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We present the quantum master equations for midsize molecules in the presence of an external magnetic field.
The Hamiltonian describing the dynamics of a molecule accounts for the molecular deformation and orientation
properties, as well as for the electronic properties. In order to establish the master equations governing the
relaxation of free-standing molecules, we have to split the molecule into two weakly interacting parts, a bath
and a bathed system. The adequate choice of these systems depends on the specific physical system under
consideration. Here we consider a first system consisting of the molecular deformation and orientation properties
and the electronic spin properties and a second system composed of the remaining electronic spatial properties.
If the characteristic time scale associated with the second system is small with respect to that of the first,
the second may be considered as a bath for the first. Assuming that both systems are weakly coupled and
initially weakly correlated, we obtain the corresponding master equations. They describe notably the relaxation
of magnetic properties of midsize molecules, where the change of the statistical properties of the electronic
orbitals is expected to be slow with respect to the evolution time scale of the bathed system.
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I. INTRODUCTION

Relaxation of molecular magnetic moments has been
observed in ferromagnetic clusters. De Heer er al. [1-3] and
Chatelain [4] investigated the deflection of iron clusters in
a Stern-Gerlach experiment, and Payne et al. [5] performed a
similar experiment for cobalt clusters. In contrast to the normal
deflection of single atoms [6—8], an anomalous one-sided
deflection is observed in the field gradient direction, which
can be attributed to spin relaxation processes within the
cluster [9,10].

The theoretical description of nonradiative molecular relax-
ation processes is a challenging problem. Several attempts to
explain the relaxation of molecular magnetic moments in terms
of resonant and phonon-assisted quantum tunneling can be
found in the literature [11,12]. Such purely phenomenological
approaches are, however, not satisfactory since they provide no
insight into the relaxation mechanism. A better understanding
can be attained within a statistical approach.

Here we adopt a quantum description of an open system [ 13]
that interacts with a bath [14]. The evolution of the system
is governed by quantum master equations. These equations
determine the evolution of the density operator satisfying
the von Neumann conditions [15] and allowing for a sta-
tistical description of the system [16]. Bloch, Wangsness,
and Redfield [17-19] developed the theoretical framework
of the master equations to describe relaxation. The general
form for the Markovian master equations was established by
Lindblad [20]. The Markovian master equations were used
to study vibrational relaxation processes in condensed media
by Lin [21] and Jean et al. [22], in molecules by Tung and
Yuan [23], May and Schreiber [24], Gao [25], and Linden
May [26].

We consider a system weakly coupled and weakly corre-
lated to a bath at statistical equilibrium [27]. The distinction
between the bath and the system is essentially determined

*Corresponding author: sylvain.brechet@epfl.ch

2469-9926/2016/94(4)/042505(31)

042505-1

by the respective characteristic time scales [13,14]. The time
scale characterizing the dynamics of the bath must be much
smaller than the time scale characterizing the dynamics of the
system [27,28]. These characteristic time scales depend on the
nature and the size of the system and of the bath.

We extend the formalism developed in [29] and apply it to
a free-standing molecule. The states involved in the evolution
of a molecule belong to a subspace of the Hilbert space
restricted to the neighborhood of the molecular ground state.
In principle, the choice of system and bath could depend on the
particular molecule under consideration. Here we attribute the
molecular deformation and orientation properties, as well as
the electronic spin properties to the system and the electronic
spatial properties to the bath. We expect this choice to be
adequate for the description of the relaxation of the net
molecular magnetic moment in a midsize molecule.

The explicit expression of the molecular Hamiltonian used
in our analysis is based on our recent work [30], where
the molecular orientation is treated as a genuine quantum
property. In that article, the Hamiltonian of the system is
expressed in terms of observables describing global and
internal physical properties of the system. In a classical
framework, these observables would refer to a rotating frame
attached to the molecule. However, this is impossible in a
quantum framework, since the positions of the nuclei, and thus
the orientation of the molecule, are described by operators. The
molecular orientation operator satisfies rotational canonical
commutation relations with the molecular orbital angular
momentum operator [30]. The dynamical contributions with
the spin properties of the nuclei can be neglected [31].

This article is organized in the following way. The descrip-
tion of a molecule is established in Sec. II. The mathematical
structure of the general master equations is detailed in Sec. III.
The master equations are specified for a system having
molecular deformation and orientation properties as well as
electronic spin properties, interacting with a bath having
electronic spatial properties and with an external magnetic
field in Sec. IV. Finally, explicit expressions for the transition
rates are given in Sec. V.
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II. DESCRIPTION OF A MOLECULE

A. Hilbert spaces

We consider a molecule composed of N nuclei and n
electrons. The properties of the N nuclei without spin are
described by the closed subspaces of the Hilbert space Hy .
The properties of the n electrons are described by the closed
subspaces of the Hilbert space P!"H®", where the Hilbert
space H, describes the properties of a single electron and the
orthogonal projector PH"!, which projects the Hilbert space
HE" on the subspace of totally antisymmetric tensors of HZ",
shall be expressed explicitly below. In this description, the
electrons are treated as fermions. The nature of the nuclei
does not need to be taken explicitly into account because the
overlap integrals are negligible. In order to build the Hilbert
space describing the properties of the molecule, we introduce
first the Hilbert space 7, defined as

H=Hy @ HE". (1)

The space of linear operators acting on the Hilbert space (1) is
expressed as

L(H) = L(Hy) ® L(HE"). 2)

The action of the permutation group S, on the Hilbert space
‘H is specified by the unitary operator U(o) € L(H) that acts
trivially on the Hilbert space Hy, i.e.,

U(o) =1y ® Ue(0), 3)

where U, (o) € L(HE"). The permutation group S, acts on a
vector [vy, ...,v,) = |v) Q@ - @ |v,) € HE" as

Ue(0)|v1, o s00) = [Vg-131)s -+ - s Vo-1(n)) - 4

The relations (3) and (4) imply that
U(oU(02) = w(o1,00)U(0102) Y or,00 € 8,,  (5)

where the phase factor is trivial, i.e., w(oy,02) = 1. The
homomorphism ¢ +— U(o) is a unitary representation of the
permutation group S, acting on the Hilbert space H.

In order to take into account the fermionic nature of the
electrons, the Hilbert space describing the properties of the
molecule, denoted H 44 p for reasons that shall become clear
below, is defined as the isotypic component of type [1"] of
the Hilbert space H with respect to the unitary representation
U (o) of the permutation group §,,,

Harp =P H, 6)
where the orthogonal projector P!!"! € L(H) is given by
1
[ _ -
P = — XS: g(0)U(o) (7)
o€,

and e(o) € {—1,1} denotes the signature of the permutation
o € S, [29], which satisfies the condition

g(o1)e(02) = g(0102) VY 01,02 € §,,. (8)

The position R, and momentum P, of the nuclei, where
w=1,...,N,belong to the space of linear operators L(Hy).
The position r,, momentum p,, and spin s, of the electrons,
where v =1, ...,n, belong to the space of linear operators
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E(H?"). As shown in Ref. [30], the position R,, and momen-
tum P, of the nuclei, are related to the rotated position R, (@)
and rotated momentum P, (w) of the nuclei by the rotation
operator R(w) that is a function of the molecular orientation
operator w, i.e.,

R, (@) =R@™" (R, ®1%" - Q),

P, (@) = %{R(wx(m &1 — %P)} S

where M), is the mass of the nucleus v and M is the mass
of the molecule. The position @ and momentum P of the
center of mass of the molecule belong to the space of linear
operators L(H). The position r,,, momentum p,, and spin s,
of the electrons are related the rotated position r,(w), rotated
momentum p,(w), and rotated spin s,(w) of the electrons by
the rotation operator R(w), i.e.,

r) =R - (Iy®r, —Q),
pv(@) = R(w) - (ﬂN ® py — %P), (10)
sv(®) = R(w) - 5,

where m is the mass of an electron. The positions R, ()
and r,(w) and the momenta P,(w) and p,(w) can be
expressed in terms of internal properties. These properties
include the molecular orientation @, the molecular orbital
angular momentum L(®), the amplitudes of the molecular
deformations Q,, the momenta of the molecular deformation
P, in the modes o = 1, ...,3N — 6, the electronic positions
q., and the electronic momenta p,, wherev =1, ... ,n.

We decompose the molecule into a system A and a bath B,
such that the system A consists of the molecular deformation
and orientation properties and the electronic spin properties
and the bath B consists of the electronic spatial properties.
The Hilbert space H describing the properties of the molecule
is expressed as the tensor product of Hilbert space describing
different types of internal properties, i.e.,

H = (Hdef ® Hori ® H?n) ® H?n (11)

The Hilbert space Hger = L>(R3*N6,dx3¥N=6) describes the
molecular deformations, the Hilbert space Hoq = L*(SO(3),
sin@dydfdp) describes the molecular orientation, with ¥ €
[0,27),0 € [0,7], ¢ € [0,27), the Hilbert space H®" = C?®"
describes the electronic spin properties, and the Hilbert
space H®" = L>(R¥,d x) describes the electronic spatial
properties.

The positions R, (®) and r,(®) and the momenta P, (w)
and p,(w) belong to the fiber bundle L(H) x L(L(Hori))-
The rotation operator R(w), which is a function of the
molecular orientation operator @ and thus plays the role of
a superoperator, belongs to fiber L(L(Ho)). The amplitudes
and momenta of the molecular deformations Q, and P,
belong to the space of linear operators £(Hgef). The molecular
orbital angular momentum L(w) belongs to the space of linear
operators L(H,y). The spins s, (w) belong to the space of linear
operators L(H®"). The electronic positions and momenta ¢,
and p, belong to the space of linear operators L(HZ").
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According to our choice of system A and bath B, the Hilbert
space (11) is recast as

H=Hs®Hs, (12)
where the Hilbert spaces H 4 and Hp are expressed as
Ha = Haet @ Hon @ H®" and Hp =HS".  (13)

The Hilbert spaces H 4 and H g are expressed as the direct sum
of the subspaces Hf, and Hg , which are invariant with respect
to the unitary representations o + U(c) of the permutation
group S, for all o € §,, respectively,

Ha=EPH; and Hz=EPH}. (14)
A A

The Hilbert spaces M’ and Hj are called the isotypic
components of types A and A’ of the permutation group S, in
the Hilbert spaces H4 and Hp, respectively. The substitution
of the relations (14) into the expressions (12) of the Hilbert
space H yields

H=EPH, @Hj. (15)

AN

The substitution of the relations (15) into the expression (6)
for the Hilbert space H 44 p of the molecule yields

Hars =P P HL @ H. (16)
v

We seek to identify the tensorial products H ® Hﬁ/ that do
not vanish after projection onto the isotypic component of type
[1"] of the permutation group S, in the Hilbert space H. In
order to do so, we begin by writing the tensor product of the
irreducible representations D® and D®) of the permutation
group S, acting on the tensor product of the Hilbert spaces H?
and H% as the direct sum of the irreducible representations
D" of the permutation group S, acting on the Hilbert space
H A+B> i.e.,

p» @ D* = P a D™, (17)
Y

where a,~ is the multiplicity of the irreducible representation
D%". In particular, for the type A” = [1"], the multiplicity
apm of the irreducible representation D!"! satisfies the
orthogonality condition [32,33],

1
ay = — D xm(©@) 101 (@)

‘oes,

1
— D xi(0) (o) = 55, (18)

T oes,

where x[17], X, X»'» and x; are the characters of the irreducible
representations D", D® D®)and D™ and 1 is the type
of the irreducible representation D® of the permutation group
S, that is dual to D™ . Thus, the expression (16) of the Hilbert
space H 44 p of the molecule reduces to

Hars = P D H; @ 1, (19)
A
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The dual irreducible representation D™ is entirely determined
by the irreducible representation D). Thus, in the expres-
sion (19) of the Hilbert space H 4 g, the direct sum is restricted
to the type A only [29]. In order to account explicitly for the
multiplicities n’; and n’ of the irreducible representations D*
and D™ in the Hilbert spaces H% and H’, respectively, the
latter can be expressed as the direct sum of the Hilbert spaces
H%, and HY,, ie.,

n

Hy=@Hi, and Hy =DM} (20)
a=1 b=1

The substitution of the relations (20) into the expression (19)
of the Hilbert space H 4 p of the molecular space yields

A i
my Ny

Haes =P DD P Hiu ®Hpp @D

A a=l1 b=l

B. Irreducible representations of the permutation
group and spin quantum numbers

Anirreducible representation D™ of the permutation group
S, of type A is associated with a partition of the integer n. A
Young diagram is a graphical representation of a partition of
n, where the integers of the partition are listed by decreasing
order [34]. It consists of n cells arranged in columns and
rows where the number of cells in a row cannot exceed the
number of cells in the previous row. The dual irreducible
representation D™ of the permutation group S, of type A
is associated with the transposed Young diagram obtained by
exchanging rows and columns. For example, the irreducible
representation D™ consists of n cells on the first row, and the
irreducible representation D!""!, where [1"] = [1,1,...,1] is
a partition of n, consists of n cells in the first column. The
irreducible representation D!"! is the dual of the irreducible
representation D",

Since the spin properties of a single electron are described
by the two-dimensional Hilbert space H, = C2, a Young
diagram associated with an irreducible representation D™ of
the permutation group S,, cannot have more than two rows [35].
The type A is therefore determined by a partition A = [A1,A;]
of n, where A and A, are integers with A; > A,. The Young
diagrams associated with the irreducible representations D®
of the permutation group S, of type A = [A,A;] are illustrated
in Fig. 1.

The dimension d,, of the irreducible representation D® of
the permutation group S, of type A = [A,X,] is given by [29]

M=ot 1 n!
g ="l n 22)
Ml A
1 Ao A1
A+ 1 n

FIG. 1. Young diagram with A, cells in the first row and X, cells
in the second row associated with the partition A = [A;,A,] of n.

042505-3



BRECHET, REUSE, MASCHKE, AND ANSERMET

The multiplicity 7%, of the irreducible representation D™ of
the permutation group S, in the Hilbert space H’; is given by

=k — A+ 1L (23)

The dimensions d, and dj of the irreducible representations
of the permutation group S, of types A =[A;,A;] and
* = [2*2,1%17%] are the same, i.e., d) = d; [32].

There is a one-to-one correspondence between the type
[A1,A2] of anirreducible representation D® of the permutation
group S, and the electronic spin quantum number s,

A _n+ d X _n 24)
—_— n e —
1 ) s a 2 ) S,

because the irreducible representations of the rotation group
SO(3) commute with the irreducible representations of the
permutations group S, [29]. Thus, for a fixed number n of
electrons, the type A of the irreducible representation D™ and
the type A of the dual irreducible representation D of the
permutation group S, are entirely determined by the electronic
spin quantum number s,

272
A=is)=[2""1%] and i(s)=5(s)=3. (25)

n n
A=As) = |:—+s,——s],

Henceforth, we shall denote the type of the isotypic compo-
nents H% and H’; of the permutation group S, in the Hilbert
spaces H4 and Hp, respectively, using the electronic spin
quantum number s and the type §, which is entirely determined
by s, i.e.,

H4y — HY, and H% — M. (26)

Thus, the decomposition (19) of the Hilbert space Ha+p
associated with the molecule is recast as

Hars =PV EP M, @ Hj,. 27)

Moreover, using the replacements
HL = H, and M, — Hy, (28)
the decomposition (21) of the Hilbert space H 44 p is recast as

s 5
my g

Hasp =PI @ @ @ Hie ® Hpps 29)

s a=1 b=l

with the multiplicities n, — n’ and n% — n’%. The substi-
tution of the relations (24) into the expression (22) yields
the dimension d, of the irreducible representation D® of the
permutation group S,

2s +1 n!

d, = , 30
T 12 s) (e )] G0

where d; = d;. Similarly, the substitution of the relations (24)
into the expression (23) yields the multiplicity n*, — n®, of the
irreducible representation D of the permutation group S, in
the Hilbert space H’, and is expressed as

n, =25 + 1. (31)
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C. Spaces of linear operators

The decomposition (12) implies that the space of linear
operators L(H) acting on the Hilbert space H can be
decomposed as

L(H) = L(Ha) @ L(Hp), (32)

where L(H ) and L(Hp) are the spaces of linear operators
acting, respectively, on the Hilbert spaces H, and Hpg. A
unitary representation U (o) € L(H) of the permutation group
S, in the Hilbert space H associated with the molecule
decomposes as

U(o) = Ua(0) ® Up(o), (33)

with the unitary representations U, (c) € L(Ha) and Ug(o) €
L(Hp). Any observable of the molecule can be described
by a linear operator O € L(H)a+p, which commutes with
the unitary representation of the permutation group S, in the
Hilbert space H,

[O,U()]=0 VYoeSs,, (34)

since the n electrons are indiscernible. The commutation
relation (34) implies that the space of linear operators
L(H) s+ p is given by the isotypic component of type [n] of the
permutation group S, in the space of linear operators L(H),

L(H)avp = PMLH), (35)

where the orthogonal projector 221"l € L(L(H)) is a superop-
erator given by

P = % Z U (o) (36)

‘oES,

and the unitary representation % (o) € L(L(H)) is a superop-
erator that acts on the space of linear operators L(H) according
to

U (0)O = U(o)OU (o). (37)

Any observable of the system A can be described by a
linear operator O, € L(H 4), which commutes with the unitary
representation of the permutation group S, in the Hilbert space

Has
[O4,Ua(0)]=0 VYo €S, (38)

Similarly, any observable of the system A can be described
by a linear operator Op € L(Hp), which commutes with the
unitary representation of the permutation group S, in the
Hilbert space Hp,

[Op,Up(c)]=0 VYo €S, (39)

The dynamics of the molecule is characterized by an Hamil-
tonian H € L(H) 4 p such that

H:HA®]13+]1A®HB+Himv (40)

where the Hamiltonian H4 € L(H 4) describes the free evolu-
tion of the system A, the Hamiltonian Hg € L(H ) describes
the free evolution of the bath B and the Hamiltonian Hj, €
L(H) 4+ p represents the interaction between the system A and
the bath B. According to the conditions (34)—(39), the Hamil-
tonians H, Hy, Hp, and Hj,; commute with the corresponding
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unitary representations of the permutation group, i.e.,

[HU(@)] =0 Yoes,

[Ho,Us(0)] =0 VYoeS,,

[Hp,Up(o)] =0 Vo €S,

[Hpn,U(0)] =0 VYo €S, (41)

The spaces of linear operators L£(H4) and L(Hp) are
expressed as the direct sum of the of the subspaces L(H4)*
and L(Hp)", which are invariant with respect to the unitary
representations o > % (o) of the permutation group S, for
all o € §,, respectively,

L(HA) = EP LH",
"

L(Hp) = EP LHB)". (42)
"

The spaces of linear operators L(H4)* and L(Hp)* are the
isotypic components of types u and ' of the permutation
group S, in the spaces of linear operators L(H 4) and L(H ),
respectively. The substitution of the relations (42) into the
decomposition (32) yields

LH) = @D LH" ® L(HE)". 43)

2%

The substitution of the relation (43) in the expression (35) of
the space of linear operators L(H) a4 p yields

LH)arp = P P LHD" @ LI(Hp)" . (44)

77

We seek to identify the tensorial products L(H 4 )* ® L(Hp)"
that do not vanish after projection onto the isotypic component
of type [n] of the permutation group S, in the space of linear
operators L£(H). In order to do so, we begin by writing the
tensor product of the irreducible representations D) and D*)
of the permutation group S, acting on the tensor product of the
space of linear operators L(H )" and L(H 5! as the direct
sum of the irreducible representations D*“") of the permutation
group S,, acting on the space of linear operators L(H) 445, 1.€.,

D(M) ® D(M’) — @ aHHD(MH), (45)

W
where a,~ is the multiplicity of the irreducible representation
D™ In particular, for the type u” = [n], the multiplicity a;,

of the irreducible representation D!"! satisfies the orthogonal-
ity condition [32,33],

1
ap = — 3 Xin(@) xu(@) (o)

o€ES,

1
= D X0 X (@) = Sy 46)

T oes,

where xj,), X, and x, are the characters of the irreducible
representations D", D™ and D™, respectively. Thus, the
expression (44) of the space of linear operators L(H)s+p of
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the molecule reduces to

LH)ars = PP LHN" @ L(Hp)".  (47)

m

In order to account explicitly for the multiplicities Ny and Nj,
of the irreducible representation D in the spaces of linear
operators L(H 4)"* and L(H )", respectively, the latter can be
expressed as the direct sum of the spaces of linear operators
L(H4)} and E(HB)Z, ie.,

NA
LHA" = @D LHAL,
a=1

NB
L(Hp)" = €D LHp),. (48)
b=1

The substitution of the relations (20) into the expression (19)
of the Hilbert space H 4 p of the molecule yields

w 3
Ny Ng

LH)ars = 2" P ED P LHE ® L(Hp),.  (49)

nooa=1 b=1

D. Orthonormal vector basis

The state of the molecule is described by a ray of the
appropriate subspace of the Hilbert space Ha.p associated
with the molecule.

The Hilbert space H, is supplied with an orthonormal
vector basis {|a,s,i)}, where a is a list of numbers labeling
the physical properties described by the Hilbert space H?,
andi =1, ...,d;. Similarly, the Hilbert space Hp is supplied
with an orthonormal vector basis {|b,5,j)}, where b is a list
of numbers labeling the physical properties described by the
Hilbert space H% andi =1, ...,d. The vectors |a,s,i) € Hx
and |b,5, j) € Hp satisfy the orthonormality conditions, i.e.,

(a'.s',i'la,s,i) = 8““8° 8,
(b5, |b.5.j) = 8""8758;. (50)
In addition, the basis vectors are chosen such that the action of

the permutation group S, on the sets of vectors {|a,s,i)} and
{1b.5./)} is given by

UA(O—)|a?Sak |a5sai d;k(o')ﬂ

)
Up(o)Ib.5,¢ 16,5, ) dje(0), (51)

d.Y
=2
i=1
dy
=2
=1
where the coefficients d}, (o) and dfl(o) are the matrix
elements of the so-called standard irreducible representations

d® and d® of the permutation group S,. These coefficients
satisfy the orthogonality relations

, f’l' s
Z dij(o)'dy (o) = d—y “dikdje (52)
€S, s

and are always real. Henceforth, we consider that dl.sj (o) =
d‘;.i(a)* e R.
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The vectors |a,s,k) and |b,§,£) are chosen to be eigenvec-
tors of the free Hamiltonians H4 and Hjp, respectively. The
relevant spectra of the Hamiltonians H4 and Hp are assumed
to be discrete. The eigenvalue equations are given by

Hyla,s.k) = E’la,s.k),
Hg|b,3,L) = E;|b,5,0), (53)

where E? is the energy of the system A in the state |a,s,k)
and E} is the energy of the bath in the state |b,5,£). The
degeneracies of the energies E and E; are at least equal to
the dimension d;.

The orthonormal basis of the Hilbert space Hayp is
deduced from the decomposition (19). The dimension of
the irreducible representation D"l of the permutation group
Sy is dpjrp =1 since dj,) =1 according to relation (22).
According to the decomposition (29), a vector |a,b,s) € Harp
is expressed as a linear combination of the tensor products of
the vectors |a,s, j) € H’, and |b,5,k) € HY as [29]

Z M laus,j) ® [b.5.k), (54)
Jj.k=1

la,b,s)

where cji“';] are the Clebsch-Gordan coefficients associated

with the projection of the Hilbert space H) ® H3 onto
the Hilbert space Ha4+p. The set of vectors {|a,b,s)} is
an orthonormal basis of the Hilbert space H 45 associated
with the molecule, which implies that the vectors satisfy the
orthonormality condition

(@.b,s'|a,b,s) = §78"55 . (55)
The decomposition (54) and the orthonormality conditions
(50) and (55) imply that the Clebsch-Gordan coefficients
satisfy the condition

dy

SS[17]* s5[17]
Z ik €1 =1 (56)
k=1

which is due to the fact that the Clebsch-Gordan coefficients
are matrix elements of a unitary (or even orthogonal) transfor-
mation.

We introduce the partially isometric operators P} ;. €L(HA)
and PBU € L(Hp) mapping the vectors |a,s, j) and |b,5,J)
onto the vectors |a,s,i) and |b,5,i), respectively, according to

Piijla.s.j) = 8"la.s.i),
Phijlb.5.) = 87 1b,5.i). (57)

According to group theoretical developments [32], taking into
account the relations (51) and (57) apd the orthogonality
relations (52), the operators P}, and P, ; are expressed as

ds s *
Phij = 1 2 dij(@)Ua(@),

ogeSs,

T ds 5 *
Phi; = o Z d}(0)*Up(o). (58)

‘o€,
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The properties of the operators P ;; and P, ; are
PAI] Pfaji and Pj&ij,])j&ké =68""8jkPpies
PBU Pfiji and Pgijpf;ke = 85/581»,{73;%. (59)

The orthogonal projectors P§ € L(H 4) and Pj; € L(Hp) are
the traces of the operators P}, and Py, ,

ds
7’;1=Z it = iZm(o)*UA(o),
i=1 T oes,
& d,
Py = Z Phi =~ ) x:@)Us(@).  (60)

" oes,

where the characters x (o) and X;(a)~are the trace of the
irreducible representations D and D® of the permutation
group S,

dy d
Xs(@) =Y di(0) and xs(o) =) di(o).  (61)

Taking into account the decomposition (33), the orthogonal
projector P* on the Hilbert space H¥, ® H} is given by

d
P = o Z xs(@)*U (o). (62)

" oes,

Note that, according to the definitions (7) and (62), the
projector PU"1 associated with the representation of type [17]
is characterized by the character x;»j(c) = &(o).

The definitions (58) and (60) imply that operators O, €
L(H4) and Op € L(Hp) that satisfy the commutation rela-
tions (38) and (39) commute with the operators and P}, ; and

P+ and with the operators P5 ; and Ps,, respectively,

[OA77D;\U] =0 and [OA’PEX] = 0,
[OB,Pgij] =0 and [Op Py]=0. (63)

Using the properties (57) and (59) and the commutation
relations (63), we obtain the matrix elements associated with
the operators O, and Op,

(s’ j'|Oala.s. j) = (a5 1Py OaPy i la.s.1)
=838, (d',5,1|O4la,s,1),

(b5 1Py, OpPS,,10,5,1)
=858k (b',5,1|0p]b,5,1).  (64)

(05" .k'|Op|b,5.k) =

Adopting the notation
la,s) =la,s,1) and |b,§)=1b,5,1), (65)
the reduced matrix elements (64) are recast explicitly as
(a5, j'|Oala,s, j) = 848, (a',s|O4la,s),
(b3 k' |Op|b,5,k) = 858 (b,5|0p|b,5). (66)
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Taking into account the definition (60) and using the notation
(65), the relations (57) require that

P4 la,s) = 8"la,s),
P51b,5) = 85 |b,5). (67)

E. Linear operator basis

The space of linear operators L£(H4) is supplied with an
orthonormal operator basis {0, i} wherea =1,... ,NF and
j=1,....d,. Similarly, the space of linear operators L(Hp)
is supplied with an orthonormal operator basis {O%,, }, where
b=1,... ,Nl’f and k =1, ...,d,. According to relation (22),
the dimension of the irreducible representation D!"! of the
permutation group S, is dj,) = 1. According to the decom-
position (49), an operator O € L(H)s+p can be expressed
as a linear combination of the tensor products of the linear
operators O . € L(H)q and Of,, € L(Hp), as[29]

Aaj

"
NEONY o dy

0=PPDP > Vauci'0h, ® Oy (68)

wooa=1 b=l jk=1

where the Clebsch-Gordan coefficients c;.‘ " ['ll] associated with

the projection of the space of linear operators L(H4)* ®
L(H )" onto the space of linear operators L(H) 4 p are given
by [32]

ppln] _ 1 5.
jk 1 — \/(’TI/- Jjk-

This implies that the decomposition (68) reduces to

(69)

"
NY Ny dy

0= @ @ @ Z OAaJ BbJ (70)

n a=1 b=1 j=I1

The unitary representation %/ (o) acting on the space of linear
operators L(H) can be expressed as

U (o) = Un(o) ® Us(0), (71)

where %4 (o) and % (o) are the unitary representations acting,
respectively, on the spaces of linear operators L£(H,) and
L(Hp). The action of the permutation group S, on the sets
of linear operators {O’Af j} and {Og j} is expressed as

dy
i Ua(@)™ =04 dl (o),
i=1
d,

=Y Ohydli(e). (12)

i=1

Un(0)OY,; = Ua(c)O!

Aaj

Up(0)Of,,; = Up(0)Olg,,;Up(0) ™!

We introduce the partially isometric superoperators 22 ij €
L(L(H)) and 2% ij € L(L(H ) mapping the operators o i
and Op; onto the operators O;
according to

and O}, respectively,

w Wk
‘@A ij Aa] =4 OAai’

yg ijogbj = 8" Ol (73)
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According to group theoretical developments [32], taking into
account the orthogonality relations (52) and the relations (72)
and (73), the superoperators &', ij and 22 ;j are expressed as

Py = Z dli(o) Ua(0),

UES,,

Blj - Z dl;(a)*%B(a) 74)

! o€eS,

The properties of the superoperators W’Afﬁ and 2} ;j are

ut w o s gpht
‘@Aij_‘@Aji and ‘@Aij‘gZAklZ_(s 8k P>

'@gjj 'gzgjz and '@B ij '@Zkl - SM “811"@314 (75)
The orthogonal projectors &2 € L(L(Ha)) and Py €

L(L(H p)) are the traces of the superoperators &, nij and (@g i

Py = Z Pl = *,‘ >t Una(o),

toES,

d
Py = Z Py = D xlo) Us(@). (76)

: €S,

III. GENERALIZED MASTER EQUATIONS

In this section, we detail the general structure of the
generalized master equations established in Ref. [29] for an
n-electron system and express them in a suitable way to
describe molecular dynamics.

A. Quantum master equations
The time-dependent density operator p(t) € L(H) 4, p de-
scribes the statistical state of the molecule on the characteristic
time scale ¢. It satisfies the von Neumann conditions [36],
which require p(¢) to be a self-adjoint positive operator with
unit trace, i.e.,

p(t) = p®, p@)* < p(t), Trlp@t)] = 1. (77)

The density operator of the molecule may be written as [29]

p(t) = pa(t) ® pp(t) + nap(t), (78)

where the reduced density operators pa(t) € L(H,4) and
pp(t) € L(Hp) describe the statistical state of the system
A and of the bath B, respectively, and the correlation
operator nap(t) € L(H)a+p describes the statistical correla-
tions between the system A and the bath B. The reduced
density operators p4(f) and pp(?) satisfy the von Neumann
conditions [36],

pa(t) = pa®)',

pa®)* < pat), Tralpa(®)] =1,
pp(t) = pp(t)', <

o) < pp(t), Trglpg®)]=1. (79)
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The commutation relations (34)—(39) for the observables p(?),
pa(t), pp(t), and nap(r) read

[p(1),U(0)] =0 Vo €S,
[0a(?),Ua(0)] =0 Vo €S,
[pp(),Up(c)] =0 Vo €S,
[nap(®),U(6)] =0 VYo e€s,. (80)

We shall now express the reduced density operators p4(t)
and pp(t) as direct sums of square block operators and the
correlation operator n4p(f) as a direct sum of rectangular
block operators. The reduced density operators p(t) € L(H )
and pp(t) € L(Hp) can be decomposed into square blocks
operators according to

s 5
HY—H,

pat) = P pi (1) = D Pipat)P}

ps(t) = P pi ) = P Pros)P; @81)

Hy—Hy

Decomposition (81) is performed here in order to express later
the master equations as a set of coupled equations for block
operators defined by the spin quantum number s. Taking into
account the relation (72), the correlation operator nap(t) €
L(H) 4, p can be decomposed as

"
NN dy

nap(t) = EB PP D i@, 0. (82)

a=1 b=1 j=1

According to the relation (72), the action of the permutation
group S, on the reduced correlation operators nﬁaj(t) and

”ij (¢) is expressed as

dy
Un(0)ls;(OUA) ™" = 0l (0)dli(0),
i=1

dH
U0y, (OUs(0) " = > i )dli(0).  (83)

Similarly, the operators nﬁa j (t)and nﬁ bj (t) can be decomposed
into rectangular block operators according to

Ny (1) = EB Moy (0 = D Panhs, OP e
Mg (1) = @ Wity () = D Pimy OPh L - (89)

Taking into account the decomposition (84), the expression
(82) can be recast as

L "
NI Ny

) =P PP P Z Y (O @0y (). (85)

n a=1 b=1 s,;5 j=1
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The substitution of the decompositions (81) and (85) into the
expression (78) yields

p(t) = EP pi() ® (1)

NA N

EB PHPPp Z Mgy () @ g (). (86)

a=1 b=1 s,5' j=1

The reduced density operators o5 (f) and pfg(t) are the
partial traces of the density operator p(¢) restricted to the
Hilbert spaces H’, and H}, respectively,

Pa) = Trglp@] and  pj(r) = Trylp(].  (87)

In order for the reduced density operators (87) to be expressed
as the partial trace of the density operator (86), the correlation
operator has to satisfy the conditions,

Tr[nas(®)] =0 and Tr{[nap()] =0. (88)

The von Neumann conditions (77) on the density operator p(t),
the definitions (87) of the reduced density operators p3 (¢) and
p% (t) and the properties (88) of the correlation operator imply
that the reduced density operators satisfy the von Neumann

conditions; i.e.,
Y Tralea0] =
s

Y Tri[ep®)] =
b (89)

The master equation for the evolution of the reduced density
operator p’ (¢) of the system A interacting with the bath B and
with an external field reads [29]

P41 = piF, i) < pi (),

pp(t) = pr®), pp)* < pj(0),

d N 5 s B}
t,oA(t) = —[pA(t),H + AH + H3, (1))

d
1 L
— P0G} + YT (ph).  (90)

where AHj is a self-adjoint operator, HJ(¢) is the external
Hamiltonian, G, > 0 is a self-adjoint and positive definite
operator, and FS’ [po A’ ()] is a linear operator. The external
Hamiltonian H, Xt(t) is sufficiently slowly varying on the
characteristic time scale #. The Hamiltonian H3 is related to
the Hamiltonian H4 by

Hj =P HiPj,

Hy—H, oD
The operators AH3; and G¥, commute with the Hamiltonian
Hj,ie.,

[AH;, H{] =0 and [G%, Hy]=0. (92)

The operators AHj3, G, and the superoperator Fjl[,of{(t)]
account for the influence of the system “A” on the bath
B. The “self-energy” operator AHj describes the shift of
the energy levels of the system A, the operator G°; ensures
the conservation of the unit trace of the operator pa(t),
and the “fluctuation and dissipation” superoperator F§" [pj{(t)]
accounts for fluctuations and dissipation. The operators p? (1),
Hj, AH}, H}(t), and G belong to the space L(H ). The
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superoperator Fj/ [pf{ (1)] belongs to the space L(L(H 4)). This
superoperator couples the evolution equations for the reduced
density operators o’ (¢) and ,oj; (1).

The master equation (90) was developed by the authors in
order to describe the dynamics of a system A interacting with a
bath B on atime interval Az thatis sufficiently large compared
to the correlation time 7", defined as the threshold above
which the correlation functions of the bath are negligible, and
sufficiently small compared to the evolution time 75", defined
as the threshold below which the time evolution of the bath is
negligible,

COIT << AtA << 7:eVO' (93)

The physical validity of the master equation (92) is guaranteed
provided the statistical correlations between the system A and
the bath B are sufficiently small. Thus, if the molecule is
isolated, the master equation will be valid for a sufficiently
small time interval Ary. However, if electromagnetic fields
are included in the system, then the energy dissipation through
radiative processes allows the bath to be kept close to
equilibrium, thus ensuring that the condition (93) is satisfied.

B. Time evolution of the populations and coherences

According to our choice of orthonormal basis (53) and
taking into account the notation (65), the vectors |a,s) and
|b,§) are eigenvectors of the Hamiltonians H4 and Hg,
respectively, i.e.,

Hyla,s)
Hglb,§)

= Ejla,s), 94)
= E}|b,5). 95)

The bath B is close to equilibrium on the relevant time
interval, which implies that the time-dependent reduced
density operator p%(f) is the sum of a time-independent
density operator pj that describes the equilibrium state and
a time-dependent density operator 8p%(7) that describes the
deviations around the equilibrium state, i.e.,

pp(1) = py + 8pp(0). (96)
The eigenvalue equation for the density operator p is given by
pplb.3) = pylb.5), O7)

where p; represents the “population” of an energy level
E; The commutation relation (92) and the eigenvalue
equation (94) imply that the matrix elements associated with
the operator G, are defined as

G}, = dpqla,s|Gla,s). (98)
The matrix elements G?,, are given by [29]
= nZZZ piS(ES — ES, 4+ Ej — Eb,,)
v a b
x(a,b,s|Hin|a",b",s")(a".b" 5" | Hinla,b,s).  (99)

The commutation relation (92) and the -eigenvalue
equation (94) imply that the matrix elements associated
with the operator A H, are defined as, i.e.,

AH , =0y4(a,s|AHyla,s). (100)
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The matrix elements A H}, are defined as [29]
2.2 »i
s a’ b
(aabvslHintlaNabNas/>(a//ab”as/|Hil’lt|aabas>
X ; - =
E; - E, +E) —Ej},

AH}, =

(101)

if and only if the energy levels of the system A and of the
bath B differ, respectively, i.e., E; # E} and Eg + E3;
otherwise they vanish. The matrix elements associated with
the superoperator Fj’[pj{ (#)] are given by [29]

Z Z F;aai”’paa (t)

G

(@ s34 )]la" s) (102)

where the elements of the reduced density operator pf{ (t) of
the system A are given by

P () = Py, (1) = (a,s'lp} (1)l s")
= (a.bs|p(0)ld’,b,s')  (103)
b

and the fluctuation and dissipation coefficients I'¥% , are
given by [29]

*

rsad, _ psaa
2 & ol s’ s ” 5
== py8(E) — ES + E) — Ej))
b.b"
X <a/7b7s/|1{int|a”/5b//5s><a”9b”7S|Hint|a’bvsl>

(104)

if and only if the transition energies of the system A are equal,
ie, ES — ES, = ES, — E,; otherwise they vanish. They
consist of an imaginary part that describes the fluctuations
(i.e., the so-called “Rabi oscillations”) and a real part that
describes the dissipation (i.e., the transition rates). The matrix

elements H.y’ ,(t) of the external Hamiltonian Hy(¢) are

Xtaa
written
Hexio (1) = (5,a|Hexi(1)5,a”). (105)
The definitions (99) and (104) imply
h S
Goa =5 ZZ rse . (106)

Using the relations (98) and (100)—(106), the matrix elements
of the master equation (90) are given by

d . o
TP (D)= DO T (1)

" a,a
1
=5 22 (T + T30 ()
s' a,a
i
- ;L(E;,, —ES + AHS o —AH ) Pl (1)

i ,
= 2 D [Hesira Pl (1) = Hesxior (00340
a

(107)
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The energy condition imposed on the fluctuation and

dissipation coefficients I'%¢,, i.e.,

rsas, £0 <« E —E =E), —E:.

sa‘a

(108)

The transition rate from the energy level E7 to the energy
level E¥, are a subset of the fluctuation and dissipation
coefficients (108) given by

FS*)S, = Fsaa

a—a s'a'a’

= S (B~ By 4 B~ )

bbb’

x [a'\b,s'| Hinla,b,s) |, (109)

which corresponds to a generalization of Fermi’s golden rule
between the energy levels EJ and E; where the statistical
equilibrium of the bath B is taken into account via the probabil-
ity distribution p;. Taking into account the definition (109) of
the transition rates and the energy condition (108), the diagonal
component of the master equation (107) yields the evolution
of the “population” p’(t) = p;,(¢) of the energy level E}, i.e

pa(t)—zz
s

ST pL) =TI pi ()]

extha (D030 (1) = Hexly o (1) pS ()]

(110)

Note that according to the relation (109), the transition rates
I'¥,~% and ['=%, are real and positive definite.

a’'—a a—a

The definition (109) of the transition rates and the energy
condition (108) imply that the evolution equation (107) for the
“coherences” p; ,(t) is given by

d N
— P ()

dt
[r;zs - % Yoy (T + r;:z”)}p;am

s/ a’

Ioaa (t) + Z Z F;;;J,amp;”a”/( )
s/ "

i
— %(E; — E), + AH},

- = Z extaa”(t)pa”a (t)

i s
— ﬁ(E

— AHy) P (1)

Hextlyr o (D) ()]
(111)

IV. RELAXATION OF A VIBRATIONAL, ROTATIONAL,

AND SPIN SYSTEM

This section is devoted to the description of dissipative
molecular processes, where the vibrational and rotational
molecular properties and the electronic spin properties are
coupled to a bath and to an external magnetic field. We
consider a molecule interacting with an external magnetic
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field where the characteristic time scale associated with the
electronic orbital dynamics is sufficiently small compared to
the characteristic time scales of the electronic spin dynamics
and of the vibrational and rotational molecular dynamics. The
system A has vibrational and rotational molecular properties
and electronic spin properties, and the bath B has electronic
spatial properties. The system A and the bath B are assumed to
be weakly coupled and weakly correlated. In a first approach,
we do not take into account the dynamical contribution due to
the nuclear spins and consider only the electronic spins.

A. Hamiltonians

We briefly review the main results of Ref. [30]. In order
to obtain an explicit expression for the Hamiltonian of the
system H 4, the Hamiltonian of the bath Hp and the interaction
Hamiltonian Hjy, it is necessary to separate the properties
associated with system A from the properties associated
with the bath B. The properties associated with system
A are functions of the molecular deformation amplitudes
and momenta Q, and P, associated with the deformation
eigenmodes « of the molecular orbital angular momentum
L(w) and of the spin s, (@) of the electron v. The properties
associated with the bath B that are function of the electronic
positions and momenta ¢, and p,. We consider that the center
of mass of the system is fixed as usual.

To first order, the molecular inertia tensor is given by

3N—-6

Q) =11+ ) 1.0y +O),

a=1

(112)

where |y is the equilibrium molecular inertia tensor. The
inverse of the molecular inertia tensor is given by

3N—6

Q)" =151+ Y 1,100 + 0,

a=1

(113)

whereT;! = I' -1, - I;'. The spatial symmetries of the inertia
tensor are expressed in terms of the molecular orientation
operator @ € L(Hqi). We introduce explicitly the operators
e, (w) and e*(®) that are obtained by performing a molecular
rotation described by the operator R(w) on the basis vectors
e;and ¢/, i.e.,

ex(®) = [¢/ - R(w) - exle;,

(@) = [¢" -R(w) - ¢;]e, (114)
where we used the Einstein summation convention for the
spatial indices j =1, ...,3. The operators e;(w) and e*(w)
belong to the fiber bundle R® x £(H.,), where the base space
is R? and the fiber is £(Hoyi). The basis vectors e, and e
belong to the base space R® and the molecular orientation
operator @ belongs to the fiber £(H,;;). For given basis vector
sets {e;} and {e/}, the rotation operator R(w) is chosen such
that the equilibrium molecular inertia tensor ly is diagonal
with respect to the orthonormal operator basis {e*(w)}, which
implies that the inverse equilibrium molecular inertia tensor |, !
is diagonal, too. The free Hamiltonians H4 and Hp containing
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the dominant dynamical contributions are defined as

Werpr o 1
Hy = Z <Ta + EwiQaz) + EL((&)) . |6] . L(a))

a=I1

—L(®) - (R0q..p) — v Y _5u(®) - (By(q..p.))

v=I1

(115)

n 2
)4 1 _
v=I

where w, is the angular frequency of the vibration eigenmode
o, £(q.,p.) is the electronic orbital angular momentum and @
is the molecular orientation operator. The molecular angular
velocity operator (q., p.) is given by

q..p) =1y -44q..p) (117)
The magnetic induction field operator B y(q.,p,) generated
by the relative motion of the nuclei and the other electrons
with respect to the electron v reads

1
Bv(q.spv) = ﬁ[EvO(q) X pv]s (118)

where the electric field E o(q.) is the lowest-order term of
the series expansion of the electric field E,(Q.,q.) exerted
on the electron v in terms of the deformation operator Q,,
ie.,

E(Q..q9)=E.(q.)+ E.(q.)0s + OQ). (119)

The last two terms of the expression (115) of the Hamiltonian
H 4 are polarization terms where the properties of the bath have
been averaged out. There is no polarization term associated
with the Coulomb potential due to the molecular equilibrium
condition established explicitly in Ref. [30]. The Coulomb
potential V(q.) to zeroth-order in the deformation operator
Q. is the sum of the electronic repulsion potential V,_.(q.)
and the of the attraction potential Vi _.((g.) in the molecular
equilibrium configuration,

V(‘I) = Ve—e(q.) + VN—e(O)(q.)-

The interaction Hamiltonian H;, consists of three different
parts: a deformation part Hys describing the molecular
vibrations, an orientation part H,; describing the molecular
rotations, and a “spin-orbit” part Hso describing the dynamics
of the electronic spins, i.e.,

Hine = Hyer + Hoi + Hso,

to follow the convention used in atomic physics, which are
given to first order by

(120)

(121)

3IN—-6
Hot = Y Qa ® Vy—e@)(q.). (122)
a=1
Hyi = —e(@) - L(@) ® €' (@) - (g, p)), (123)
Hso = —ve Y ex(®) - 5,(0) ® ¢ (@) - Bu(g..p.), (124)

v=1

PHYSICAL REVIEW A 94, 042505 (2016)

where the operators acting on the Hilbert space of the bath are
defined as

Vv—e@)(q.) = VN-e@@.) — (VN—e@ (@)1,
Q(q..p) = q..p) — (Rq..p)),
B.(q..p,) = B.(q.,p,) — (B,(q..p))]1.

Here we use the fact that the polarization terms do not
play any dynamical role and can be subtracted. The external
Hamiltonian H.(?) consists of a spatial part and a spin part,
i.e.,

(125)

Heu(t) = =y L(®) - Bext(@,1) = ve Y 5,(@) - Bext(®,1),

v=1

(126)

where y is the effective molecular magnetic ratio and B (@, 1)
is the rotated external magnetic field operator. The rotated
spin operator §,(®) and the rotated external magnetic field
B (®,t) are pseudovectorial operators that are functions of
the molecular orientation operator . They are respectively
related to the spin operator s, and the external magnetic field
B (?) in the following manner:

S, (@) =@ -5,)®+[s, — (@ 5,)®]cosw — (& x §,)sinw,

(127)
By (w,1) = [@ - Bex(1)]® 4 {Bex (1) — [@ - Bex((1)]®} cos o
—[@ X Bey(t)]sinw, (128)

where w = /0 - @ and ® = w/w. The rotational identities
(127) and (128) generalize Rodrigues’ rotation formula for
vectorial operators. The transformation law for the spin
operator (127) is established explicitly in Appendix A, where
the operators s, and s,(®w) are treated as dimensionless
operators. The external magnetic field By (#) is a classical
field, but the rotated external magnetic field B (®,?) is a field
operator since it is a function of the orientation operator .

B. Interaction Hamiltonian

According to the relation (121), the interaction Hamilto-
nian Hj, consists of the deformation Hamiltonian Hgef, the
orientation Hamiltonian H,, and the spin-orbit Hamiltonian
Hgso. We shall now express these Hamiltonians as direct sums
of block operators [29].

Since the molecular deformation operator Q,, is an observ-
able of the system A and the operator

Va = VN—e(a)(q.)

is an observable of the bath B, they commute with the projec-
tors P4 and P}, respectively, according to the commutation
relations (63). These operators can be decomposed into square
block operators according to

0. =P 0. =P Prio.P;
V. =DV = PPV.P;

(129)

s s 9
Hy—H,

RS (130)
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The substitution of the decompositions (130) into expression
(122) yields

3N—-6

Hger = @ Z 0, ® V.
a=l1

N

(131)

Since the spatial £k component of the molecular orbital
angular momentum operator,

Ly = ex(w) - L(w), (132)

is an observable of the system A and the spatial kK component
of the molecular angular velocity operator

QF = ef(w)- Qq.,p.) (133)

is an observable of the bath B, they commute with the projec-
tors P4, and P}, respectively, according to the commutation
relations (63). These operators can be decomposed into square
block operators according to

Le=EPL;, =EPPiLP,
N s

U = P = D PPy gy

s

Hy—Hy
(134)

Using the Einstein summation convention for the spatial
indices kK =1,...,3, the substitution of the decomposi-
tions (134) into the expression (123) yields

Hoi = - P L; ® &*. (135)
The spatial k component of the spin operator,
Sor = ex(@) - 5, (@), (136)

is not an observable of the system A and the spatial k
component of the magnetic induction field operator,

B* = f(0)- B.(q..p.),

is not an observable of the system B since they do not
commute with the unitary representations U (o) and Ug(o)
of the permutation group S,,, respectively. The actions of the
permutation group S, on the spin operator s, and the operator
BF are given, respectively, by

137)

Ua(@)suUa(@) ™" = S0k, (138)
Up(o)BLUp(o) ™' = B, (139)

In order to account for the fact that the spin-orbit Hamil-
tonian Hgg is an observable of the molecule, we decompose
the spin operator s,; into block operators that belong to the
space of linear operators £(H )" and the magnetic induction
field operator B into block operators that belong to the space
of linear operators L£(Hg)". The spin operator Sffk € L(H )"
and the magnetic induction field operator B** € L(H )" are
defined, respectively, as [29]

st = Plhisu, (140)

Bk = ol BIk (141)
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Taking into account the decomposition (70) and the expres-
sions (140) and (141), the spin-orbit Hamiltonian (124) is
recast as

Hso = —v. @) sk ® B, (142)
noov=1

where we used the Einstein summation convention again.
Using the relations (138) and (139) and the definition (76) of
the orthogonal projectors &7 and £, the spin operator (140)
and the operator (141) can be written explicitly as

d " ,
Sllfk = n_l: Z X/L(U)S(f(v)k = Za\l;“) Sv'ks (143)
T oeS, V=1
~ d, - ‘ .
BY* =53 xu@)By, =D al" By, (144)
T o€eS, V=1

where v/ = o(v) and aé“" € Rsince x,(0) = xu.(0)* € R. As
established explicitly in Ref. [29], the coefficients a{f“/ are
given by

XM(G)

w4
a, = — E
n!

T oeS,low)=v

1 |
= Z§Hinl 4 (35 — —>5ﬂ["—1*”. (145)
n

n

According to the relation (143) and (145), the only nonvanish-
ing spin operators s, are

1 n
~1.1
s =sw— = Y sws (146)
V=
where s,E”] is an observable of the system A since it is invariant

under the action of the permutation group S,, i.e.,
Ua(0)st™ Us(o)™ =5, (147)

Similarly, according to the relation (144) and (145), the only
nonvanishing operators B** are

. | R
k k k
Bk = - > Bl =B,
V=1
l n
Byt =B - > B, (148)

v'=I

where B is an observable of the bath B since it is invariant
under the action of the permutation group S, i.e.,

Up(o)B"* Ug(o)™" = B, (149)

In view of the relation (145) there are only two types of
nonvanishing irreducible representations of the permutation
group S,, namely D" and D"~ which implies that the
spin-orbit Hamiltonian (142) can be expressed as a direct sum
according to

Hso = Hyo (D Hso, ' (150)
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where
_ es[n] ® B[’l]k’

HY (151)

HS[VLO—LI] — _yezs[n 1,1] ® B][)n—l.l]k. (152)

According to the relation (70), the spin-orbit Hamiltonian
A has the decomposition

[n L1 _

Zs[n 1,1] ® Bﬁnfl,l]k’ (153)

where dj,_1.;)=n—1 and a = b = k = 1,2,3. Taking into
account the relation (72), the action of the permutation group
S, on the spin operator s,gf_l ' and on the operator Ej[."_l’l]k is

given by

Ua(o)sti " NUA0)™" =

Z [n ll]d[{'tfl,l](o,)

d,

= > B (e, (154)

i=1

UB(U)B;11—1,1]kUB(G)71

In order to formally identify the expressions (152) and
(153), we recast the spin operator s[" "1 in terms of the spin
operator s, and the magnetic mductlon field operator Bj[."_l‘ 1k
in terms of the magnetic induction field operator Bﬁ according
to

[n—1,1]

Sk, \/_ Za Svks

gtk _ 1 Z“"’Ek
J jPve
ﬁ v=l1
where a; € R. The coefficients a; € R define n — 1 vectors
laj) = (ajl., R

(1, ...,1) and span the Hilbert space HX’_"'], ie.,

(155)

aj’?), that are orthogonal to the vector |a,) =

(anlaj) =0 and (a;lar) = e, (156)

which is expressed explicitly in terms of the coefficients a as

Za =0 and Za

Taking into account the relations (146), (148), and (155), the
coefficients a; have to satisfy the identity

n—1

. |
E aja; =8" — -
5 n
Jj=1

since the expressions (152) and (153) are equal. Relations
(157) and (158) do not uniquely determine the coefficients ;.
The coefficients with the highest symmetry are given by

=60 (157)

(158)

1
a’ =—5V++—‘/ﬁ ifv=1,....n—1,
/ 7 (n—yn
1
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The substitution of the relations (146) and (148) into the
expressions (154) taking into account the relations (138) and
(139) yields

dly o) = Za“(”) / (160)

The spin operator s,E"] and the magnetic induction field

operator B can be decomposed into square blocks operators
according to

s/En] — 5 ‘[nls _ @ fpj\ [n]PA H‘ ,
s,s
s'=s s'=s
plnlk __ s'[nlsk _— § plnlk
B" = P B =P ris Phlys p- (16D
5,5 5,5
§=¥ §=¥

[n—1,1]

The spin operator s;; and the magnetic induction field

operator B][A"*l’l]k can be decomposed into strictly rectangular
blocks operators according to

[n—1,11 __

s'[n—1,1]s __
Skj @ Sk =

D7)

Hy—>H
s,8" 5,8’
s’ #s s’ #s
pln—1,11k __ 55 [n—1,115k __ [n—1,11k
B; EB B; EB P Bl Py
§ #s § #5’
(162)

The substitution of the decompositions (161) and (162) into
the expressions (151) yields

Hig = =7 P 5" @ BT, (163)
5,8
s'=s

n—1
—-1,1 1,1 55 1,1 k
HG M =~y @ Z Sl g BRI (164)

SS
s’ ;és

The operator Hs[o generates transitions that do not change the

total electronic spin of the system A and the operator Hs['é b
generates transitions that change it.

C. External Hamiltonian

The operators Q () and B (1) are defined in terms of the
external field Bext(w t) as

QL () = ye(@) - Bew(@,1),

Bl (1) = €' (@) - Be(@,1). (165)

Using the relations (132), (136), (146), and (165) the expres-
sion (126) of the external Hamiltonian H.(¢) is recast as

Hew(r) = —Li Q2K (1) — yes" B (0). (166)
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The operators QF (r) and o (t) can be decomposed into
square block operators according to

o, =Pl =Pr;

B = 69 B = 69 PBROPhlrg

Qe (1P

|H‘;~>H§;’
(167)

The substitution of the decompositions (134), (161), and (167)
into the expressions (166) yields

Heu(t) = — @D Ly — v EB st " B ().
N

s'=s

(168)

D. Matrix elements of the spin-orbit Hamiltonian
According to the relation (150), the matrix elements of the
spin-orbit Hamiltonian Hgp can be expressed as the sum of the
matrix elements of the spin Hamiltonians HS['(Z)] and HS['(';I‘H,
ie.,

(a',b',s"|Hsola,b,s)

= (a',b,s'|HWa,b,s) + (@', b ,s' | Hiy " Va,b,s). (169)

Expression (54) for the vectors |a,b,s) and the expression
(163) for the operator HS[’(')' imply that the first term on the
right-hand side of relation (169) is explicitly expressed as

(@.,b,s' | Ha,b,s)
dy
S'§[1")% s§[1"]
=Y i G (dlshi
ij=1
b

1

s sy 5.0
|

x (0,5, j | B b3, j). (170)
The Wigner-Eckart theorem [37,38], applied to the irreducible
representations of the permutation group S,, implies that the
matrix elements on the right-hand side of relation (170) reduce
to

[n]ss’ s'[n]s

S[n]s|a,s,i) =cii

(a',s' l|S (a',s |s la,s),

(b5 | B b5, ) = I 5B b5), (171
where we used the notation (65). According to the decompo-
sition (161), the spin quantum numbers are equal, i.e., s’ = s,
in the relations (171), which implies that the Clebsch-Gordon

[n]ss’ [n]55

coefficients ¢);;~ and ¢

are given by

[n]ss’ 3? s ss[n]

lii’ Ciril

,
=878y,

C["]\YY — Bss §8(n] _ 63 38

1jj’ Cjjt i (172)

according to the expression (69) since dj,; = 1. Taking into
account the orthonormality conditions (56) for the Clebsch-
Gordon coefficients and the reduced matrix elements (171) and
the Clebsch-Gordan coefficients (172), the matrix elements
(170) reduce to

(@.,b,s' | Ha,b,s)

= —1,8"(a 5|5 " |a,s) (0§ BT |b,5).  (173)
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Expression (54) for the vectors |a,b,s) and the expression
(163) for the operator HS['(’)_I’I] imply that the second term on
the right-hand side of relation (169) is explicitly expressed as

(@65 | Hg " ab.s)
d,

_ 35’[1”]* s5[1"]
- z : Cijn = Cij1

ij=1
’

ij =1

n—1

2 : 7oy S’ In—=1,11s .
e a 7b 71 Sk[ |a,S,l>

(=1

x (b5 1B b ). (174)

The Wigner-Eckart theorem [37,38], applied to the irreducible
representations of the permutation group S,, implies that the
matrix elements on the right-hand side of relation (174) reduce
to

s'[n—1,1]s

(a',s',i'ls;, la,s,i) = TG g s T g ),
(175)

W5 B b5 ) = el 5 BT R b ),
(176)
where we used the notation (65), and C%_ Lss” and
CZj_,l’l]” are the corresponding Clebsch-Gordon coefficients.

Taking into account the orthonormality conditions (56) for
the Clebsch-Gordon coefficients and the reduced matrix
elements (175), the matrix elements (174) reduce to

<a/,b/,s’|HS[’g“‘|a b,s)
=~ s Iss " W a,s) (b F BRI 5
(177)

where the coefficients g** are expressed as a linear combina-
tion of products of the Clebsch-Gordon coefficients, i.e.,

s’f’[l“]* ss[l”
z;l
i j'=1i,j=1

n—1

[n—1,1]ss’ [n 1,1155
X Z :Clu Z]j’ ’

where s’ £ s. The operator HS[’(’)_"” can change the total
electronic spin s of the system A. The relation (177) implies
that the operator Hs[’é_l‘” is expressed as

"[n—1,1]s X ll]sk
=—v, @gss s ® B

(178)

Hi (179)

Relations (150), (163), and (179) imply that the spin-orbit
Hamiltonian Hgp can be expressed as a direct sum over the
types wu € {[n],[n — 1,1]} of the irreducible representations
D™ of the permutation group S, as

Ho=-v. @ @ e&»s" o8 180
pe{ln],[n—1,11} s’
where the coefficients g* I"¥ = §5 and g*'I"~ 1115 = g%’
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E. Description of the system A

According to the decomposition (20) and to the identities
(26), (28), and (31), the Hilbert space H? describing the
properties of the system A with a total electronic spin s is
expressed as

2s+1

s s
A — @HAG’
a=1

where the index a accounts for the multiplicity 2s + 1 of
the irreducible representation D) in the Hilbert space H,.
Henceforth, we shall use the magnetic spin quantum number
m as label for this multiplicity. According to the relations (13)
and (14) with the replacement A — s, the Hilbert space (181)
is recast as

(181)

; = @ Hdef ® 7_lori & an’

m=—s

(182)

where the Hilbert space H:, = C%. The vector |a,s,i) € H,
is an eigenvector of the Hamiltonian H, of the system
A, where a labels the physical properties of the system.
These properties are given by the set of occupation numbers
{N,} of the 3N — 6 molecular vibration modes, the integers
L, M, and N describing the molecular orientation and
the total electronic spin magnetic quantum number 7, i.e.,

a = {{N,},L,M,N i}, where =L < M < L,—L < N <L
and —s < M < 5. According to the decomposition (182), the
eigenvector of the Hamiltonian Hy, i.e.,

|ass7;> = |{NO}7L1M7NaS9m7;> € H;‘p (]83)

is written explicitly in terms of the vector [{N,}) € Haer, the
vector |L,M,N) € Hy, and the vector |s,i,i) € H;, as

N, LM, N s,i,i) = |{N.}) ® |IL,M,N) ® |s,7i,[).

(184)

F. Description of the molecular vibrations

The vector |{N,}) € Hger can be decomposed into a tensor
product of vectors associated with the vibrational excitation
modesa =1,...,3N — 6, 1.e.,

3N-6

V3N -6 @

o

{N.}) = |Na), (185)

that satisfy the orthonormality conditions, i.e.,

3N—-6

= H SN Ny s
a=1

(NyINg) = 8nin, Yo

({NJI{N})

(186)

The set of vectors {|{N,})} is an orthonormal basis of the
Hilbert space Hger = L2(R3V=6,dx3V¥~°) and the set of vectors
{|Ny)} is an orthonormal basis of the Hilbert space L*(R,dx).
The vectors |[Ny) = ¥y, are functions represented by

X = Yy, (x). (187)
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According to the relations (186) and (187), the coefficients
V¥, (x) satisfy the orthogonality condition,

/RK”N;(X)*WNH(X)CJX = NN, (188)

The annihilation and creation operators a, and a) of a
molecular vibrational excitation in the mode « are defined
as, i.e.,

1
2hwy

1
al = S ———=(Py + iy Qu).

where o, is the angular frequency of the vibration mode «,

which implies that
| hog
P a = T(aa + al)9

(Py — i Qa), (189)

ay =

(190)

(191)
h
Qo =i\ 5—(aq —al). (192)
2wy
The canonical commutation relations read
[Py, 071 = —ihsf1. (193)

The definitions (191) and (192) and the canonical commutation
relations (193) imply that

[0}y ] = 8o 1. (194)

The self-adjoint and positive definite operator A, associated
with the molecular vibrational occupation number in the mode
w, 18 defined as

N, = dlaq. (195)

The basis vectors |{N,}) are eigenvectors of the operator N, =
a)a,. The corresponding eigenvalue equation is given by

Nel{N}) = Nal{N.}), (196)

where N,, is the occupation number of the mode «. The action
of the annihilation and creation operators on the eigenvector
[{N,}) is given by

agl{N.}) = /Ny [{N. — 82))
all{NJ) = /Ny + 1 [{N. + 8%}) (197)

The definition (192) of the molecular deformation operator
Q. in the vibrational mode « and the action (197) of the
creation and annihilation operators @/ and a, on the vector
[{N,}) imply that the matrix elements of the molecular
deformation operator Q, have to satisfy the condition

((No %82} Qul{N.}) = Fici ™, (198)
where the coefficients ci""N“ defined as
e = [Ha 202D ih%w(i £l (199)
satisfy the condition
el = et (200)
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The matrix elements (198) impose the molecular vibration
selection rules on the occupation numbers N,, N, Ng, and
N ;/9 of the vibration modes @ and 8 # «,

IN, = Nel <1 and |Nj—Ngl=0 VB #a. (201)

G. Description of the molecular rotations

The set of vectors {|L,M,N)} is an orthonormal basis of
the Hilbert space Ho; = L?(SO(3), sin@dyrdfde), ie.,
(L',M',N'|L,M,N) = 8" 8ypmnn.  (202)

The vectors |L,M,N) are defined in terms of the matrix
elements df;, of the irreducible representation D'©) of the
rotation group SO(3) as

2L +1
|L,M,N) = TdMN,

where the function d};, defined as

(203)

(.0,0) — dyy(V.0.9)

yields the Wigner d-matrix elements d,f,m(w,@,ga) [39].
According to the relations (202), (203), and (204), the
coefficients di; (.0, ¢) satisfy the orthogonality condition,

(204)

/ Al (W,0,0)*d by (W,0,9) sin 0dydOd g
SO(3)

8m?

= 205
2L +1 (209

'L
3" “dmmdNN-

The rotational part of the free Hamiltonian (115) of the system
is expressed as

(206)

L2
Hrot — Tk Qk L
A Z (210k () k>

where I, = e; (@) - lp - e (@) is a moment of inertia of the
molecule. The eigenvectors |L,M,N) of the Hamiltonian H e
are related to the vectors |L, M, N) by a unitary transformation
in a Hilbert space of dimension (2L + 12, ie.,

> >

M=—L N=-L

L,M.,N) = NIL,M.N), (207)

where the coefficients ¢}

MN* cMN
Z Z iy e = 1.
=—LN=

satisfy the orthogonality condition,
(208)

The irreducible representation D®)(yr,0,¢) of the rotation
group SO(3) is parametrized in terms of the Euler angles

(¥,0,9) as

DB (,0,p) = e 7V 702 R0l (209)
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where the molecular orbital angular momentum operators L,
L,, and L3 given by [40]

cosgp d d cosg 0
Ll =ih ng— — — ],
sin @ 81// 00  tanf d¢
i a ad a
Ly = in( 3002 4 gepl SO 210)
sin6 oy 30  tan6 B(p
Ly = h—
3 =1 30’
satisfy the anomalous commutation relations (i.e., with a
negative sign on the right-hand side),
[Li,L,] = —ihLs. (211)

The complex coefficients d;  (¥,0,¢) have the property
diyn(W,0,9) = dg (9,0,9). (212)

Taking into account the property, the irreducible representation
DB(¢,0,v) of the rotation group SO(3) is parametrized in
terms of the Euler angles (¢,0,v) as

DE,0,9) = e i¥Eiem 0l wvIs  (213)

where the molecular orbital angular momentum operators
L\, L,, and L; are obtained from the molecular orbital
angular momentum operators L, L,, and L3, respectively,
by interchanging the precession and eigenrotation angles, i.e.,

V<o,

Ly=ih C()Sl/fi—smwi C(_)Sl/fi
tanf J0yr a0 sinf d¢p
- d ad i a
[ L LIS L YO
tanf 0y a0  sinf d¢
L —zh—
oy

These operators satisfy the anomalous commutation relations

(i.e., with a negative sign on the right-hand side),
[L,L,] = —ikis. (215)

The molecular orbital angular momentum operators L, L,
Ls; and Ly, Ly, L3 commute; i.e.,

[Li,Li]1=0 Vik=1,...,3. (216)

The Casimir operator L> = L? + L} + L? of the Lie algebra
50(3) is expressed in terms of the molecular orbital angular
momentum operators as [40]

LP=L+L3+L3=0+15+13 (217)

The expressions (210), (214), and (217) imply that the Casimir
operator is explicitly expressed in terms of the Euler angles as

1 0 0
L? = — R —— —|( sin6—
sinf 96 200

+ ! i 0s 0 0 + 32 (218)
sin? 6 \ 92 RRVRL)
and commutes with the molecular orbital angular momentum

operators, i.e.,

(L2, L]1=[L*L]1=0 Vi=1,223.

(219)
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The normalized vectors |L,M,N) are eigenvectors of the
operators L2, L3, and L3 [40], i.e.,

L*|L,M,N) = h*L(L + 1)|L,M,N), (220)
L3|L,M,N) = hM|L,M,N), (221)
Ls|L,M,N) = hN|L,M,N). (222)

The operators L and L are defined as
Li=LyFil, and Ly=L,FiL,. (223)

Thus, L+ = L} and L+ = L, which implies that

| .
Li=3(Ly+L) and Ly= —%(L+ — L), (224)
Li=3(Li+L) and o= —%(L+ —i). @25)

The action of the operators (223) on the vectors |L,M,N) is
expressed as

Ly|L,M,N) = het™|L,M £ 1,N), (226)
Li|L,M,N) = hct"|L,M,N £ 1), (227)
where the real coefficients c4™ and ¢4V given by
=VLIL+1)—MM=*1)
=V(LFM(LEM+1),
=LIL+1)— NN £1)
=/(LFN)L=EN +1), (228)
satisfy the conditions
iM CLM+1 and CiN LN+1_ (229)

The constraints —L < M <
the conditions,

L_|0,00N)=0 and Ly|L,+L,N)=0,
L_|0,M,0)=0 and L.|L,M,+L)=0.

Land —L < N < L giverise to

(230)

The action (228) of the molecular orbital angular momen-
tum operators L and L on the vector |L, M, N) imply that the
matrix elements of the molecular orbital angular momentum
operators Ly and L are given by

(LM £ 1,N|Ly|L,M,N) = hctM
(L,M,N £ 1|L+|L,M,N) = hctV. (231)

The matrix elements (231) impose the molecular rotation rules
on the quantum numbers L, L', M, M’, N, and N', i.e.,

IL'—LI=0, [M'-M|<1, [N -NI<L (232

H. Description of the electronic spins
The set of vectors {|s,m,i)} is an orthonormal basis of the
Hilbert space C% ie.,

(s"m' i |s,m,i) = 8% 8ypmbini, (233)

according to the relation (50). Taking into account the
condition (233), the set of vectors {|s,m) = |s,m,1)} satisfies
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the orthonormality condition, i.e.,
(234)

(s"m'|s,m) = 8 Sim.

The spin-orbit part of the free Hamiltonian (115) of the system
is expressed as

S B L

v=1 k=1

(235)

The eigenvectors |s,,i) of the Hamiltonian H3© are related
to the vectors |s,m,i) by a unitary transformation in a Hilbert
space of dimension (2s + 1)d;, i.e.,

-y Y

m=—s i=1

(236)

|smz

where the coefficients c"” satisfy the orthogonality condition,
K dy

WLl* mt _
ml ml -

m=—s =1

(237)

The operators s,+ associated with the electron v are defined as

Sy+ = Syt + iSU2. (238)
Thus, 5,4+ = sU:F, which implies that
Sn=g@w+%JsSﬂ=—%@%—hJ- (239)

The commutation relations between the components of the
spin operator associated with the electron v read [30]

(240)

. k
[Svi»svj] = lhsijks\)'

The definitions (239) and the commutation relations (240)
imply that the operators s,_, s,+, and s,3 associated with the
electron v satisfy the commutation relations

[sv3, sv+] = £opvhsyt,  [svr,50-1 =28, hsy3.  (241)

The components of the spin operator s associated with all the
electrons are written as

n

k= Suk. (242)
v=1
The operators s are defined as
S+ =51 £ is. (243)
Thus, s+ = 5., which implies that
1 i
s1 = §(S+ +5), s= _E(S+ —s). (244)

The commutation relations between the components of the
spin operator read

[s;,5;] = iheijis. (245)
The definitions (244) and the commutation relations (245)
imply that the operators s_, s, and s3 satisfy the commutation

relations

[s3, s+] = £hsy, [s4,5-] = 2hs3. (246)
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The basis vectors |s,m,i) are eigenvectors of the operators 52
and s3. The corresponding eigenvalue equations are given by

s2|s,m,i) = hzs(s + D|s,m,i), s3|s,m,i) = hm|s,m,i).

(247)

The action of the operator s+ on the eigenvector |s,m,i) is
given by
(248)

stls,m,i) = hel"|s,m £ 1,i),

where the coefficients ¢} defined as

= \/S(s—i- D—mm=E1)=/(sFmsEtm+1)
(249)

satisfy the condition

¢ = (250)
Since the electronic magnetic number m is bounded by —s <

m < s, we also have the conditions

5_10,0,i) =0 and ss, £s,i)=0. (251

I. Spin selection rules

The vectors |s,m,i) € H;, are invariant under the action
of the irreducible representation D®) = D["/2+5:1/2=51 of the
permutation group S,,. The spin operators s,i/["_l‘”s are invari-
ant under the action of the irreducible representation DI"~11]
of the permutation group S,. The action of the spin operator
s,i’["_l’”s on the vector |s,m,i) yields a vector |s’,m’,i’) € Hf,;,
that is invariant under the action of the irreducible representa-
tion DU = DI/2+s'.1/2=5'1 of the permutation group S,,:

;’[n—l,l]x (252)

|s',m',i"y =5 |s,m,i).
Taking into account relation (252), the tensor product of
the irreducible representations D"~111 and DI"/2+s:1/2=s1 of
the permutation group S, is isomorphic to the irreducible

representation D"/2+51/2=51 j e |

D[nfl,l] ® D[n/2+s,n/2fs] — @a[n/2+x’,n/27x’]D[n/2+s ,n/27s]’

s

(253)

where the multiplicity aj, 24y n/2—s Of the irreducible repre-

sentation D/2+s'1/2=5'1 gatisfies the orthogonality condition
(291,

Aln/245",n/2—s']

1 *
; Z X[n/2+.v’,n/2—.v’](a) X[n—l,l](O—)X[n/Z-H,n/Z—s](O’)

‘oes,

1
—m Z Xin/2+5'1/2—5'10 ) Xin24s£1,n/2—5711(0)

‘T oes,

= (Ss’s:tl . (254)
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This yields the following selection rule on the spin quantum
numbers s and s’ [41,42],

|s" —s| =1 ifs' #s. (255)
The Wigner-Eckart theorem [37,38], applied to the irreducible
representations of the rotation group SO(3) relates the matrix
elements and the reduced matrix elements of the spin operator

s}z/“ * in the following way:

(256)

(s"m'|s; " s,m) = 35 (s [1s° 75 |s),

where c,ifn‘m are the Clebsch-Gordon coefficients associated
with the equivalence between the irreducible representation
D% and the tensor product of the irreducible representations
DU and DY of the rotation group SO(3). These coefficients
satisfy the condition

Iss’  __
Comm' =0

ifm' #m +k, (257)

where k = —1,0,1. The condition (257) yields the magnetic
spin selection rule
m" —m| <1, (258)

which holds for the spin operators s* " and s*'"~11Is acting
on a vector |s,m).

J. Matrix elements of the spin operators

According to relation (155),

n—1 n—1 n
Sy =t (Sarea). )
=1 =1 v'=1

Using property (158), it reduces to

n
, 1
1,1
a;s,EZ - E (8”” ——n>su/k.

=1 v'=I

n—1

(260)
Using the first expression (146), the relation (260) becomes

n—1

_ 1
S aisty = (s - 1ol
=1

Taking into account the decompositions (161) and (162), it
yields

(261)

n—1

a;(s/,m/,i’|sz€["71’1]s|s,m,i)
=1
AR . 1 1 ey S [nls .
= n(s'm' i [suls.m,i) — —=(s'm i’ |s; " |s,mi).

Jn
(262)

Using the reduced matrix elements (171), (172), and (175) and
taking the sum with respect to the indices i and i/, where i = i’
for the last term on the right-hand side, the relation (262) is
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recast as

dy

’ Ty —
Zav Z Zl,’ 1,1]ss (s/,m/|sli [n l’l]s|S,m)

i'=1i=1

dy  d;
=Y YA suls.m.i)

i'=1i=1

d,
— (s sy " s m). (263)
\/_

The definition (161) and (162) of the spin operators s,i’["]s

and s, =111 and the spin selection rule (255) imply that the

first vamshes if s/ = s £ 1 and the second vanishes if s’ = s.
Moreover, the relation (263) holds for every electron v. Thus,
for the electron v = 1, relation (263) yields an expression
for the spin operator sk[ "% jnvariant under the action of the
representation of type [n] of the permutation group S,,, i.e.,

(s",m'|s; 1 m) = 8” ZZ s’ om0 |sils,m,i),
i'=1i=1
(264)
and another expression for the spin operator s, S0 invariant

under the action of the representation of type [n — 1,1] of the
permutation group S,, i.e.,

s'[n—1,1]s

(s",m’|s; s, m)
s‘fﬂx”zz s' '\ i |siels,m,i),  (265)
i'=1i=1
where the numerical factor A% is given by
-1
o B Zaz S5 (266)

(=1 j=1j'=1

According to the spin selection rules (255) and (258), there
are eight allowed electronic spin transitions |s,m) — |s',m’),
where |s" —s| < 1 and |m’ — m| < 1, which correspond to
nearest-neighbor states on the (s,m) plane, as shown in
Fig. 2.

m

|s’,m’), where |s'—s|

FIG. 2. Electronic spin transitions |s,m) —
< land |m" — m| < 1 according to the spin selection rules for an odd
number 7 of electrons.
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The amplitudes of the electronic spin transitions |s,m) —
|s,m = 1) are given by the matrix elements of the spin
operators si["]s = s . Taking into account the expression (250)
for the coefficient c”, the substitution of the reduced matrix
element (B137) established in Appendix B into relation (264)

yields

(s,m £ 1| |s,m) = hes™. (267)

The amplitudes of the electronic spin transitions [s,m) —
|s — 1,m) and |s,m) — |s — 1,m £ 1) are given by the matrix
elements of the spin operators s3 """ and gy '"7h I
Taking into account the expressions (30), (B49), and (B89), the
substitution of the reduced matrix elements (B136) and (B137)

established in Appendix B into relation (265) yields

(s — Lmlsy """ )5 m) = he™, (268)

(s = Lm & 1sy """ "W s my = £hes™, L1, (269)

where the coefficients are given by

s 5ts+1
i =P A Vs —m)(s +m), (270)
s 5 ts+1
ci’flmilzixil 2ZST\/(S+1:Fm)(s:Fm). (271)

The amplitudes of the electronic spin transitions |s,m) —
|s + 1,m) and |s,m) — |s + 1,m £ 1) are given by the matrix
elements of the spin operators s3 """ and gyt
Taking into account the expressions (30), (B48), and (B89) the
substitution of the reduced matrix elements (B136) and (B137)

established in Appendix B into relation (265) yields

s—1[n—1,1]s

(s + 1,m]|s3 |s,m) = heyll ), (272)
(s + 1Lm £ s " sm)y = Fhes™ L, (273)

where the coefficients are given by

?m _ ys+1s 2

S =M 5 +1\/(s+1—m)(s+1+m)

(274)

s+ls 2

st =4 5 +1¢(s+lim)(s+2im) (275)

V. TRANSITION RATES AND DIAGRAMS

A. Diagram elements

The molecular vibrational transitions [{N,}) — [{N_}), the
molecular rotational transitions |L,M,N) — |L’,M',N’) and
the electronic spin transitions |s,m) — |s/,m’) that satisfy
the selection rules (201), (232), (255), and (258) can be
represented in terms of diagrams. The horizontal axis oriented
from left to right represents the time axis. There are seven
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types of diagram elements:

{N.}
NN

N}
\NNV

1. Initial vibration state

2. Final vibration state

Mor N
3. Initial rotation state
M'or N'
. . «—————
4. Final rotation state
. . . S,m
5. Initial spin state -_—
s'.m'
.—

6. Final spin state

7. Bath B

B. Vibrational transitions

The interaction between the vibrational modes of the system
A and the bath B is described by the deformation Hamiltonian
Hget. According to the expression (131) of Hget, the vibrational
fluctuation and dissipation coefficients are given by

3N—-6
N’” Z Xaot N. N”)
><<{N.}|Q‘arI{NZ”}><{NZ/}IQZI{N.}), (276)
where the susceptibilities are given by
s K K 2z K N N K
Koo (@inaivn) = " Z P (@nyiy + @hiv)
b,b”
x (3,b|V515,b")(3,0"|V3[5,b)  (277)

if and only if the transition angular frequencies of the system A

are equal, i.e., @y N,,} = a){ N N,,/ ; otherwise, the vibrational
fluctuation and d1ss1pat10n coefﬁcnents vanish. According to
the vibrational selection rules (201), we have

(N} = (N, +£8%) and {N.}={N.=+s")}.

The matrix elements (198) and the condition (200) imply that
the vibrational fluctuation and dissipation coefficients (276)
reduce to

FS{No} (N} Wy Ny ‘”u/N(;r s (a)s K )

= C+ aa’ \ PN} (N, 52} ) -

s{N. s} NI’y — O (278)

According to the definition (109), the transition rate between
the vectors |[{N,}) and [{N, & 62}) is given by

(279)

Wo Ng\2 s s
Tiv— vtsr) = €20 Xao (O(nyNots0) -

PHYSICAL REVIEW A 94, 042505 (2016)

{N.} : {N. +38%}

FIG. 3. Diagram of a vibrational state in the mode « interacting
with the bath B.

The transition described by the transition rate I'{\"y (. 4
is represented on the diagram in Fig. 3. The coefﬁ01ent

ci“N"’ in the transition rate (279) accounts for the initial or

final vibration state and the susceptibility x5, (e,
accounts for the interaction with the bath.

N ié“})

C. Rotational transitions

The interaction between the rotational modes of the system
A and the bath B is described by the rotational Hamiltonian
H,i. According to the first-order term in the expression (131)
of H,;, the first kind of rotational fluctuation and dissipation
coefficients are given by

! 1 ’ "
romm ﬁxi(a)ﬁM,,)(L,M ,N|L<|L,M" N)
x(L,M",N|L+|L,M,N), (280)
where the susceptibilities are given by
X (@) =27 Z i, 8(whyp + @iy
b,b”
x (5,bIQFI5 6" (5',b"1Q515,b)  (281)

if and only if the transition angular frequencies of the system
A, are equal, i.e., Wy = Wyyyrs Otherwise, the rotational
fluctuation and dissipation coefficients vanish. According to
the rotational selection rule (232), we have

M'=M=+1 and M" =M =+1.

The matrix elements (231) and the condition (229) imply that
the rotational fluctuation and dissipation coefficients (280)
reduce to

l—va M LM .L'M’

i = cx el M xS (@hpa)- (282)

According to the definition (109), the transition rate between
the vectors |[L,M,N) and |L,M + 1,N) is given by

Tyl e = (CiM)ZXi (wi/SIMil)' (283)

The transition described by the transition rate I'j,”S,, £ 1s
represented on the diagram in Fig. 4. The coefficient ck
in the transition rate (283) accounts for the initial or ﬁnal
rotation state and the susceptibility x}(wj};,,.,) accounts for
the interaction with the bath.

The second kind of rotational fluctuation and dissipation
coefficients are given by interchanging M <> Nand Ly <> L.

M M=l

FIG. 4. Diagram of a rotational state interacting with the bath B.
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N ‘:

N1

FIG. 5. Diagram of a rotational state interacting with the bath B.

and OF < Q% in expressions (280) and (281),

: 1 .
| VAN ﬁxi(wj;,v,,)(L,M,N/|L3F|L,M,N”’>

x (L.M,N"|L+|L.M.N), (284)
where the susceptibilities are given by
xi(why) =27 Z Py, 8(wiyr + @hy)
b,b"
X (3.b|QF|5.b") (5.0 |1QF[5.b)  (285)

if and only if the transition angular frequencies of the system
A, are equal, i.e., wyy, = @y y»; otherwise, the rotational
fluctuation and dissipation coefficients vanish. According to
the rotational selection rule (232), we have

N'=N=£1 and N”"=N=%1.

The matrix elements (231) and the condition (229) imply that
the rotational fluctuation and dissipation coefficients (284)
reduce to

sN N _ LN LN
Pivpivar = cf ¢y

X (a)sleil). (286)

According to the definition (109), the transition rate between
the vectors [L,M,N) and |L,M,N =+ 1) is given by

Iy ver = (CnL_LN)ZXi (a)f\fN:I:I)' (287)

The transition described by the transition rate I'y”Sy., is
represented on the diagram in Fig. 5. The coefficient ¢tV
in the transition rate (287) accounts for the initial or final
rotation state and the susceptibility x:(w}/y ;) accounts for

the interaction with the bath.

D. Spin transitions

The interaction between the spin properties of the system
A and the bath B is described by the spin-orbit Hamiltonian
Hso. According to the first-order term in the expression (163)
of the Hamiltonians Hs['(’)] and HS['(')_I’ 1], the spin fluctuation and
dissipation coefficients are given by

1 .y ,
- % )

n

Fsmm’
P

/ s’ s

!
x (s,m|s;t |s'm"") (s \m" |5 " |s,m),  (288)

where k € {—, 4,3}, the isotypic components of types u €
{[n],[n — 1,1]}, and the susceptibilities are given by

R , , ~ , poon
X (o) = 2m (g ) Z Py, 8(whs, + why)
¥

~

X (3.0 B S b7 (5 b1 BTN b)
(289)
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s,m :
L 4

s,m=+1

FIG. 6. Diagram of a spin state interacting with the bath B.

if and only if the transition angular frequencies of the system A,
are equal, i.e., w,) , = w,y, ; otherwise, the spin fluctuation
and dissipation coefficients vanish. According to the spin
selection rule (258), we have

m'=m+1 and m” =m'£1.
If the spin quantum numbers are equal, i.e., s’ = s, the spin
fluctuation and dissipation coefficients (288) become

’ 1
smm _ s[nls SS
L = ﬁxi (cumm/,)
x(s,m/lstF["]s|s,m/”)(s,m”|ssil”]s|s,m). (290)

The matrix elements (264) and the conditions (250) imply that
the spin fluctuation and dissipation coefficients (290) reduce
to

sm sm’Xj:[n]S( s )

sm  m'
Lot ima1 = €3 €4 Dpm+1 (291)

According to the definition (109), the transition rate between
the vectors |s,m) and |s,m £ 1) is given by

mome1 = (€' i (@ht1)- (292)
The transition described by the transition rate I')”° | is

represented on the diagram in Fig. 6. The coefficient c¥"
in the transition rate (292) accounts for the initial or final
spin state and the susceptibility Xi["]s(w;fm 4 1) accounts for the
interaction with the bath.

According to the spin selection rule (255), if the spin
quantum numbers are different, we have s' = s &+ 1. In this
case, the spin fluctuation and dissipation coefficients (288) are
recast as

l—wxmm’

sElm”"m"” —

1, ,
[n—1,1]sx1k ¢ ss+1
ﬁxk (a)mm,,)

x <S’mrlsz£n—l,l].vil|s + l’m///)

x (s £ 1,m" sy |5 m). (293)

The matrix elements (268), (269), (272), and (273) imply that
the spin fluctuation and dissipation coefficients (293) reduce
to

sm m _sm sm’ sln—1,n]sx1 [ ss+1
D imt i1 = Cotima1 Cotim 1 X+ (wmmil)’
sm m’ _sm sm’ sln—1,n]sxl ¢ ss+1
inlmq:lm/qzl - Csilmq:lcsilm’q:lX:F (wmm$1)’
smm'’ _sm sm sln—1,nls£1 [ ss+1
sElmm’ = CstimCstim X3 (wmm ) (294)

According to definition (109), the transition rates between the
vectors |s,m) and |s £ 1,m £ 1), between the vectors |s,m)
and |s%1,m=1), and between the vectors |s,m) and |s£1,m)
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S, m 1
@

m'e {m, m *1}

s+l,m'

FIG. 7. Diagram of a spin state interacting with the bath B.

are given by
s—s+l sm 2 s[n—1,n]s%1 ss+1
l—‘m~>m:l:1 - (Cs:tlm:tl) X+ ( mm:tl)’
s—>s+l sm 2 s[n—1,n]s%1 ss+1
Fm%m$1 - (Cs:i:lmqil) X:F ( mmil)’

(295)

Do’ = (@) 3 o)

e s—s+1 s—>stl s—s+l
The transition rates ', 0, T 00 2, and 757 ~are
represented in the diagram in Fig. 7. The coefficients
Sm Sm Sm 1 111
Cotimat1s Cotimsls and c}},, in the transition rates (295)

account for the initial or final spin states and the sus-

ceptibilities y 1! (WSE ), Xfp[n_l’n]‘gil (wf:yﬁl)’ and
XL (ssEL) aecount for the interaction with the bath.

E. Matrix elements of the external Hamiltonian
According to the expression (166) of the Hamiltonian
H. (1), the matrix elements (105) are recast as
Hexyyrpg () = —(L.M'.N|L|L.M' — 1,N)
x (L,M' — 1,N|Q_()|[L,M,N)
—(L,M',N|L_|L,M' +1,N)
x (L,M' + 1,N|QL (1)|L,M,N)
—(L,M',N|L3;|L,M’,N)

x (L,M',N|Q} (DIL,M,N),  (296)
Hexisyas() = —(L,M,N'|L,|L,M,N" — 1)
x (L,M,N" — 1|Q_,(t)|L,M,N)
—(L,M,N'|L_|L,M,N" +1)
x (L,M,N' + 1|5, ()|L,M,N)
— (L,M,N'|Ls|L,M,N’)
x (L,M,N'|Q (DIL,M,N), (297)
Hexty (1) = —Vels,m'|sy|s,m" — 1) (s,m" — 1| B (t)]s,m)
— Yels,m'|s_|s,m" + 1) (s,m’ + 1| B (2)|s,m)
— Ye(s.m'|ss|s,m)(s.m'| By ()]s, m),  (298)
where
QL = [l 0 i, ()],
Q) = 5[QL0) £ i), (299)

BZ,(1) = 3[BL(t) £iBL(1)].

ext ext

The matrix elements appearing in the relations (296), (297),
and (298) are expressed explicitly as

QE pein(® = (LM £ 1LN|QE(0)|L.M.N),
Q) = (LM NIQEOIL,M,N),
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QL vy = (LMN' £ 1G5, ()ILM,N),

ext

(
QL n® = (LM N'|QE(0)|L,M,N),
(

ext
BE i) = (s,m £ 1BE(0)]s,m),

ext
Be3xtfn/171 (300)

Using the expressions (226), (228), (247), (248), and (300), the
matrix elements (296), (297), and (298) are recast, respectively,
as, recast as

(t) = (s,m'| B2 (t)|s,m).

ext

Hexdypp (1) = =M Qg 3y (1) — heE™M Q0 &L (0)

— heEMHIQE & (), (301)

Hexyy (1) = =N von (@) — heEN 100 30 0@
— heENHIQE Ny (@), (302)

Hext Sy (1) = —yehimB 5 (6) — velicd ™ ' B 50 ()

extm’'m extm’'—1m
'm'+1 p+ s
— ye S BE S @), (303)

VI. CONCLUSION

The relaxation processes involving vibrational and rota-
tional properties, as well as electronic spin properties in a mid-
size molecule, are expressed by the quantum master equations
where the bath consists of the electronic spatial properties.
The master equations allow for the presence of an external
magnetic field and more generally of an electromagnetic field.

The evolution of the diagonal and off-diagonal matrix ele-
ments of the density operator, obtained from the master equa-
tion, describe the evolution of the populations and coherences,
respectively. The evolution equations for the populations and
the coherences are coupled in the presence of an external field.
These equations are written in terms of the fluctuation and dis-
sipation coefficients ['*% . These coefficients are expressed,
in turn, as the product of coefficients entirely determined by the
symmetries associated with the vibrational, rotational, and spin
properties, i.e., {N.}, L, M, N, s, m, and of the susceptibilities
describing the response of the bath to the polarization induced
by the system. The susceptibilities of the bath are functions
of the transitions frequencies only. They can be treated
phenomenologically.

In our quantum description of a molecule, the orientation
is treated as a genuine quantum property characterized by
a pseudovectorial operator @ € L(H;). The orbital angular
momentum operator and the orientation operator satisfy
canonical commutation relations [30]. In contrast to a classical
approach, in a quantum approach no reference frame can be
attached to the molecule since the molecular orientation is not
an “actual” property [43,44].

This work provides a basis for the study of the linear
response of a molecule to an external magnetic field. In
a quantum description of a rotating molecule, the Zeeman
coupling with the external field is expected to lead to nontrivial
effects since the spins are rotating with the molecule.

Relaxation processes involving the nuclear spin are cur-
rently widely studied in the field of dynamic nuclear po-
larization [45]. Such processes can be treated by including
the nuclear spin properties in the description of the system.
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Electromagnetic fields also play an important role in molec-
ular relaxation processes [46,47]. Therefore, it will also be
interesting to include the electromagnetic fields in the quantum
description of the system. This will allow for the discussion
of spontaneous and induced emissions and it will help to
understand the spectroscopic observations performed within
molecular relaxation experiments [3].

APPENDIX A: ROTATION OF THE OPERATOR s,

In this appendix, we establish the explicit expression for
the rotation of the operator s,, which is treated here as a
dimensionless operator. The action of the rotation group SO(3)
on the Hilbert space H?, associated with the spin of a single
electron is given by the unitary representation @ — Ug(w),
where the orientation operator @ € L(H,;) and the unitary
operator Uu(w) € L(H®"). The unitary operator Us(w) is
expressed as

Us(w) = exp <—%w~a), (A1)

where o is the Pauli vector that satisfies the commutation

relation,
i
E(u 0,0 =wxo.

The operators s, (@) are the conjugates of the operators s, with
respect to the unitary operator Uy (w), i.e.,

sy(w) =

The operators s, are expressed in terms of the Pauli vector o
as

(A2)

Ua(@)s,Ua(@)". (A3)

(A4)
Using the definitions (A1) and (A4), relation (A3) is recast as
i 1
& exp —Ea) -0 EG

xexp(%w-a)@ - @l

Ur(@)s,Us(@) ' =1®

(AS5)

Moreover, using the commutation relation (A2) and the Baker-
Campbell-Hausdorff formula, we obtain the identity

€xp (—%w . G)O’ exp <%w . G)

o (—DF[ (=1
:;T[zwa,(f}kZZ k' ((L)XO’)k,

k=0

(AO6)

where the nested commutators and vectorial products of
operators are defined, respectively, as

X, Yo=Y, [X)Y]i=I[X,[X,Y]k-1, (A7)

and
(XxY) =Y,

X XY ) = (XX (XXY))-1. (A8)
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The projector on the orientation operator @ is defined as

(00}
Po= —-
[ORNO]

O, (A9)

where ® = w/w and w = ||®||. Using the properties

(@Wx0)) = wx(wx0o) = —n’o + (- 0)
= —n’(1 - P,)o,
Po=P, = (A-P,)=1-P, VkeN,
Po@xo) = 2@ X9 g, (A10)
[OXN0)]

the sum of nested vectorial products in the relation (A6) is
recast as

00 Nk
Z( Y @ x o)

!
= k!

R (_1)2k+1

+Z (2k)' (wXU)zk—kZ;m(wxa)zkH

o (D* o "
+> Zor" (1-7P,) e
k=1 ’
o (_1)2k+1 " .
— £ mi’l (]1 —Pw) ((z)XO’)

=0+ (cosw — 1)1 — Py)o — Sm—w(wxo)
w

sin w

=P, -0+ —Py)ocosw—

(wx0)

=@ -0)®+ [0 —(®-0)D]cosw — (®@x0)sinw.

(Al1)

Using the relations (A3)-(A6) and (A11), the internal opera-
tors §, (@) are expressed explicitly in terms of the operators s,
according to

s v(w) =

(@-5,)®+ [s, — (@-5,)@®]cosw

—(® x §,)sinw. (A12)

APPENDIX B: MATRIX ELEMENTS
OF THE OPERATORS 5,3 AND s,.

In this appendix, we determine the matrix elements of the
operators s,3 and s,+, which are treated as dimensionless
operators. We consider transitions between an initial vector
|s,m,i) € H;, and a final vector |s',m’,i’) € ’an
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The spin selection rules (255) and (258) set restrictions on
the matrix elements of the operators s,3 and 5,4, i.e.,
(s'sm",i'|s\3]s,m,i) =0,
if |s'—s/>1 or |m —m|#0, (B1)
(s'sm',i'|syxls,m,i) =0,
if |s'—s|>1 or |m —m|#IL. (B2)

Proposition 1. The action of the operators s,3 and 5,1+ on
the eigenvectors |s,m,i) is expressed in terms of the quantum
numbers s and m and the operators A (s — 1), Ai(s), and
Af(s+1)as

sp3ls,m,i) = /(s —m)(s +m) A (s — 1)|s,m,i)

+m A(s)ls,m,i)

+/s —m+ D(s +m+1) Af (s + Dls,m,i),
(B3)
Svxls.m,i) = £/ (s Fm — 1)(s Tm) A (s — D|s,m £ 1,i)
+V(s Fm)s £m+ 1) Ad(s)|s,m £ 1,i)
TV Em+D)(s+m+2)
x A (s + Dls,m £ 1,i), (B4)

where
Ad(s) @ HS, — M, Vsm,
Afs 1) @ H, — HEY Vs,m.

Proof. Taking into account the selection rules (B1), the
action of the operator s,3 on the eigenvector |s,m,i) can be
expressed as

suls,m,i) = A(s — Lim)ls,m,i) + Aly(s,m)ls,m,i)
+Aj3(s + 1,m)|s,m,i). (BS)

The operator s,3 is represented as a tridiagonal block matrix
acting on the Hilbert space H:~' € HS, @ H:,™

m

Ay(s —1,m)  AL(s — 1m) 0
siy=|  Ahsm) AJs(s,m) As(s,m)
0 Aj3(s + 1,m) A?B(s + 1,m)

(B6)
The Hilbert space HS~' @@ HS, O H:™ is spanned by the set

of vectors {|s — 1,m,i) ® |s + 1,m,j) ® |s + 1,m,k)}, where
i=1,....ds—1,j=1,....ds,andk = 1, ... ,ds4+,. The oper-
ators A?B(s,m) and Avi3(s =+ 1,m) satisfy the condition

(s'm i' | A5 (s,m)|s,m,i) =0,

(s £ 1,m' i'| A5 (s £ 1m)|s,m,i) =0, (B7)

if s # s or m" # m. Similarly, taking into account the spin
selection rules (B2), the action of the operator 5,4 on the
eigenvector |s,m,i) can be expressed as

Spx|s.m,i) = A (s — Lm £ 1)|s,m £ 1,i)
+ A3 (s,m £ D]s,m £ 1,i)
+ AL G+ 1LmxD)s,m+1,0), (BS)
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where the operators A3,(s,m £1) and A5(s £1,m=£1)
satisfy the condition

(ssm' £ 1Li'| A (s,m £ D)|s,m £ 1,i) =0,
(' £ L' £ Li'|AS (s £ Lm = Ds = Lm % 1,i) = 0,

(B9)
if s'#s or m' # m. Using the definition s> = s;s', the
commutation relation

[sj,0c] = i€:j38" 500 (B10)
yields the commutation relation
[s% 5] = —ie 8xsiosu ) (B11)
which, in turn, implies that
[s%.501] = i({s3.502} — {$2.53}),
[s%.502] = i({s1.503} — {53,501},
[s%.s3] = i({s2.501} — {s1.502}). (B12)

The definition (242) and the third equation (B12) imply that

[s2,53] = 0. (B13)
Definitions (238) and (243) and Eqs. (B12) imply that
[s%.502] = £({s3.50+) — {52,503},
[s%,53] = 3({s.50-) = {5-u504D). (B14)

Using the commutation relation (24 1) and the definition (242),

the commutation relations (B14) reduce to
[s%,502] = 2504 & 25,253 F 25035+,
[s%,53] = 2803 + -84 — Sp5—. (B15)

The commutation relation (B 15) yields the eigenvalue equation

sy |sm,i) — syes®|s.m,i) — 2s,x|s.m.i)
(B16)
Substituting the expressions (247), (BS), and (B8) in the

eigenvalue equation (B16), we obtain the following conditions
for the operators acting on the Hilbert spaces 1’ ', |, H5,, ..

and Hi}L, |, respectively,

F2s,+583]8,m,i) = F2s,38,+]5,m,i).

206 Etm+ DA (s—1m=E1)

= F2" Ay(s — Lm £ 1), (B17)

F2m+ DA (s,mE 1) = F2"A(s,m £1)  (B18)

v

2s Fm)AS (s +1mE1)= :|:2chmAl'f3(s +1,m+£1).
(B19)
Equations (B17)—(B19) are recast as

Sm

ALG—lmEl)=+— = A~(s— Lim+1), (B20)

s+1+m
A (s,m+1) = cx Ay(s,m £ 1), (B21)
vt m :l:l v
+ ooty
ALs+lmE+)=7F ARG +1,m+1). (B22)
SFm
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The substitution of Egs. (B20)-(B22) into Eq. (B8) yields

Sm

C
Spals,m,i) = iﬁAv}(s — 1,m £ D|s,m £ 1,i)
(B23)
+ 24 Ay(s,m % 1)|s,m + 1,i)
m+1 "
! n )
F A+ 1Lm £ Dls,m £ 1,i). (B24)

SFm

The operator s,3 is self-adjoint, i.e., 5,3 = sI3. Taking into
account the spin selection rule (B1), the self-adjoint property
of the operator s,3 is expressed explicitly as

(s"m,i"|si3ls,m,0) = (s,m,ilsu3ls’,m,i')". (B25)

For s’ =s and s’ = s £ 1, the conditions (B7) and (B25)
require that

Ay(s,m) = Ady(s.m)f, (B26)
AE(s £ Lm) = AT (s,m)T, (B27)

which shows that the operator A33(s,m) is self-adjoint but the
operators Avi3 (s & 1,m) are not. The operators s,1 are adjoint
to each other; i.e., s, = sli according to the definition (238).
Taking into account the spin selection rule (B2), the adjoint
sy+ of the operator s, is expressed explicitly as

(s"sm £ Li'|syxl|s,m,i) = (s,m,i|s,x|s',m £ 1,i")*. (B28)

Taking into account the decomposition (B23) of the operator
sy+ and the condition (B7) for s’ = s, the relation (B28)
requires that

sm sm=E1
Cy
mi1A33(s,mil): ij Ay (s,m)l. (B29)

Using the condition (B26) and the definition (249) of the
coefficients ¢, the relation (B29) is recast as

Als(sm 1) Afy(s.m)

B30
m=+1 m ( )
Thus, the operator Ai3 (s,m) can be recast as

Aly(s,m) = mA3(s), (B31)

where the operator A’(s) is independent of m. Taking into
account the decomposition (B23) of the operator s,+ and the
condition (B7), the relation (B28) requires that

sm s—1Ilm=*1

c _
— =  ALGs—-Ilm*xlh=-"TF At(s,m)l. (B32
sEtm+1 BN m ) sEtm wlssm). (B32)

Using the condition (B27) and the definition (249) of the
coefficients c¢¥", the relation (B32) is recast as

A —1m+E1) _ As(s — 1,m)

Srmmzy | e—w o O
Thus, the operator A ;(s — 1,m) can be recast as
As(s — Lm) = /s> —m? A (s — 1)
=+ —m)s+m)A, (s—1), (B34)
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where the operator A (s — 1) is independent of m. Taking into
account the decomposition (B23) of the operator s, and the
condition (B7), the relation (B28) requires that

sm s+1lm=*1
= ARG+ 1mE1l) = —F——A(ssm). (B35)
sFm " sFm+1""

Using the condition (B27) and the definition (249) of the
coefficients ¢¥", the relation (B35) is recast as

ALG+1mE1) Afs+1.m)
Jo+D2I—mE12 S+ D2—m?

Thus, the operator A:g(s + 1,m) can be recast as

(B36)

AGGs+1Im) =+ 1)2—m> Af(s+1)

=V —m+ D +m+ DA+,
(B37)

where the operator A (s + 1) is independent of m. The
substitution of the expressions (B31), (B34) and (B37) in the
relations (B26) and (B27) yields

Al(s) = AT, (B38)
Af(s £ 1) = AFs) (B39)

Using the expressions (B31), (B34), and (B37) and the
definition (249), the decompositions (B5) and (B23) are recast,
respectively, as

sp3ls,m,i) = /(s —m)(s +m) A (s — 1)|s,m,i)

+m AJ(s)ls,m,i)

+y/(s —m+ D(s +m+ 1) Af (s + Dls,m,i),

(B40)

svels,m,i) = £/(s Fm — D(s Fm) A (s — Dls,m £ 1,i)
+\/(s Fm)sEtm+1) Ai(s)|s,m + 1,i)

TV Em+ (s +m+2)
x Af(s + Dls,m £ 1,i).

(B41)
]
Proposition 2. For electrons, which are spin-% particles, the

spectral decomposition of the operators A>(s), A5 (s)A; (s)T,
and AT (s)AT(s)' reads

A(s) = APy (s) + AT PI(s), (B42)
AN ) = 277P5(s), (B43)
ATEAT () =27 PF(s), (B44)

where P%(s) are orthogonal projectors that satisfy the condi-
tions

PEs) = PEs), PFs)PE(s) =0,

Pr(s)> =Pr(s), Py()+Pf(s)=1q. (B45)
The eigenvalues A; and 1] yield
1
P — (B46)
2s + 1)
1
A==, B47
$ 2s ( )
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and their multiplicities m and m] are given by

L 2s+D(E—s) n!
m =
CT ) EaE )

,  (B4Y)

2s n!
mt =

Proof. For electrons, which are spin-% particles, the operator

s53 is a multiple of the identity operator, i.e.,

(B49)

soy = 11, (B50)
which implies that
su3(su3ls,m.i)) = 3ls,m.i). (B51)

Substituting the expression (B40) twice in the eigenvalue
equation (B51), we obtain the following conditions for the
operators acting on the Hilbert spaces H:2, H*!, and HS,,
respectively,

AF(s £2)AT(s+1)=0, (B52)
AT+ DAY ) + A £ DAT(s £ 1) =0, (B53)
(s> = m)AT (A, (s — 1) +m> A(s)

+s+ 17 —m’IA;OA s+ 1) =314 (B54)

Using the property (B39), the relation (B54) is recast as
(52 = m)AT(S)AT () +m>A3(s)>
+[s + D* = m*IA; (A () = 114, (BSS)

Using the relation (B39) and the condition (B52), the self-
adjoint operators AF(s)AF(s)" and A7 (s)A (s)! satisfy the
commutation relation

[ATATS) A, (A ()]
= ATOIA, (s — DA;(S)IAS (s + 1)
—A,OIAT (s + DAT®]IA, (s —1)=0.  (B56)

Using the relation (B39) and the condition (B53), the self-
adjoint operators A2(s) and A (s)A] (s)' satisfy the commu-
tation relation

[A3), AT (AT ()]

= AATSA, (s — 1) — AF(S)A, (s — DAY()
=—ALO[ANs — DA, (s = D+ A, (s — DAL(9)]
=0. (B57)

Using the relation (B39) and the condition (B53), the self-
adjoint operators A;f(s) and A;(s)A]j(s)T satisfy the commu-
tation relation

[AY$). AT (A ()]

= AYOA; (AT (s +1) = A7 (AT (s + DA(s)

= —A;O[A3s + DA+ D+ Af (s + DAY)]
=0. (B58)
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The relations (B56), (B57), and (B58) imply that the self-
adjoint operators AF(s)AT(s)T, AT(s)A;(s), and A3(s)
commute.

For electrons, which are spin-% particles, the operators 52,
vanish; i.e.,

52, =0, (B59)

which implies that

(B60)

S\)i(svi|samai)) = 0‘

Substituting the expression (B41) twice in the eigenvalue
equation (B60), we obtain the following conditions for the
operators acting on the Hilbert spaces ', HiEL |, and

'H;,, respectively:
AF(s £2)AT(s £ 1)=0, (B61)
AEsE DA )+ A £ DAEs £ 1) =0, (B62)
ATA (s — 1) = A2+ A (s)AT(s +1)=0. (B63)
Using the property (B39), the relation (B63) is recast as

ATOATE = AN + A A ()T =0, (B64)

Factorizing m? in the condition (B55) and substituting the
relation (B64) yields

SPATOATS) 4 5+ 1DPA, (A, () = 1. (B63)

Substituting the condition (B64) into the condition (B55), we
express respectively the self-adjoint operators A;(s)A;(s)T
and AF(s)AT(s)! in terms of the self-adjoint operator A3(s)
as

AS©AS ) = klﬁ[}lu - s%(s)z}, (B66)

AFOAT () = |:(s + 1)2A3(s)* — %Jldx] (B67)

2s +1

Using the definition (238), the commutation relation

[s0j Svk] = i8ureijud sue, (B68)
and the property
sop =Sty = 11, (B69)
we obtain the identity
Svsvr = 31 £ 803, (B70)
which implies that
Sy+(Syxls,m,i)) = %|s,m,i) =+ s3ls,m,i). B71)

Substituting the expression (B41) twice in the eigenvalue
equation (B71), we obtain the following conditions for the
operators acting on the Hilbert spaces H: 2, HSH, HS~1,

m ’

an“ , and H; , respectively,
Ay(s —2)A (s —1)=0, (B72)
Af(s +2DA(s+1)=0, (B73)
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(sFm+ DA, (s — DA(s)
—(sEm—DAN(s— DA (s —1)=A,(s—1), (B74)
(SFm+2)ANs+ DA+ 1)

—(s £m)AT(s + DAY (s) = Al (s + 1), (B75)
(s*m—1(sx m)Aj(s)A;(s -1
+(s Fm+1)(s £m)A(s)?
+sFm+ D Fm+2A (AT + 1)
= 114 £mA)(s). (B76)

Factorizing m in the condition (B74) and substituting the
relation (B62) with a negative sign yields

s+ DA (s — DA3S) — (s — DAY (s — DA (s — 1)
=A(s—1). (B77)

Factorizing m in the condition (B75) and substituting the
relation (B62) with a positive sign yields

(s +2A3s + DA (s + 1) — sA (s + DA (s)
=Af(s+1). (B78)
Using the property (B39), the relation (B76) is recast as
[s(s — D Em@2s — 1) + m*1A T (s)AT(s)]
+s(s + 1) £ m — m* A (s)?
+ (s 4 D(s +2) F m(2s +3) + m* 1A, (A, (5)]
= 114 £ mA(s). (B79)

Factorizing m? in the condition (B79) and substituting the
relation (B64) yields

[s(s — 1) £ m2s — DIAT()AT () + [s(s + DEm]A3(s)?
(s + D(s +2) T m2s 4+ 3)]A, (A, (5)'

= 1, £ mA3 ).

=1 (B80)

The condition (B80) has to hold for any value of m. Thus, the
terms multiplying m in the relation (B80) and the remaining
terms have to vanish separately, which yields two conditions:

2s — DAT)AT () + Ad(s)?

—(25 + DA (OA; () = Ad(s), (B81)
s(s — DATAT() + s(s + DA (s)?
+ (s + D(s + A, (DA, () = 11, (B82)

The substitution of the relations (B67) and (B66) into the

relation (B81) yields
25(s + DAJ(s)* — 314 = AJ(S). (B83)

Subtracting the condition (B62) with a negative sign from the
condition (B77) yields

S[A;(S - 1)1\3(5) - A?,(S — DA (s — 1)] =A (s —1).
(B84)
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According to the condition (B62) with a negative sign, the
second term on the left-hand side of the condition (B84) is
the opposite of the first. Thus, under the transformation s —
s + 1, the condition (B84) yields the eigenvalue equation

AYSAL(8) = A7 A (s), (B8S)
where
_ 1
T D (B86)

Subtracting the condition (B62) with a positive sign from the
condition (B78) yields

(s + D[A3s + DA + 1) = Al s + DA3s)]
= AF(s + 1), (B87)

According to the condition (B62) with a positive sign, the
second term on the left-hand side of the condition (B87) is
the opposite of the first. Thus, under the transformation s —
s — 1, the condition (B87) yields the eigenvalue equation

A (AT (s) = AT AT(s), (B88)
where
1
A= — B89
§ 2s ( )

The eigenvalue equations (B85) and (B88) imply that the self-
adjoint operator A3(s) is given by

A (s) = AP, (s) + AT PS(s), (B90)
where the projectors P~ (s) satisfy the following conditions:
PEs) =Prs), PFs)PE(s) =0,
PE(s)* = PE(s), Py(s)+Pf(s)=1,. (BI1)
The relations (B98) and (B99), the property (B39) and the
conditions (B72) and (B73) imply that
PLOAL () = 2P ATOAT )AL ()
=APATO[A) (s — DA, ()] =0, (B92)
PI()AT(s) = A72AS (A, () AT (s)
=17 2A()[AT(s + DAT(s)] =0. (B93)
The relations (B90), (B92), and (B93) imply that
Pr(OA, () = ) AN ) = TP (9)]A, () = A (),
(B94)

PLA () = DA ) — A7 Py (9)]AT(s) = A (s).
(B95)

Using the definitions (B86) and (B89) of the eigenvalues
A+(s) and the properties (B91) of the projectors Pvi(s) and
substituting the expression (B90) for the operator Ai(s) into
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the relations (B66) and (B67) yields

A (A, () = #{ 1[P;(s) + PF(9)]
2s +1 1|4

- p )} (BY6)
Tt Y Ty
L[+ (s+1)?
AT () — P
AT()AT(s) = 2s+1{4(s+1)2P” )+ 5P )
1
= Pr@)+ Pj(s)]}- (B97)

Using the definitions (B86) and (B89), the relations (B96)
and (B97) reduce, respectively, to

AT()AT () = 277P;(s), (BOS)

ATSAT(S) =22 P(s). (B99)

Now we determine the multiplicities of the eigenvalues A~ and
)Ljf. The definition (242) and the eigenvalue equations (247)
and (B3) imply that

Z Ads) =14 (B100)
v=1
The trace of the relation (B100) reads
Tr|:Z Ai(s):| =nTi[Ad(s)] = di, (B101)
v=1
which implies that
dy
Tr[A ()] = = (B102)
n

The multiplicities m; and m; of the eigenvalues A, and A}
of the operator Ai(s) are defined as

m; = (1 —a)d,, mf = ady, (B103)

where 0 < o < 1 and
m, + mj =d;. (B104)

Taking into account the spectral decomposition (B90) and the
expressions (B86) and (B86) of the eigenvalues A, and A,
the relation (B102) is recast as

dy
(1 — oA, ds +artd, = —, (B105)
n
which implies that the factor o yields
25 +2
o = w (B106)
n2s +1)

For s = 0, the parameter =0 and for s = n/2, we have a=1.
Taking into account the expression (30) of the dimension dg
and the expression (B106) of «, the multiplicities (B103) of
the eigenvalues A and A} are expressed explicitly as

_ 265+ D(5-5) n!
CT G ) Gl )

2s n!
m+ = _—?

R CROLECEDE

9

B107)
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which implies that
(B108)

]
Proposition 3. The operator A} (s) and the adjoint operator
A (s — 1) are expressed as

A(s) = AT PHOX ()P, (s — 1), (B109)
A (s — D =AP (s — DX, (5)Pf(s), (B110)
and satisfy the conditions
PL©)Xu ()P, (s — DX, () PF(s) = Pf(s),  (BI1)
Py (s = DXy(6) P ()X, ()P, (s — 1) =P, (s — D).
(B112)

Taking into account the definition (B42) and the property
(B45), the definitions (B109) and (B110) and the relations
(B111) and (B112) satisfy the conditions (B61), (B62), (B64),
(B65), (B77), and (B78).

Proof. The expression (B109), the condition (B39), and the
properties (B45) imply that

AFOATS) = AP PH)X ()P (s — DX, () P (s).
(B113)
The relations (B99) and (B113) imply that
Pr(s)X, ()P, (s — 1)XU(S)T,PJL(S) =Pr(s). (B114)

The expression (B110), the condition (B39), and the proper-
ties (B45) imply that

A, (A, ()
= 17P (X005 + DIPHGs 4+ DXo(s + DP; (s).
(B115)

The relations (B98) and (B115) imply that

Pr()X (s + DIPF(s + DX (s + P, (s) = P, (s),
(B116)

which requires, in turn, that

Pr(s — DX, () PH()X ()P (s — 1) =P, (s — 1).
(B117)

[ |
Proposition 4. For the electron v = 1, the operators A%(s),
Af(s+1), and Aj(s — 1) are represented by the block

matrices
1.- 0 0 0
3 1 myg +
AJ(s) = A ( 0 0) + A <0 ﬂmr>’ (B118)
0 0
AT+ =37, (1,,, 0)’

_ 0 1,+
1+ my
AT(s— 1) =2 (0 0)'

(B119)

(B120)
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..........

0, +|lo;, 0 |io o
| ] U
! — 0 |
-0 A\T|<s>0 1t Aﬁ@)Q - fA;Jf
ds + 0 {0, + 00
. | |
yooTTTeET r==--=""3
O I
+1|- = = == = — J.*fAT,s' 7-A‘%s 1)
B R O T |
M1 my M1

FIG. 8. Tridiagonal matrix representation of the spin operator
associated with the electron v = 1. The blocks are proportional to the
operators A3(s), A3(s £ 1), AF(s), and A (s £ 1). The “—” sign is
associated with a negative eigenvalue and the “+” sign is associated
with a positive eigenvalue.

The structure of the tridiagonal matrix representation of the
operator s3; expressed in terms of blocks that are proportional
to the operators A3(s), A3(s £ 1), AT(s), and AT(s £ 1) is
illustrated in Fig. 8.

Proof. For the electron v = 1, the orthonormal basis vectors
associated with the spin quantum number s can be chosen such
that the projectors P, and ’Pf’ are represented by the block
matrices

v _(L,- 0O +.~_(0 O
Pr(s)= ( 0 O) and P](s) = (O ﬂmjf) (B121)
and the operator X (s) is represented by the block matrix

X7t
o)

X ()

X (s) (B122)

X1(S)=<

The definition (B90) and the representations (B121) imply that

500 1= O\, ..(0 O
Al(s)_ks(o o) +45 (o 1. )

mg

(B123)

The definitions (B109) and (B110) and the representations
(B121) and (B122) imply that the operator Af(s) is repre-
sented as

Af(s) =2t 0 0 (B124)
ERRGEE R O €y C) ()
and the adjoint operator A} (s — 1) is represented as
_ (0 X[l
AT (s — 1) = A 0 0 , (B125)
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which, in turn, implies that

0 0
+ _ ¥
A+ D=4, (xj(s +1) 0)'

Taking into account the representations (B121) and (B122),
the condition (B114) requires that

(B126)

XX ) =1, (B127)

Taking into account the representations (B121) and (B122),
the condition (B115) requires that

X[+ XTG4+ D) =1, (B128)

According to the property (B108), the condition (B128) is
recast as
XX { () =1, =1, (B129)

In order to satisfy the conditions (B127) and (B129), the
operator X frf (s) can be chosen such that
Xf'_(s) =1, (B130)

The expression (B130) implies that the representation (B125)
of the operator A (s — 1) is recast as

A1) =at° In (B131)
s—1)= .
1 s 0 0
The conditions (B130) and (B108) imply that
X Gs+= ]1m:+l =1,-. (B132)

The expression (B132) implies that the representation (B126)
of the operator A (s + 1) is recast as

0 0
Af(s+1)zx;g1(ﬂ ) 0). (B133)

|
Proposition 5. For the electron v = 1, the reduced matrix
elements of the operators s3; and s1; read

s

dy d
DO s i [si3ls.m.i)

i'=1i=1

— d,
= +)‘«j—m;‘r (s — m)(s +m) Sy 10mm + —m Sy Om
n

+af o my (s —m 4+ D(s +m + 1) 8y5118m,  (B134)

dy

B

(s"sm’i'|s1+|s,m,i)

i'=1i=1

= A m (s Fm — D)(s Fm) 8y 18mman

d
+;¢<s T m)(s £ m + D)y Spms1

TALam V(s £m+ (s £m +2) 8y i8mmer. (BI35)
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Proof. For the electron v = 1, the eigenvalue equation (B3) yields the reduced matrix element of the operator s3;; i.e.,

4y d, dy d, dy d,
SN s sislsmii) = +/(s —m)(s +m) DY (s'm AN (s = Dismi) +m Y Y (s m i | A3 (s)]s.m.i)
i'=1 i=1 i'=1 i=1 i'=1i=1
dy d,
s —m+ D +m+DY Y (s i A + Dls.m.i). (B136)
i'=1 i=l1
Similarly, the eigenvalue equation (B4) yields the matrix element associated with the operators s, ; i.e.,
dy d, g d,
DD sislsami) = £/ Fm =D Fm) Y Y (" m iIANGs = Dlsom & 1)
i'=1i=1 i'=1 i=1
dy d,
Vs FmsEm+ 1)) Y (s m i A(s)]s.m £ 1.i)
i'=1 i=l1
dy  d,
FVeEm+ D Em+2)Y Y (s'mi'|AJs + Dls.m & Li). (B137)
i'=1 i=l1
The representation (B118) and the expressions (30), (B86), (B89), and (B107) imply that, V s,m,
4y d, 4
DO s m AL s i) = D Tr(Lys) 4 AT Tr(L 8g8mm = Gy my + MmN = = 8y8pm.  (BI38)
: ’ n
i'=1i=1
The representation (B120) implies that, V s,m,
4y d,
DO AT (s = Dlsmi) = AT Tr(,0) Sos—18mm = AT m Sy 18w (B139)
i'=1i=1
The representations (B119) implies that, V s,m,
dy  dy
DO m AT s A+ Dlsmai) = A Tr(,0) Sesiadmm = Al my Soi1Smm. (B140)

i'=1i=1

The matrix elements (B139) and (B140) satisfy the property (B39), as expected. The substitution of the matrix el-
ements (B138), (B139), and (B140) into the matrix elements (B136) and (B137) yields the matrix elements (B134)

and (B135).
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