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Alignment dependence of photoelectron momentum distributions of atomic and
molecular targets probed by few-cycle circularly polarized laser pulses
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We present theoretical photoelectron momentum distributions (PMDs) for ionization from Ar(3p) and
H2

+(σg) orbitals by few-cycle, high-intensity, near-infrared laser fields circularly polarized in the xy plane. The
three-dimensional time-dependent Schrödinger equation is solved numerically within the single-active-electron
approximation for Ar and within the fixed nuclei approximation for H2

+. The PMDs are investigated for alignment
of the probed target orbitals relative to the polarization plane of the laser field. In the atomic case, the PMDs in
the polarization plane for aligned 3p Ar orbitals are, up to an overall scaling factor, insensitive to alignment of the
probed orbital, while the lateral PMDs show a signature of the orbital node when that node is sufficiently close to
the polarization plane. For the molecular case of H2

+(σg), our results show a significant impact of alignment on
the PMDs due to the anisotropic molecular potential and the alignment-dependent coupling between the ground
state and excited states.
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I. INTRODUCTION

In strong-field photoionization experiments with near-
infrared (NIR) light, the external field distorts the atomic
potential, and electrons may be liberated. The most common
experimental measurements are those of total ionization
yield (TIY), above-threshold ionization (ATI) spectra, and
photoelectron momentum distributions (PMDs). Strong-field
ionization studies have, e.g., addressed the roles of the laser
field and carrier-envelope phase effects [1–7], the electronic
structure and symmetry of the probed orbital [8,9], and pho-
toionization dynamics (tunneling ionization vs multiphoton
ionization via low-lying Rydberg states [10,11]). Recently,
strong-field experiments and theory target information on real-
time observation of atomic-scale electron dynamics, including
attosecond streaking [12], strong-field circular dichroism
[13,14], and attosecond ionization dynamics as exemplified
by attoclock experiments and theory [15–22].

Strong-field ionization of atoms [13,16,23,24] and
molecules [25–32] by femtosecond, circularly and elliptically
polarized lasers has become a subject of intense experimental
and theoretical investigation. Measurements of the PMDs
of atomic targets probed by a few-cycle close to circularly
polarized laser [15,16,19] reveal an offset angle in the PMDs,
relative to the predictions of the simple model (sometimes
called “simple man’s model”) in which the atomic potential is
omitted, and the final momentum of the electron is determined
classically by the force of the external field. The offset angle
depends both on the laser intensity and frequency; that is,
the offset angle in PMDs decreases by going to higher laser
intensity [19,33,34]. The offset angle has been associated
with a possible tunneling time delay [15,16,35]. Physically,
the offset angle and the rotation of the PMD compared
to the expectation from the simple man’s model are due
to the interaction of the outgoing electron with the atomic or
molecular potential [36], a point that will become particularly

clear from the calculations of PMDs for aligned H2
+ presented

below.
In strong-field ionization of molecules, the nature of the

probed targets has additional effects on the PMDs: scattering
due to multicenter character [33,37], coupling of electronic
and nuclear motions [38], and multielectron effects [39] have
been investigated. Strong-field studies of H2

+ [33,40–43]
addressed the role of Coulomb potential, coupling of nuclear
and electronic motion, and light-induced subcycle dynamics
and how these factors impact ATI and PMDs. Also effects of a
possible induced or static molecular dipole potential have been
investigated [25,27–29,31,32]. In Ref. [33], the calculations
for elliptical and circularly polarized light were performed
in two dimensions, and the resulting PMDs reveal an offset
angle which is a function of both intensity and wavelength.
To the best of our knowledge, previously reported theoretical
PMDs for H2

+ in NIR circularly polarized light were obtained
from solutions of the two-dimensional (2D) time-dependent
Schrödinger equation (TDSE) with fixed nuclei and the
molecule confined to the plane of polarization. For linearly
polarized light three-dimensional (3D) TDSE studies of PMDs
from aligned H2

+ were previously reported [44–46].
In this paper we address the question about the sensitivity

of the PMDs following strong-field ionization to the alignment
of the target orbital relative to the plane of the circular laser
polarization and the shape of the atomic or molecular potential.
We do so by performing calculations in two different systems.
First, we consider the 3D TDSE for Ar with an aligned
3p orbital as the initial state. In this case, the potential is
spherically symmetric, and therefore this part of the study
allows us to isolate the effect of alignment on the PMD
and also on TIY and ATI. Second, we solve the 3D TDSE
for aligned H2

+(σg) in the fixed-nuclei approximation. In
this case the asymmetry of the molecular potential in the
polarization plane depends on the alignment of the molecule
with respect to that plane. Our investigations of the alignment
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dependence of the ionization of the aligned Ar 3p orbital
show that the PMDs in the plane of polarization and ATI
spectra are insensitive to orbital alignment. Only the lateral
PMD and the TIY change with the alignment. Turning to
H2

+, our investigations of PMDs indicate that the momentum
distributions are strongly affected by the orbital alignment and
are therefore very sensitive to the anisotropy of the molecular
potential and the alignment-dependent excitation out of the
ground state.

This paper is organized as follows. In Sec. II we provide a
summary of the methodology we use to solve the TDSE. In
Sec. III we discuss our results, first for Ar and then for H2

+.
Section IV summarizes and concludes. Atomic units are used
throughout.

II. METHODOLOGY AND COMPUTATIONAL DETAILS

The time-dependent wave function is expanded in spherical
harmonics Ylm(�) for the angular degrees of freedom �

�(r,t) =
lmax∑
l=0

l∑
m=−l

flm(r,t)

r
Ylm(�), (1)

and the TDSE is solved in the velocity gauge with a grid
representation for the reduced radial wave functions flm(r,t)
[47]. We obtain an improved scaling with the maximal
orbital quantum number lmax retained in the sum in Eq. (1)
by applying Wigner transformations between the body-fixed
frame and the frame of the instantaneous electric field [47,48],
a methodology that was recently successfully extended to fully
six-dimensional calculations in helium [49–51].

The external circularly polarized laser pulse is described by
�F (t) = −∂t

�A(t), where �A(t) is the vector potential, given as

�A(t) = A0√
2
f (t)

⎛
⎝

cos(ωt − π/2)
sin(ωt − π/2)

0

⎞
⎠, (2)

with A0 being the amplitude, ω being the carrier angular
frequency, and f (t) = sin2(ωt/2N ) being the envelope for
an N -cycle pulse. In the present work, ω = 0.057 a.u.,
corresponding to a wavelength of 800 nm, N = 3 for Ar
(N = 2 for H2

+), and a time step of �t = 0.005 a.u. is used
in our split-step Crank-Nicolson propagator.

We carried out TDSE calculations for the Ar(3pz) and
H2

+(σg) orbitals at alignment angles β = 10◦,20◦, . . . ,90◦
with respect to the xy-polarization plane of the laser field
(Fig. 1).

For Ar, the calculations are performed at a peak laser
intensity of 0.1 PW/cm2. We use an equidistant radial grid with
4096 points that extends up to 400 a.u. The expansion in Eq. (1)
is truncated at lmax = 40. The single-active-electron potential
describing Ar is taken from Ref. [52]. PMDs are computed
by projecting the wave packet at the end of the laser pulse
on scattering states (see, e.g., Refs. [53,54] for discussions of
ways to extract observables from wave packets). The scattering
states are obtained from the radial Schrödinger equation using
the same radial grid, size of angular basis set lmax , and atomic
potential as in the TDSE calculations.

For H2
+, we consider a frozen geometry with an inter-

molecular distance of 5 a.u., a radial grid (4090 grid points)

that extends to 600 a.u., and lmax = 60. The calculations are
performed at peak laser intensity of 0.2 PW/cm2. As we
discuss and validate below, PMDs are obtained by projecting
the asymptotic part of the wave packet on Coulomb scattering
states [53] to avoid using exact scattering states.

III. RESULTS AND DISCUSSION

A. Strong-field ionization of Ar(3 pz): Alignment angle
and TIY, PMDs, and ATI

In atoms, the spherically symmetric potential supports
aligned states, and therefore Ar(3pz) serves as a good case for
isolating effects of orbital alignment in strong-field ionization
[8,9]. In this section, we investigate the sensitivity of TIY,
PMDs, ATI, and lateral momentum distributions to alignment.
By definition, the 3pz orbital is aligned along the body-fixed z

axis. We refer to this axis as the body-fixed or the molecular-
fixed z axis zM (Fig. 1). At alignment angle β = 0◦, the
molecular- and laboratory-frame axes coincide, and the laser
field thus runs through the angular node of the 3pz orbital. At
β = 90◦, the molecular frame is rotated by 90◦ around yL, and
hence the initial body-fixed 3pz orbital is aligned parallel to
the xL axis; that is, at β = 90◦ the 3pz orbital has been rotated
into the laboratory-fixed 3px orbital and has maximum overlap
with the laser field. In the following, coordinates without a
superscript will refer to the laboratory-fixed frame.

First, we present TIY for Ar(3pz) at different β angles
in Fig. 2. As anticipated from a simple geometrical picture
where the ionization yield reflects the electron density in the
polarization plane, Ar(3pz) has the greatest TIY at β = 90◦,
and the TIY decreases monotonously with decreasing β.
Next, we discuss the PMDs for the 3pz orbital at different
alignment angles β. By interrogating the PMDs, one may
be able to shed light on the effect of orbital alignment on
the offset angle observed in PMDs. In Fig. 3, we present
PMDs in the polarization plane for the Ar(3pz) orbital at

FIG. 1. Laboratory frame (xLzL) vs molecular frame (xMzM ). At
β = 0◦, the coordinate systems are aligned. At β = 90◦, zM = xL and
xM = −zL. The PMDs presented here are computed in the laboratory
frame.
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FIG. 2. Total ionization yield (TIY) from Ar(3pz) at different
alignment angles β (see Fig. 1). The parameters of the circularly
polarized laser are as follows: intensity of 0.1 PW/cm2, pulse duration
of three cycles, and wavelength of 800 nm.

different alignment angles β. The PMDs were renormalized
to the same maximum differential probability. The obtained
PMDs are typical for a p-type initial orbital probed by
few-cycle elliptically polarized laser pulses (see, for example,
Refs. [36,55,56] for a detailed interpretation of the PMDs).
Figure 3 shows that the renormalized PMDs obtained at
different β values are very similar, and we conclude that
the PMDs in the polarization plane are insensitive to orbital
alignment relative to the polarization plane of the laser field
in the case of a spherically symmetric potential. Effects
of changing the carrier-envelope phase were discussed in
Ref. [4].

To provide a quantitative analysis of the PMDs of Ar(3pz)
and its β dependence, we present ATI spectra in Fig. 4(a). The

FIG. 3. PMDs for Ar(3pz) at various alignment angles β (in
in degrees) of the orbital relative to the polarization plane of the
laser field. The parameters of the circularly polarized laser are as
follows: intensity of 0.1 PW/cm2, pulse duration of three cycles, and
wavelength of 800 nm.

FIG. 4. (a) ATI spectra and (b) angular distributions (dP/dφ) of
photoelectrons from Ar(3pz) aligned at the angle β relative to the
polarization plane of a three-cycle circularly polarized laser pulse
with an intensity of 0.1 PW/cm2 and a wavelength of 800 nm.

ATI spectra obtained at different β values were renormalized to
the same peak intensity. The ATI spectra are characterized by
a single peak at electron energy of ≈0.32 a.u., corresponding
to an electron momentum k ≈ 0.8 a.u. The peak position in
the ATI spectra is independent of the alignment angle β. In
Fig. 4(b), we present the angular distribution of photoelectrons
in the polarization plane with momentum k = 0.8 ± 0.05
a.u., i.e., dP/dφ, where φ is defined relative to the positive
kx axis of the laboratory frame. The PMDs are all rotated
counterclockwise; the dP/dφ distributions peak at φ = −82◦
with an offset angle of about 8◦ compared with the expectation
of the simple man’s model regardless of the value of β.

It is possible that since we use a short laser pulse, we
mainly probe the long-range part of the atomic potential, as
was established for atoms in a linearly polarized laser [57,58].
Furthermore, with such a short pulse, the photon energy is not
well defined, and multiphoton ionization through low-lying
Rydberg states is unlikely. Notice that earlier studies of Ar in
linearly polarized laser pulses indicate that multiphoton ion-
ization is enhanced by excitation to low-lying Rydberg states
[10,11,59,60]. For these reasons we have also computed PMDs
for Ar probed by seven-cycle laser pulses and present ATI
spectra for this pulse at various alignment angles β in Fig. 5(a).
The ATI spectra are characterized by several multiphoton
absorption peaks, with energy difference corresponding to the
photon energy (0.057 a.u.) set by the pulse. Also for this pulse,
the ATI spectra are invariant to the alignment of the initial
orbital. To address the angular part of the PMDs, we focus
on a single peak in the ATI spectra, namely, the peak at an
energy of 0.32 a.u., corresponding to an electron momentum of
0.8 a.u. In Fig. 5(b) we present angular distributions dP/dφ

for photoelectrons with momentum k = 0.8 ± 0.05 au. We
focus on the mean emission peak in the negative ky plane and
hence negative φ values. As in the few-cycle limit, the angle φ

with maximum electron emission is invariant to the alignment
of the initial orbital. At the considered pulse duration, the
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FIG. 5. Same as Fig. 4, but for a seven-cycle laser pulse.

PMD is characterized by a bimodal structure [55], as reflected
in Fig. 5(b). The difference in the intensity of the two lines
in the figure is a result of the asymmetry still present in the
seven-optical-cycle field and the exponential sensitivity of the
ionization process to the field strength.

In light of recent research on the imprints of orbital
symmetry in PMDs [9,61], we present lateral PMDs for
Ar(3pz) in Fig. 6. The photoelectron momentum distribution
along the laboratory-fixed lateral momentum kz is calculated
for each azimuthal angle φ (measured from the positive kx

axis), and the resulting 2D lateral PMDs are presented at
alignment angles β = 10◦,30◦,60◦, and 90◦. At β = 10◦,
the signature of the Ar(3pz) node is reflected in the lateral
PMD as predicted in [9]: the main ionization peak appears
off the kz axis, and the differential ionization probability is
significantly more spread along kz. However, at alignment
angles β = 30◦,60◦, and 90◦, the lateral PMDs are rather
indistinguishable, which shows that the lateral PMD does
not always reflect the orbital shape. The lateral momentum

FIG. 6. Lateral PMDs of Ar(3pz) at alignment angles β =
10◦,30◦,60◦, and 90◦, following ionization by a three-cycle, 800-nm,
0.1 PW/cm2 pulse circularly polarized in the xy plane. The node in
the p orbital is only clearly reflected in the lateral PMD when the
node is close to the plane of polarization (β = 10◦).

distribution only shows signatures of an angular node of an
orbital when its nodal plane is sufficiently close to the plane of
polarization. When this is not the case, ionization from the part
of the orbital that is in the polarization plane quickly dominates
and leads to a lateral distribution similar to that from an s state
and suppression of any signature of a nodal structure [30].
From the preceding discussion, we summarize that the lateral
PMD shows a signature of the angular node of the rotated
3pz orbital when the node is close to the polarization plane,
while the shapes of the ATI spectra, angular distributions, and
PMDs in the polarization plane of Ar(3pz) are invariant to
orbital alignment with respect to the polarization plane of the
circularly polarized laser field, regardless of pulse duration.
This observation is related to the spherical symmetry of the
atomic potential. This symmetry means that the potential is
invariant to β rotations and hence that the renormalized PMDs
in the polarization plane are insensitive to our choice of β.
The results also mean that modeling of strong-field ionization
of aligned molecules with just the initial orbital shape and the
asymptotic Coulomb potential included would give atomiclike
results, i.e., results independent of the underlying higher-order
multipoles of the molecular potential. It is therefore of interest
to consider the effects of a molecular anisotropic potential on
the PMDs, and the study of such effects is the topic of the next
section.

B. PMDs from the σg state of H2
+

In this section we explore the effect of molecular alignment
on PMDs for the σg state of H2

+ as a prototypical case of a
simple molecule with an anisotropic potential. We consider
a frozen geometry of H2

+ with an internuclear separation
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FIG. 7. Cross section of the molecular potential of H2
+ in the

xy plane of the laboratory frame at different alignment angles β (in
degrees).
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FIG. 8. (a) Parametric plot of − �A(t) from Eq. (2) and PMDs
for Ar 3pz (β = 90◦) obtained by projection on (b) scattering states,
(c) asymptotic projection on Coulomb states (r > 45 a.u.), and (d)
asymptotic projection on plane waves (r > 45 a.u.). See the caption
of Fig. 3 for laser parameters.

of R = 5 a.u. At this distance the ionization energy of
the σg state is 0.7290 a.u., as obtained by propagation in
imaginary time and in good agreement with the table value
0.7244 a.u. [62]. In Fig. 7, we show cross sections of the H2

+
potential in the xy plane of the laboratory frame at different
alignments of the molecular axis relative to that plane. At
the alignment angle β = 0◦, the molecular axis (along zM

in Fig. 1) is perpendicular to the plane of laser polarization,
and the potential is rotationally invariant in the xy plane
of the laboratory frame. At alignment angles different from
β = 0◦, the molecular potential is anisotropic in the xy plane
of the laboratory frame. The PMDs are expected to reflect
this anisotropy of the potential of H2

+ and its dependence on
alignment angle. As β increases, we see a two-center potential
building up (β = 60◦ and β = 80◦). In 2D models, the effects
on the PMD of electron release at one center and scattering off
the neighboring center were previously discussed [33,37].

In calculations of PMDs for H2
+, due to the nontrivial

nature of the H2
+ scattering states [44–46] and in order to

facilitate the calculations of PMDs from the σg state, we
considered two approaches: projection on Coulomb scattering
states vs projection on plane waves, both performed in the
asymptotic region of large distance from the electron to the
nuclei [53]. These approaches were tested for calculations of
PMDs from Ar (3pz) at β = 90, where exact scattering states
are readily available, and the results of these tests are sum-
marized in Fig. 8. The momentum distributions were obtained
by projecting on the asymptotic part of the wave packet, that
is, at r > 45 a.u., and the projections were performed at the
end of the laser pulse, without further field-free propagation.
Clearly, whereas the plane wave approach is unsatisfactory,
projecting on Coulomb waves gives excellent agreement with
the PMDs obtained by projection on the scattering states of
Ar. Hence PMDs for ionization from the σg state of H2

+ were
calculated by asymptotic projection on Coulomb waves. The
results of this methodology were checked for convergence
with respect to integration volume and field-free postpulse
propagation.

PMDs corresponding to the σg state of H2
+ are presented in

Fig. 9 as obtained at different alignments of the molecular axis
relative to the xy plane of the laboratory frame. The results
show a strong dependence of PMDs on the alignment angle. At
alignment angle β = 0◦, the molecular axis is perpendicular
to the plane of circular laser polarization, and the resulting
PMD resembles those for atomic targets (see PMDs for the
3p orbital in Ar in Fig. 3). The similarity of the atomic and
molecular cases for this geometry may be understood by noting
the rotational symmetry of the molecular potential.

At alignment angles β = 10◦ and 20◦, the obtained PMDs
are rotated clockwise compared to that obtained at β = 0◦; the
offset angle is minimal at β = 20◦. This behavior of the PMDs
with changing alignment angle may be attributed to a change
of the molecular potential in the polarization plane, as can be
seen in Fig 7. A comparison of the β = 0◦,10◦, and 20◦ results
in Fig. 9 is also interesting in relation to attoclock experiments
[15,16,35] since the results show that the shift in the peak of
the PMD is very sensitive to terms in the molecular potential
beyond the Coulombic monopole.

FIG. 9. PMDs in the xy plane from the σg state of H2
+ at R = 5 a.u. probed at different alignment angles β (in degrees). The parameters

of the circularly polarized laser are as follows: intensity of 0.2 PW/cm2, two cycles, and wavelength of 800 nm.
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FIG. 10. Lateral PMDs from H2
+(σg) (R = 5 a.u.) probed by

a laser pulse at alignment angles β = 10◦,30◦,60◦, and 80◦. The
parameters of the circularly polarized laser are as follows: intensity
of 0.2 PW/cm2, two cycles, and wavelength of 800 nm.

At β = 30◦, new features emerge in the PMDs. These
change between β = 30◦ and β = 70◦ and remain largely
unchanged for alignment angles β = 70◦,80◦, and 90◦. In
Ref. [33], where the PMDs for H2

+ were obtained from
2D calculations and for the molecular axis confined to the
polarization plane, it was suggested that the PMDs have two
components emerging respectively from direct electrons and
electrons scattering off the neighboring nucleus and that the
scattered components show larger offset angles and reach
higher momenta than the direct electrons. In the 3D case for
the present set of parameters with the molecular axis close to
or in the polarization plane (β = 80◦ and β = 90◦) we do not
observe any momenta larger than those present for the other
alignments, and moreover the offset angle for the peak in the
PMD is similar to the result for the other alignments.

In Fig. 10 we present lateral PMDs for H2
+ at alignment

angles β = 10◦,30◦,60◦, and 80◦. The lateral PMDs show
a strong dependence on the alignment angle β. Since the
initial orbital is σg , this modulation does not come from
the initial orbital, but rather from the anisotropic potential
and the excitation and ionization dynamics. At β = 0◦ (not
shown) the molecular wave function preserves its symmetry
during the field: the initial state is even with respect to
reflection in the laboratory xy plane, and the field is in
that plane, so the PMD is atomic s-like for the initial
σg state. At β = 10 there is a shift of the peak of the
distribution towards positive kz values. At β = 30◦, there
is a modulation with two local maxima, one at positive
kz and a smaller one at negative kz. At β = 60◦ the peak

of the distribution has shifted towards negative kz, and finally,
at β = 80◦ the distribution peaks at kz � 0. We may understand
these findings from the anisotropy of the molecular potential,
the asymmetry in the initial ionization step in the few-cycle
pulse, and the excitation to the σu state, which has a node.
For example, at β = 10◦ there is no strong coupling to the σu

state (this is a parallel transition), so there is no signature of
a node in the lateral PMD. There is, however, an asymmetry
in the ionization step induced by the short pulse and the fixed
carrier envelope phase (CEP), and this means that mainly one
end of the molecular potential is felt by the outgoing electron,
leading overall to the shift up in the distribution. As another
example, consider β = 30◦. In this case, we have checked
that a change in the CEP by π radians shifts the distribution
by 180◦ in φ and leads to a reflection of the distribution with
respect to kz = 0, in accordance with the change in the effective
molecular potential seen by the outgoing electron upon that
CEP change. Simultaneously, at β = 30◦ there is a relatively
stronger coupling to the σu state, and the resulting double-peak
structure in the lateral PMD is consistent with ionization out
of this state.

IV. CONCLUSIONS AND OUTLOOK

We calculated PMDs for aligned 3p orbitals of Ar and for
H2

+(σg) probed by few-cycle, circularly polarized laser pulses
with a laser intensity of 0.1 PW/cm2 for Ar [0.2 PW/cm2 for
H2

+(σg)] at a wavelength of 800 nm. In the atomic case, the
calculated renormalized PMDs in the polarization plane and
the offset angle do not depend on the alignment angle of the
atomic orbital. Moreover, the lateral momentum distribution
does not always convey information about orbital alignment.
Turning to the molecular case study of H2

+ (σg), the calculated
PMDs in the polarization plane and lateral PMDs vary with
the alignment of the molecular axis relative to the plane of
laser polarization. The reason for this is the asymmetry of
the molecular potential due to the presence of two nuclei.
The present results show that theoretical models aiming at
exploring the PMDs, for example, through an analysis of
angular shifts as in the attoclock scheme, generally have to
include not only information about the orbital and the Coulomb
potential but also some excited-state information as well as the
specifics of the higher-order multipoles of the short-ranged part
of the molecular potential.
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