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Amplification of the quantum superposition macroscopicity of a flux qubit by a magnetized Bose gas
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We calculate a measure of superposition macroscopicity M for a superposition of screening current states in a
superconducting flux qubit (SFQ), by relating M to the action of an instanton trajectory connecting the potential
wells of the flux qubit. When a magnetized Bose-Einstein condensed (BEC) gas containing Nz ~ O(10°) atoms
is brought into a O(1) um proximity of the flux qubit in an experimentally realistic geometry, we demonstrate
the appearance of a twofold to fivefold amplification of M over the bare value without the BEC, by calculating
the instanton trajectory action from the microscopically derived effective flux Lagrangian of a hybrid quantum
system composed of the flux qubit and a spin-F atomic Bose gas. Exploiting the connection between M and the
maximal metrological usefulness of a multimode superposition state, we show that amplification of M in the
ground state of the hybrid system is equivalent to a decrease in the quantum Cramér-Rao bound for estimation
of an externally applied flux. Our result therefore demonstrates the increased usefulness of the BEC-SFQ hybrid
system as a sensor of ultraweak magnetic fields below the standard quantum limit.
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I. INTRODUCTION

The development of hybrid quantum devices for quantum
information processing grows out of the desire to achieve
disparate and seemingly mutually exclusive goals: quantum
information should be both long lived and immune to deco-
herence, as well as easy to retrieve and manipulate [1,2]. These
goals have been intensely pursued in hybrid quantum devices
at the interface of solid-state physics and atomic physics,
including superconductors interacting with other quantum
systems (see, e.g., Refs. [3-9]), inter alia, with ultracold atomic
Bose gases [10-14].

In this paper, we reveal two related facets of a hybrid
quantum system consisting of a superconducting flux qubit
(SFQ) and magnetized Bose-Einstein condensate (BEC): (i)
its increased usefulness over a nonhybrid SFQ for external
magnetic field sensing, and (ii) the larger scale on which it
exhibits quantum mechanical behavior as quantified by an
appropriate measure M. For J, a finite index set having | /|
elements, the macroscopicity M of a superposition |V) of
product states in (C?)®! is defined as the maximal variance
in |V)

M= ﬁmgx«wmzm — (V[H|¥)%) M
over all 1-local observables H, i.e., having the form H =
el TV @ I/\U} with | TW || = 1[15]. Specifically, we have
in mind the case for which J is a subset of momentum space
containing the Fermi momentum of a superconducting metal
and |W) o |O) 4 |O) is a superposition of screening currents
in the SFQ. Several measures of pure state macroscopicity
for finite-dimensional quantum systems have been shown to
be equivalent to M [16]. Whereas highly correlated quantum
superpositions, e.g., Greenberger-Horne-Zeilinger states, en-
tangled coherent states, have been shown to exhibit M scaling
as O(|J|) [16-24], certain two-component superpositions
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occurring in noncritical degenerate matter, such as the ground-
state flux superposition of a superconducting flux qubit (SFQ),
exhibit much lower macroscopicity values [21,25,26]. Motiva-
tion for understanding how the superposition macroscopicity
M of SFQs can be increased arises due the close relationship
between M and optimal usefulness of the superposition state
as a probe in an appropriate quantum metrology protocol [see
Eq. (12) below]. In addition to their prominence as information
carriers in quantum computers [27], SFQs have been proposed
as highly sensitive magnetometers [28,29], with theoretically
greater flux sensitivity compared to an rf-SQUID device [30].

The main result of the present work is that the macro-
scopic quantum character of a ground-state screening current
superposition in a SFQ, quantified by the measure M,
can be amplified by coupling the electric current of the
superconductor, on the microscopic interaction level, to the
local magnetic moment of a proximal spinor Bose gas (Fig. 1).
Our proof proceeds according to the following schematic logic:
(i) M increases when the value of —In |[{O | ©)| increases
(Sec. II); (ii) The quantity —In[{O | O)| increases linearly
with the Euclidean action of an instanton propagating between
the potential wells of the SFQ (Sec. II); (iii) The Euclidean
action of an instanton can be amplified by the proximal spinor
Bose gas (Sec. IV). In Sec. III, we relate the amplification
of M to an increase in usefulness of the hybrid system for
quantum magnetometry over a SFQ alone.

Physically, the amplification of M is a consequence of the
large renormalization of the inductance of a SFQ in the proxim-
ity of amagnetized Bose gas (e.g., a spin-F BEC). In particular,
we show that when the externally applied flux is tuned to ®(/2
so that the SFQ potential has degenerate minima [31,32], the
inductance renormalization /C > O appearing in the effective
action of the flux variable S& = [" dt[C(42) + V()]
where

= — COS -—
2 CDO 2L

to second-order in perturbation theory, is O(1/2L) for appro-
priate geometric arrangements of the hybrid device and an
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FIG. 1. Schematic of the geometry and relevant dynamical quan-
tities of the proposed hybrid flux qubit, where the oblate BEC (red)
is positioned at distance D above the superconducting loop circuit of
wire thickness 2Rg (black). The tunnel junction (orange) is labeled
JJ and the ground-state screening current superposition is shown by
the green arrows; vg is the superflow velocity. The local magnetic

moment density of the atoms ((i)T&a)) contains p := g/p(0x,0y,0)

and the spin-F field operator ¢.

experimentally achievable density of Bose condensed atoms.
In Eq. (2), &9 = mh/e is the flux quantum in SI units, /.
is the critical current of the Josephson junction, C is the
capacitance of the tunnel junction, and L is the self-inductance
of the SFQ. This doubling of K arises due to an approximate
cancellation of the small atomic magnetic moments in the Bose
gas by the large density of states at the Fermi surface of the
superconductor, cf. Egs. (16) and (19) below.

II. MACROSCOPICITY OF FLUX QUBIT SCREENING
CURRENT SUPERPOSITION STATE

We begin by showing that the SFQ ground state |G)sr for
the model of Eq. (2) is of the general form

%v Qo))+ Q1) | 3)

jeJ jed

and calculating M for this general superposition state.
|G)sro is an equal weight superposition of screening currents
|G)sro == \/LN(K” + |O)), which can be described micro-
scopically as a superposition of variational Bardeen-Cooper-
Schrieffer ground states [33] |O) and |O) corresponding to
Cooper pairing at center of mass momenta Q; and Q
respectively. Using |0)x (|1)x := a}:!TaT_kY¢|O)k) to denote the
absence (presence) of an s-wave Cooper pair of relative
electron momentum 2k, and a;k) (j = 1,2,3) to be the Pauli
matrices in the {|0)g,|1)r} subspace, |G)sr¢ takes the form
of Eq. (3) with |¢) := exp(—itan~'(v2" /ul")o®)|0),
) = exp(—itan‘l(v,?R/u,?R)a}(,k))lO)k. The normaliza-
tion factor is AN = (2 +2e7*), where e™ = (O] O) =
I quLquR + kaL kaR. However, for a SFQ with multiple
Josephson junctions and exposed to engineered external fields,

an accurate calculation of the momenta amplitudes v, *, ka L

from which M can be inferred exactly, must be obtained
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from a self-consistent solution of the Bogoliubov equations. In
Proposition 1, we calculate M for the superposition Eq. (3).
Subsequently, we show how the value M for the state |G)srq
depends on the physical parameters of the system by relating it
to the action of an instanton trajectory connecting the minima
of V(®). Later, in Sec. IV, we use the same relation to show
that an increase of the inductive term in V (®) due to a proximal
magnetized Bose gas results in an amplification of M for the
ground-state screening current superposition in the SFQ.

The technique used in the proof of Proposition 1 is similar
to that used in Ref. [34] to calculate M for a state of the form
o |98 4+ U®V119)®lVI for a unitary U. For the statement
of Proposition 1, let {|¢;)};e; and {|¥/;)};cs in Eq. (3) be
collections of normalized pure states indexed by a finite set J
having cardinality |J| and define z; := (¢;|/;) forall j € J.

Proposition 1. The normalized superposition state

1
T l6;) + Q) V) “)
s (57 QY

has macroscopicity

|G) =

DD Y/(§ R PTG I P )

M:
[J1(1+Re[]; z))

&)

Proof of Proposition 1. Consider the operator H =
Y jes TV where TV = (1)1 = 1W;) (W;D)/y/1 = |z 1% It

is clear that || T)|| = 1. Then a simple calculation shows that

> i V=12 PDA = [z ?)

2 _
(AH) )16y = VI + TTRe[], 2,

(6)

We now show that H exhibits maximal variance over the set
of all 1-local observables on (C?)®!/I having operator norm
equal to 1. The proof is by induction: let J = {1,...,N}.
the base case is to consider the states |¢;) and [/;) in
C? and let (¢jlrj) € R without loss of generality. Form

the orthonormal basis |e(ij)) = (l¢;) £ 1¥;))/{/2 £2z; and
define the Pauli operators o', a}(x’ ), o with o)y =

j:|e¥)). With z; € R, the most general norm 1 operator has
)

the form Te(j ) = o, sinf + oz(j ) cos 6. Fora single mode, say,

mode 1 in J, the state in Eq. (4) becomes |e$)) and the maximal
variance of Te(l) in |e$)) is achieved for 6 = /2, i.e., T;% =

(1) (p1] — [¥1)(¥1])/y/1 — z3. Assume now that the 1-local,

M j . .
norm one operators Hy 1=} i, T;g)z maximize the variance

in [Gy) = (®,16,) + ¥, [y;))//2 + 2 [T}, z; for all

M e {l,...,N —1}. We calculate the maximum over 6 of
the variance of the operator Hy :=I/\M @ T\V) + Hy | ®
1/\0-N=1} in the state of Eq. (4).

We find that

N—1
1—1_,':1 Z?

2
—L= —cos’0 (7)
(1+ H;V:ll zj)

(GIHy|G) =
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and

+2T9(N) ® HN—1>|G>. (3

Taking the partial derivative of Eq. (8) with respect to 6
produces the condition

A HN*1>|G>
N o\ ©)
(0x ® HN71>|G>

Since (pn|oM|pn) = (Ynlo™M|Yn) =0 and (1| ® - ®
(On—1 [Hy-1 Y1) @ -+ @ [Yn—1) = (1| ® -+ @ (Yn—y
|Hy-1l¢1) ® --- ® |¢pn—1) = 0, it is clear that 6 = /2 is an
extremum, which is easily verified to be a maximum. By the
definition of M in Eq. (1), we find the value of M given by
Eq. (5). |

It is clear that M is close to the maximal value |J| if and
only if (1 — |z; DZ(1 — |zx])? is close to 1. As discussed below,

cotf =

this is not the case forz; = u; "u Qr 4 29 2% which appear
when |G) = |G)srp. This is the reason that M for |G)sro
does not achieve values of the same order of magnitude as
|J|, where in this case, J is the subset of momentum space
A obtained by removing a subset defined by a cutoff k, i.e.,
J = A\A{llk]l > ko}.

In Appendix A, we derive the following tight upper bound
for M:

M < A=A +1, (10)

~l4e?
which is a function of [(O | O)| only. Although the condition
(O | O)] < 1is satisfied by all operating bare flux qubits, the
macroscopicity M can be further increased by manipulating
an isolated or hybrid SFQ system in such a way that [(O | O)]
is decreased. In the remaining part of this section, we show that
the relationship between M and A given by Eq. (10) allows the
macroscopicity to be calculated to good approximation from
the action of an instanton connecting |O), |O).

An accurate estimate of A in Eq. (10) can be obtained
experimentally by spectroscopic determination of spectral
gap of the SFQ or theoretically from the shape of the flux
potential V(®) with degenerate minima +®,/2 that occur
when the externally applied flux @y satisfies Py = Dp/2,
which falls in the parameter regimes explored in recent
experiments demonstrating macroscopic superpositions in
flux qubits [27,35-37]. To show how A can be estimated
from the spectral gap of a SFQ, we consider a two-level,
quasidegenerate Hamiltonian Hy := (¥ /2)(|O){(O] + |O)(O])
(y > 0), which describes the dynamics of nearly orthogonal
screening current states at the point @ = ®y/2. The states
|O), |O) correspond to well-defined values ®y/2, — /2,
respectively, of the flux, and have the same expected energy
(Hg) = (y/2)(1 4+ e?*) with respect to Hy. The spectral
gap of Hy is found to be AE = ye™. Knowledge of the
expected energy (Hgy) can be combined with the spectroscopic
determination of A E to obtain a value for A. On the other hand,
the flux values =@ /2 corresponding to | ), |O) are analogous
to the degenerate minima 4¢o of the double-well potential
that is traditionally used to illustrate instanton methods. For
the present flux potential V(P), the spectral gap AE can be
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computed using the semiclassical method [38], which yields
AE = 2hRe S where Sipg = _Cbgﬁz d®./2CV (D) is the
action of an instanton solution ¢ of the imaginary time
equation of motion corresponding to Eq. (2) and R is aratio of
fluctuation determinants. From the above equivalent methods
of computing A E, we obtain an equation for A:

Sinst Y
A= h +1n|:hRj|. an
Combined with Eq. (10), Eq. (11) leads to a major conclusion
of the present work: A decrease of the overlap between the
degenerate flux states |O), |O) (i.e., increase in A) results in
greater superposition macroscopicity M through the increase
in the action of an instanton traveling between the degenerate
potential minima in imaginary time. For the experimental
demonstration of SFQ in Ref. [35] in which CI>S /2L = 645 K,
I, = (152 /®p)K and E¢c =9 x 103K, we find that M <
481, which is lower than the upper bound M < 3800 derived
by considering the displacement of Fermi surfaces of the two
components of |G)srp [25]. For the experiment in Ref. [36]
with (1,®0/27)/Ec =38 £8 and (®3/2L)/Ec ~ 2 x 10%,
we find M < 227.

III. METROLOGICAL USEFULNESS OF FLUX QUBIT

To relate a large value of M to the usefulness of |G)sr¢ as
a quantum magnetometer, we note that if Hy is the observable
giving the maximum variance in Eq. (1), the quantum Cramér-
Rao theorem [40] implies that a single-shot unbiased estimate
6 of the phase 6 in the unitary operator exp(—i@ Hy) satisfies

(A0)2) = (H{(AH) ) ) 2 = @MID~2 (12

Increasing M from 1 to | J| interpolates the quantum Cramér-
Rao bound between standard quantum limit precision scaling
O(]J|~'/?) and Heisenberg limit precision scaling O(]J|™")
for estimation of 6. For a measurement-imposed momentum
cutoff ky and for small Q, we show in Appendix B that the
1-local Hamiltonian, which has largest variance in |Gy, )sro,
is approximately Hy = Y_, 0¥, where the operator equal-
k9% 5 p qua

ities 0P =1 — a,t’Tak,T - ach,ﬂk»i and o = agra_g | +

aikwa,LT hold in the subspace {|0)x,|1)x}. The variance of the

operator ), az(k) (X", o) corresponds to number fluctuation
(order parameter fluctuation). Since the total electron number
operator is the canonical conjugate of the flux operator of
the SFQ, |Gy,)sro 1s most useful as a probe for estimation
of displacements of flux through the SFQ. The quantum
Cramér-Rao bound for the error of a single-shot, unbiased
estimator & of the flux in |G, )sFo is given by

((A&))2>\Gk0)SFQ < 1 1
@ " VM JAMAIK] > kol

where |A \ {||k]| > ko}| is the number of momentum modes
inside the cutoff radius. Because |Gy,)sro exhibits a value of
M greater than that of |O) or |O) (each having M = 1), its
corresponding quantum Cramér-Rao bound is reduced below
the standard quantum limit by a factor of 1/ VM. Note that
Eq. (13) implies M can be extracted from the measurement

13)
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statistics of a flux estimator if that estimator is optimal (in
the sense of achieving the quantum Cramér-Rao bound [39]);
otherwise one extracts a lower bound for M. The upper bound
in Eq. (10) can be extracted from knowledge of the parameters
of flux potential V(®) [35], obtained from theoretically from
the microscopic theory or experimentally from spectroscopy
of the SFQ.

IV. EFFECTIVE ACTION OF INDUCTIVELY COUPLED
BOSE GAS AND FLUX QUBIT

We now demonstrate that bringing an ultracold magnetized
Bose gas into magnetic contact with the SFQ increases A,
and hence M, in an experimentally realizable geometry
(Fig. 1). We thus explicitly construct a hybrid SFQ-BEC
device that allows an amplified value of M for |Gy,)sro,
and thereby increases the metrological usefulness of the
superconductor screening-current superposition state for
quantum magnetometry.

Integration of a magnetically trapped BEC setup into a
superconducting quantum circuit has already been exper-
imentally achieved in a similar geometry with BEC/SFQ
distance D = 17 um [14]. The experimental realization of the
amplification of M in the present setup requires that the SFQ
be held at temperatures 7 ~ 10 — 100 mK [27], that the Bose
gas be magnetized and thermally insulated from the SFQ, and
that the Bose gas be held within D = 3 um of the SFQ [cf.
discussion after Eq. (19) below]. The fully magnetized Bose
gas can be achieved by cooling a spinor Bose gas through
the magnetization transition in an optical trap, and bringing it
into proximity with the SFQ by, e.g., magnetic conveyor under
ultrahigh vacuum, as demonstrated in Ref. [41], or by using
trapping wire currents and a bias magnetic field to locally
position the Bose gas. In order to exploit the amplification
of M for magnetometry, the measurement of & should be
unbiased and should at least achieve the standard quantum limit
for flux estimation. In addition, it must be carried out within
the coherence time of |G)srg (~ 1 — 10 s [42,43]). Because
of these demands, a magnetometry protocol benefitting from
the amplification of M would likely involve a readout of the
SFQ by quantum memory engineered in the Bose gas itself
[12] or by a spin ensemble coupled to the SFQ [44].

We now derive the inductance renormalization /C due to
the proximal magnetized Bose gas, which increases A by
Eq. (11) and thereby increases M of the state |G)spq by
Eq. (10). In the vicinity of a superconducting tunnel junction,
the SFQ consists of a left region VS(L) and a right region VS(R)
of s-wave, type-II superconductor with characteristic radius
Rgs. The spinor Bose gas is trapped in a volume Vp which we
assume can be brought to within a few multiples of Ry from
the plane of the SFQ [see Fig. (1)]. To calculate the effective
action of the flux instanton in this geometry, we use the
bosonic-fermionic imaginary time coherent state path integral
describing the dynamics of the electron (Nambu) fields
U= (YY), W= (¥},¥1) and the complex bosonic

fields ¢, ¢ corresponding to a spin-F atomic Bose gas.
Integrating over the electron fields leaves only the flux and
the atoms as quantum degrees of freedom. Building upon
the microscopic derivation of the capacitive, inductive, and
sinusoidal terms of the effective flux action [45], we focus
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on the effective contribution arising from the Bose gas-SFQ
interaction, which is taken to be a linear Zeeman coupling of
the magnetic moment of the spinor Bose gas and the magnetic
field produced by the supercurrent in the SFQ [11,12].

The magnetic field in the Bose gas due to the su-
perconducting currents is calculated from the Biot-Savart
law using the gauge-invariant superconducting current J =
(eh/2m,) Zaeim Vi(—iV — A, +G.c., where G.c.
signifies the Grassmann conjugate of the preceding term. The
magnetic interaction can be simplified by implementing the
local change of basis ¥, > Y, e 0r/2 ¥ (s o, ei0Lix/2
on the electron fields, where 6,z is the phase field of the
superconductor order parameter in the left or right regions of
the SFQ proximal to the tunnel junction. This rotation allows
us to consider a spatially constant, temperature-dependent
value for the modulus of the superconductor order parameter
Aj = Ag = A obtained from the BCS gap equation while
retaining the quantum fluctuations of the order parameter phase
[46]. In addition, we introduce the gauge-invariant velocity
vs = —h/2m.(VO + %A), where 6 smoothly varies between
the values 6, and 6y achieved at the respective left and right
of the tunnel junction, which is connected to the flux degree
of freedom via

H/d(l)s
C

according to the fluxoid quantization condition [47].
The full form of the interaction in Nambu space is

e wh @
=to="0" (14)
me me q>0

R rph ) _ )
Sm=—C1 Y f dxo | poipe’’ / dyllx — x|
— 0 Vy — V;’")
P .<_/ ca/ 2m€
X W1 (0] —18]-)]I+Tv5,jrz v, (15)

where Cy = gruppoeh/8wm, in Sl units, 0 = (0y,0y,0;) is
a vector of spin-F operators, the spatial integrals over Vj and
Vs(m) are labeled with their respective coordinates x and x’,
and summation over repeated indices is implied. The Nambu
space Pauli operators I, 1,, 7,, 7, have been introduced. We
leave the dynamics of the spinor Bose gas unspecified, as we
eventually only require a fully magnetized state, which exists
as an eigenstate of several atomic Hamiltonians.

In the self-consistent BCS mean-field theory, the super-
conducting (Ssc¢) and interaction (Sj,) contributions to Sy are
quadratic in the Nambu spinors. Upon performing the Gaussian
integral over W, W*, the effective action becomes ng) =
—3t[Go(Gipt + -, G7Go(Giyt +-;G7DI at  lowest
nonzero order of expansion of the functional determinant
in terms of Gi,| (Appendix C). Here, G;,! is the integral
kernel arising from Eq. (15) and G;l are the kernels arising
from the chemical potential across the tunnel junction, the
kinetic energy of the superfluid velocity vg, and the tunneling
amplitude, respectively. Gy is the free 2 x 2 Gor’kov Green’s
function of the superconductor and the trace is taken over
all internal momenta and Matsubara frequency in addition
to the Nambu space indices. The first-order contribution of
G, vanishes, along with the second-order terms of the
form tr[GoGi;thoG;l] (see Appendix C). The tunneling
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contribution to Sgr) is nonlocal in imaginary time, giving
rise to dissipative real time evolution of the flux degree of
freedom. We will show that time nonlocality also appears in
the interaction contribution Sé%f)im to ng) and then proceed to
study the low-temperature (coherent) limit.

The first term in brackets in Eq. (15) van-
ishes because only terms that are even in momen-
tum contribute to the sum over internal momenta
in the expression ng),int = —%tr[Go(a)n,k)G;,tl(k,w,,;k’,a)m)
Go(k',w,)Gint (K, k,w,)]. We make the approximation
k = k', which amounts to neglecting scattering of Bogoliubov
quasiparticles from the superconducting superfluid current.
This approximation results in a phase space factor proportional
to the energy scale of the attractive BCS electron pairing:
[k /@y ~ (p(Ep)/an?) [" de, where we have used

2 2 . .
= hz‘% — u as the free electron dispersion (u = u; =

ur ~ Ep is the T = 0 chemical potential of the SFQ), ), is
the Debye frequency and p(EF) is the density of quasiparticle
states at the Fermi surface. The intermediate expression for
the effective action due to G, is, with implicit integrals over
Xo,X(, assumed, given by

C, /(y) d*q M(xg,y) - (vs(x0.q) X q)e'??
Bw*Jy, J @n)p gl

y /W / d*q" M(x),y") - (vs(x},q") x q')e'?™Y
v, J @u) g2

hw[)
[ Tde ¥ s@apeenti s, )
~hwp (n,r)eZxZ

where  M(x0.y) 1= $(x0.9)a$(x0.¥). S(@n.00.€) s the
temperature-dependent factor arising from the matrix trace
of the free Green’s functions, and

C = (grmsroe)’ p(Er) hop /8. a7

The integrand of Eq. (16) is nonlocal in time and can be
computed in terms of the Bickley function Ki; (0) [48]. For the
present purpose of calculating the inductance renormalization
K in Eq. (2), we evaluate the Matsubara sum and take the
coherent part of Eq. (16),1i.e., xo = x,. After an inverse Fourier
transform, we assume that (x —x')- ((M(x0,Xx))BEC) X
vs(x0,x")) & D[(M(x0,x))BEC) ll|v5(x0,X")| in the geometry
of Fig. 1, where |BEC) represents a condensed state of the Bose
gas such that fVB x| (M (x0,%))BEC) | € O(Np) with Np the
total number of atoms. Making use of Eq. (14) by approximat-
ing fV;L)uV;R) d3x || vs(xo,x/)ll ~ (ﬂhRg/mg)CD()CQ)/(bo, the ef-
fective action is

7hCs [ Rs\* Bh d(xp)?
sgg‘iﬁ_(_) Ngfo dxo o (18)

25 D :
We then have in Eq. (2)
JThCQ RS 4 2
K= — ) Nj. 19
252 ( D ) 5 (19

To estimate feasible values for X, we use p(Ef) =
4.58 x 10%J7'm=3, |g/| = 2, and hwp = 3.21 x 1072°J for
Al, which results in JThC2/25 =157 x 103 IfRg = lum
and D = 3 um, which are within reach for hybrid systems
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composed of SFQ and Bose gas [14], then Np =2 x 100
condensed atoms are sufficient for the renormalized inductive
energy E;, := ®}K to approximately equal the bare inductive
energy E; of the SFQ in Ref. [35]. Using Eq. (11) and
Ep + ®3K =2 x 645K now gives M < 677. In the more
extreme case of Ry = D, Nz =5 x 10°, M < 3114, which
gives a lower quantum Cramér-Rao bound for external flux
estimation by a factor of 1/2 compared to Rg/D = 1/3.
The renormalized action for an instanton, and hence the
macroscopicity M [see Eq. (10)], scales as O(Ng). From
this analysis, we see that a screening current superposition
|G)sro in the SFQ of the hybrid system has a twofold to
fivefold larger value of M than the analogous state of the
nonhybrid SFQ. Assuming an optimal measurement on the
superconductor can be carried out, the hybrid system can
therefore act as a quantum magnetometer operating further
below the standard quantum limit than is possible for probe
states of the SFQ in the absence of the magnetized Bose gas.

We note that the inductance renormalization has important
consequences for the operation of the SFQ. In order to exhibit
the nonlinear potential defining the qubit, the inductance
of the Josephson junction ®((/,cos Ay)~! should cancel
the renormalized inductance of the loop [31]. This requires
that the expected phase difference Ay across the junction
must increase toward /2. A large value of M can thus be
interpreted physically as a result of the large macroscopic
phase difference across the tunnel junction maintained in the
|O), |O) flux branches.

V. CONCLUSIONS

In summary, we have shown that the macroscopicity M
of the SFQ ground state |G)sro is amplified by coupling
to a proximal magnetized spinor Bose gas. The required
magnetization can be achieved by preparation of the spinor
Bose gas in a polar Bose-Einstein condensate phase. It is useful
to note that the lack of electrical conductivity of the Bose gas
and the tunability of the gas magnetization by control of the
number of trapped atoms and control of the transition into
the polar phase make the SFQ-BEC hybrid system considered
in the present work a superior setting for hybrid quantum
magnetometry compared to, e.g., a hybrid system of a SFQ
and a static metallic magnet.

Amplification of M in the hybrid system indicates the
greater theoretical precision obtainable (compared to the
ground-state superposition of a nonhybrid SFQ) when |G) sr o
is used to probe magnetic displacements. We expect this result
to stimulate further research on the quantum macroscopicity of
hybrid persistent current qubits and on optimal preparation and
measurement protocols for achieving the quantum Cramér-
Rao bound for magnetometry in hybrid systems.

ACKNOWLEDGMENTS

We thank J. Fortidgh for a helpful discussion on the
experimental realization of our theoretical proposal. This
research was supported by the NRF Korea, Grant No.
2014R1A2A2A01006535.

042320-5



T. J. VOLKOFF AND UWE R. FISCHER

APPENDIX A: PROOF OF UPPER BOUND FOR
MINEQ. (10)

Consider A = —log [{O | O)| = —log([ uk uk k4 vk
kaR) in the simple case of a superposition of uniform
supercurrent, e.g., with O = 0 and variable Q satisfying
Q.|| < ~2m.A/h. By calculating quL, ul, kaL, and v) in
the vicinity of the Fermi momentum k = kr [see Eq. (B3)],
one finds that ukg’uz + v, ’vg ~ 1 [47]. Introducing the

real numbers xk satisfying 0 < x; < 1 defined by xy :
1-— (quLug + v, Lv}?)2 for each k, it follows from the series

expansion of the logarithm that
1
2A=Zk:xk+§2k:x,§+

As a consequence of Proposition 1 in Sec. II, the macroscop-
icity M of |G)srgpis M =1+ Zk#, VXexe /|1 + e™),
where |A| is the volume of momentum space for which
Cooper pairing occurs. By the arithmetic mean-geometric
mean inequality and the fact that Zk xr < 24, it follows that

> ki NEXE < Y g 5 < 2(|A| — DA and therefore,

2A
1+e*

(AL)

M < A—A™H+ 1. (A2)

Assuming that || Q; || < +/2m,A/h, the quantity uk “up +
ka’ vx does not vary s1gn1ﬁcant1y over k near the Fermi
surface and is nearly equal to 1. As a consequence,
Zk#k, XX is well approximated by (|A| —1)) , xx =

(JA| — D[22 — O(ka,f)] and the bound in Eq. (A2) is
J
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tight. Quantitatively, the condition |x; — xp| < [A|~! for all
k.,k’ € A is sufficient to guarantee that the difference between
M and the upper bound of Eq. (A2) is less than 1. Note that A
can increase if and only if ), 2 N XXk increases. Therefore,
as the superposed BCS states of |G)srp become orthogonal,
the macroscopicity M increases.

APPENDIX B: METROLOGICAL USEFULNESS OF |G)srg

Here we determine the 1-local, norm one operator H which
exhibits maximal variance in |G)spo (we take Q' =0, and
0 # 0 for simplicity). According to the proof of Proposition 1

H = Z e*i tan’](uk/uk)a_ik) |0>k (O|k€i tan’l(vk/uk)a;k)
keA

el tan‘l(vk /uk Yoo 10Y% (Olx oitan” (uk Jug )a;k)

= Z c;k)az(k) + cik)a)gk), B
keA
where (¢®)? + (¢®)? = 1 for all k and
2 0\2
o (”k - (”k ) )
z Q P
\/1 ukuk — UrVy )
0.0
(k) (“kvk — U Uy ) (B2)

\/1 ukuk vkka)2

The coefficient ¢ is plotted in Fig. (2).

The explicit expressions for the amplitudes appearing in the
variational BCS ground states with center of mass momentum
pairing at @ = 0 and Q # 0, respectively, are

_Ep +\/ RIME 4 FIOF _

Er) + A2)°

2m, e

2 2 2 2
— Ep o+ J(GRE  FIOP oy a2

(B3)

Q0 ._

v, =
2 Rk R0
\/A + 2m, + 2mg
R2| k> 2| 0|*

[/ 2m, + 2m,

ug =
0=0 0=0 2.2 0.2
We have wup =u, ~, v =1y and uy +v; = (u;) +

(v,?)2 =1 for all k as required by normalization of each
single Cooper pair state. The value of cgk) from Eq. (B2) is
plotted in Fig. 2. Consider the superposition |Gy,)sFo cut off
at momentum ko such that ¢ ~ 1 for ||k|| < ko:

1
— (|0 + viel 1)x)
W ||]%o

|Gko>SFQ =

+ & 2100+ v211)%) (B4)

Ikl <ko

Rk | 10| RIKE | F1QIP 2 2
\/A2+ IR | BIQE _ g, +\/ RIE y FIOE _ L)’ 4 A2)

(

Then for || Q| K€ /2m.A/h and kg K /2m,A/h, the ob-
servable Z” Kll<ko a ®) gives the largest variance in the super-
position |Gy,)sro over all 1-local, unit norm Hamiltonians.
Flux displacement is generated by the canonically conjugate
operator Zk a(k) Most of the terms in Zk 0(") correspond to
|lk|| in a small nelghborhood lkrp — ko,kp + ko] due to the large
density of states at the Fermi surface. Hence, the probe state
|G,)sro is more useful for estimation of flux displacements
than any other parameter displacements imprinted on the state
by unitary evolution generated by a 1-local, unit norm operator.
The quantum Cramér-Rao bound for a single-shot, unbiased
measurement & of the flux is then given by the resultin Eq. (13)
where |A \ {||k]| > ko}| is the number of momentum modes
inside the cutoff radius.
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€} (units of A)

0.1 0.2 0.3 04 0.5 0.6 0.7 0.8 0.9 1
2 2 .
F21QI (units of A)
2m,

FIG. 2. The coefficient ¢ appearing in the 1-local, unit norm Hamiltonian H maximizing (H?)g) — (H)j; in terms of € :=
B2\ k|>/2m, — Er and h?|| Q||*/2m., where the latter energies are given in units of the superconductor gap A.

APPENDIX C: DERIVATION OF FIRST-ORDER AND SECOND-ORDER CONTRIBUTIONS of G!

int

We consider the total partition function Z = f DI[---]exp —% foﬁh Stot], Where Sy is the total action and f DI- - - ] symbolizes

the path integral over bosonic (complex) fields ¢, ¢ with periodic boundary condition on [0,8%4] and over all fermionic
(Grassmann) fields ¥ = (I//T,I/ff)T, W* = (Y], ¥y) with antiperiodic boundary condition on [0, BA].

Bh (Xm) i h? e e
= d | hog — =098 +iep — s+ —iV—=A |y —iV— =AY,
Ssc /0 XOMZXL:R /; Z <1ﬂg< b = 5000 +iep M)W tom (l 5 >Wa( i 5 )lﬂ )

sm go'etl/2 €

1 (xr) plxr) iay
—<|A|w;*wf+|A|w/u>+§|A|2 +/ / D VIELTy, xpe ? Yolxr) + Gec., (C1)
VS'L V

SR gekl/2

where all fields are defined at the same imaginary time. We do not specify the dynamics of the spinor Bose gas. The Grassmann
integral is performed to second order by using

1 [Fh
/D[\Il*,\IJ] exp |:_7_i (Ssc + Sint):|
0

= /D[\D*,\D]exp VH(Gy' + G+ Gy + G+ G Y

o exp |:(trGo<g:Gjl> - %trG()(;Gjl)Go(;Gjl) + 0(; Gj1>3):|

as an exponential of a quadratic form in Nambu space, where the G;l are given in Nambu space in terms of momenta and
Matsubara frequency as follows:

_ 1 —h(a),, - a)m) .
1 . ’ / /
(;9 ((,()n,k,(il)m,k)— (2 )6(ﬁ )2( ) 9(&),, —a)m,k—k)—tego(a)n —Cl)m,k—k))l'z

G, (.l k) = (— hvs(wy — ok — k') - k)1

1
(2m)°(Bh)?

1
- (27)5(Bh)? (2(27'}:;3,3ﬁ Z/dsqu(a)r’q) cvs(wy — o — wp k — k' — 4))Tz- (C2)

ez
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G| is given by Eq. (15) in the main text. In momentum space, it is given by

h R _ ,
Galtkanikan) = ~i (L5202 ) [ [ iGag e
Me 0 Vi =

[ 1 i ¥0(@n—w,) p=i(k—k)x

Qospre =k e kGl

2m, 1 / 3 elXo(@s—(wn—wn)) p—i(k—k'—q)-x
q

h GO kg G “W&f““ﬁ")’z}' «

sEZL
We omit writing out the expression for G;l since the second-order cross term —%tr(Go Gt GOG;I) can be shown to vanish

by a simple argument, viz., Gi;tl is nonzero if and only if its momentum arguments are on the same side of the Josephson junction
while G}l is nonzero if and only if its momentum arguments are on different sides of the Josephson junction.
Gy is local in momentum space and is given by the well-known expression

) , Qmimp) . ,
Go(wn,k; wy, k') = W(m&)nl — &t + AT )k — k)8, (C4)

where €, := h?||k||?>/2m, — Er. The matrix trace of Go(w,,k; wy, k') is %&, 8(k — k) while the matrix trace of

Golwy, k; wp k)1, 18 %&1 n8(k — k). For the first-order contribution of Glnt , we have the following:

grispoch (7" — i
w(GoGyyl) = LB 2 0 [0 dxo( /V d3x¢g¢)eﬂ
4 B

A 3 /d* kd*k' howy(ke — kp(k; + k)
Q) (w2 + e + A?) |k — K'|2

e—i(k—k’)-xeixo(wm—w,,)a(k _ k/)awn’wm

(m,n)eZxZ
L Z / Pkd’k d3 €x (k qé)vs,j(a)g,q)e_i(k/—k—q)-x
h(hﬂ)z(ZTL’)ﬁ n,5)eZ> (hza)rzn + 6,%, + Az)”k/ “k—qI?
x @@=k — k5, 4, | (C5)

It is clear that the §(k, — k;) integration causes the first term to vanish. That the second term vanishes follows from the fact that

d3k €k 1 hwp €
= d =0, c6
/ @n)’ (RPop, + € + A7) Q2n) /hwb PO T+ ) o

2mee
h?

From Eq. (C2) it is clear that G-_1 vanishes if we assume that the imaginary time Josephson-Anderson relation (imaginary

where p(e) :=

L(R)

= Zf%(k) holds on the left- and right-hand sides of the Josephson junction, respectively.
Hence, the second-order cross term —%tr(GoG;n1 GoGgl) is zero. The second-order term —%tr(GoGglGoGgl) gives rise to the
capacitive term in the flux action Eq. (2) [45].

The second-order cross term ——tr(Go(a),l,k)Glm (wy,k; wm,k’)Go(a)m,k)G 1(wm,k w,,k)) contains one term of order
O(Jlvs||?), which we ignore. In addition, if we make the assumption that the supercurrent has zero divergence, then k - vg = 0
so that the first term of G;SI in Eq. (C2) does not contribute at second order in perturbation theory. The remaining term is
proportional to

Bh (x)
/d3kdkd3 Z / dxof [(M(xg,x) - (k + k') x (k — k)]

time ac Josephson equation)

(n,m,r)eZ3
2i h(w,, + Wy, )ex eiX0(@n—wn) p—i(k—k')x /
X Vslwy, vlw, — w, — ,k o k _ ) 7
(FLZa)ﬁ + 6,% — A2) (hzwrzn + E,%, _ AZ) ”k _ k/||2 S( r 4) S( m n r q) ( )

Making the approximation k = k' due to the fact that vg can be considered to have only a single Fourier component, the above
integration takes the simplified form | d*k 2(M - k)g(||k||), where g symbolizes the even parity part of the integrand. This integral
evaluates to zero because of the odd parity of k.
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Finally, we show in detail the derivation of Eq. (18) from Eq. (16), which involves an approximation to an effective action
that is nonlocal in imaginary time. In order to simplify the discussion, we derive Sé%f) it 1IN the 7 = 0 limit. In Eq. (16), the factor
S(wy,,w,,€) is given by

(h2wnwr + A2 _ 62)eiw,,(xé—xo)eiw,(xg—x(’))

C8
(P02 + € — 27)(Ra? + €2 — AY) ©®
For 8 — o0, the residue theorem is used to evaluate the sum Z(n,r)EZx 7 S(wn,w,,€). The result is:
S 1 1 A2 — €2 2 A2 jry—sf) 9
= — —_— h .
> Senona =1+ 50 (C9)

(n,r)eZxZ

Taking xo = xp, we have # / .h;ﬁ[, de (1+ %); & tan~'(hwp/A) > 0. Carrying out the fo’s h d'x(’) integration gives
approximately 5/ A because this is the characteristic inverse frequency scale of superconductivity. Equation (18) then follows
from the line of reasoning presented in the main text.

However, it is clear that Eq. (C9) is nonlocal in imaginary time. We have

hwp 1 hwp AZ
f de Z S(wp,wy,€) = d

— €E——e
2h2 €2+ A2
hep (n,r)eZXZ —hep +

v/ €2+82 xg x|
R

A2 sinh ™! (hwp /A)
= / du(A coshu)~! e~ Ao=xolcoshw)/h
0

= (C10)

Using the T = 0 BCS gap equation Vop(E ) = sinh™! (hwp/A) where Vj is the effective electron-electron attraction, and taking
Vop(EF) to be large, the integral above is approximately % fs’xﬂﬂé‘/h dxKo(x) =: Ki1(Alxo — xgl/h), where Ki(x) is the
Bickley function [48]. This nonlocal kernel can be used to carry out an analysis of the dissipative evolution of the hybrid

BEC-SFQ system.

[1] M. Wallquist, K. Hammerer, P. Rabl, M. Lukin, and P. Zoller,
Hybrid quantum devices and quantum engineering, Phys. Scr.
T137, 014001 (2009).

[2] G. Kurizki, P. Bertet, Y. Kubo, K. Mglmer, D. Petrosyan, P.
Rabl, and J. Schmiedmayer, Quantum technologies with hybrid
systems, Proc. Nat. Acad. Sci. U.S.A. 112, 3866 (2015).

[3] Z.-L. Xiang, S. Ashhab, J. Q. You, and F. Nori, Hybrid
quantum circuits: Superconducting circuits interacting with
other quantum systems, Rev. Mod. Phys. 85, 623 (2013).

[4] D. Marcos, M. Wubs, J. M. Taylor, R. Aguado, M. D. Lukin,
and A. S. Sgrensen, Coupling Nitrogen-Vacancy Centers in
Diamond to Superconducting Flux Qubits, Phys. Rev. Lett. 105,
210501 (2010).

[5] X. Zhu, S. Saito, A. Kemp, K. Kakuyanagi, S. Karimoto, H.
Nakano, W. J. Munro, Y. Tokura, M. S. Everitt, K. Nemoto,
M. Kasu, N. Mizuochi, and K. Semba, Coherent coupling of
a superconducting flux qubit to an electron spin ensemble in
diamond, Nature (London) 478, 221 (2011).

[6] F. Giazotto and F. Taddei, Hybrid superconducting quantum
magnetometer, Phys. Rev. B 84, 214502 (2011).

[7] J. D. Pritchard, J. A. Isaacs, M. A. Beck, R. McDermott,
and M. Saffman, Hybrid atom-photon quantum gate in a
superconducting microwave resonator, Phys. Rev. A 89, 010301
(2014).

[8] D. Petrosyan and M. Fleischhauer, Quantum Information
Processing with Single Photons and Atomic Ensembles in
Microwave Coplanar Waveguide Resonators, Phys. Rev. Lett.
100, 170501 (2008).

[9] T. Tanaka, P. Knott, Y. Matsuzaki, S. Dooley, H. Yamaguchi, W.
J. Munro, and S. Saito, Proposed Robust Entanglement-Based

Magnetic Field Sensor Beyond the Standard Quantum Limit,
Phys. Rev. Lett. 115, 170801 (2015).

[10] J. Verdd, H. Zoubi, Ch. Koller, J. Majer, H. Ritsch, and
J. Schmiedmayer, Strong Magnetic Coupling of An Ultracold
Gas to a Superconducting Waveguide Cavity, Phys. Rev. Lett.
103, 043603 (2009).

[11] K. R. Patton and U. R. Fischer, Hybrid of superconducting quan-
tum interference device and atomic Bose-Einstein condensate:
An architecture for quantum information processing, Phys. Rev.
A 87, 052303 (2013).

[12] K. R. Patton and U. R. Fischer, Ultrafast Quantum Random
Access Memory Utilizing Single Rydberg Atoms in a Bose-
Einstein Condensate, Phys. Rev. Lett. 111, 240504 (2013).

[13] S. Bernon, H. Hattermann, D. Bothner, M. Knufinke, P. Weiss,
F. Jessen, D. Cano, M. Kemmler, R. Kleiner, D. Koelle, and
J. Fortagh, Manipulation and coherence of ultra-cold atoms
on a superconducting atom chip, Nature Commun. 4, 2380
(2013).

[14] P. Weiss, M. Knufinke, S. Bernon, D. Bothner, L. Sarkany,
C. Zimmermann, R. Kleiner, D. Koelle, J. Fortdgh, and H.
Hattermann, Sensitivity of Ultracold Atoms to Quantized Flux
in a Superconducting Ring, Phys. Rev. Lett. 114, 113003
(2015).

[15] F. Frowis and W. Diir, Measures of macroscopicity for quantum
spin systems, New J. Phys. 14, 093039 (2012).

[16] F. Frowis, N. Sangouard, and N. Gisin, Linking measures of
macroscopic quantum states via photon-spin mapping, Opt.
Comm. 337, 2 (2015).

[17] A. Shimizu and T. Miyadera, Stability of Quantum States of
Finite Macroscopic Systems against Classical Noises, Perturba-

042320-9


http://dx.doi.org/10.1088/0031-8949/2009/T137/014001
http://dx.doi.org/10.1088/0031-8949/2009/T137/014001
http://dx.doi.org/10.1088/0031-8949/2009/T137/014001
http://dx.doi.org/10.1088/0031-8949/2009/T137/014001
http://dx.doi.org/10.1073/pnas.1419326112
http://dx.doi.org/10.1073/pnas.1419326112
http://dx.doi.org/10.1073/pnas.1419326112
http://dx.doi.org/10.1073/pnas.1419326112
http://dx.doi.org/10.1103/RevModPhys.85.623
http://dx.doi.org/10.1103/RevModPhys.85.623
http://dx.doi.org/10.1103/RevModPhys.85.623
http://dx.doi.org/10.1103/RevModPhys.85.623
http://dx.doi.org/10.1103/PhysRevLett.105.210501
http://dx.doi.org/10.1103/PhysRevLett.105.210501
http://dx.doi.org/10.1103/PhysRevLett.105.210501
http://dx.doi.org/10.1103/PhysRevLett.105.210501
http://dx.doi.org/10.1038/nature10462
http://dx.doi.org/10.1038/nature10462
http://dx.doi.org/10.1038/nature10462
http://dx.doi.org/10.1038/nature10462
http://dx.doi.org/10.1103/PhysRevB.84.214502
http://dx.doi.org/10.1103/PhysRevB.84.214502
http://dx.doi.org/10.1103/PhysRevB.84.214502
http://dx.doi.org/10.1103/PhysRevB.84.214502
http://dx.doi.org/10.1103/PhysRevA.89.010301
http://dx.doi.org/10.1103/PhysRevA.89.010301
http://dx.doi.org/10.1103/PhysRevA.89.010301
http://dx.doi.org/10.1103/PhysRevA.89.010301
http://dx.doi.org/10.1103/PhysRevLett.100.170501
http://dx.doi.org/10.1103/PhysRevLett.100.170501
http://dx.doi.org/10.1103/PhysRevLett.100.170501
http://dx.doi.org/10.1103/PhysRevLett.100.170501
http://dx.doi.org/10.1103/PhysRevLett.115.170801
http://dx.doi.org/10.1103/PhysRevLett.115.170801
http://dx.doi.org/10.1103/PhysRevLett.115.170801
http://dx.doi.org/10.1103/PhysRevLett.115.170801
http://dx.doi.org/10.1103/PhysRevLett.103.043603
http://dx.doi.org/10.1103/PhysRevLett.103.043603
http://dx.doi.org/10.1103/PhysRevLett.103.043603
http://dx.doi.org/10.1103/PhysRevLett.103.043603
http://dx.doi.org/10.1103/PhysRevA.87.052303
http://dx.doi.org/10.1103/PhysRevA.87.052303
http://dx.doi.org/10.1103/PhysRevA.87.052303
http://dx.doi.org/10.1103/PhysRevA.87.052303
http://dx.doi.org/10.1103/PhysRevLett.111.240504
http://dx.doi.org/10.1103/PhysRevLett.111.240504
http://dx.doi.org/10.1103/PhysRevLett.111.240504
http://dx.doi.org/10.1103/PhysRevLett.111.240504
http://dx.doi.org/10.1038/ncomms3380
http://dx.doi.org/10.1038/ncomms3380
http://dx.doi.org/10.1038/ncomms3380
http://dx.doi.org/10.1038/ncomms3380
http://dx.doi.org/10.1103/PhysRevLett.114.113003
http://dx.doi.org/10.1103/PhysRevLett.114.113003
http://dx.doi.org/10.1103/PhysRevLett.114.113003
http://dx.doi.org/10.1103/PhysRevLett.114.113003
http://dx.doi.org/10.1088/1367-2630/14/9/093039
http://dx.doi.org/10.1088/1367-2630/14/9/093039
http://dx.doi.org/10.1088/1367-2630/14/9/093039
http://dx.doi.org/10.1088/1367-2630/14/9/093039
http://dx.doi.org/10.1016/j.optcom.2014.07.017
http://dx.doi.org/10.1016/j.optcom.2014.07.017
http://dx.doi.org/10.1016/j.optcom.2014.07.017
http://dx.doi.org/10.1016/j.optcom.2014.07.017

T. J. VOLKOFF AND UWE R. FISCHER

tions from Environments, and Local Measurements, Phys. Rev.
Lett. 89, 270403 (2002).

[18] F. Marquardt, B. Abel, and J. von Delft, Measuring the size of
a quantum superposition of many-body states, Phys. Rev. A 78,
012109 (2008).

[19] J. I. Korsbakken, K. B. Whaley, J. Dubois, and J. I. Cirac,
A measurement-based measure of the size of macroscopic
quantum superpositions, Phys. Rev. A 75, 042106 (2007).

[20] T. J. Volkoff and K. B. Whaley, Measurement- and comparison-
based sizes of Schrodinger cat states of light, Phys. Rev. A 89,
012122 (2014).

[21] S. Nimmrichter and K. Hornberger, Macroscopicity of Mechani-
cal Quantum Superposition States, Phys. Rev. Lett. 110, 160403
(2013).

[22] W. Dur, C. Simon, and J. I. Cirac, Effective Size of Certain
Macroscopic Quantum Superpositions, Phys. Rev. Lett. 89,
210402 (2002).

[23] H. Jeong, M. Kang, and H. Kwon, Characterizations and quan-
tifications of macroscopic quantumness and its implementations
using optical fields, Opt. Comm. 337, 12 (2015).

[24] M. Arndt and K. Hornberger, Testing the limits of quantum
mechanical superpositions, Nature (London) 10, 271 (2014).

[25] J. I. Korsbakken, F. K. Wilhelm, and K. B. Whaley, The size of
macroscopic superposition states in flux qubits, Europhys. Lett.
89, 30003 (2010).

[26] A. J. Leggett, Testing the limits of quantum mechanics:
motivation, state of play, prospects, J. Phys.: Condens. Matt.
14, R415 (2002).

[27] J. Clarke and F. K. Wilhelm, Superconducting quantum bits,
Nature (London) 453, 1031 (2008).

[28] M. Bal, C. Deng, J.-L. Orgiazzi, F. R. Ong, and A. Lupascu,
Ultrasensitive magnetic field detection using a single artificial
atom, Nature Comm. 3, 1324 (2012).

[29] V. L. Shnyrkov and S. I. Melnik, Quantum detector based on a
superposition of macroscopic states in a phase qubit, Low Temp.
Phys. 33, 15 (2007).

[30] E. I’ichev and Ya. S. Greenberg, Flux qubit as a sensor of
magnetic flux, Europhys. Lett. 77, 58005 (2007).

[31] J. Martinis, Superconducting qubits and the physics of Joseph-
son junctions, in Quantum entanglement and information
processing, Les Houches Lectures, Vol. LXXIX (Elsevier,
Amsterdam, 2003).

[32] V. I. Shnyrkov, A. A. Soroka, A. M. Korolev, and O. G.
Turutanov, Superposition states of flux qubits with a Josephson
junction of the ScS type, Low Temp. Phys. 38, 301 (2012).

[33] J. Bardeen, L. N. Cooper, and J. R. Schrieffer, Theory of
superconductivity, Phys. Rev. 108, 1175 (1957).

PHYSICAL REVIEW A 94, 042320 (2016)

[34] T. J. Volkoff and K. B. Whaley, Macroscopicity of quantum
superpositions on a one-parameter unitary path in Hilbert space,
Phys. Rev. A 90, 062122 (2014).

[35] J. R. Friedman, V. Patel, W. Chen, S. K. Tolpygo, and J. E.
Lukens, Quantum superposition of distinct macroscopic states,
Nature (London) 406, 43 (2000).

[36] C. H. van der Wal, A. C. J. ter Haar, F. K. Wilhelm, R. N.
Schouten, C. P. J. M. Harmans, T. P. Orlando, S. Lloyd, and
J. E. Mooij, Quantum superposition of macroscopic persistent-
current states, Science 290, 773 (2000).

[37] T. Hime, P. A. Reichardt, B. L. T. Plourde, T. L. Robertson,
A. V. Ustinov, C.-E. Wu, and J. Clarke, Solid state qubits with
current-controlled coupling, Science 314, 1427 (2006).

[38] S. Coleman, Aspects of symmetry (Cambridge University Press,
Cambridge, 1985).

[39] C. W. Helstrom, Quantum Detection and Estimation Theory
(Academic Press, New York, 1976).

[40] A. Holevo, Probabilistic and Statistical Aspects of Quantum
Theory (North-Holland, Amsterdam, 1982).

[41] F. Jessen, M. Knufinke, S. C. Bell, P. Vergien, H. Hattermann,
P. Weiss, M. Rudolph, M. Reinschmidt, K. Meyer, T. Gaber,
D. Cano, A. Gunther, S. Bernon, D. Koelle, R. Kleiner, and
J. Fortagh, Trapping of ultracold atoms in a *He /*He dilution
refrigerator, Appl. Phys. B 116, 665 (2014).

[42] M. H. Devoret and R. J. Schoelkopf, Superconducting circuits
for quantum information: An outlook, Science 339, 1169 (2013).

[43] M. Stern, G. Catelani, Y. Kubo, C. Grezes, A. Bienfait, D. Vion,
D. Esteve, and P. Bertet, Flux Qubits with Long Coherence
Times for Hybrid Quantum Circuits, Phys. Rev. Lett. 113,
123601 (2014).

[44] S. Saito, X. Zhu, R. Amstss, Y. Matsuzaki, K. Kakuyanagi,
T. Shimo-Oka, N. Mizuochi, K. Nemoto, W. J. Munro, and
K. Semba, Towards Realizing a Quantum Memory for a
Superconducting Qubit: Storage and Retrieval of Quantum
States, Phys. Rev. Lett. 111, 107008 (2013).

[45] U. Eckern, G. Schon, and V. Ambegaokar, Quantum dynamics
of a superconducting tunnel junction, Phys. Rev. B 30, 6419
(1984).

[46] A. A. Abrikosov, L. P. Gor’kov, and I. E. Dzyaloshinskit, Meth-
ods of Quantum Field Theory in Statistical Physics (Pergamon
Press, Oxford, 1965).

[47] P. G. de Gennes, Superconductivity of Metals and Alloys
(Benjamin, New York, 1966).

[48] W. G. Bickley and J. Nayler, A short table of the functions
Ki,(x), from n =1 to n = 16, The London, Edinburgh, and
Dublin Philosophical Magazine and Journal of Science 20, 343
(1935).

042320-10


http://dx.doi.org/10.1103/PhysRevLett.89.270403
http://dx.doi.org/10.1103/PhysRevLett.89.270403
http://dx.doi.org/10.1103/PhysRevLett.89.270403
http://dx.doi.org/10.1103/PhysRevLett.89.270403
http://dx.doi.org/10.1103/PhysRevA.78.012109
http://dx.doi.org/10.1103/PhysRevA.78.012109
http://dx.doi.org/10.1103/PhysRevA.78.012109
http://dx.doi.org/10.1103/PhysRevA.78.012109
http://dx.doi.org/10.1103/PhysRevA.75.042106
http://dx.doi.org/10.1103/PhysRevA.75.042106
http://dx.doi.org/10.1103/PhysRevA.75.042106
http://dx.doi.org/10.1103/PhysRevA.75.042106
http://dx.doi.org/10.1103/PhysRevA.89.012122
http://dx.doi.org/10.1103/PhysRevA.89.012122
http://dx.doi.org/10.1103/PhysRevA.89.012122
http://dx.doi.org/10.1103/PhysRevA.89.012122
http://dx.doi.org/10.1103/PhysRevLett.110.160403
http://dx.doi.org/10.1103/PhysRevLett.110.160403
http://dx.doi.org/10.1103/PhysRevLett.110.160403
http://dx.doi.org/10.1103/PhysRevLett.110.160403
http://dx.doi.org/10.1103/PhysRevLett.89.210402
http://dx.doi.org/10.1103/PhysRevLett.89.210402
http://dx.doi.org/10.1103/PhysRevLett.89.210402
http://dx.doi.org/10.1103/PhysRevLett.89.210402
http://dx.doi.org/10.1016/j.optcom.2014.07.012
http://dx.doi.org/10.1016/j.optcom.2014.07.012
http://dx.doi.org/10.1016/j.optcom.2014.07.012
http://dx.doi.org/10.1016/j.optcom.2014.07.012
http://dx.doi.org/10.1038/nphys2863
http://dx.doi.org/10.1038/nphys2863
http://dx.doi.org/10.1038/nphys2863
http://dx.doi.org/10.1038/nphys2863
http://dx.doi.org/10.1209/0295-5075/89/30003
http://dx.doi.org/10.1209/0295-5075/89/30003
http://dx.doi.org/10.1209/0295-5075/89/30003
http://dx.doi.org/10.1209/0295-5075/89/30003
http://dx.doi.org/10.1088/0953-8984/14/15/201
http://dx.doi.org/10.1088/0953-8984/14/15/201
http://dx.doi.org/10.1088/0953-8984/14/15/201
http://dx.doi.org/10.1088/0953-8984/14/15/201
http://dx.doi.org/10.1038/nature07128
http://dx.doi.org/10.1038/nature07128
http://dx.doi.org/10.1038/nature07128
http://dx.doi.org/10.1038/nature07128
http://dx.doi.org/10.1038/ncomms2332
http://dx.doi.org/10.1038/ncomms2332
http://dx.doi.org/10.1038/ncomms2332
http://dx.doi.org/10.1038/ncomms2332
http://dx.doi.org/10.1063/1.2409630
http://dx.doi.org/10.1063/1.2409630
http://dx.doi.org/10.1063/1.2409630
http://dx.doi.org/10.1063/1.2409630
http://dx.doi.org/10.1209/0295-5075/77/58005
http://dx.doi.org/10.1209/0295-5075/77/58005
http://dx.doi.org/10.1209/0295-5075/77/58005
http://dx.doi.org/10.1209/0295-5075/77/58005
http://dx.doi.org/10.1063/1.3699781
http://dx.doi.org/10.1063/1.3699781
http://dx.doi.org/10.1063/1.3699781
http://dx.doi.org/10.1063/1.3699781
http://dx.doi.org/10.1103/PhysRev.108.1175
http://dx.doi.org/10.1103/PhysRev.108.1175
http://dx.doi.org/10.1103/PhysRev.108.1175
http://dx.doi.org/10.1103/PhysRev.108.1175
http://dx.doi.org/10.1103/PhysRevA.90.062122
http://dx.doi.org/10.1103/PhysRevA.90.062122
http://dx.doi.org/10.1103/PhysRevA.90.062122
http://dx.doi.org/10.1103/PhysRevA.90.062122
http://dx.doi.org/10.1038/35017505
http://dx.doi.org/10.1038/35017505
http://dx.doi.org/10.1038/35017505
http://dx.doi.org/10.1038/35017505
http://dx.doi.org/10.1126/science.290.5492.773
http://dx.doi.org/10.1126/science.290.5492.773
http://dx.doi.org/10.1126/science.290.5492.773
http://dx.doi.org/10.1126/science.290.5492.773
http://dx.doi.org/10.1126/science.1134388
http://dx.doi.org/10.1126/science.1134388
http://dx.doi.org/10.1126/science.1134388
http://dx.doi.org/10.1126/science.1134388
http://dx.doi.org/10.1007/s00340-013-5750-5
http://dx.doi.org/10.1007/s00340-013-5750-5
http://dx.doi.org/10.1007/s00340-013-5750-5
http://dx.doi.org/10.1007/s00340-013-5750-5
http://dx.doi.org/10.1126/science.1231930
http://dx.doi.org/10.1126/science.1231930
http://dx.doi.org/10.1126/science.1231930
http://dx.doi.org/10.1126/science.1231930
http://dx.doi.org/10.1103/PhysRevLett.113.123601
http://dx.doi.org/10.1103/PhysRevLett.113.123601
http://dx.doi.org/10.1103/PhysRevLett.113.123601
http://dx.doi.org/10.1103/PhysRevLett.113.123601
http://dx.doi.org/10.1103/PhysRevLett.111.107008
http://dx.doi.org/10.1103/PhysRevLett.111.107008
http://dx.doi.org/10.1103/PhysRevLett.111.107008
http://dx.doi.org/10.1103/PhysRevLett.111.107008
http://dx.doi.org/10.1103/PhysRevB.30.6419
http://dx.doi.org/10.1103/PhysRevB.30.6419
http://dx.doi.org/10.1103/PhysRevB.30.6419
http://dx.doi.org/10.1103/PhysRevB.30.6419
http://dx.doi.org/10.1080/14786443508561483
http://dx.doi.org/10.1080/14786443508561483
http://dx.doi.org/10.1080/14786443508561483
http://dx.doi.org/10.1080/14786443508561483



