PHYSICAL REVIEW A 94, 043613 (2016)

Multicriticality and interaction-induced first-order phase transitions in mixtures
of ultracold bosons in an optical lattice
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We study a critical behavior of mixtures of two species of ultracold bosons trapped in an optical lattice.
Using mean-field approximation, we determine the ground-state phase diagram of the system for a wide range of
parameters. The introduction of interactions between different species of atoms strongly renormalizes the phase
diagram. It can alter the critical behavior modifying multicriticality of crossing points and order of phase
transitions in their vicinity between mixed and superfluid states. For selected values of model parameters, the
behavior of the system falls out of the XY model universality class, which usually is a hallmark of superfluid
phase transition. We supplement our analysis with analytical calculations to explain the observed scenario.
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I. INTRODUCTION

Multicritical systems have been extensively studied in
recent years [1]. Their uniqueness lies in the possibility of
coupling between multiple different order parameters that may
give rise to surprising critical properties. The most interesting
situation appears when the coupling occurs around the inter-
section of at least two critical lines on the phase diagram of
the system, when the underlying phase transitions coincide for
the same or similar parameters of the system. If the coupling
happens to be large, the nature of the multicritical points can
be altered along with the character of the individual phase
transitions. Multicritical phenomena have been investigated in
many contexts: anisotropic antiferromagnets [2], He*>-He* so-
lutions [3], ferromagnetic superconductors [4], etc. However,
they can also be observed in systems of ultracold atomic gases
in optical lattices, which provide an ideal, highly controllable
model setup, for simulating complicated processes of quantum
many-body physics. Properties of these atoms can be tuned
in a wide range of parameters such as geometry of trapping
potential, nature and strength of interatomic interactions, and
accurate control of particle tunneling [5]. Optical lattices
provide an opportunity to investigate various systems: purely
bosonic [6] or fermionic gases, or mixtures of different types
[7,8] or states of atoms [9]. High tunability in connection with
multiple order parameters that can be present, renders them
very good objects to investigate the multicritical phenomena.
This has stimulated interest in the investigation of mixtures
of atoms of different species or the same atoms, but in two
or more different states, i.e., multicomponent gases. The
problem has been studied both experimentally [10,11] and
theoretically [12—18]. In the case of bosons, changing the ratio
between kinetic energy and interparticle interactions drives the
system through the zero-temperature superfluid-Mott insulator
phase transition, which belongs to the XY model universality
class. Recently, the finite-temperature phase diagram of binary
bosonic mixtures has been determined using multiple methods
[19]. Various phases have been identified along with critical
lines and crossing points. Furthermore, finite-size scaling
of quantum Monte Carlo simulations in the hard-core limit
determined the universality class of the transition lines that
correspond to the Bose-Einstein condensation of one of the
two species. This proved that the critical behavior of the system
belonged to the three-dimensional XY universality class char-

2469-9926/2016/94(4)/043613(7)

043613-1

acterized by the breaking of a global U(1) symmetry and by
short-range effective interactions. It has been further confirmed
by a renormalization group analysis of the Landau-Ginzburg
®* theory of two complex fields with global U(1) @ U(1)
symmetry.

In the present paper we show that strong interactions
between two bosonic condensates can lead to previously
unobserved behavior around selected crossing points, where
in the presence of a condensate of one type of atom, the other
condenses abruptly with the first-order phase transition. We
systematically analyze the phase diagram of such mixtures
to find out how the competition between order parameters
influences the nature of the phase transitions present in the
system. We show that, in order to qualitatively describe the
observed scenario, it is necessary to go beyond the quartic
Landau theory. The remainder of the paper is as follows. In
Sec. IT we briefly present the model and method of reduced
occupation basis that is used for numerical calculations. In the
following section, we present phase diagrams in the symmetric
(two identical sets of bosons interacting with each other) and
asymmetric cases and discuss the nature of phase transition
occurring in the system. In Sec. IV we perform analytical
calculations based on the free-energy expansion, which allow
us to confirm our numerical results and determine the criteria
for types of multicritical points. Finally, in Sec. V we conclude
with our results.

II. MODEL AND METHOD

Strongly interacting ultracold bosons in optical lattices are
well described by the Bose-Hubbard model [20]. In this paper
we study a behavior of a mixture of two atomic gases (A and
B) that are coupled together with an on-site density-density
interaction. The Hamiltonian of the systems is as follows:
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where &j (132), a; (b;) are the creation and annihilation operators
of bosons A and B, respectively. The lattice is characterized
by the total number of lattice sites N and the coordination
number z, while i and j label the lattice sites. The movement
of the particles between the neighboring sites is described
by hopping elements ¢4 and 5. On-site interactions between
atoms of the same type occur with energies U, and Ug, while
different types interact with energy W. Finally, 2; = &j a; and
m; = éj l;,- are the number operators for A and B bosons. The
density of particles is controlled by the chemical potentials i 4
and up. The bosonic operators then can be represented as a
fluctuation around their average values:

a; = (q;) + 84; = ¢4 + 8a;,

Here, ¢4 and ¢p are the statistical averages of the bosonic
operators and play the role of order parameters, whose
nonzero values indicate the presence of the superfluid phase
(condensate):

1 .
¢a = () = — Traze P,

b5 = (b)) = ETréie*ﬁf’ : 3)

Introducing substitution (2) into the Hamiltonian (1) and ne-
glecting quadratic fluctuation terms (84, 84; =0, 65281% =0)
one obtains the mean-field approximation Hamiltonian:

Avr = ¢3tazN + ¢5tpzN
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that is only single-site dependent. As a result, site index i
can be omitted and the sum over lattice sites can be easily
calculated. Then the partition function of the system can be
written in the occupation number basis:

Z = Tre Phwr
o0
2 2 7
— ¢ PNUaP,—BNz1sdy Z (m,n|e_ﬁNH°°‘|m,n), (5)
n,m=0

with 8 = 1/kgT and T being the temperature. The matrix
element of the one-site Hamiltonian reads:

(m',n'| Hos|m,n)

= 811’,118171’,171 |:_MAn — Mpm
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This leads to the following expression for the free energy:
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In the strong coupling limit, the separation between energy
levels grows quadratically with the number of particles. As
a result, in the ground state only finite number of states
m,n has significant contribution to the free energy. This
allows one to reduce the Hamiltonian basis and truncate the
summation in Eq. (7) at some arbitrarily selected value Ny,
(n,m =0, ...,Nma). The validity of this truncation can be
checked by observing the effect of a variation of Ny,,x on the
obtained results.

III. PHASE DIAGRAM

In order to determine the phase diagram of the system,
minimization of the free energy in Eq. (7) in terms of values
of order parameters ¢4 and ¢p is required. In the following,
we limit ourselves to Ny,x = 5, which allows us to correctly
describe systems with up to four bosons of each kind at
every lattice site in the ground state (here, in numerical
calculations 8 = 1/kpT = 500). Depending on the value of
the order parameters ¢4 or ¢g the atoms are in the superfluid
(SE, ¢a.p #0) or in the Mott insulating (MI, ¢4 5 =0)
state. As a result, it can lead to one of four possible states
of the system as a whole: (a) Asp(¢pa # 0) + Bsp(¢pp # 0),
(b) Asp(¢a # 0)+Bmi(9p=0), (¢) Ami(p4=0)+Bsr(¢p # 0),
or (d) Ami(¢a = 0) + Bmi(¢pp = 0). To treat both species of
particles (A and B) on an equal footing, we use the following
parametrization of the system parameters:

tp=yta=yt, pup==E&us=éu, Up=iUs=CU, (8)

which allows for the introduction of differences between the
types of bosons, when y, &, and ¢ coefficients depart a value
of 1. First we consider a symmetric case y =¢ =& =1
(tg=ta=t, up=pa=mu, Ugp = U, = U), in which the
behavior of both types of particles is identical. However, each
type of boson interacts with other atoms of the same type,
while the interaction between two types is controlled by W (for
W = U the particles interact identically with others). Such
case was studied earlier by means of various methods [13-16].
For W = 0, the phase transition lines of both condensates
coincide and are the same as for an ultracold bosonic gas with
a single type of particles [21] [see Fig. 1(a)]. For hopping
lower than the critical value, both species of bosons are in
the Mott insulating state (Amr + Bwmp), while for higher, in
the superfluid phase (Asr + Bsp). When the interaction W is
turned on, extra lobes of Mott insulator phase appear between
the original lobes of a single condensate and their width in
units of /U is equal to W/U. Densities of each kind of
boson can be calculated from the following expressions:
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FIG. 1. Phase diagram (a) and density of particles of each type in
the Mott insulating state (b) in symmetric case tp = f4, Up=Us=/L,
Ug =U, =U for interactions between different species W/U
ranging from 0 to 0.5.

Their values in the Mott insulating state (/U = 0) are shown
in Fig. 1(b). It appears that the extra lobes are on average
half-filled with particles of each type (%,%,% ... particle of
each type per lattice site), while the original lobes are filled
with an integer number of particles of both species. However,
the total filling n4 + np is still an integer.

In a nonsymmetric case, critical lines of two sorts of
particles no longer coincide. As a result, the ground state of
each condensate may be dependent on the state of the other:

0f (Pa.P5) —0
dha $4=0 ’

of (da,dp) _0 (10)
05 lgy=0

as both ¢4 and ¢ can have nonzero values at the same time.
Consequently, the order parameters have to be determined
using their definitions in Eq. (3) and the resulting phase
diagrams have to be calculated from the set of Egs. (10) and (3).
The critical lines for different values of asymmetry parameters
(v, ¢, and &) are shown in Fig. 2. The lobes, which separate
superfluid and Mott insulating phases of both sorts of bosons,
no longer have a regular shape. Depending on the values of
y, ¢, and &, they can be significantly modified in the presence
of the other order parameter, which is especially visible around
the multicritical (crossing) points. The possible ground states
of the system are the combination of SF and MI states of
each kind of particle and all four of them can be observed on
the phase diagram. The profile of densities of two species of
bosons in the Mott insulating phases (t/U — 0) is presented
in Fig. 3. Except for the small vicinity of the zero value of
the chemical potential, the densities are integers and change in
consecutive Mott insulator lobes.
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FIG. 2. Phase diagrams of a mixture of two atomic gases in an
optical lattice for y = 1.1, £ = 0.8, and ¢ = 0.9 and selected values
of interaction between two species W/ U = 0.2,0.4,0.6 (from top
to bottom). Solid (blue) lines denote critical lines of bosons A,
while dashed (red) ones are for the bosons B. Areas below each
line represent the Mott insulator of the respective type of bosons.
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FIG. 3. Density of bosons A (solid line) and B (dashed line)
in the Mott insulating phase (/U — 0) as a function of the
chemical potential u/U for W/ U =04, y =1.1, € =0.8, ¢ =0.9
[corresponding to Fig. 2(b)].
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TABLE I. Multicritical points in the region u/U = 0.2, ...,2.5
of the phase diagram from Fig. 2(b).

Critical point number w/u zt/U

1 1.05291 0.13710
2 1.79352 0.09971
3 2.49943 0.07788

The exact behavior of the critical lines near the crossing
points is strongly dependent on their position on the phase
diagram. The presence of another order parameter does not
influence the critical lines around some crossing points, while
next to some others, it strongly modifies their shapes. In order
to analyze this behavior, we focus on a chosen asymmetric
phase diagram with W/U =04, y =1.1,§ =0.8,and ¢ =
0.9 [see Fig. 2(b)] and three multicritical points that lie in
the region of the chemical potential /U = 0.2, ...,3.0 (see
Table I). At point 1, critical lines of both condensates do not
show any deflection at the crossing point. However, near points
2 and 3 significant deflection is observed. Therefore, we cal-
culate the values of order parameters as a function of hopping
t/ U at the multicritical points and for slightly lower and higher
chemical potential i/ U. The results are presented in Fig. 4.
Close to point 3, the phase transition from Ay + By phase
to Amyp + Bsg or Asg + By is continuous. However, while
hopping is increased, the finite jump of the order parameters
¢a or ¢p during the transitions to the Asp + Bsp state is
observed, which means that this transition is of the first order.
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0.0 00000 0.0
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FIG. 4. Dependence of order parameters ¢, and ¢ on hopping
t/UforW/U =04, y =1.1, £ =0.8, { = 0.9 and the three values
of the chemical potential © = . — 0.01, 1., + 0.01 (from top to
bottom) surrounding two multicritical points w. = 1.79352 (left),
2.49943 (right) demonstrating the second-order (left) and the first-
order (right) phase transitions in the presence of condensed atoms
of the other type, respectively. Filled (blue) circles denote ¢4, while
empty (red) circles correspond to ¢p.
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FIG. 5. Freeenergy of the mixture of atomic gases for W/ U=0.4,
y = 1.1, £ = 0.8,and ¢ = 0.9, near points 2 (left) and 3 (right) from
Table I and Fig. 2(b). Darker colors denote lower energy.

Investigating the behavior of the order parameters exactly
at the critical point, a discontinuous transition from Mott
insulator to the superfluid state (Ayy + Bwmi to Asg + Bsg) can
be observed. On the other hand, point 2 is an intersection of
two second-order transition lines. These observations can be
verified by calculating the free energy of the system at critical
points 2 and 3. The result is shown in Fig. 5. The free energy
of the system at point 3 has two minima that are typical for the
first-order phase transition and coexisting metastable states
of the Mott insulator (¢4 = 0, ¢p = 0) and the superfluid
(pa # 0, ¢p # 0). This situation differs significantly from the
results of Ref. [4], where such scenario was not present. We
provide further investigations of this case in the next section.

The existence of the first-order phase transition lines in the
phase diagrams precludes the determination of the positions
of the critical lines using minimization of the free energy in
Eq. (10) since instead of a single, global minimum, multiple
minima can occur. In this case, the thermodynamic phase
transition can be determined by comparing and equating the
values of the free energy of both phases:

f(pa=0.¢5 =0) = f(pa # 0,05 # 0), Y

where nonzero values of order parameters are calculated self-
consistently from Eq. (3). As can be deduced from Fig. 4, the
first-order phase transition is not limited to the multicritical
point, but extends to some region of the chemical potential
(see Fig. 6). As the distance from the crossing point gets larger,
the finite jump of the order parameters becomes smaller until
finally continuous phase transitions are restored.

IV. MULTICRITICAL POINTS

In the previous section we have numerically determined
the phase diagram of the mixture of two types of bosons
for arbitrary values of model parameters. The results suggest
that in the vicinity of selected crossing points, where the
critical lines for both kinds of particles meet, the type of phase
transitions can change from continuous, which is characteristic
for regular bosonic condensates (single type of atoms) to
discontinuous (of the first order). In the following, we present
an analysis based on the free-energy expansion to support
the previous results and determine the criteria for the type of
multicritical points present in the phase diagram.
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FIG. 6. First-order phase transition lines (dashed) of conden-
sation in the presence of other condensates around the bicritical
crossing point no. 3 (see Table I). Solid lines denote continuous
phase transitions.

A. Generic free-energy expansion

Expansion of the free energy of a mixture of two kinds of
bosons can be written in the standard way up to quartic terms:

a a b b d
f=fo+ 7"¢i + 7%% + fcﬁﬁ + TB% + %fbiaﬁg,
(12)

where fy is the free energy of the disordered state. This
problem has already been analyzed in the case of two general
order parameters, which are coupled [22] and in the context
of coexistence of superconductivity and magnetism [4]. Since
the Landau expansion works in the vicinity of the critical
line, in the case of mixtures of particles, it can be used
only around crossing points of two critical lines (multicritical
points) or to describe condensation of one subsystem, while
the other is in the disordered (Mott insulating) state (¢4 = 0
or ¢ = 0). The free energy can be minimized and analytical
solutions for order parameters ¢4 and ¢ can be found if the
expansion up to quartic terms is taken into account. This leads
to two possible scenarios for multicritical points presented
in Figs. 7(a) and 7(b) depending on the interplay of the
expansion parameters. Forb,bp > d7 ; four phases are present
around the multicritical point (which is tetracritical) with the
phase transitions between them being continuous. However, as
the difference bybg — d3 ; becomes smaller, the mixed state
region (Asr + Bsg, ¢4 # 0, ¢p # 0) becomes narrower and
finally closes for bybp = d% ;. When babp < d3 ; the mixed
state is no longer present. Instead, the two states with only
one of the atoms groups being superfluid are separated by a

‘ K 4
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t‘ AMI+BSF ASF+BM/ AMI+BSF ASF+BMI AM/+BSF ASF+BM/
U AMI+BM/ AMI+BMI AMI+BMI
uld uld ulu

FIG. 7. Possible scenario of the behavior of a system with two
interacting orders around the multicritical point.
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first-order transition line. Consequently, the multicritical point
changes to bicritical. Although the former scenario presented
in Fig. 7(a) is observed in the case of a mixture of cold bosons
in optical lattice (see Sec. III), the latter is missing. Instead,
a different one is observed, which is schematically depicted
in Fig. 7(c): around the multicritical point four phases are
possible: ASF + BSF’ ASF + BM[, AMI + BSF’ and AMI + BM[;
however, Amp + Bwmr is separated from Agg + By with the
Awmp + Bsp continuous phase transition, while Agg + Bsp with
the first-order one.

In an analysis of the free-energy expansion, one has
to be careful to allow only these values of the expansion
parameters, which make the function physically well defined:
being divergent to 400 for |¢4|,|¢pp| — oo and as a result
having a global minimum. For this reason, in Refs. [4,22]
it was assumed that by, bp, and dap are positive, which
limited the possible results to scenarios (a) and (b) in Fig. 7
(although, the analysis in Ref. [4] is valid for d4g < O as long
as di 5 < babp).Inorder to describe the regime from Fig. 7(c),
it is required that the free energy has multiple local minima:
one for both ¢4 and ¢p being nonzero and the other for only
one of them being nonzero. This, in some circumstances, can
be achieved if d 4 5 is negative. As it may lead to the free energy
being divergent to —oo, the expansion in Eq. (12) has to be
taken to higher order. The simplest extension is to include an
additional term A((}Sf1 + (]5123 )® with positive values of A. This
leads to the following expansion of the free energy:

a a b b
f=fot S+ S5+ 05+ 0

d
+ 509505 + AGE +63) (13)

Unfortunately, the expression in Eq. (13) is too complicated to
be minimized analytically and to calculate the order parameters
dependence on the expansion parameters. However, from a
general analysis of the Landau expansion it is known that at
the critical line of the continuous phase transitions coefficients
of the quadratic terms are equal to zero. As in the scenario
in Fig. 7(c), two continuous phase transition lines meet at the
critical point; the behavior of the system at this point can be
investigated by assuming that a4 = ag = 0. In this case values
of the order parameters that minimize the free energy can be
calculated. It appears that two solutions exist: one is trivial,
¢a =0, ¢p =0, and it corresponds to the disordered phase
Awmr + Bui. The other one is complicated; however, it has the
following form:

¢a ~ ibg —dag\/babp —dip.
¢p ~ ivba —dag/babp — d3p. (14)

where i is the imaginary unit. For negative values of dp
obeying the condition d3, > babp this solution is real and
nonzero. As a result, at the multicritical point two phases
can be present: Ay + By and Asp + Bsg, each with its own
local minimum of the free energy corresponding to point 3
in Fig. 5. Furthermore, the free energy in Eq. (13) can be
analyzed numerically to discover that the scenario in Fig. 7(c)
can be realized for d4p which is negative and df‘ g > babgp.
Obviously, the question is whether the free energy of the
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model analyzed in Sec. III falls into this scenario, which will
be studied in the following section.

B. Coefficients of the free-energy expansion

In the following, we use a method based on the Laplace
transform to calculate the coefficients of the free-energy ex-
pansion of the Bose-Hubbard model of a mixture of two types
of bosons from Secs. II and III, when both order parameters
(¢4 and ¢p) are zero. This allows one to retrieve the lower (in
terms of value of #/U) of the critical lines in Fig. 2 and, as
a result, works also at multicritical points. This approach has
already been applied to single-component systems [23,24];
here we adapt it to a more complex system. The existence
of two heterogenic order parameters makes the calculation
more complicated, but the main idea remains the same. The
mean-field Hamiltonian in Eq. (4) is decomposed into a
diagonal Hj and a nondiagonal H' part, Hyr = Hy + H':

H U U

WO = TAﬁ(ﬁ ~ D+ TBn%(n% — 1) + Whrh — pah — upi,
E = —Pataz 2:(@T +4;) — ¢plpz Z(BT +by). 15)
N : l l i I l

The partition function can be written as
7 = e_ﬂZ(tA(p;\'HB(b%;)Z/ (16)
where
7' = Tre PHHH), (17)

The key step of the method is to perform a perturbation expan-
sion of the partition function Z’ starting from representation as
an integral over a contour I', which surrounds all singularities
of the resolvent (s — H)™':

, ds _ps )
Z = —e PTr(s — H)
r 2mi

ds
= / el ﬂsTr{(s—H()) 12[(s—Ho) gH'I" .

n=0
(18)

This can be rewritten in a more compact form:

= ('dg ds
)
’ ;0 g Jr2

—e PTr[(s — Hy) 'gH'T",
Tl

(19)
where Z; is
o0
Zy= Y e Pl (20)
n,m=0

and E, ,, are eigenvalues of the Hy Hamiltonian. The partition
function can be expanded in the powers of the order parame-
ters:

7 = e*ﬂZ(fA‘P/ZxHB‘f’%x)(ZO + Zé‘l(pi + Z§¢123 + Zf¢4A
+Zi ¢ + Z3 0305)- @1
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As a result, the coefficients in the expansion of the free
energy in Eq. (12) can be calculated as functions of the model
parameters:

fo=T InZ,
20z J TZ?
a, = —T—=,
A z Z
21z J TZg
ap = < Zo s
4l 1/z80\* 2z
b= 2 —-(—2) e
Bl 2\ Z Zy
al 1/z8\* zP
bp=——|—= Z2) L4 ,
Bl 2\ Z Zy
2 ZAzB ZAB
dap=—=( -2 L) 22
AB ﬁ( 22 + Z (22)

It should be noted that the method allows for analytical
calculation of coefficients of higher order expansion of the
free energy, although the expressions are becoming more
complicated. As a result, one can include the parameters
that determine the nature of the phase transitions into the
phase diagram of the mixture of bosons. These parameters,
according to Sec. IV A, are the values of bsbg — d4, and
dap. If the former is positive at the intersection of critical lines
of two types of bosons, a tetracritical is present. On the other
hand, if the value is negative, the lines meet at a bicritical
point. If dp is negative, the mixed phase (Asg + Bsg) is
separated from the single-particle-ordered phases (Asr + Bmi
and Ay + Bsg) with the first-order transition line. The
interplay of the parameters is presented in Fig. 8, which leads
to two tetracritical points at /U = 1.05 and u/U = 1.79
and one bicritical point at /U = 2.5 (another one close to

- +1

sgn(d.z)

1
1
1
1
110
1
1

uiy

FIG. 8. Phase diagram from Fig. 2(b) with values of coefficients
determining the type of multicritical points: the sign of d, 5 (dashed
line on the top) and the negative value of bybp — df\ p (vertical shaded
regions).
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w/U = 0.25 is not analyzed since critical lines are highly
coinciding) since it is the only crossing point at which negative
values of bybp — dﬁ g and dup coincide. This confirms the
results of the numerical analysis in Sec. IIIl. However, the
question on the physical reason for a large negative value of
dap (effective coupling between bosonic order parameters)
is still open. From Fig. 3, it seems that it has no connection
with the particle densities of the bosonic species. On the other
hand, the exact expression for d4 g resulting from Eq. (22) is
too complicated to be helpful in solving this conundrum.

V. CONCLUSION

We have investigated the phase diagrams of mixtures of
atomic gases in an optical lattice interacting via density-
density coupling for various parameters of the model. In
the Bose-Hubbard model of a single condensate the phase
transition from the Mott insulator to the superfluid is always
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a continuous one. However, we showed that the presence
of an additional order parameter in connection with strong
interactions between different species of atoms can lead
to a change of the nature of the phase transition close to
selected multicritical points along with a change of their
multicriticality: they change from tetracritical to bicritical,
while the critical lines between MI-SF and SF-SF phases
become of the first order. As a result, the condensation of
bosons in the presence of other bosonic condensates may
fall out of the XY model universality class. The reason for
this behavior is an effective strong and negative coupling
between bosonic parameters resulting from the complicated
nature of the many-body quantum problem. In solid-state
physics, finding a multicritical system with strongly coupled
order parameters is not easy. From our results, it seems that
due to high tunability of atoms in an optical lattice this
task should be much more fruitful for systems of ultracold
bosons.

[1] Multicritical Phenomena, edited by R. Pynn and A. Skjeltorp
(Plenum, New York, 1984).

[2] A. Pelissetto and E. Vicari, Phys. Rev. B 76, 024436 (2007).

[3] M. Blume, V.J. Emery, and R. B. Griffiths, Phys. Rev. A 4, 1071
(1971).

[4] T. K. Kope¢ and J. Klamut, Phys. Status Solidi B 137, 73 (1986).

[5] L. Bloch, J. Dalibard, and W. Zwerger, Rev. Mod. Phys. 80, 885
(2008).

[6] M. Greiner, O. Mandel, T. Esslinger, T. W. Hansch, and I. Bloch,
Nature (London) 415, 39 (2002).

[7] J. Catani, L. De Sarlo, G. Barontini, F. Minardi, and M. Inguscio,
Phys. Rev. A 77, 011603(R) (2008).

[8] G. Thalhammer, G. Barontini, L. De Sarlo, J. Catani, F. Minardi,
and M. Inguscio, Phys. Rev. Lett. 100, 210402 (2008).

[9] P. Soltan-Panahi, J. Struck, P. Hauke, A. Bick, W. Plenkers, G.
Meineke, C. Becker, P. Windpassinger, M. Lewenstein, and K.
Sengstock, Nat. Phys. 7, 434 (2011).

[10] K. Ginter, T. Stoferle, H. Moritz, M. Kohl, and T. Esslinger,
Phys. Rev. Lett. 96, 180402 (2006).

[11] S. Ospelkaus, C. Ospelkaus, O. Wille, M. Succo, P. Ernst, K.
Sengstock, and K. Bongs, Phys. Rev. Lett. 96, 180403 (2006).

[12] I. Danshita, D. Yamamoto, and Y. Kato, Phys. Rev. A 91, 013630
(2015).

[13] E. Altman, W. Hofstetter, E. Demler, and M. D. Lukin, New J.
Phys. 5, 113 (2003).

[14] A. Isacsson, M.-C. Cha, K. Sengupta, and S. M. Girvin,
Phys. Rev. B 72, 184507 (2005).

[15] A. Kuklov, N. Prokof’ev, and B. Svistunov, Phys. Rev. Lett. 92,
050402 (2004).

[16] Y. Kato, D. Yamamoto, and I. Danshita, Phys. Rev. Lett. 112,
055301 (2014).

[17] M. Guglielmino, V. Penna, and B. Capogrosso-Sansone,
Phys. Rev. A 82, 021601(R) (2010).

[18] G. Ceccarelli, J. Nespolo, A. Pelissetto, and E. Vicari,
Phys. Rev. A 92, 043613 (2015).

[19] G. Ceccarelli, J. Nespolo, A. Pelissetto, and E. Vicari, Phys. Rev.
A 93, 033647 (2016), and the extensive reference list therein.

[20] D. Jaksch, C. Bruder, J. I. Cirac, C. W. Gardiner, and P. Zoller,
Phys. Rev. Lett. 81, 3108 (1998).

[21] M. P. A. Fisher, P. B. Weichman, G. Grinstein, and D. S. Fisher,
Phys. Rev. B 40, 546 (1989).

[22] Y. Ymry, J. Phys. C 8, 567 (1975).

[23] T. K. Kope¢ and M. W. Szymanski, Phys. Lett. A 378, 3402
(2014).

[24] V. M. Travin and T. K. Kopeé, J. Phys. A 48, 345001
(2015).

043613-7


http://dx.doi.org/10.1103/PhysRevB.76.024436
http://dx.doi.org/10.1103/PhysRevB.76.024436
http://dx.doi.org/10.1103/PhysRevB.76.024436
http://dx.doi.org/10.1103/PhysRevB.76.024436
http://dx.doi.org/10.1103/PhysRevA.4.1071
http://dx.doi.org/10.1103/PhysRevA.4.1071
http://dx.doi.org/10.1103/PhysRevA.4.1071
http://dx.doi.org/10.1103/PhysRevA.4.1071
http://dx.doi.org/10.1002/pssb.2221370109
http://dx.doi.org/10.1002/pssb.2221370109
http://dx.doi.org/10.1002/pssb.2221370109
http://dx.doi.org/10.1002/pssb.2221370109
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1103/RevModPhys.80.885
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1038/415039a
http://dx.doi.org/10.1103/PhysRevA.77.011603
http://dx.doi.org/10.1103/PhysRevA.77.011603
http://dx.doi.org/10.1103/PhysRevA.77.011603
http://dx.doi.org/10.1103/PhysRevA.77.011603
http://dx.doi.org/10.1103/PhysRevLett.100.210402
http://dx.doi.org/10.1103/PhysRevLett.100.210402
http://dx.doi.org/10.1103/PhysRevLett.100.210402
http://dx.doi.org/10.1103/PhysRevLett.100.210402
http://dx.doi.org/10.1038/nphys1916
http://dx.doi.org/10.1038/nphys1916
http://dx.doi.org/10.1038/nphys1916
http://dx.doi.org/10.1038/nphys1916
http://dx.doi.org/10.1103/PhysRevLett.96.180402
http://dx.doi.org/10.1103/PhysRevLett.96.180402
http://dx.doi.org/10.1103/PhysRevLett.96.180402
http://dx.doi.org/10.1103/PhysRevLett.96.180402
http://dx.doi.org/10.1103/PhysRevLett.96.180403
http://dx.doi.org/10.1103/PhysRevLett.96.180403
http://dx.doi.org/10.1103/PhysRevLett.96.180403
http://dx.doi.org/10.1103/PhysRevLett.96.180403
http://dx.doi.org/10.1103/PhysRevA.91.013630
http://dx.doi.org/10.1103/PhysRevA.91.013630
http://dx.doi.org/10.1103/PhysRevA.91.013630
http://dx.doi.org/10.1103/PhysRevA.91.013630
http://dx.doi.org/10.1088/1367-2630/5/1/113
http://dx.doi.org/10.1088/1367-2630/5/1/113
http://dx.doi.org/10.1088/1367-2630/5/1/113
http://dx.doi.org/10.1088/1367-2630/5/1/113
http://dx.doi.org/10.1103/PhysRevB.72.184507
http://dx.doi.org/10.1103/PhysRevB.72.184507
http://dx.doi.org/10.1103/PhysRevB.72.184507
http://dx.doi.org/10.1103/PhysRevB.72.184507
http://dx.doi.org/10.1103/PhysRevLett.92.050402
http://dx.doi.org/10.1103/PhysRevLett.92.050402
http://dx.doi.org/10.1103/PhysRevLett.92.050402
http://dx.doi.org/10.1103/PhysRevLett.92.050402
http://dx.doi.org/10.1103/PhysRevLett.112.055301
http://dx.doi.org/10.1103/PhysRevLett.112.055301
http://dx.doi.org/10.1103/PhysRevLett.112.055301
http://dx.doi.org/10.1103/PhysRevLett.112.055301
http://dx.doi.org/10.1103/PhysRevA.82.021601
http://dx.doi.org/10.1103/PhysRevA.82.021601
http://dx.doi.org/10.1103/PhysRevA.82.021601
http://dx.doi.org/10.1103/PhysRevA.82.021601
http://dx.doi.org/10.1103/PhysRevA.92.043613
http://dx.doi.org/10.1103/PhysRevA.92.043613
http://dx.doi.org/10.1103/PhysRevA.92.043613
http://dx.doi.org/10.1103/PhysRevA.92.043613
http://dx.doi.org/10.1103/PhysRevA.93.033647
http://dx.doi.org/10.1103/PhysRevA.93.033647
http://dx.doi.org/10.1103/PhysRevA.93.033647
http://dx.doi.org/10.1103/PhysRevA.93.033647
http://dx.doi.org/10.1103/PhysRevLett.81.3108
http://dx.doi.org/10.1103/PhysRevLett.81.3108
http://dx.doi.org/10.1103/PhysRevLett.81.3108
http://dx.doi.org/10.1103/PhysRevLett.81.3108
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/10.1103/PhysRevB.40.546
http://dx.doi.org/10.1088/0022-3719/8/5/005
http://dx.doi.org/10.1088/0022-3719/8/5/005
http://dx.doi.org/10.1088/0022-3719/8/5/005
http://dx.doi.org/10.1088/0022-3719/8/5/005
http://dx.doi.org/10.1016/j.physleta.2014.10.002
http://dx.doi.org/10.1016/j.physleta.2014.10.002
http://dx.doi.org/10.1016/j.physleta.2014.10.002
http://dx.doi.org/10.1016/j.physleta.2014.10.002
http://dx.doi.org/10.1088/1751-8113/48/34/345001
http://dx.doi.org/10.1088/1751-8113/48/34/345001
http://dx.doi.org/10.1088/1751-8113/48/34/345001
http://dx.doi.org/10.1088/1751-8113/48/34/345001



