = {Clm,i}† = (c†0,l,m,↑, . . . ,c

†
Nl,l,m,↑,c0,l,−m,↓, . . . ,

cNl,l,−m,↓). In Eq. (8), we have implicitly introduced a
high-energy cutoff ωσ

c = ωσ (Nc + 3/2) to eliminate the well-
known ultraviolet divergence involved in the present BCS
model, so that Nl in C

†
lm is chosen as the maximum integer

which satisfies 2Nl + l � Nc for a given value of l (� 0).
The (Nl + 1) × (Nl + 1) matrices F̂ l and Ĵ l,σ in Eq. (8) are,
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respectively, the s-wave superfluid order parameter and the
Hartree potential in the present basis set {f σ

nlm(r)}, given by

F l
nn′ =

∫
drr2R

↑
nl(r)�(r)R↓

n′l(r), (9)

J
l,σ
nn′ = −Us

∫
drr2Rσ

nl(r)n−σ (r)Rσ
n′l(r). (10)

As usual, we diagonalize Eq. (8) by the Bogoliubov transfor-
mation

γlmi =
2(Nl+1)∑

j=1

Wl
ijClm,i , (11)

for each (l,m), which gives

HBdG =
∞∑
l=0

l∑
m=−l

2(Nl+1)∑
i=1

El
iγ

†
lmiγlmi . (12)

Here, El
i describes the Bogoliubov single-particle excitations.

We briefly note that this eigenenergy is independent of m

because of the rotation symmetry of the system with respect
to the trap center.

In this paper, we numerically carry out the Bogoliubov
transformation to determine Wl

ij and El
i . Then, the self-

consistent equations for �(r) and nσ (r) are obtained as

�(r) = Us

∑
lnn′

2l + 1

4π
R

↓
nl(r)R↑

n′l(r)dl
nn′ , (13)

nσ (r) =
∑
lnn′

2l + 1

4π
Rσ

nl(r)Rσ
n′l(r)ησ

lnn′, (14)

where

dlnn′ =
2(Nl+1)∑

i=1

Wl
n+Nl+1,iW

l
n′,if

(
El

i

)
, (15)

η
↑
lnn′ =

2(Nl+1)∑
i=1

Wl
n,iW

l
n′,if

(
El

i

)
, (16)

η
↓
lnn′ =

2(Nl+1)∑
i=1

Wl
n+Nl+1,iW

l
n′+Nl+1,i

[
1 − f

(
El

i

)]
. (17)

In Eqs. (15)–(17), f (ε) is the Fermi distribution function. We
actually (numerically) solve Eqs. (13) and (14), together with
the number equation,

Nσ =
∫

d rnσ (r), (18)

to determine �(r), nσ (r), and μσ in a consistent manner.
The spin-singlet Cooper-pair amplitude (
S) as well as the

spin-triplet ones (
Sz=0,±1
T ) are given by, respectively,


S(R,r rel) = 1√
2

[〈
ψ↑

(
R + r rel

2

)
ψ↓

(
R − r rel

2

)〉

−
〈
ψ↓

(
R + r rel

2

)
ψ↑

(
R − r rel

2

)〉]
, (19)



Sz=1
T (R,r rel) =

〈
ψ↑

(
R + r rel

2

)
ψ↑

(
R − r rel

2

)〉
, (20)



Sz=0
T (R,r rel) = 1√

2

[〈
ψ↑

(
R + r rel

2

)
ψ↓

(
R − r rel

2

)〉

+
〈
ψ↓

(
R + r rel

2

)
ψ↑

(
R − r rel

2

)〉]
, (21)



Sz=−1
T (R,r rel) =

〈
ψ↓

(
R + r rel

2

)
ψ↓

(
R − r rel

2

)〉
, (22)

where R and r rel are the center-of-mass position of pairs and
the relative coordinate between two atoms forming a Cooper
pair, respectively. The superscript Sz = 0,±1 means the z

component of the total spin of a triplet Cooper pair. In the
present s-wave superfluid phase, noting that

�(r) = −Us〈ψ↓(r)ψ↑(r)〉 =
√

2Us
S(r,0), (23)

we find that the spin-singlet pair amplitude 
S(R,r rel) is
always nonvanishing, at least |r rel| = 0. On the other hand,
among the three triplet components in Eqs. (20)–(22), we find
from the symmetry consideration [1] that only 


Sz=0
T may be

nonvanishing in the present case. In this regard, we briefly note
that this is different from the case with a synthetic spin-orbit
coupling [37–45], where all three components 


Sz=0,±1
T may

be nonvanishing [46–48]. In the following, we simply write
the Sz = 0 component as 
T(R,r rel).

Substituting Eq. (5) into Eqs. (19) and (21), we have


S(R,rrel) = − 1√
2

∑
lnn′

2l + 1

4π
Pl(r̂+ · r̂−)

× [R↑
n′l(|r+|)R↓

nl(|r−|) + R
↓
nl(|r+|)R↑

n′l(|r−|)]
× dlnn′ , (24)


T(R,r rel) = − 1√
2

∑
lnn′

2l + 1

4π
Pl(r̂+ · r̂−)

×[R↑
n′l(|r+|)R↓

nl(|r−|) − R
↓
nl(|r+|)R↑

n′l(|r−|)]
× dlnn′ , (25)

where r± = R ± r rel/2 and Pl(x) is the Legendre polynomial.
In particular, when the system possesses the spin rotation
symmetry, one find that dlnn′ = dln′n and Rσ

nl(r) is independent
of the pseudospin σ , which immediately gives vanishing

T(R,r rel). This indicates the necessity of the broken spin
rotation symmetry to induce a nonvanishing 
T(R,r rel).

Besides the Cooper-pair amplitude, the condensate fraction
is also a useful quantity to see how many Cooper pairs are
Bose condensed. As usual, the singlet component (N c

S) and
triplet component (N c

T) of the condensate fraction are given by

N c
S,T =

∫
d Rρc

S,T(R), (26)

where

ρc
S,T(R) =

∫
d r rel|
S,T(R,r rel)|2 (27)

is the condensate fraction density of the singlet (ρc
S) and triplet

(ρc
T) components. For later convenience, we also define the

total condensate fraction N c
total = N c

S + N c
T, as well as the total

condensate fraction density ρc
total = ρc

S + ρc
T.
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Besides Eqs. (24) and (25), it is also useful to classify
the pair amplitude in terms of the orbital angular momentum
(L,M), as


LM (R,rrel) =
∫

d�relYLM (r̂ rel)[
S(R,r rel) + 
T(R,r rel)],

(28)

where the integration is taken over the solid angle with respect
to the relative coordinate r rel. The quantities corresponding to
Eqs. (26) and (27) are given by, respectively,

Nc
L =

∫
d Rρc

L(R), (29)

ρc
L(R) =

L∑
M=−L

∫
drrelr

2
rel|
LM (R,rrel)|2. (30)

We note that the odd-L (even-L) components of 
LM are
obtained from 
T(R,r rel) [
S(R,r rel)] in Eq. (28), because of
the well-known antisymmetric property of the wave function
of a Fermi pair. Thus, from the viewpoint of the realization
of a p-wave superfluid Fermi gas starting from the s-wave
superfluid state, the induced pair amplitude 
T must involve
an L = 1 (p-wave) component 
L=1,M . In this case, rapidly
changing the s-wave pairing interaction to an appropriate
p-wave one, Vp( p, p′), by adjusting an external magnetic field
from an s-wave Feshbach resonance field to a p-wave one, we
can realize the p-wave superfluid state characterized by the
p-wave superfluid order parameter,

�p(R, p) =
∑

p′
Vp

(
p, p′)
T(R, p′), (31)

at least just after this manipulation. Here, 
T(R, p′) is the
Fourier-transformed triplet pair amplitude with respect to the
relative coordinate r rel. In this paper, thus we mainly consider

L=1,M (R,r rel) in 
T(R,r rel).

Before ending this section, we summarize our detailed
numerical parameter setting. We take the total number N =
N↑ + N↓ of Fermi atoms in a trap as N = 1632. For the
high-energy cutoff ωσ

c , we set ωσ
c = 501.5ωσ , which is much

larger than the Fermi energy εσ
F = (6Nσ )1/3ωσ in the σ

component. As usual, we eliminate effects of this cutoff from
the theory by introducing the s-wave scattering length as , given
by

4πas

m̄
= −Us

1 − Us

∑pc
p

m̄
p2

. (32)

Here pc = √
2m̄501.5ω̄, where ω̄ =

√
(ω2

↑ + ω2
↓)/2, and m̄ =

2m↑m↓/(m↑ + m↓) is twice the reduced mass. For the tem-
perature, we set T = 0.01εF, where εF = (3N )1/3ω̄ � 16.98ω̄.
Although we take this small but finite temperature to avoid
computational difficulty associated with discrete energy levels
in a trap, our results are expected to essentially describe
ground-state properties of the system. We note that the
discreteness of the energy levels still makes our computations
difficult in the presence of spin imbalance, even when we take
T = 0.01εF. Thus, to avoid this problem, we introduce a small
but finite width to one-particle energy levels when the system
has a finite spin polarization P = (N↑ − N↓)/(N↑ + N↓) �= 0.
For more details about this manipulation, see the Appendix.

III. p-WAVE COOPER-PAIR AMPLITUDE INDUCED
IN s-WAVE SUPERFLUID FERMI GASES

Figure 1(a) shows the triplet Cooper-pair amplitude

T(R,r rel) as a function of the relative coordinate r rel =
(rx

rel,r
y

rel,0) induced in a trapped three-dimensional continuum
s-wave superfluid Fermi gas with spin imbalance. In addition
to the singlet component 
S(R,r rel) shown in Fig. 1(b), this
figure indicates that the Cooper-pair amplitude has the triplet
component, when the spatial inversion symmetry and the spin
rotation symmetry are simultaneously broken. Although this
phenomenon has already been obtained in a lattice model
[1], the present result clearly confirms that the presence of
background lattice is actually not essential. In this sense,
since a spin-imbalanced superfluid Fermi gas has already been
realized experimentally [27–29], Fig. 1(a) indicates that the
triplet Cooper-pair amplitude has also already been realized in
a cold Fermi gas system.
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FIG. 1. Calculated (a) spin-triplet component pair amplitude as a function of the relative coordinate rx
rel and r

y

rel in a trapped s-wave
superfluid Fermi gas with spin-imbalance, 
T(R,r rel)R3

F, where RF = √
2εF/(mω̄) is the Thomas-Fermi radius, and (b) spin-single component


S(R,r rel)R3
F. We take (pFas)−1 = −0.6, P ≡ (N↑ − N↓)/(N↑ + N↓) = 0.2, rz

rel = 0, and R = (0.8RF,0,0). This parameter set is also used in
Figs. 2 and 3. (c) Schematic spatial structure of the triplet Cooper-pair amplitude 
T(R,r rel). At each center-of-mass position R (open square),
the r rel dependence of 
T(R,r rel) is shown.
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FIG. 2. Calculated (a) spin-triplet component ρc
T(R) and (b) singlet component ρc

T(R) of local condensate fraction in a trapped s-wave
superfluid Fermi gas with spin imbalance P ≡ (N↑ − N↓)/(N↑ + N↓) = 0.2. (c) s-wave superfluid order parameter �(r). (d) Density profile
nσ (r). We take (pFas)

−1 = −0.6.

In Fig. 1(a), one sees a line node [where 
T(R,r rel)
vanishes] along the r

y

rel axis. In this regard, we note that this
line node always appears, being perpendicular to R. [Note
that R = (0.8RF,0,0) in Fig. 1(a), where RF = √

2εF/(mω̄) is
the Thomas-Fermi radius.] Thus, summarizing 
T(R,r rel) of
various R’s, we schematically obtain the overall structure of
the triplet Cooper-pair amplitude as shown in Fig. 1(c). In this
figure, we briefly note that the triplet pair amplitude vanishes
at the trap center R = 0, because the local spatial inversion
symmetry holds there.

The reason for the nodal structure seen in Fig. 1(a) can be
simply understood by the symmetry consideration. That is, the
triplet pair amplitude 
T(R,r rel) is generally antisymmetric
with respect to the exchange of two Fermi atoms, so that one
finds [see also Eq. (21)]


T(R,−r rel) = −
T(R,r rel). (33)

In addition, since the Hamiltonian in Eq. (2) is invariant under
the spatial rotation around any axis passing through the trap
center, 
T(R,r rel) also possesses the same symmetry property.
Thus, for the π rotation around R, one finds, for r rel ⊥ R,


T(R,−r rel) = 
T(R,r rel). (34)

Equations (33) and (34) immediately conclude the vanishing

T(R,r rel) when r rel ⊥ R, giving the nodal line seen in
Fig. 1(a).

In our idea explained in the previous section, the induced
triplet pair amplitude 
T(R,r rel) shown in Fig. 1(a) is directly
used to produce the p-wave superfluid order parameter
�p(R, p) in Eq. (31), so that �p(R, p) succeeds to the spatial
structure of 
T(R,r rel) shown in Fig. 1(c). In this regard,
we note that the spatial structure of 
T(R,r rel) is purely
determined by the symmetry property of the s-wave superfluid

state before changing the interaction from the s-wave type
to the p-wave one. Thus, the produced p-wave superfluid
order parameter �p(R, p) is generally different from that
in the ground state of the p-wave superfluid phase for a
given p-wave interaction Vp( p, p′). In addition, the p-wave
interaction is known to cause the particle loss [6,9–11], so
that the realized p-wave superfluid phase is inevitably in
the nonequilibrium state. However, even when a p-wave
superfluid Fermi gas is realized by the ordinary approach,
where a p-wave interaction is finite from the beginning, one
cannot avoid the nonequilibrium state. This point would not
be a disadvantage of the approach discussed in this paper.

Figure 2(a) shows the triplet component ρc
T(R) of the local

condensate fraction. While the single component ρc
S(R) has

large intensity around the trap center [see Fig. 2(b)], the triplet
component ρc

T(R) is found to take a maximal value near the
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FIG. 3. Calculated density of condensate fraction ρc
L(R) with the

angular momentum L, as a function of the center-of-mass position R

of a Cooper pair. We set (pFas)−1 = −0.6, and P = 0.2. In this case,
the total p-wave condensate fraction equals N c

L=1/N
c
total � 0.14.

043632-5



DAISUKE INOTANI, RYO HANAI, AND YOJI OHASHI PHYSICAL REVIEW A 94, 043632 (2016)

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

ρc L
(R

)/ρ
c to

ta
l(R

)

R / R F

L=0
L=1
L 2

-0.1

 0

 0.1

 0.2

 0.3

 0.4

 0  0.2  0.4  0.6  0.8  1

Δ
(r

)/ε
F

r/RF

(a)

(b)

FIG. 4. Same as Fig. 3, but when (pFas)
−1 = −0.6 and P = 0.3.

trap edge (R � 0.7RF). For the parity-mixing effect, both the
spatial inversion symmetry and the spin rotation symmetry
must be broken. While the former condition holds everywhere
in a trap except at the trap center (R = 0), the latter condition
is satisfied around the edge of the gas cloud where the “local
magnetization M(r) = n↑(r) − n↓(r)” becomes nonvanishing
[see Fig. 2(c)]. Because of this, the region where the triplet
pair amplitude ρc

T(R) is enhanced is almost the same as the
spatial region with large local magnetization M(r) = n↑(r) −
n↓(r), as seen in Figs. 2(a) and 2(c). We briefly note that
this magnetization is directly related to the well-known phase
separation phenomenon in a spin-imbalanced superfluid Fermi
gas in a trap [27–29].

In Figs. 2(a) and 2(b), one sees that both ρc
T(R) and ρc

S(R)
are slightly enhanced around the trap center (R � 0.05RF).
As the origin for this, we point out the importance of Andreev
bound states appearing locally around the trap edge [26]. That
is, Fermi atoms feel a trap potential V (r) = mω2r2/2, as well
as the off-diagonal pair-potential �(r) shown in Fig. 2(d),
so that bound states are formed around the bottom of the
combined well of the two. Then, when we simply assume that
Andreev bound states are completely localized at r0, their wave

functions are written as φ(r) ∝ δ(r − r0). In this case, their
contribution to the local condensate fraction [� ∫

d r relφ(R −
r rel/2)φ(R + r rel/2)] only becomes nonzero at R = 0.

For our purpose, the induced triplet pair amplitude shown
in Fig. 2(a) must be dominated by the p-wave component.
To confirm this, we show in Fig. 3 the density ρc

L(R) of
the condensate fraction in the case of Fig. 2. Indeed, the
condensate fraction around R � 0.8RF is dominated by L = 1
component, that is, the p-wave one. This induced p-wave
component ρc

L=1(R) is found to amount to about 80% of the
total condensate density around R � 0.8RF, which is larger
than the magnitude of s-wave component density ρc

L=0(R) in
this region. Evaluating the condensate fraction of the p-wave
component, one has N c

L=1 = 0.14N c
total. Thus, this system is

found to be useful for the preparation for the p-wave pair
amplitude without using a p-wave pairing interaction in an
ultracold Fermi gas.

In Fig. 2(d), one sees a spatial oscillation of the su-
perfluid order parameter �(r) around the edge of the gas
cloud, which is characteristic of the Fulde-Ferrell-Larkin-
Ovchinnikov (FFLO) state [49–51]. In this regard, although the
FFLO state is not necessary for the parity-mixing phenomenon
to be realized, it still affects details of the condensate density
ρc

L(R), because the spatial oscillation of the FFLO superfluid
order parameter also contributes to the local breakdown of the
spatial inversion symmetry in addition to the trap potential. In
particular, since the wave length of the FFLO order parameter
is usually shorter than the characteristic length of the spatial
variation by a trap potential, the FFLO oscillation is expected to
induce pair amplitude with high angular momenta, compared
to the case without the FFLO state. Indeed, when the FFLO
oscillation of the superfluid order parameter �(r) becomes
clearer than the case shown in Figs. 2 and 3, Fig. 4 shows that
the condensate density ρc

L�2(R) has a larger value around the
edge of gas cloud, as expected.

To find the region where the parity mixing strongly occurs,
we show in Fig. 5(a) the magnitude of the total condensate
fraction N c

T of the triplet component in the P -(pFas)−1

plane. While the total condensate fraction N c
S of the singlet

component becomes large with increasing (pFas)−1 for a given
polarization P as shown in Fig. 5(b), the triplet component N c

T
is found to take a maximum value in the intermediate-coupling
region. This is because, in the strong-coupling BEC regime,
atoms form tightly bound spin-singlet s-wave molecules, so
the triplet pair amplitude is difficult to appear, leading to the
suppression of N c

T.
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FIG. 5. (a) Calculated condensate fraction N c
T of the spin-triplet component. (b) Spin-singlet component Nc

S . In each panel, the intensity is
renormalized by the total number of Fermi atoms N = N↑ + N↓.
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FIG. 6. The upper panels show the case with mass imbalance. In (c) we take m↑/m↓ = 0.5 and (pFas)−1 = −0.5. The lower ones show
the case with spin-dependent trap potential. In (f) we take ω↑/ω↓ = 0.8 and (aspF)−1 = −0.9. (a), (d) Spin-triplet component Nc

T of the total
condensate fraction. (b), (e) Spin-singlet component Nc

S of the total condensate fraction. (c), (f) Triplet component ρc
T(R) of the local condensate

fraction.

We point out that the parity-mixing effect also occurs when
the spin rotation symmetry is broken by, not spin imbalance,
but mass imbalance (m↑/m↓ �= 1), or a spin-dependent trap
potential (ω↑/ω↓ �= 1). As shown in Fig. 6, both cases give
similar results to those in the spin-imbalanced case. One crucial
difference is that, in these cases, the phase separation between
the superfluid region and the normal region does not occur,
in contrast to the spin-imbalanced case, so the triplet Cooper
pairs are induced in the wider spatial region compared to the
case of the spin imbalance. [Compare Figs. 6(c) and 6(f) with
2(a).]

IV. SUMMARY

To summarize, extending our previous work for the parity-
mixing effect in a two-dimensional lattice model [1] to a
realistic three-dimensional continuum case, we theoretically
confirmed that triplet Cooper-pair amplitude Sz = 0 is induced
in a trapped s-wave superfluid Fermi gas in the presence
of spin imbalance. We showed that the induced triplet pair
amplitude has a unique spatial structure coming from the
spatial rotation symmetry of the system. We also numerically
evaluated how much the triplet pair amplitude involves the
p-wave component. In addition, we also pointed out that a
similar effect also occurs when the spin rotation symmetry is
broken by mass imbalance or spin-dependent trap potential.

The existence of p-wave pairs does not immediately mean
the realization of the p-wave superfluid state, because the
symmetry of the superfluid state is still characterized by the
s-wave superfluid order parameter. However, in an ultracold
Fermi gas, one can rapidly switch the interaction from an
s-wave one to a p-wave one by using Feshbach resonance.
Thus, combining this technique with the parity-mixing effect
discussed in this paper, one may reach the p-wave superfluid
state, at least just after turning on the p-wave interaction. In
this regard, we emphasize that a trapped s-wave superfluid with

spin imbalance has already been realized in a 6Li Fermi gas
[27–29], so that p-wave Cooper-pair amplitude is expected
to have also already been induced then. Since experiments
toward the realization of a p-wave superfluid are facing
various difficulties, such as three-body loss [9–11], as well as
dipolar relaxation [6], our results would provide an alternative
approach for this exciting challenge.
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APPENDIX: DETAILED COMPUTATIONS IN THE
PRESENCE OF SPIN IMBALANCE

In the presence of spin imbalance (P �= 0), setting T =
0.01εF is not enough to completely eliminate the computa-
tional difficulty coming from the discrete energy levels in a
trap. Thus in this paper, we introduce a small but finite width
γ = 0.05εF to each eigenenergy level at El

j . This is achieved

by replacing dlnn′ , η
↑
lnn′ and η

↓
lnn′ in Eqs. (13) and (14) by

dlnn′ =
2(Nl+1)∑

i=1

Wl
n+Nl+1,iW

l
n′,i

1

π

∫
dω

γ(
ω − El

i

)2 + γ 2
f (ω),

(A1)

η
↑
lnn′ =

2(Nl+1)∑
i=1

Wl
n,iW

l
n′,i

1

π

∫
dω

γ(
ω − El

i

)2 + γ 2
f (ω), (A2)
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FIG. 7. Calculated condensate fraction in a trapped s-wave superfluid Fermi gas with spin imbalance. (a) Spin-singlet component N c
S.

(b) Spin-triplet component N c
T. We take (pFas)−1 = 0. The solid squares are the results with γ = 0 and the solid line shows the results when

γ = 0.05εF. In obtaining the results with γ = 0, we tuned the spin polarization P = (N↑ − N↓)/(N↑ + N↓) by varying N↓ for N↑ = 816.

η
↓
lnn′ =

2(Nl+1)∑
i=1

Wl
n+Nl+1,iW

l
n′+Nl+1,i

× 1

π

∫
dω

γ(
ω − El

i

)2 + γ 2
[1 − f (ω)]. (A3)

As shown in Fig. 7, although this manipulation slightly lowers
the magnitude of the triplet condensate fraction N c

T when
the spin polarization becomes large to some extent, using
Eqs. (A1)–(A3) does not affect the essence of the parity-mixing
effect, giving a nonvanishing value of the triplet condensate
fraction in an s-wave superfluid Fermi gas.
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