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The quantum steering ellipsoid can be used to visualize 2-qubit states, and thus provides a generalization of the
Bloch picture for the single qubit. Recently, a monogamy relation for the volumes of steering ellipsoids has been
derived for pure 3-qubit states and shown to be stronger than the celebrated Coffman-Kundu-Wootters inequality.

We first demonstrate the close connection between this volume monogamy relation and the classification of pure
3-qubit states under stochastic local operations and classical communication. We then show that this monogamy
relation does not hold for general mixed 3-qubit states and derive a weaker monogamy relation that does hold
for such states. We also prove a volume monogamy relation for pure 4-qubit states (further conjectured to hold

for the mixed case), and generalize our 3-qubit inequality to n qubits. Finally, we study the effect of noise on
the quantum steering ellipsoid and find that the volume of any 2-qubit state is nonincreasing when the state is
exposed to arbitrary local noise. This implies that any volume monogamy relation for a given class of multiqubit
states remains valid under the addition of local noise. We investigate this quantitatively for the experimentally

relevant example of isotropic noise.
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I. INTRODUCTION

Qubits play a fundamental role in quantum information
processing tasks [1] and quantum measurement and control
[2]. The Bloch vector faithfully captures all features of a
single-qubit state. However, finding an analogous geometric
representation of multiqubit states is harder. An elegant
solution to this problem has recently been given for the 2-qubit
case [3]. In particular, for a 2-qubit state shared between
two parties, Alice and Bob say, the set of all possible Bloch
vectors that Alice can steer Bob’s qubit to, via all possible
local measurements on her qubit, forms an ellipsoid, called the
quantum steering ellipsoid. Together with Alice’s and Bob’s
local Bloch vectors, the quantum steering ellipsoid provides a
geometric representation of the shared 2-qubit state [3].

The set of 2-qubit states has a rich structure, which is
mirrored, and in some cases added to, by a corresponding zoo
of quantum steering ellipsoids [3]. For example, properties
of steering ellipsoids reflect various features of quantum
correlations, such as discord [3-5], entanglement [3,6,7], and
Einstein-Podolsky-Rosen (EPR) steering [8—11]. Moreover,
it appears that steering ellipsoids may be useful for charac-
terizing correlation properties of multiqubit states, such as
monogamy, in new ways. In particular, it is well known that
quantum correlations cannot be freely shared between mem-
bers of multipartite systems, resulting in monogamy relations
for, e.g., concurrence [12,13], Bell nonlocality [14—17], and
EPR-steering inequalities [18]. In this vein, Milne et al. have
recently obtained a strong monogamy relation for the volumes
of the steering ellipsoids generated by pure 3-qubit states,
termed volume monogamy [6], which is strictly stronger than
the well-known Coffman-Kundu-Wootters (CKW) monogamy
relation for concurrence [12] in the pure regime.

The volume monogamy relation for pure 3-qubit states
immediately suggests a number of questions: Does it dis-
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criminate between different types of entanglement? Is it valid
for the mixed case? Are there similar relations for multiqubit
states? And what happens when noise, induced by inevitable
interaction with the environment and imperfections of local
measurements, is present? We will provide some answers to
these questions in this paper, following a brief review of the
quantum steering ellipsoid and its properties in Sec. II.

In Sec. III, we obtain and discuss volume monogamy
relations in general scenarios ranging from pure 3-qubit
states to general multiqubit states. First, in Sec. IIIA we
discuss the known volume monogamy relation for pure 3-qubit
states [6]; give an alternative proof of this relation that
demonstrates a link with the quantum marginal problem [19];
review the derivation of the CKW monogamy relation from
volume monogamy; and establish a close connection between
properties of volume monogamy and the classification of pure
3-qubit states under stochastic local operations and classical
communication (SLOCC). In Sec. III B, we show that this
volume monogamy relation is violated by some mixed states,
and derive a weaker volume monogamy relation that is valid
for all 3-qubit states, pure or mixed. We obtain a monogamy
relation of the same form for pure 4-qubit states in Sec. IIIC,
which we conjecture is also applicable to mixed states, and give
a nontrivial volume monogamy relation for general multiqubit
states in Sec. III D.

In Sec. IV, we investigate the effects of noise on steering
ellipsoid volumes and on volume monogamy relations. In
Sec. IV A, we show that the volume of the steering ellipsoid
decreases monotonically under arbitrary local operations,
including under local noise channels in particular. This
significantly generalizes a recent result [20], which is restricted
to particular classes of states and types of noise. Moreover,
it implies that any volume monogamy relation for a given
set of multiqubit states remains valid under the addition of
local noise. This includes, in particular, the strong volume
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monogamy relation for pure 3-qubit states in Ref. [6]. Finally,
in Sec. IV B we investigate the experimentally relevant case
of isotropic noise acting on a family of 3-qubit W-class states.
We conclude with some remarks and open questions in Sec. V.

II. QUANTUM STEERING ELLIPSOIDS
FOR 2-QUBIT STATES

Any 2-qubit state p4p can be written in the form

1
'OAB:ZL I, ®@lpg+a-0Q@1+1, Qb 0

3
+ ) Tyoj @0 |, (1)

jk=1
where o = (01,07,03) denotes the vector of Pauli spin oper-
ators and 14,15 are identity operators. Here, a and b are the

Bloch vectors of Alice’s and Bob’s reduced states and T is the
spin correlation matrix, i.e.,

by :=Tr[papls ® o],
(j.k =1,2,3). )

aj :=Trlpapo; ® 1],

Tj :=Tr[papo; ® okl
Different choices of Alice’s local measurements result
in different steered states for Bob. Specifically, each local
measurement outcome for Alice corresponds to some element
E > 0of a positive operator-valued measure (POVM) describ-

ing her measurement. Thus, E = eg(l4 + e - 0), with ¢g > 0
and |e| < 1. This outcome is obtained with probability

P’ =Tilpap E® Lp] = eo(1 +a-e),
leading to the steered state
. Tralpap E®@1p] 1
pp=—""7—""—=75|1
p 2
for Bob’s qubit.
Considering all possible local measurements by Alice, it

follows that the corresponding set of Bob’s steered states is
represented by the set of Bloch vectors

b+TTe
l+a-e

b+Te)-
(1|-—e)¢7:| 3)
+a-e

Epla = { tlel < 1}- “)
While not immediately apparent from Eq. (4), this set forms
a (possibly degenerate) ellipsoid, and hence is called a
quantum steering ellipsoid [3]. The subscript B|A indicates
the steering ellipsoid for Bob that is generated by Alice’s local
measurements. Similarly, there is a steering ellipsoid for Alice
generated by Bob’s local measurements, denoted by £4,5. The

ellipsoid £p|4 is fully determined by its center
b—TTa
N = TToar

and its orientation matrix
-

T —ab'),
1 —a? 1—a2>( ab’)

where the eigenvalues and corresponding eigenvectors of Q g4
describe the squared lengths of the ellipsoid’s semiaxes and

Opia = (T —ab")" <I +
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their orientations [3]. Here and elsewhere, we use x to denote
|x| for the vector x.

The quantum steering ellipsoid £p|4, together with the re-
duced Bloch vectors a and b, provides a faithful representation
of any 2-qubit state up to local unitary operations on Alice’s
qubit [3]. Additionally, its various geometric properties encode
useful information about the state. For example, the state is
separable if and only if its steering ellipsoid can be nested in a
tetrahedron that is in turn nested in the Bloch sphere [3].

The size of the steering ellipsoid is quantified by its
volume [3]

47 |det(T —ab")|
3 (1 —a?)?

It is obvious that the steering ellipsoid is constrained to lie

inside the Bloch sphere, implying the volume is always no

larger than Vi = %”. It is therefore convenient to work with
the corresponding normalized volume defined by

(&)

VBla =

V,
B <. (6)
Vunit

The upper bound is achieved if and only if Alice and Bob
share a pure entangled 2-qubit state [3], and hence the steering
ellipsoids of such states coincide with the Bloch ball. In
contrast, the normalized volume of any separable state is
restricted by the nested tetrahedron condition to be no greater
than 2—17 [3]. Thus, the steering ellipsoid volume is, at least
to some extent, connected with the entanglement of the state.
This paper will explore this connection further, via volume
monogamy relations.

For later reference, we note here that the quantum steering
ellipsoid £p)4, and hence its volume Vp)4, is invariant under

the local filtering operation on Alice’s qubit defined by [6]
Pas = [2pa)""? @ 15lpasl2oa) > ®15]. (1)

The filtered state g, p is called the canonical form of pp, and
has the useful properties éN'B‘A = Epja and a4 = 0. Thus, for
example, the normalized volume of £p4 can be rewritten in
the simple form

UB|A ‘=

vpja = Dpja = | det Typl, ®)

via Egs. (5) and (6), where Txp denotes the spin correlation
matrix for g4p. Note that the canonical form is well defined
whenever Alice does not have a pure qubit state, i.e., whenever
a # 1. Conversely, for a = 1 the shared state factorizes, and
hence Bob’s steering ellipsoid trivially reduces to the single
point SB\A = {b}, with UB|A = 0.

III. VOLUME MONOGAMY
A. Pure 3-qubit states

1. Monogamy, quantum marginals, and concurrence

Consider now the scenario in which Alice, Bob, and Charlie
share a pure 3-qubit state, papc = |[Vapc){(V¥ascl, and let
Epa and Ecja denote the steering ellipsoids for Bob and
Charlie, respectively, generated by local measurements on
Alice’s qubit. Milne et al. have derived the strong volume
monogamy relation [6,21]

JUBlA + 3 /vcia <1 &)
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FIG. 1. The volume monogamy relation [Eq. (9)] for pure states.
The x axis and y axis refer to the normalized volumes vg4 and vcya,
respectively. Both fully factorizable states and bipartite entangled
states |{4)|V¥pc) are mapped to the origin. Two red points (1,0) and
(0,1) correspond to the other two classes of bipartite entangled states
[Yas)¥c) and [Yac)|¥g). The blue solid line is ,/vap + /Vcis =
1 and represents the W-class states, except for the red points (1,0)
and (0,1). The shaded region, including the two axes, represents the
GHZ-class states.

for the corresponding normalized volumes.

This relation immediately implies that Alice cannot steer
both Bob and Charlie to a large set of states. For example, if
Alice is able to steer Bob to the whole Bloch sphere (i.e., they
share a pure entangled state), then Charlie’s steering ellipsoid
has zero volume (and indeed reduces to a single point). The
volume monogamy relation (9) is depicted in Fig. 1. It is
nontrivially saturated if and only if |[{r4p¢) is a W-class state
[6,21] (see also Sec. IIT A 2 below).

We note here an alternative proof of Eq. (9) to that
given in Ref. [21], which does not require consideration of
extremal ellipsoid volumes, and which provides an interesting
connection between volume monogamy and the quantum
marginal problem [19,22]. For a =1 the proof is trivial:
Alice’s state is pure and hence the shared state factorizes,
implying that vg|4 = vcja = 0. Otherwise, for a # 1 we can
apply a local filtering operation similarly to Eq. (7), with 1p
replaced by lgc and pup replaced by papc, to obtain the
corresponding canonical state g4 gc with @ = 0. Taking partial
traces, the normalized volumes of Bob’s and Charlie’s steering
ellipsoids follow via Eq. (8) as

vpia = pja = |det Tap| = &, (10)
vepa = deja = | det Tac| = b7, (11)
respectively, where the final equalities may be proved for

pure canonical states by direct calculation, or via partial
transposition properties as per Ref. [21]. Finally, we apply
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the polygon inequality [19,22]
b+c<1+a, (12)

for the Bloch vectors of any pure 3-qubit state, to the canonical
state papc, yielding

JVBjA + 4/Vc|a =5+5 L<Kl+a=1
as required.
Remarkably, the volume monogamy relation (9) also has a
deep connection with entanglement monogamy. In particular,

the concurrence of a bipartite state psp has the upper
bound [6]

Cxpap) < (1 —a*)/vpa, (13)

which combined with Eq. (9) immediately yields the cele-
brated CKW inequality [12]

C%(pap) + C*pac) < (1 —a®) = 4detps.  (14)

Thus, volume monogamy is a mathematically stronger condi-
tion than the monogamy of concurrence. Note, however, the
latter is valid for any 3-qubit state, including mixed states. This
is not the case for Eq. (9), as we will show in Sec. I1I B.

2. Connection to SLOCC classes and 3-tangle

It has been shown in Ref. [23] that any pure 3-qubit
state can be classified into one of six entanglement classes,
with all members of any one class being interconvertible
under SLOCC transformations, i.e., under local operations and
classical communication with some nonzero probability. Here,
we show that these classes map onto corresponding regions of
Fig. 1, thus relating these classes to properties of steering
ellipsoid volumes.

We first consider the four classes having no tripartite
entanglement. The first of these comprises all fully factorizable
states, i.e., those of the form [Yapc) = |Va)l¥p)|¥e). All
steering ellipsoids reduce to single points for this class, with
zero volumes, and thus it is mapped to the origin in Fig. 1.
Next are the three classes of bipartite entangled states, with the
corresponding forms [4)[¥sc), [¥ag)¥c), and [ ac)|¥s).
For the first of these, Alice’s qubit is uncorrelated with Bob’s
and Charlie’s qubits, and hence the steering ellipsoids £pja
and E¢ 4 again have zero volumes, corresponding to the origin
in Fig. 1. For the other two bipartite classes, Alice can steer
one of Bob and Charlie’s qubits to the entire Bloch sphere, and
the other to a single point. Thus, these two classes correspond
to the two red dots in Fig. 1, and trivially saturate volume
monogamy relation (9).

The remaining two entanglement classes comprise genuine
3-party entangled states. They correspond to states which are
convertible, under SLOCC transformations, to either the W
state

1
NE]

or to the Greenberger-Horne-Zeilinger (GHZ) state
1
V2

and are called the W class and the GHZ class, respectively
[23]. These two classes are distinguished by having 3-tangles

|Vasc) = —=(1100) +[010) + |001)) 15)

[Yasc) = —=(/000) + [111)), (16)
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T(papc) = 0 and 7(papc) > 0, respectively [23], where for
pure states [12]

t(papc) i=4det py — C*(pap) — C*(pac).  (17)

As indicated in Fig. 1, and demonstrated below, W-class
states are precisely those states which nontrivially saturate
the volume monogamy relation, while the GHZ-class states
correspond to the entire region below this saturating curve.

It has been shown by Milne et al. that the volume
monogamy relation is saturated if and only if the state is a
“maximum volume” state, with the canonical form

[Wapc) = (]100) + cos@]010) + sin0]001))/~2  (18)

up to local unitary transformations, where 8 € [0,77/2] [6,21].
It is straightforward to check that such states are bipartite
entangled states for 8 = 0,7/2, corresponding to the points
(0,1) and (1,0) in Fig. 1, and are W-class states otherwise [23].
Hence, all states nontrivially saturating the volume monogamy
relation are W-class states. Conversely, noting that W-class
states have zero 3-tangle and a < 1 [23], the inequality

t(pasc) = (1 —a*)(1 — Jvgja — /Vcia)

following from Egs. (13) and (17) immediately implies that
every W-class state saturates the monogamy relation.

It follows from the above that all GHZ-class states must
correspond to points in the region below the saturating curve
in Fig. 1. We show that indeed every point in this region,
including the axes, corresponds to such a state. In particular,
we give a family of canonical GHZ-class states for which the
normalized volumes are mapped to every point (x,y) in the
shaded area in Fig. 1, including the axes. The explicit form of
these states is defined via two real free parameters:

[Vapc) = %(sinaHOO) + sin B|010)
+ cos B|001) + cos|111)), (19)

where o, € (0,7/2), which immediately maps to the co-
ordinates x = vgj4 = %(cos 200 4+ cos2p)? and y = VoA =
%(COS 2a — cos2p)? via Egs. (10) and (11). These fill the
shaded area because any point (x,y) therein corresponds to

either 2o = arccos(y/x + ,/y) and 28 = arccos(v/x — /y)
or 2a = arccos(y/x — /y) and 28 = arccos(y/x + /¥).

B. Mixed 3-qubit states

A natural question to consider is whether the volume
monogamy relation (9) is also valid for a general mixed 3-qubit
state. Unfortunately, the answer is negative. A counterexample
is given by

pasc = 5(x0)Gal + 1) O, (20)

with
1
= —(]101) — 2|011 110)),
[x1) %(I ) —2[011) + [110))

1

= 010) —2|100 001)).
|x2) \/E(l ) —2[100) + |001))
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The 2-qubit reduced states psp and pac are then identical
Werner states, of the form

Ly yyl+ il l 1)

where | ~) denotes the singlet state (|01) — |10))/«/§. It
is easy to verify that the corresponding steering ellipsoids
are spheres of radius % [3]. Hence, ./vpja +.,/Ucia =
2.4/8/27 = 1.0888 > 1, implying that the volume monogamy
relation (9) does not hold for all mixed 3-qubit states.

In Sec. IV, we will show that Eq. (9) does remain valid for
the particular case of mixed states obtained via local operations
on pure 3-qubit states. Here, however, we will derive a volume
monogamy relation that is valid for all 3-qubit states:

Wp)? + (o) < 1. (22)

This monogamy relation is clearly weaker than Eq. (9) for pure
states. However, it is saturated in some cases:-for example,
when papc = pap ® pc where p4p is a pure entangled state,
in which case vgj4 = 1 and vejs = 0.

Our derivation of Eq. (22) is based on a relatively strong
tradeoff relation for the pairwise spin correlations of any 3-
qubit state papc,

Tr[T, s Tag] + Te[T e Tacl + TrTgeTocl <3 (23)

(with equality for pure states), obtained as follows. First,
consider a pure state p4pc. From the Schmidt decomposition,
the purities of any bipartition of such a state satisfy Tr[p3 ;] =
Trlp2], Trlp3 ] = Trlp3],and Tr[p3-] = Tr[p3], which from
the definitions in Eq. (2) are equivalent to

Tr[T 3 Tagl +a® + b* = 1 4 2¢7,
Tr[T - Tacl +a* + c* = 1 +2b%,
Tr[ T4 Tpcl +b* + ¢* = 1 + 24>

Summing these three equations immediately leads to the
identity

Tr[T g Tap) + Tr[T - Tacl + Tr[T5-Tocl =3 (24)
for pure 3-qubit states. Second, expressing a mixed state
PApc as a convex combination of pure states, papc =

> Pml®m){@m|, and letting T}, denote the spin correlation
matrix of Tre |, ) (¢m |, we have

Tt[T, 3 Tag]

- Z pmpnTr[(T/:"B)TTXB]

m,n

< Z pmpn{Tr[(TXlB)TTXlB]Tr[(TXB)TT:B]}1/2

1
<32 PP {T[(T3) " T2 + Te[(T) ' T 1)
=) puTe[(T3) T . (25)

Here, the first inequality follows from the Schwarz inequality,
and the second from the geometric mean being no greater than
the arithmetic mean. One has similar relations for Tr[TATC Tacl
and Tr[T;C Tgc]. Summing these and using identity (24) for
pure states then yields Eq. (23) as required.
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We note that Eq. (23) can itself be considered as a
monogamy relation, for the strengths of the pairwise spin
correlations, and subsumes the known monogamy relation for
pairwise Bell nonlocality [24].

Similarly to the proof of Eq. (9) in the previous section,
we now consider the canonical state papc for a # 1 [since
Eq. (22) is similarly trivially satisfied when a = 1]. Equation
(8) then yields

(Wp1a)*"? + (veja)??

|det[(Tap) " Tall'? + | detl(Tac) ' Tacll'”?

< 3Tel(Tap)  Tagl + 3Trl(Tac) " Tacl

<1 (26)

as desired. Here, the first inequality follows from the
arithmetic-geometric mean inequality, applied to the eigenval-
ues of (Txp) Tap and (Tac)" Tac, and the second inequality
from the tradeoff relation in Eq. (23).

In the next section, we show that a monogamy relation of
the same form (involving % powers) also holds for pure 4-qubit
states.

C. 4-qubit states

We first remark that the strong monogamy relation (9) for
pure 3-qubit states cannot be generalized to a similar form for
pure n-qubit states, for any n > 4. In particular, by purifying
the counterexample in Eq. (20), we can construct the pure
4-qubit state

[¥)agcp = %(|X1>ABC|0>D + [x2)ac|l)p). (27)

implying, similarly to the counterexample, that /vpa +

JUcia + /vpja = 24/8/27 + /upja > 1. It follows more
generally, by considering an n-qubit pure state with factor
|Y) aBcp, that the form of Eq. (9) does not generalize to any
n=4.

We will show here, however, that the volume monogamy
relation

Wp1a)*? + (o) + (wpa)?? < 1 (28)

is valid for any pure 4-qubit state papcp, and give numerical
evidence strongly supporting its validity for mixed 4-qubit
states.

To prove result (28), we adapt the techniques used in the
proof of Eq. (22) in Sec. III B. First, using the equalities of
purities of any bipartition of a pure state, we have

a® +b? + T[Ty Tagl = ¢ +d* + Te[T ,Tepl,  (29)
a* + + T[T ) Tacl = b* +d* + Tr[Ty , Tepl,  (30)

a* +d* + Te[T ), Tapl = b* + ¢ + Tt[Ty-Tscl,  (31)

with respect to the bipartitions (AB,CD), (AC,BD), and
(AD,BC). We also have, for the bipartition (A, BC D),

b+t 4+ d* + Ti[TyeToc + Ty pTsp + T2 pTep]
+Lpcp =3+ 4d°, (32)

PHYSICAL REVIEW A 94, 042105 (2016)

where

Lgcp =Y (Tl ® 01 ® 0 ® 0 pascpl)’  (33)

I,m,n

is a measure of the tripartite spin correlation strength between
Bob, Charlie, and Dianne. Summing Eqgs. (29)—(32) yields

Tr[T, 5 Tasl + Tr[ T4 Tacl + Tl T, Tap]
=3+4+a®>— Lpcp < 3+d°. (34)

Applying a local filtering operation similarly to Eq. (7), with
1 replaced by lgcp and pap replaced by papcp, to obtain
the corresponding canonical state gspcp, we have 8 = 0 and
hence that

Tr[(Tap) Tagl + Trl(Tac) Tacl + Trl(Tap) Tap] < 3.
(35)

Equation (28) then follows via the same arguments used in the
derivation of Eq. (26).
Finally, we conjecture that inequality (35) generalizes to

Tt[TapT gl + Tr[TacTicl + Tr[TapT 1 <3 (36)

for all pure 4-qubit states. We have employed numerical
simulations to generate 2 x 10° random pure states and
find no violation of inequality (36). The validity of this
conjecture would imply, using the same techniques as above,
that monogamy relation (28) in fact holds for all 4-qubit states.

D. Multiqubit states

We now obtain a general volume monogamy relation
for n-qubit states, pure or mixed, based on Eq. (22) for
3-qubit states. In particular, for an n-qubit state papcp..
consider the normalized volumes vg|4,Vc|a,Vp|a, ... Of the
steering ellipsoids generated by Alice’s local measurements.
The steered parties B,C,D, ... can be grouped into %(n —-1)
(n —2) distinct pairs, with each pair satisfying a volume
monogamy relation as per Eq. (22). Summing these relations
over all such pairs and rearranging terms then yields the general
monogamy relation

n—1
W) + (o) + p)? + - < — 6D

This reduces to the 3-qubit relation for n = 3, and in general
places a nontrivial constraint on the degree to which Alice can
steer the states of the other parties. For example, noting that
v < v?/3 for v < 1, it follows that the average volume of the
n — 1 ellipsoids to which Alice can steer the other parties is
bounded by

_ UBia + Vcia + vpja + ...
Vg = l "1_1 ‘ < % (38)

For the 4-qubit case, the upper bound in Eq. (37) is % While
this is weaker than the upper bound of 1 in Eq. (28) for pure
4-qubit states, it has the advantage of also being valid for the
mixed case.
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IV. VOLUME MONOGAMY AND NOISE

A. Local noise and steering ellipsoids

Taking into account the imperfections of any experiment,
including in state preparation and measurement, the quantum
state is inevitably exposed to all kinds of noise. Such noise
processes can be modeled as a noisy channel acting on an
ideal initial state. We are interested in the problem of how
such channels affect the desired properties of the initial state,
and in particular the steering ellipsoid.

Mathematically, a noisy channel acting on a bipartite state
pap 1S equivalent to a completely positive and trace-preserving
(CPTP) map, &, mapping the initial state psp to some o/ .
Here, we consider the case that the noise acts locally on each
subsystem. Thus, ® = ¢4 ® ¢p where ¢4 and ¢pp are CPTP
maps acting on A and B, respectively, and

Pup = P(pap) = (pa ® d5)(Pan). (39)

The set of reduced states generated by Alice’s local measure-
ments on p/, , follows from Eq. (3) of Sec. IT as

(o) = {TFA[(¢A ® ¢5)(pan) E @ 1] }
? Trl(¢a ® ¢5)(0an) E ® 15]

_ {TrA[(IA ® ¢5)(pap) PH(E) ® 15] }

Trl(1a ® ¢p)(pan) P4(E) @ 15] |’

where E ranges over all positive operators, I denotes the
identity map, and the dual map ¢* of any CP map ¢ is defined
by Tr[¢p*(X)Y] := Tr[X¢(Y)]. Noting ¢ is trace preserving
and that ¢ maps positive operators to positive operators then
yields

{p/E} _ ¢(Tralpap p3(E) ® ]13])}
g Tt[pap ¢4 (E) ® 15]

¢p(Tralpap E ® ]13])}
Trlpap E @ 15]

_ |:TFA[,0ABE®]13]”
Pl Trlpas E® 151 ]

Hence, the steering ellipsoids of o/, ; and p4p are related by
Epia S ¢8(Ep)a). (40)

To determine how the volumes of the steering ellipsoids
are related, note that the trace distance between two states
contracts under any CPTP map ¢ [1]. Moreover, for qubits,
the trace distance is proportional to the Euclidean distance in
the Bloch ball [1]. As a consequence, the volume of any set of
qubit Bloch vectors contracts under CPTP maps, yielding the
inequality chain

V(Epa) < V(#p(Epa)) < V(Epa) (41)

via Eq. (40). Thus, local noise never increases the volume of
the steering ellipsoid.

An immediate consequence of this result is that any volume
monogamy relation, for a given set of multiqubit states, will
remain valid under the addition of local noise. For example, it
follows via Eq. (9) that

[Vga +Jven <1 (42)

IN
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........................... =re _-j_.
- ™

0.6 0.8 1.0

p

FIG. 2. The effect of local noise on the left-hand side of the
volume monogamy relation [Eq. (9)] for the family of states in
Eq. (43). Here, the noise on each qubit is a depolarizing channel
with strength ¢ = 0 (black solid curve), 0.001 (red solid curve), 0.005
(blue dashed curve), 0.01 (purple dotted curve).

for any state obtained by adding local noise to a pure 3-qubit
state, i.e., for any 3-qubit state of the form ,0;‘ e = (@4 ®

o8 ® dc)|¥apc)(¥ascl)-

B. An example: Local isotropic noise

We consider the set of states

1 — p? 1 — p?
lpapc) = pl100) + > |010) + 3 |001),

(43)

with p € (0,1). These states are symmetric with respect to
Bob and Charlie, so that vg 4 = vc|a. Moreover, it is easy to
verify that these are W-class states [23]. Thus, they saturate the
volume monogamy relation in Eq. (9) (see Sec. III B), making
them of experimental interest.

However, the inevitable presence of noise in any experiment
means that in practice these states cannot be perfectly gener-
ated and measured. We therefore investigate the robustness
of these states under a simple noise model. In particular, we
consider the addition of local isotropic noise

Phpe = Pe(panc) i= (¢e ® Pe ® ¢e)(Panc), (44)

where
£
e p—> §ﬂ+(1—8)p (45)

corresponds to adding isotropic noise of strength ¢ € [0,1].
Thus, for each qubit, ¢ = 0 corresponds to no noise, while
& = 1 corresponds to noise so strong that the state becomes
completely mixed. The Bloch vector of each qubit is scaled by
1—e.

The noisy channel ®, preserves the symmetry of the state
papc with respect to Bob and Charlie, and the volumes of the
steering ellipsoid may be analytically calculated for the states
in Eq. (43) as

/ / 4[74(1 - P2)2(1 - ‘9)6
Upia = Vcja = [1— (1 —e)2( —2p222

The corresponding sensitivity of the volume monogamy
relation (9) to noise is depicted in Fig. 2, for a range of

(46)
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experimentally relevant noise strengths. It is seen that while
the relation is no longer saturated for ¢ > 0, those states with p
taking values in the mid-range of the unit interval are relatively
robust.

V. CONCLUSION

We have studied volume monogamy relations for multiqubit
systems. We have demonstrated a close connection between
the volume monogamy relation (9) for pure 3-qubit states and
the SLOCC classification of such states. A counterexample
(20) was constructed to show this relation does not generalize
to all 3-qubit states, and a suitable universal volume monogamy
relation (22) was obtained for the general case. A similar
relation was obtained in Eq. (28) for pure 4-qubit states, and
conjectured to also hold for mixed states. Furthermore, we
have found a generalized volume monogamy relation valid for
all multiqubit states. Finally, we studied the effects of noise
on the quantum steering ellipsoid and showed that local noise
channels do not invalidate the volume monogamy relation, as
such noise decreases the volume of steering ellipsoids.

More generally, it is remarkable that the simple concept
of the steering ellipsoid, i.e., the set of Bob’s local states
that Alice can prepare by local measurements on her system,
can geometrically capture many important aspects of quantum
correlations and information processing tasks. Properties of
steering ellipsoids are not only strongly connected to quantum
monogamy, as investigated here, but have also been closely

PHYSICAL REVIEW A 94, 042105 (2016)

linked with quantum communication protocols based on, for
example, Bell nonlocality [7], teleportation [7], and Einstein-
Podolsky-Rosen steering [8,11].

It is hoped that further investigation of steering ellipsoids
(and their generalizations to higher dimensions) will cement
their relevance to understanding the properties and usefulness
of quantum correlations. This goes well beyond properties
of ellipsoid volumes: for example, while local dissipation
reduces volumes as per Sec. IV, it is also known that such
noise can enhance teleportation fidelity for some states [25].
Hence, a geometric characterization of such states will require
consideration of aspects other than volume (such as semiaxis
lengths [7]).

Many open questions remain for future work even within
the confines of volume monogamy relations. For example,
can stronger monogamy relations than Egs. (22) and (28)
be obtained? Is the 4-qubit conjecture in Eq. (36) valid? Is
there some underlying connection between volume monogamy
relations and that of other types of entanglement [26-28]? How
close might we get to these bounds with experiments? Finally,
can volume monogamy be generalized to higher-dimensional
systems?
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