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Exact steady state of a Kerr resonator with one- and two-photon driving and dissipation:
Controllable Wigner-function multimodality and dissipative phase transitions
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We present exact results for the steady-state density matrix of a general class of driven-dissipative systems
consisting of a nonlinear Kerr resonator in the presence of both coherent (one-photon) and parametric (two-photon)
driving and dissipation. Thanks to the analytical solution, obtained via the complex P-representation formalism,
we are able to explore any regime, including photon blockade, multiphoton resonant effects, and a mesoscopic
regime with large photon density and quantum correlations. We show how the interplay between one- and
two-photon driving provides a way to control the multimodality of the Wigner function in regimes where the
semiclassical theory exhibits multistability. We also study the emergence of dissipative phase transitions in the

thermodynamic limit of large photon numbers.
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I. INTRODUCTION

Recently, the possibility of realizing strong photon-photon
interactions boosted the study of many-body physics with light
[1]. Indeed, new experimental platforms, such as semicon-
ductor microcavities [2,3] and superconducting circuits [4,5],
allow one to realize photonic resonators with relatively large
nonlinearities. This enables the achievement of new highly
interacting regimes which, for decades, were confined to the
textbook study of quantum optics [6]. In this framework, a new
flourishing field is that of reservoir engineering, whose goal is
the manipulation of photon exchanges between a nonlinear
resonator and the environment [7-14]. These techniques
permit the realization of new models with nontrivial drive
and dissipation. In this context, exactly solvable models are
of particular interest. The analytic solution allows one to
explore the full range of system parameters rather than the
limiting regimes of low or high photon densities. The latter
are respectively tackled through numerical techniques and
semiclassical approximations. An example of a solvable model
is the driven-dissipative Kerr model, for which Drummond
and Walls derived the steady-state solution via the complex P-
representation [15]. Beyond the single-resonator case, analytic
solutions proved to be very useful for an efficient implementa-
tion of Gutzwiller mean-field decoupling for arrays of coupled
cavities [16-22].

In the present work, we use the complex P-representation to
provide an exact solution for the steady state of a general class
of driven-dissipative nonlinear resonators. More precisely, we
consider a standard driven-dissipative Kerr model (subject to
the usual coherent pumping and one-photon dissipation) driven
by an additional parametric two-photon pump and subject
to two-photon losses. Recently, these processes have been
engineered for superconducting resonators [14]. The growing
interest in this kind of model is motivated by the emergence of
nonclassical metastable and steady states in its dynamics, such
as mixtures of quasicoherent states or photonic Schrodinger
cats, which lead to multimodal Wigner functions [23-25]. The
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possibility of controlling and protecting such states is promis-
ing for the implementation of quantum computation protocols
[26-30]. The exact solution derived in this work allows one
to explore the quantum properties of the steady state beyond
the semiclassical approximation, capturing the emergence of
dissipative phase transitions [31,32]. Furthermore, the exact
solution paves the way to a numerically efficient exploration
of resonator lattices through Gutzwiller decoupling.

The paper is organized as follows. We start in Sec. 1I
by introducing the model. Then, in Sec. III, we exploit the
formalism of the complex P-representation to derive the
exact solution for the steady state of the considered model.
Section IV is devoted to the study of the steady-state properties.
We compare semiclassical and quantum solutions in Sec. IV A.
In Sec. IVB, we show the emergence of dissipative phase
transitions in the thermodynamic limit of large excitation
numbers. Finally, we present conclusions and perspectives in
Sec. V.

II. NONLINEAR RESONATOR INCLUDING
TWO-PHOTON PROCESSES

Let us introduce the general model of a driven-dissipative
Kerr nonlinear resonator with two-photon drive and dissipa-
tion, which is sketched in Fig. 1. In the the Hamiltonian, o,
is the cavity-mode frequency and U the strength of the Kerr
nonlinearity, quantifying the photon-photon interaction. In the
absence of pumping we get (A = 1)

Ho = w.a'a + %a"‘a*aa, (1)
where a and @' are, respectively, the annihilation and creation
operator for photons inside the resonator. A coherent drive
with amplitude F and frequency w, can be described by

2

Henceforth we denote this mechanism one-photon pumping.
Similarly, a parametric process coherently adding photons
pairwise is described by

Hlph — Feflw,,t&f + F*el®lg.
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FIG. 1. Sketch of the considered class of systems. The picture
represents a photon resonator subject to one-photon losses at rate y
and coherently driven by a one-photon pump of amplitude F. The
resonator is also subject to a coherent two-photon driving of amplitude
G and two-photon losses at rate 1. The strength of the photon-photon
interaction is quantified by U. At the right, we sketch the effects of
these physical processes on the Fock (number) states |n).

where G is the pump amplitude and w, its frequency.
Such a two-photon pumping mechanism can be obtained by
engineering the exchange of photons between the cavity and
the environment. Recently, this has been realized by coupling
two superconducting resonators via a Josephson junction
[14]. In order to get a time-independent Hamiltonian, we
consider w, = 2w,. Hence, we use the unitary transformation

N

U= e”"”l’mm, which removes the time dependence from the
Hamiltonian. This allows us to describe the system in the
reference frame rotating at the coherent pump frequency w,,.
The full Hamiltonian, hence, becomes

;E>
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D
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where A = w, — w, is the pump-cavity detuning. For the
considered system, photon losses are typically appreciable and
cannot be neglected [33]. The Markov-Born approximation
gives an excellent description of these losses in terms of a
Lindblad dissipation superoperator D(C) of the form [33,34]

DC)p=2CpCt—CCp— pCie, (5)
where C is the quantum jump operator corresponding to
the specific dissipation process. Usually, photons are lost
individually to the environment and the jump operator is the
annihilation operator & [33]. In addition, we also consider
two-photon losses, which naturally emerge together with
the engineered two-photon pumping [14]. These losses are
included through the jump operator a2. The resulting Lindblad
master equation describing the evolution of the the system
density matrix p is

;9p
8

where y and n are, respectively, the one- and two-photon
dissipation rates and 7 is the one given in Eq. (4).

=%, ]+i§D<&)ﬁ+i§D(a2m ©6)

III. P-REPRESENTATION AND EXACT SOLUTION FOR
THE STEADY STATE

The steady-state properties are of central interest in the con-
text of out-of-equilibrium quantum systems. These properties
are encoded in the steady-state density matrix, which is the
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solution of Eq. (6) for 9,6 = 0. To this purpose, we consider
the P-representation of the density matrix, i.e., we decompose
0 using the overcomplete basis of coherent states |«), such that
d|a) = a|a). We use the complex P-representation P(c,f)
[35], which is defined by

ﬁz/c"“fcf’ﬂ I?t)(ﬁ*

B*la)
where the closed integration contours C and C’ must be
carefully chosen to encircle all the singularities of the function
P (o, B). Once definition (7) is inserted into Eq. (6), the action
of the annihilation and creation operators on the projector
|a)(B*| allows one to map the master equation for p into a
complex Fokker-Planck equation for P(«,B). Further details
on this procedure are presented in Appendix A. For the case
G = 0, the complex P-representation solution for the steady
state was derived by Drummond and Walls [15] and is given by

—2f/a =217/
a2+ g2t

| P(a,p), (7

Pylot. ) o 2 S (8)
In Eq. (8), the system parameters are resumed by the
dimensionless quantities ¢ = (A +iy/2)/(U —in) and
f =F/(U —in). For the general case corresponding to
master equation (6), we find

1 2f NG
/\/ W exp [_ﬁ arctan (7>i|

1 247 JE
XWexp[—@arctan( IB )}
©))

All details on the derivation of Eq. (9) are given in Appendix A.
In Eq. (9) we have introduced the dimensionless parameter
g = G/(U —in). We stress that in the limit g — 0 Eq. (9)
reduces to Eq. (8), as expected. We note that some particular
cases have been considered in [36-38].

The normalization factor N in Eq. (9) ensures that Tr[p] =
1. By imposing this condition we get

1
da e2p
/ / (o + g)‘*‘ (B + ¢!t

o[- 2L (5 - 2L (5]

Py(a,B) =

(10)

One can Taylor-expand ¢**# and swap the resulting sum with
the integral. The two contour integrals over o and 8 thus
decouple, leading to

NZ

where we have introduced

o"da 2f Jg
Fu(f.8:¢) =/(;W exp [_E arctan <7>:|
(12)

Note that F,,(f*,8*,c*) = F:(f,g,c). Performing the integral
in Eq. (12) requires an appropriate choice of the contour C. In

If (f.g.01%, (1)
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the present case, we used the Pochhammer path (more details
are given in Appendix A), which gives

Fu(f.8:0) = (i/8)"2Fi(=m, —c —i f//8:—2¢;2), (13)

where , F; is the Gauss hypergeometric function [39].

A. Exact results for steady-state quantities

The steady-state quantities can be expressed in terms of the
Fn functions, (13). Let us consider the correlation functions

(@'a’y = Tr[at’a’ p)

/ /d P(aﬂ)T[A“&’IaHﬂ 1. (14)

Since Tr[a™a’ |a) (B*|] = o’/ B (B*|xr), we have

(@'aly = NZ s Fu (f.8:0) Fonyi(f8:0). (15

Similarly, one can derive the matrix elements of the steady-
state density matrix gy in the Fock basis:

P(a,pB) a”ﬁ"
(Plpsslg) = / /

(B*lar)
«/p q! Z

]:erp(fg C) anrq(fvgvc)-

(16)

A useful tool to visualize the properties of the steady state
is the Wigner function [40]. Given a density matrix g, the
corresponding Wigner function W(z) is a real-valued function
of the complex variable z, defined as [41]

2 A oats A
W(z):—Tr[Dze”m“D o1, an
b4

with D, = ¢%4'~%"@ the displacement operator. Substituting
0 with its P-representation, the crucial quantity to evalu-
ate is Tr[D, @' D} |a) (B*|]. Using the identity D} D, =
e@=2)/2f after lengthy but straightforward calcula-
tions, one gets

207" eZﬂz

Te[ D, ¢ D ) (8*]] = (8*|a) (18)

e2aB 2z

The Wigner function can thus be written

—2Jz]?
2e f fdﬂ P(ny) 2z 2/32 (19)
, e

This time, the 1ntegrals over « and B are already independent.
By Taylor expanding the exponentials, we find that

27F)"
S g e
m!

W(z) =

2

2
e (20)

W(Z)=n/\/

Therefore, the Wigner function given in Eq. (20) is real and
positive over the whole complex plane for any choice of the
system parameters.

We point out that Egs. (11), (15), (16), and (20), together
with the definition of F;,, given in Eq. (13), summarize the exact
analytic results of this work. For the sake of completeness, in

PHYSICAL REVIEW A 94, 033841 (2016)

GIU =1

G/U=0.1
0.1 -e- G/U =001
=
3 107
1073
0 T2 4 e s T 0
AU
0 E_Gg ' ' e GU=1
G/U =0.1
ol - G/U =001
<
N
S 03
1073
22 0 2 4 6 8 10
AU

FIG. 2. Mean photon number (afa) as a function of the pump-
cavity detuning A normalized by the photon-photon interaction
strength U. Different curves and data sets correspond to different
pump intensities (cf. the legend). Solid lines represent the analytic
solution, while markers indicate the numerical results obtained
by diagonalization of the Liouvillian superoperator of the master
equation on a truncated Fock basis. Top: results in the absence of
one-photon pumping, i.e. F' = 0 [Eq. (C3) for i = j = 1]. Bottom:
Results in the presence of both one- and two-photon pumping with
F = G [Eq. (15)]. In both panels, vertical dot-dashed red (dashed
blue) lines mark the positions of odd (even) photonic resonances.
One- and two-photon dissipation rates were setto y = n = 0.03U.

the case g = 0, definition (13) can be reduced to F,,,( f,0,c) =
(=2f)Y"/'(m — 2¢) [15]. Although the exact results presented
here apply for the general case of complex F' and G, in what
follows, unless differently specified, we take them as real
parameters.

B. Benchmarking in the low-density regime

Before exploiting the analytic solution, note that the
results summarized in Egs. (11), (15), (16), and (20) contain
infinite sums of F,, functions. In the special cases G =0
(studied in [15]) and F =0 (cf. Appendix C2) such sums
can be analytically computed, resulting in combinations of
hypergeometric functions. For the general case of finite one-
and two-photon pumping (i.e., F,G # 0), the series can be
computed with arbitrary precision (see Appendix C, Sec. 1,
for further details).

In order to benchmark the analytic solution with nu-
merical approaches, we study it in the low-density regime.
Figure 2 shows the results obtained in the presence of only

033841-3



BARTOLO, MINGANTI, CASTEELS, AND CIUTI

two-photon pumping (top) and for both one- and two-photon
driving (bottom). The agreement with numerics is excellent,
thus corroborating the validity of the analytic solution. The
parameters have been chosen to clearly show the photonic
resonances, which are expected when the energy of n pump
photons is equal to that of n photons inside the resonator.
Thus, besides the one-photon resonance occurring for A = 0,
multiphoton resonances arise when A/U = (n — 1)/2. For
F =0, only resonances with an even number of photons
appear, while all of them are observed in the presence of
one-photon pumping. The resonances progressively merge
in a continuum with increasing pump intensities. In the
high-density regime this behavior triggers a dissipative phase
transition [31], discussed in Sec. IV B.

IV. PROPERTIES OF THE STEADY STATE

The exact analytic solution of the Lindblad equation, (6),
derived and benchmarked in Sec. III, allows us to compute the
average steady-state quantities of the considered system in any
physical regime, from low- to high-density phases, passing
through the nontrivial mesoscopic regime. In this section,
we investigate how the properties of the steady state evolve
through these different regimes.

A. Quantum vs semiclassical behavior

When the resonator has a small population, the solution
of the master equation, (6), can be obtained numerically, for
instance, by integrating the master equation on a truncated
Fock basis or by diagonalizing the Liouvillian superoperator
[42]. On the other hand, for a high photon number the cavity
field can be typically approximated by a coherent state |«).
Thus, the master equation reduces to a differential equation for
the complex amplitude «. This corresponds to the so-called
semiclassical approximation [1]. In this case, however, all
quantum correlations are neglected, which makes our exact
analytic solution a precious tool. The differential equation
for the complex amplitude o can be easily derived from
9, (a) = Tr[a 0,p] by assuming p = |«) («|, namely,

da=3GA—y/Qa—iF —iGa* — (U + na*e®. (21)

Note that the latter equation is coupled to the one for the
conjugate variable o*. Solving for the steady state od;«,0;,0* =
0 one can get, depending on the system parameters, up to
five solutions, of which at most three are dynamically stable
[37,38].

In Fig. 3 we show the semiclassical prediction for the mean
photon number according to the semiclassical analysis. For
large and negative detuning, Eq. (21) predicts a single low-
density steady-state solution. By increasing A, the low-density
solution becomes unstable and two high-density ones emerge.
The corresponding values of (a'a) are almost equal, but the
phases of their complex amplitudes differ approximately by .
Eventually, a third low-density stable solution appears, coexist-
ing with the two high-density ones until a parameter-dependent
threshold is reached (see right panel in Fig. 3). Then, only the
low-density stable state is present. Comparing these results
with the exact one given by Eq. (15) (also plotted in Fig. 3), we
note that the multistable behavior does not appear in the ana-
Iytic solution. We point out that the quantum solution is unique,
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FIG. 3. Left: Mean steady-state photon number {(a'd) as a
function of the dimensionless detuning parameter A/U. Green
circles (red crosses) mark stable (unstable) semiclassical steady-state
solutions. The black line is the analytic solution given by Eq. (15)
(i =j=1). One- and two-photon dissipation rates were set to
y =n = 0.1U. Right: Zoom-in on the region in which the almost-
degenerate high-density semiclassical solutions become unstable.

while the semiclassical approach gives multiple dynamically
stable solutions. However, the exact and unique quantum
solution can display multimodal mixed-state behavior.

The presence of one (or more) semiclassical solution(s)
in the steady state can be visualized by the Wigner function
W(z), whose analytic expression is in Eq. (20). The case F = 0
has been discussed in [37], in particular, the evolution of W(z)
across the density drop. We present, in Fig. 4, the results for the
general case F,G # 0. In the multiple-solution regime, even
for F/G <« 1, the one-photon driving prevents the system
from being in a balanced mixture of coherent states, which is
the case for F = 0 [14,25,28,37,38]. Looking at the bottom
panel in Fig. 4, one notes that a bimodal Wigner function only
exists nearby the transitions from low- to high-density regimes.
Elsewhere, W(z) always exhibits a single peak. In the low-
density regimes, we recover a squeezed-vacuum steady state as
the one observed for F = 0 [37,38]. This squeezing of the state
can be seen by looking at the elongated elliptic shape of the
corresponding Wigner function in the bottom plots in Fig. 4.

Remarkably, as shown in Fig. 5, the dominant peak in the
multimodal Wigner function is selected by the relative phase
of F and G. For this analysis, we took the same parameters as
in Fig. 4, setting the detuning around the threshold value. In the
outer panels we have varied the relative phase ¢ = arg(F/G),
changing the relative weight of the Wigner-function peaks.
The central panel [Fig. 5(e)] shows the case F =0, for
which the three peaks have comparable heights. This property
can be a valuable tool for the control of two-photon driven
resonators for quantum computation based on quasiorthogonal
coherent states [29,30]. Indeed the relative phase ¢ could
be experimentally controlled and adjusted at will. In this
direction, it is worth stressing that expression (20) allows us to
predict precisely the shape of the multimodal Wigner function
even in highly populated regimes, where a numerical approach
would be extremely demanding.

B. Emergence of dissipative phase transitions

In this section, we show how our analytic solution allows
us to capture the steady-state properties of dissipative phase
transitions in the thermodynamic limit. The latter, in the
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FIG. 4. Top: Steady-state photon number (4'a) as a function of the dimensionless detuning parameter A/U for F = U, G = 10U,
y = n = 0.1U. Results were obtained through the exact solution, (15), fori = j = 1. Vertical grid lines mark the values of A /U for which we
evaluated the steady-state Wigner function (cf. bottom plots). Bottom: Steady-state Wigner functions W (z) calculated according to Eq. (20) for
the same parameters as in the top panel and for different values of A /U (see frame labels). Black dots mark the position of the corresponding

stable semiclassical solutions.

present context, is defined as the regime in which (afa) —
400 [31,32]. Let us start by considering the case in which the
resonator is subject only to a coherent drive (i.e., G = 0). In the
top panel in Fig. 6 we show the evolution of the mean photon
density (a' @) as a function of the detuning for different driving
amplitudes F. For a low drive amplitude F < U, the photon
number shows well-resolved multiphoton resonances. In the
intense-pumping regime F >> U, instead, these resonances
are replaced by a continuous and monotonous increase in the
photon density, up to a sharp transition from a high- to a
low-density phase. Corresponding to the drop in (afa), the
normalized second-order correlation function g® exhibits a
sharp peak, shown in the bottom panel in Fig. 6. This quantity

Re(z) Re(z)

Re(z)

Re(F)

6 -3 0 3 6
Im(z)

6 -3 0 3 6
Im(z)

6 -3 0 3 6
Im(z)

FIG. 5. Steady-state Wigner functions W (z) calculated according
to Eq. (20) for A = 28U, G = 10U, y = n = 0.1U and for different
complex values of F. In (e) we took F = 0. In the others, F/U = ¢'¢
and the phase ¢ changes as sketched in the bottom-right plot.

is defined as @ = (at2a?) / (at@)>. At the transition, photons
have a highly super-Poissonian distribution (g > 1).

G=0
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FIG. 6. Mean photon number {é' @) (top) and normalized second-
order correlation function g® (bottom) as a function of the pump-
cavity detuning A normalized by the photon-photon interaction
strength U for a resonator subject only to one-photon coherent driving
(G =0, F # 0). Different curves (and colors) correspond to different
pumping intensities F/ U, varied between 0.1 and 300, as indicated
beside each curve in the top panel. One- and two-photon dissipation
rates were setto y = n = 0.03U.
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FIG. 7. Same as Fig. 6, but in the presence of two-photon driving
only,i.e., F = 0and G # 0. Different curves (and colors) correspond
to different pumping strengths G/ U, spanning from 0.1 to 300 as
labeled beside each curve in the top panel. One- and two-photon
dissipation rates were set to y = n = 0.03U.

A similar analysis can be performed in the presence of two-
photon pumping. The results obtained for F = 0 and different
values of G/U are presented in Fig. 7. In the top panel, we
observe a behavior of the photon density similar to that in
Fig. 6. Note that the analytic solution allows us to reach very
high values of (afa) (up to ~1300 photons for G = 300U).
The behavior of the second-order correlation function g®
dramatically differs from the case G = 0 considered in Fig. 6.
For G > 10U, we find sub-Poissonian statistics (g¥ < 1)
for small A and a strong peak corresponding to the drop
in density. After the peak, in the low-density phase, g®
drops but stays considerably larger than 1, and furthermore,
it keeps growing roughly quadratically. This high probability
of observing photons pairwise is a clear consequence of the
two-photon pumping mechanism.

The abrupt change in the density observed above for both
G = 0and F = Ois the result of a dissipative phase transition.
This kind of phenomenon arises in the nonequilibrium context
due to the interplay of nonlinearity, drive, and dissipation
[31,43,44]. Hence, a dissipative phase transition similar to
the one studied numerically by Carmichael for the Jaynes-
Cummings model [31] is also present in our Kerr system.
Our exact solution proves it unambiguously and allows us
to capture also the critical exponents. In order to further
characterize the transition, we consider a scaling which leads to
universal behavior in the thermodynamic limit. In the coherent-
pumping case G = 0, starting from the semiclassical equation,
(21), one finds that for a large photon number (a'a) oc | f|*3
[as areminder, f = F/(U — in)]. Hence, we expect universal
behavior of the quantity x = (afa)|f|~*?. In Fig. 6, we saw
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FIG. 8. Top: For the case G = 0 (coherent driving only), the
rescaled mean photon density x = (afa) /| f|*/* as a function of the
dimensionless parameter T = sgn[A]|c|/| f|** for different values
of the dimensionless coherent drive intensity | f| (see the legend).
The smoothest curve corresponds to |f| = 1, while for increasing
values of | f| the curve gets steeper, acquiring a triangular shape.
Inset: Points mark the height and position of the peak in dx/dt
as a function of | f|. Solid lines are power-law fits with exponents
+2/3, performed on the last four points. Bottom: For the case
F = 0 (two-photon driving only), the rescaled mean photon density
x = (ata) /gl as a function of t = sgn[A]|c|/|g| for different
values of |g| (see the legend). The smoothest curve corresponds to
|g| = 1, while x progressively tends to a triangular-shaped curve for
increasing |g|. Inset: The rapid growth in the derivative d y /9t around
v = —1. The smoothest behavior corresponds to |g| = 100 and the
curve progressively acquires a discontinuity with increasing |g| (cf.
inset legend). Overall, dissipations have been set to n = 0.1U and
y = 0.1|A].

that the transition from high to low density is triggered by
the detuning A. In a more general description, we expect
the phase transition to be controlled by the dimensionless
complex detuning ¢ = (A +iy/2)/(U —in). Hence, in the
top panel in Fig. 8 we show the behavior of x(r) for
T = sgn[A]|c|| f|~?/3. In the thermodynamic limit | f| — oo,
x(t) shows a discontinuous first-order phase transition. For
finite values of |f|, the derivative dx/dt is peaked at the
transition point. We find that the height and position of this
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peak follow the power-law behaviors max[dx/dt] o | f|*/3

and |Tmax — Te| o< | f|72/3 [cf. inset in Fig. 8 (top)]. For the
selected parameters, we find 7. ~ 2.41.

We now perform the same analysis for the two-photon
driven case F = 0, for which, in the thermodynamic limit,
one expects (@' a) o |g| [with g = G/(u — in)]. In the bottom
panel in Fig. 8 we plot, for different values of |g|, the
function (1), where we have defined x = (afa) /|g|andt =
sgn[Al]|c|/|g]. Once again, the behavior becomes universal
for |g| >> 1, with a sharp transition at positive detuning. The
critical-exponent analysis of the derivative is compatible with
max[dx/dt] o |g|and |Tmax — Tc| < 1/|g| for T, ~ 2.62. The
divergent behavior of the derivative in the thermodynamic
limit signals the first-order nature of this phase transition. The
latter has the same character as the one observed for G = 0
and both occur in the regime for which the semiclassical
solution predicts optical multistability. Remarkably, in the
case F' =0 we can identify another phase transition, taking
place for T >~ —1. Although x remains continuous in the
thermodynamic limit, its derivative, shown in the inset in Fig. 8
(bottom), acquires a discontinuity. This second-order phase
transition has no counterpart in the driven-dissipative Kerr
model without the two-photon processes. It takes place around
the semiclassical bifurcation point, i.e., when the Wigner
function acquires a bimodal character.

V. CONCLUSIONS AND PERSPECTIVES

In this work, we have investigated the paradigmatic
model of a driven-dissipative nonlinear resonator subject to
both one- and two-photon processes. We have shown that,
remarkably, the steady state of such system can be analytically
obtained through the complex P-representation of its density
matrix. The exact solution, benchmarked against numerical
techniques, stands as a powerful tool to investigate the physics
of this general model.

We have discussed the limitations of the semiclassical
approach in the high-density regime by comparing its pre-
diction to the analytic results. In this context, we pointed
out the emergence of multimodal Wigner functions, whose
structure cannot be fully determined semiclassically. We have
also shown that the multimodal character of W(z) can be
controlled by external parameters, such as the relative phase
of the one- and two-photon pumps. Furthermore, the exact
solution allowed us to explore the physics of a first-order
dissipative phase transition in the regime where the semi-
classical approach predicts optical multistability. Moreover,
in the two-photon driven Kerr model (i.e., for F = 0) we also
revealed a second-order phase transition. The latter has no
counterpart in the driven-dissipative Kerr model with G = 0.

Both theoretical and experimental perspectives of the
present work are numerous. The one- and two-photon
driven-dissipative resonator is already realizable with present
techniques [14]. The exact solution allows us to predict
how the external experimental parameters affect the steady
state. Hence, one can generate and manipulate precisely
coherent-like states or superpositions of them, which is of
great interest towards quantum computation [26-30]. The
exact results of this work, combined with mean-field [18,19]
and renormalization techniques [45,46], pave the way to the
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study of exotic many-body phases of light in networks of
nonlinear resonators. Indeed, the flourishing field of reservoir
and coupling engineering in circuit QED makes it possible to
envision a plethora of combinations between one- and two-
photon driving, dissipation, and hopping mechanisms [20,21].
Moreover, effective two-photon processes can arise in the
momentum-space Hamiltonian of systems that do not include
two-photon mechanisms in real space. For example, this is
the case for a single-cavity polarization-dependent cross-Kerr
model [47,48] and for the driven-dissipative Bose-Hubbard
model [1,22,49,50].
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APPENDIX A: DETAILED DERIVATION OF THE
STEADY-STATE SOLUTION

In this appendix we provide details about the analytic solu-
tion for the one- and two-photon driven-dissipative resonator,
whose master equation for the density matrix g is (6).

1. From the master to the Fokker-Planck equation

As stated in the text, the problem is tackled by writing
0 in terms of the complex P-representation, (7). Although
different choices for the P-representation are possible [35],
the complex one is the best candidate to find an exact solution
for the considered class of driven-dissipative problems [15].
The advantage of this approach is that the master equation
for p can be translated into a partial differential equation
for the function P(w,B) [6,35]. Indeed, the action of the
annihilation and creation operators on the projector |a) (8%|
establishes a term-by-term conversion between elements of
the master equation and differential operators. As an example,
consider dp: from Eq. (7) one sees that the action of a gives a
multiplication of the integrand by «. Similarly, we can get all
the following translation rules:

ap < o P(a,p), (Ala)
a'p < (B — d)P(a.p), (Alb)
pa < (@ — ) P(a, B), (Alc)
pat < B P(,p). (Ald)

Exploiting (7) and (Al), matching the terms inside the
integrals, one gets that the function P(c,f) must satisfy the
Fokker-Planck-like equation

. 1 .
PP =) i —AP+S Y 0;(DUP) . (AD)

i=a,p Jj=a.p
where A’ indicates the components of the drift vector

o <—Za +U*a?p+ F + Gﬂ)

A= A*B — Uaf? — F* — G*a (A3)

and DY is a matrix element of the diffusion tensor

7% 2
D=<Ua +G 0 )
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In Egs. (A3) and (A4), we have introduced the complex
detuning A = A + iy /2 and the complex interaction energy
U=U+in.

Being interested in the steady-state density matrix, we seek
the steady-state solution of the Fokker-Planck equation, (A2),
i.e., we look for the function P satisfying d;, P = 0. Solving
the resulting differential equation is generally a hard task. One
can simplify the problem by requiring that every term of the
sum vanishes:

. 1 . .
AP 'Zﬂaj(DfP)=o, i=a,p.
j=a,

(AS5)

After some straightforward algebraic manipulation, Eq. (AS)
can be cast as

QA — Z (3; D'V = Z DY 9;In(P), i=a,B, (A6)
j=a.p j=a.p

which, if the matrix D is invertible, is solved by

9;In(P)= Y (D) 24" = 3" (8 D) (A7)

i=a,p k=a,p

for j = «,8. Hence, we can write P = exp(—¢) and treat ¢
as a scalar potential in the complex variables « and 8. Such a
potential defines a generalized force ® = —V ¢ of components

®;=—0;0=» O 24— > @ D" |. (A8)

i=a,pB k=a,p

For the function ¢ to be a well-behaved potential, one must
require that the crossed derivatives of the force components
(A8) are the same, that is,

D =0;P;. (A9)

The latter are known as the potential conditions. They also
ensure that the integral of the coupled differential equations
0j ¢ = —®; (j = a,B) is independent of the integration path.
Hence, it is possible to obtain ¢ as

¢(0t,/3)=¢(ao,ﬁo)—fré(a',ﬂ'%ﬁ(a/,ﬂ/), (A10)

where ds(a’, 8') is an infinitesimal displacement element along
the path I going from the arbitrary reference point {og, By} to
{o. B}.

Let us now consider our specific case. Starting from the
definitions of A and D given in Egs. (A3) and (A4), we find
the force

F+GB—(A+U")a+T%a?B
N )
d=2 RS
F*+G*a—(A*+U)B+Up%a
G*+UB?
which fulfills the potential conditions, (A9).

To get the corresponding potential, we use Eq. (A10) for
the path " := {0,0} — {«,0} — {«, 8}, which formally gives
{e,0}

@, (a',0)da’

(Al1)

¢(a.p) = ¢(0,0) — /

{0,0}

(@)
- /{ Py, B)dp’. (A12)

«,0}
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Performing the integration and discarding irrelevant constant
terms, we get

¢(a,p) = In[(e? + &) (B> + g1 — 2ap

+ 2—\/; arctan <§) + % arctan <§>
(A13)

where we have introduced the dimensionless quantities ¢ =
A/U*, f=F/U* and g = G/U*. It follows immediately
that the P-representation of the density matrix for the one-
and two-photon driven-dissipative resonator is the one given in
Eq. (9). As a final check, one can easily verify that the P(«, )
given in Eq. (9) solves the Fokker-Planck-like equation, (A2),
for the steady-state regime.

APPENDIX B: ANALYTIC INTEGRATION OF THE F
FUNCTIONS

In this appendix we detail the analytic integration of the F,,
functions defined in Eq. (12) and in terms of which we express
the analytic steady-state solutions presented in Sec. III. Let us
start by using the identity 2 arctan(z) = In(1 + iz) — In(1 —
iz) in Eq. (12) to write

. —(1+¢)
Fu(f,g,c) = /dotoz’" (@+iJ/er (B1)

c (o — i\/@%(Hc)’

where we have also introduced ¢ =if/,/g. One can now
perform a change of variable, keeping in mind that C must be
a closed path encircling all the singularities of the integrand.
Hence, we chose o = i ,/g(1 — 2&), which gives

_ (i\/g)m
ﬁn(fsgsc) - (_1)(p+c (2i\/§)l+zc

x f deg™ (1 —g)r (1 —26)". (B2)
C

We are left with a complex-plane integral of the form

T(rscr.e2) = /C d £ — £y (1 = nE)”

= () (’Z) /C dg g1 — 5271 (B3)

k=0

The path C must encircle both the poles at £ = 0 and & = 1.
Furthermore, for C to be properly closed one must take into
account the presence of two branch cuts going from each pole
to |&€| — o00. A convenient choice is the Pochhammer contour
[51], which is sketched in Fig. 9. This path correctly encircles
the poles and crosses the branch cuts an equal number of times
in one sense and in the opposite one (a property which does
not depend on the cuts’ orientation). Hence, the path is closed
since it begins and ends on the same Riemann sheet. After
integration along the Pochhammer path, one gets

I("];Ol,ﬂ) — (1 _ eZﬂicl)(l _ eZﬂicz)
(e T(c2)

Fi(—m,c1;¢c1 +ca;n), (B4
F(c1+cz)2 1( B¢+ c3m), (B4)
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Im(§)

(===
% —/

-

FIG. 9. Representation of the Pochhammer path on the complex
plane {Re(£),Im(€)}. The blue and red circles represent the poles
of the integrand in Eq. (B3), located at £ = 0,1, together with the
corresponding branch cuts (from each pole towards 400 on the real
axis). The Pochhammer contour C crosses each of the cuts an equal
number of times in one direction and in the opposite, hence, for
any starting point, it begins and ends on the same Riemann sheet.
The change in the path color emphasizes the passage to a different
Riemann surface.

F S

+

A
Y

2 F being the Gauss hypergeometric function

2Fi(—m,crsc1 +c23m)

_ é—n)" (m) Lk tenlete) o
pard k)T(k+ci+c)I(cr)

Finally, we obtain Eq. (13), where all the m-independent
prefactors have been dropped. Indeed, in the calculation of
all physical quantities (cf. Sec. IIl A) those terms depending
only on the parameters f, g, and c, are canceled by the
normalization coefficient V.

APPENDIX C: SERIES CONVERGENCE AND CLOSED
FORMS

The analytic results for the one- and two-photon driven-
dissipative nonlinear resonator given in Egs. (11), (15), (16),
and (20) contain infinite summations which, in the general case
F,G # 0, must be estimated numerically. In this appendix we
take as an example the photon number (afa) to show that
such series converge rapidly over a wide range of parameters.
Moreover, we give the exact closed forms of (&T ialy, p pg»> and
W(z) for the case F = 0.

1. Convergence of the series in the general case

To investigate the convergence of the series defined by
Eq. (15), let us consider the mean photon number (afa).
In this expression there are two sums to evaluate: the one
explicitly expressed in Eq. (15) and a second one appearing in
the normalization V' [Eq. (11)]. The convergence of (afa) can
be examined in terms of a single parameter, M, the cutoff of
both sums. Hence, we introduce

S E Fnra(f.8.0)1
Zm =0 3::|f;n(fg C)|2

(@'ayy = (Cl)

In the present work, we controlled the convergence by verify-
ing that the addition of two further elements does not affect
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120

100 ¢ o ]

100 120

FIG. 10. Numerical cutoff M as a function of the corresponding
mean photon density (a'a)g [Eq. (C1)] for different system
parameters. The plot was obtained setting the convergence criterion
as explained in the text. Each point in the diagram corresponds to
y =n =0.1U, while we varied A /U € [-30,30]and F/U,G/U €

[0,60]

the result beyond the sixth relevant digit. In other words, we
chose the smallest M ensuring that | (a'a) 5 — (ala) 5 5l <
107% (a'a) 5. In Fig. 10, we show the required cutoff M as
a function of the corresponding value of the mean photon
number for different system parameters. It turns out that M
grows roughly linearly with (afa) #1- We verified that similar
convergence criteria efficiently apply to the other quantities
defined by Egs. (15), (16), and (20) over a wide range of
system parameters. In general, the numerical evaluation of the
exact solution can be performed with arbitrary precision. Such
a computation is faster and much less memory demanding than
numerical approaches, in particular, for high-density regimes.

2. Closed forms for F = 0

The general model described by the master equation, (6),
can be specialized to many cases. Among them, a case of
particular interest is that in which one-photon pumping is
absent, that is, when F = 0 [14,25,36,37]. Remarkably, in
this case one finds that

]:Zm-‘rl(o’g’c) = 0’ (C2a)
Fom(0,8.0) = (i5/8)" 2 F1 (=2m, — ¢; —2¢32)
— (oL F(3—¢) TI(3+m)
VT T(=20) T(L+m—c)
= (— m— 2
(—8) Fom—d (C2b)

where, in the last identity, we have dropped further m-
independent factors which would be naturally absorbed in the
normalization.
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Making use of Egs. (C2), we derived the following closed forms:

LA P(Ll o 1 TR
cansein . PG+HATG+) o aF (i st —eg+i—chlglP)
(@ =a’) = (—g)(—g")' - 7 > ; (C3a)
VT 1Py (51 —cel—evigP)
3 . 3 . . (3 -3 .33
At Qi+1) AQ2j+1) _F(E"'J)F(E"") N it 2F3 (5475 +i E""J_C’E‘H_C* 181%) b
(a a )= (=8 (=g") = , (C3b)
VT 1F2(--—C —c*;1g?)
(&T(2i)&(2j+1)) — (&T(2i+1)&(2j)> =0, (C3¢)
A r+prQ+gq o 2 +p,1+q;1,l+p— d+a—csl8)
epipg = “2 12 ,(2 , - = - D), (C4a)
JTCP)I2g)! 1Fa (335 —c5 —c*1gl?)
3 3 = (3 3 3 g2
<2p+1|p|2q+ > ( +p) ( +q) ( g)P+1(_ *)q+12 3(§+p’§~+ ’5’2+p_c’2+q ) (C4b)
2J/m2p + DI2g + 1! 1F2 (335 — e —c*ilg)
(2plp12g + 1) = 2p + 11p12q) =0, (C4c)
2 R (3—a—g@P) e
W) = — — - e (C5)
T lFZ(E»E_Cv__C*;Igl)
In the equations above, , F, denotes a generalized hypergeometric function [39], defined by the analytic extension of
. . n— 1(an)k z*
pFyar, ... ap; by, ... by 2) = Z o (C6)
with (a), = I'(a + k)/ I'(a). The regularized hypergeometric functions pf 4 are defined as
~ Fylar,....ap; b1, ....by; 2)
F,(ai,....ay by, ....b,; 7) = 214 (€7
Pt q 14 P ?n:] F(bm)

The closed forms presented above are computationally much more efficient than the corresponding implicit forms, (15), (16),

and (20).

[1] I. Carusotto and C. Ciuti, Rev. Mod. Phys. 85, 299 (2013).
[2] C. Weisbuch, M. Nishioka, A. Ishikawa, and Y. Arakawa, Phys.
Rev. Lett. 69, 3314 (1992).
[3] B. Deveaud, The Physics of Semiconductor Microcavities
(Wiley, New York, 2007).
[4] R. J. Schoelkopf and S. M. Girvin, Nature 451, 664 (2008).
[5] J. Q. You and F. Nori, Nature 474, 589 (2011).
[6] D. Walls and G. Milburn, Quantum Optics, SpringerLink:
Springer e-Books (Springer, Berlin, 2008).
[7] J. E. Poyatos, J. I. Cirac, and P. Zoller, Phys. Rev. Lett. 77, 4728
(1996).
[8] F. Verstraete, M. M. Wolf, and J. Ignacio Cirac, Nat. Phys. 5,
633 (2009).
[9] H. Tan, G. Li, and P. Meystre, Phys. Rev. A 87, 033829 (2013).
[10] Y. Lin, J. P. Gaebler, E. Reiter, T. R. Tan, R. Bowler, A. S.
Sorensen, D. Leibfried, and D. J. Wineland, Nature 504, 415
(2013).
[11] C. Arenz, C. Cormick, D. Vitali, and G. Morigi, J. Phys. B 46,
224001 (2013).
[12] M. Asjad and D. Vitali, J. Phys. B 47, 045502 (2014).
[13] A.Roy, Z. Leghtas, A. D. Stone, M. Devoret, and M. Mirrahimi,
Phys. Rev. A 91, 013810 (2015).
[14] Z. Leghtas, S. Touzard, I. M. Pop, A. Kou, B. Vlastakis, A.
Petrenko, K. M. Sliwa, A. Narla, S. Shankar, M. J. Hatridge, M.

Reagor, L. Frunzio, R. J. Schoelkopf, M. Mirrahimi, and M. H.
Devoret, Science 347, 853 (2015).

[15] P. D. Drummond and D. F. Walls, J. Phys. A: Math. Gen. 13,
725 (1980).

[16] S. Diehl, A. Tomadin, A. Micheli, R. Fazio, and P. Zoller, Phys.
Rev. Lett. 105, 015702 (2010).

[17] A. Tomadin, S. Diehl, and P. Zoller, Phys. Rev. A 83, 013611
(2011).

[18] A.Le Boité, G. Orso, and C. Ciuti, Phys. Rev. Lett. 110, 233601
(2013).

[19] A. Le Boité, G. Orso, and C. Ciuti, Phys. Rev. A 90, 063821
(2014).

[20] J. Jin, D. Rossini, R. Fazio, M. Leib, and M. J. Hartmann, Phys.
Rev. Lett. 110, 163605 (2013).

[21] J. Jin, D. Rossini, M. Leib, M. J. Hartmann, and R. Fazio, Phys.
Rev. A 90, 023827 (2014).

[22] R. M. Wilson, K. W. Mahmud, A. Hu, A. V. Gorshkov, M.
Hafezi, and M. Foss-Feig, Phys. Rev. A 94, 033801 (2016).

[23] K. Vogel and H. Risken, Phys. Rev. A 39, 4675
(1989).

[24] J. Kerckhoff, M. A. Armen, and H. Mabuchi, Opt. Express 19,
24468 (2011).

[25] F. Minganti, N. Bartolo, J. Lolli, W. Casteels, and C. Ciuti, Sci.
Rep. 6, 26987 (2016).

033841-10


http://dx.doi.org/10.1103/RevModPhys.85.299
http://dx.doi.org/10.1103/RevModPhys.85.299
http://dx.doi.org/10.1103/RevModPhys.85.299
http://dx.doi.org/10.1103/RevModPhys.85.299
http://dx.doi.org/10.1103/PhysRevLett.69.3314
http://dx.doi.org/10.1103/PhysRevLett.69.3314
http://dx.doi.org/10.1103/PhysRevLett.69.3314
http://dx.doi.org/10.1103/PhysRevLett.69.3314
http://dx.doi.org/10.1038/451664a
http://dx.doi.org/10.1038/451664a
http://dx.doi.org/10.1038/451664a
http://dx.doi.org/10.1038/451664a
http://dx.doi.org/10.1038/nature10122
http://dx.doi.org/10.1038/nature10122
http://dx.doi.org/10.1038/nature10122
http://dx.doi.org/10.1038/nature10122
http://dx.doi.org/10.1103/PhysRevLett.77.4728
http://dx.doi.org/10.1103/PhysRevLett.77.4728
http://dx.doi.org/10.1103/PhysRevLett.77.4728
http://dx.doi.org/10.1103/PhysRevLett.77.4728
http://dx.doi.org/10.1038/nphys1342
http://dx.doi.org/10.1038/nphys1342
http://dx.doi.org/10.1038/nphys1342
http://dx.doi.org/10.1038/nphys1342
http://dx.doi.org/10.1103/PhysRevA.87.033829
http://dx.doi.org/10.1103/PhysRevA.87.033829
http://dx.doi.org/10.1103/PhysRevA.87.033829
http://dx.doi.org/10.1103/PhysRevA.87.033829
http://dx.doi.org/10.1038/nature12801
http://dx.doi.org/10.1038/nature12801
http://dx.doi.org/10.1038/nature12801
http://dx.doi.org/10.1038/nature12801
http://dx.doi.org/10.1088/0953-4075/46/22/224001
http://dx.doi.org/10.1088/0953-4075/46/22/224001
http://dx.doi.org/10.1088/0953-4075/46/22/224001
http://dx.doi.org/10.1088/0953-4075/46/22/224001
http://dx.doi.org/10.1088/0953-4075/47/4/045502
http://dx.doi.org/10.1088/0953-4075/47/4/045502
http://dx.doi.org/10.1088/0953-4075/47/4/045502
http://dx.doi.org/10.1088/0953-4075/47/4/045502
http://dx.doi.org/10.1103/PhysRevA.91.013810
http://dx.doi.org/10.1103/PhysRevA.91.013810
http://dx.doi.org/10.1103/PhysRevA.91.013810
http://dx.doi.org/10.1103/PhysRevA.91.013810
http://dx.doi.org/10.1126/science.aaa2085
http://dx.doi.org/10.1126/science.aaa2085
http://dx.doi.org/10.1126/science.aaa2085
http://dx.doi.org/10.1126/science.aaa2085
http://dx.doi.org/10.1088/0305-4470/13/2/034
http://dx.doi.org/10.1088/0305-4470/13/2/034
http://dx.doi.org/10.1088/0305-4470/13/2/034
http://dx.doi.org/10.1088/0305-4470/13/2/034
http://dx.doi.org/10.1103/PhysRevLett.105.015702
http://dx.doi.org/10.1103/PhysRevLett.105.015702
http://dx.doi.org/10.1103/PhysRevLett.105.015702
http://dx.doi.org/10.1103/PhysRevLett.105.015702
http://dx.doi.org/10.1103/PhysRevA.83.013611
http://dx.doi.org/10.1103/PhysRevA.83.013611
http://dx.doi.org/10.1103/PhysRevA.83.013611
http://dx.doi.org/10.1103/PhysRevA.83.013611
http://dx.doi.org/10.1103/PhysRevLett.110.233601
http://dx.doi.org/10.1103/PhysRevLett.110.233601
http://dx.doi.org/10.1103/PhysRevLett.110.233601
http://dx.doi.org/10.1103/PhysRevLett.110.233601
http://dx.doi.org/10.1103/PhysRevA.90.063821
http://dx.doi.org/10.1103/PhysRevA.90.063821
http://dx.doi.org/10.1103/PhysRevA.90.063821
http://dx.doi.org/10.1103/PhysRevA.90.063821
http://dx.doi.org/10.1103/PhysRevLett.110.163605
http://dx.doi.org/10.1103/PhysRevLett.110.163605
http://dx.doi.org/10.1103/PhysRevLett.110.163605
http://dx.doi.org/10.1103/PhysRevLett.110.163605
http://dx.doi.org/10.1103/PhysRevA.90.023827
http://dx.doi.org/10.1103/PhysRevA.90.023827
http://dx.doi.org/10.1103/PhysRevA.90.023827
http://dx.doi.org/10.1103/PhysRevA.90.023827
http://dx.doi.org/10.1103/PhysRevA.94.033801
http://dx.doi.org/10.1103/PhysRevA.94.033801
http://dx.doi.org/10.1103/PhysRevA.94.033801
http://dx.doi.org/10.1103/PhysRevA.94.033801
http://dx.doi.org/10.1103/PhysRevA.39.4675
http://dx.doi.org/10.1103/PhysRevA.39.4675
http://dx.doi.org/10.1103/PhysRevA.39.4675
http://dx.doi.org/10.1103/PhysRevA.39.4675
http://dx.doi.org/10.1364/OE.19.024468
http://dx.doi.org/10.1364/OE.19.024468
http://dx.doi.org/10.1364/OE.19.024468
http://dx.doi.org/10.1364/OE.19.024468
http://dx.doi.org/10.1038/srep26987
http://dx.doi.org/10.1038/srep26987
http://dx.doi.org/10.1038/srep26987
http://dx.doi.org/10.1038/srep26987

EXACT STEADY STATE OF A KERR RESONATOR WITH ...

[26] A. Gilchrist, K. Nemoto, W. J. Munro, T. C. Ralph, S. Glancy, S.
L. Braunstein, and G. J. Milburn, J. Opt. B: Quantum Semiclass.
Opt. 6, S828 (2004).

[27] A. Ourjoumtsev, R. Tualle-Brouri, J. Laurat, and P. Grangier,
Science 312, 83 (2006).

[28] M. Mirrahimi, Z. Leghtas, V. V. Albert, S. Touzard, R. J.
Schoelkopf, L. Jiang, and M. H. Devoret, New J. Phys. 16,
045014 (2014).

[29] H. Goto, Phys. Rev. A 93, 050301 (2016).

[30] S. Puri and A. Blais, arXiv:1605.09408.

[31] H. J. Carmichael, Phys. Rev. X §, 031028 (2015).

[32] W. Casteels and C. Ciuti, arXiv:1607.02578.

[33] S. Haroche and J. Raimond, Exploring the Quantum: Atoms,
Cavities, and Photons, Oxford Graduate Texts (Oxford Univer-
sity Press, Oxford, UK, 2006).

[34] H. Carmichael, An Open Systems Approach to Quantum Optics,
Lectures Presented at the Université Libre de Bruxelles, October
28 to November 4, 1991, No.18 (Springer-Verlag, Berlin, 1993).

[35] P. D. Drummond and C. W. Gardiner, J. Phys. A: Math. Gen.
13, 2353 (1980).

[36] G. Kryuchkyan and K. Kheruntsyan, Opt. Commun. 127, 230
(1996).

[37] C.H. Meaney, H. Nha, T. Duty, and G. J. Milburn, EPJ Quantum
Technology. 1, 1 (2014).

PHYSICAL REVIEW A 94, 033841 (2016)

[38] M. Elliott and E. Ginossar, arXiv:1606.08508.

[39]1 W. Bailey, Generalized Hypergeometric Series, Cambridge
Tracts in Mathematics and Mathematical Physics (Hafner, New
York, 1972), Vol. 32.

[40] E. Wigner, Phys. Rev. 40, 749 (1932).

[41] K. E. Cahill and R. J. Glauber, Phys. Rev. 177, 1882 (1969).

[42] W. Casteels, F. Storme, A. Le Boité, and C. Ciuti, Phys. Rev. A
93, 033824 (2016).

[43] P. Alsing and H. J. Carmichael, Quantum Opt. 3, 13 (1991).

[44] S. Y. Kilin and T. B. Krinitskaya, J. Opt. Soc. Am. B 8, 2289
(1991).

[45] U. Schollwock, Rev. Mod. Phys. 77, 259 (2005).

[46] S.Finazzi, A. Le Boité, F. Storme, A. Baksic, and C. Ciuti, Phys.
Rev. Lett. 115, 080604 (2015).

[47] T. K. Paraiso, M. Wouters, Y. Léger, F. Morier-Genoud, and B.
Deveaud-Plédran, Nat. Mater. 9, 655 (2010).

[48] N. Takemura, S. Trebaol, M. Wouters, M. T. Portella-Oberli, and
B. Deveaud, Nat. Phys. 10, 500 (2014).

[49] D. Gerace, H. E. Tureci, A. Imamoglu, V. Giovannetti, and R.
Fazio, Nat. Phys. §, 281 (2009).

[50] I. Carusotto, D. Gerace, H. E. Tureci, S. De Liberato, C. Ciuti,
and A. Imamoglu, Phys. Rev. Lett. 103, 033601 (2009).

[51] T. MacRobert, Functions of a Complex Variable (Macmillan,
New York, 1954).

033841-11


http://dx.doi.org/10.1088/1464-4266/6/8/032
http://dx.doi.org/10.1088/1464-4266/6/8/032
http://dx.doi.org/10.1088/1464-4266/6/8/032
http://dx.doi.org/10.1088/1464-4266/6/8/032
http://dx.doi.org/10.1126/science.1122858
http://dx.doi.org/10.1126/science.1122858
http://dx.doi.org/10.1126/science.1122858
http://dx.doi.org/10.1126/science.1122858
http://dx.doi.org/10.1088/1367-2630/16/4/045014
http://dx.doi.org/10.1088/1367-2630/16/4/045014
http://dx.doi.org/10.1088/1367-2630/16/4/045014
http://dx.doi.org/10.1088/1367-2630/16/4/045014
http://dx.doi.org/10.1103/PhysRevA.93.050301
http://dx.doi.org/10.1103/PhysRevA.93.050301
http://dx.doi.org/10.1103/PhysRevA.93.050301
http://dx.doi.org/10.1103/PhysRevA.93.050301
http://arxiv.org/abs/arXiv:1605.09408
http://dx.doi.org/10.1103/PhysRevX.5.031028
http://dx.doi.org/10.1103/PhysRevX.5.031028
http://dx.doi.org/10.1103/PhysRevX.5.031028
http://dx.doi.org/10.1103/PhysRevX.5.031028
http://arxiv.org/abs/arXiv:1607.02578
http://dx.doi.org/10.1088/0305-4470/13/7/018
http://dx.doi.org/10.1088/0305-4470/13/7/018
http://dx.doi.org/10.1088/0305-4470/13/7/018
http://dx.doi.org/10.1088/0305-4470/13/7/018
http://dx.doi.org/10.1016/0030-4018(96)00021-1
http://dx.doi.org/10.1016/0030-4018(96)00021-1
http://dx.doi.org/10.1016/0030-4018(96)00021-1
http://dx.doi.org/10.1016/0030-4018(96)00021-1
http://dx.doi.org/10.1140/epjqt7
http://dx.doi.org/10.1140/epjqt7
http://dx.doi.org/10.1140/epjqt7
http://dx.doi.org/10.1140/epjqt7
http://arxiv.org/abs/arXiv:1606.08508
http://dx.doi.org/10.1103/PhysRev.40.749
http://dx.doi.org/10.1103/PhysRev.40.749
http://dx.doi.org/10.1103/PhysRev.40.749
http://dx.doi.org/10.1103/PhysRev.40.749
http://dx.doi.org/10.1103/PhysRev.177.1882
http://dx.doi.org/10.1103/PhysRev.177.1882
http://dx.doi.org/10.1103/PhysRev.177.1882
http://dx.doi.org/10.1103/PhysRev.177.1882
http://dx.doi.org/10.1103/PhysRevA.93.033824
http://dx.doi.org/10.1103/PhysRevA.93.033824
http://dx.doi.org/10.1103/PhysRevA.93.033824
http://dx.doi.org/10.1103/PhysRevA.93.033824
http://dx.doi.org/10.1088/0954-8998/3/1/003
http://dx.doi.org/10.1088/0954-8998/3/1/003
http://dx.doi.org/10.1088/0954-8998/3/1/003
http://dx.doi.org/10.1088/0954-8998/3/1/003
http://dx.doi.org/10.1364/JOSAB.8.002289
http://dx.doi.org/10.1364/JOSAB.8.002289
http://dx.doi.org/10.1364/JOSAB.8.002289
http://dx.doi.org/10.1364/JOSAB.8.002289
http://dx.doi.org/10.1103/RevModPhys.77.259
http://dx.doi.org/10.1103/RevModPhys.77.259
http://dx.doi.org/10.1103/RevModPhys.77.259
http://dx.doi.org/10.1103/RevModPhys.77.259
http://dx.doi.org/10.1103/PhysRevLett.115.080604
http://dx.doi.org/10.1103/PhysRevLett.115.080604
http://dx.doi.org/10.1103/PhysRevLett.115.080604
http://dx.doi.org/10.1103/PhysRevLett.115.080604
http://dx.doi.org/10.1038/nmat2787
http://dx.doi.org/10.1038/nmat2787
http://dx.doi.org/10.1038/nmat2787
http://dx.doi.org/10.1038/nmat2787
http://dx.doi.org/10.1038/nphys2999
http://dx.doi.org/10.1038/nphys2999
http://dx.doi.org/10.1038/nphys2999
http://dx.doi.org/10.1038/nphys2999
http://dx.doi.org/10.1038/nphys1223
http://dx.doi.org/10.1038/nphys1223
http://dx.doi.org/10.1038/nphys1223
http://dx.doi.org/10.1038/nphys1223
http://dx.doi.org/10.1103/PhysRevLett.103.033601
http://dx.doi.org/10.1103/PhysRevLett.103.033601
http://dx.doi.org/10.1103/PhysRevLett.103.033601
http://dx.doi.org/10.1103/PhysRevLett.103.033601



