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Time-resolved internal-electron-scattering effect of H2
+ in enhanced ionization regions
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We theoretically investigate the electron interference dynamics of H2
+ in an intense infrared laser field. At

intermediate internuclear distances, an interference fringe appears in the electron momentum distribution. By
tracing the time evolution of the electron density, we identify an internal scattering channel of the electrons. The
observed fringe is attributed to the interference between the internal scattered and direct photoelectrons. Our
results reveal that the electron behaviors inside a molecule can be mapped onto the experimentally accessible
photoelectron momentum spectra, suggesting a time-resolved way of probing the complex laser-driven electron
dynamics on an attosecond time scale.
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I. INTRODUCTION

Laser-induced tunneling ionization of atoms and molecules
is one of the most fundamental processes in attosecond
physics, and it is the starting point for a range of strong-field
phenomena, including high-order harmonics and attosecond
pulse generation [1–3], above-threshold ionization [4–7],
laser-induced electron diffraction [8,9], and nonsequential
double ionization [10–12]. For atoms, the tunneling process
is well understood by the quasistatic tunneling ionization
picture [13,14], especially in the long-wavelength and strong-
intensity regime characterized by the Keldysh parameter [15]
γ < 1 (γ = ω

√
2Ip/E0 where ω and E0 are the laser field

frequency and amplitude, respectively, and Ip is the atomic
ionization potential). For molecules, even the simplest H2

+,
the underlying ionization process becomes more complicated.
It has been demonstrated that when the H2

+ molecule is
stretched to intermediate internuclear distances, typically in
the range of 5–12 a.u. (atomic units are used), the ionization
rate sharply increases, exceeding the rate of the separated-
atom limit by one order of magnitude. This phenomenon is
called charge-resonance enhanced ionization (CREI) [16–19]
and it has already been experimentally observed [20–22].
Besides the CREI, it has been shown that there are multiple
ionization bursts (MIBs) within one-half cycle of the laser
field due to the transient localization of the electrons at one
of the protons [23–26]. The subcycle oscillation occurs on an
attosecond time scale, indicating an even more complex laser-
driven electron dynamics during tunneling. Thus, methods to
probe the complex electron dynamics inside the molecule are
highly demanding.

Photoelectron spectroscopy based on electron wave packet
interferences has shown its ability and great advantages in
investigating attosecond dynamics. Strong-field photoelectron
holography (SFPH) is one of the fascinating applications for
its potential to probe structural information of the targets
as well as the involved laser-driven process [27–31]. The
SFPH pattern was first observed in photoelectron momentum
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distribution (PMD) of metastable xenon using a midinfrared
7 μm laser pulse [27] and then extended to other atoms and
molecules [29]. It manifests itself as a forklike interference
structure in the PMD. Theoretical analysis has shown that
SFPH originates from the interference between electrons
directly flowing to the detector (reference wave) after tunneling
and those undergoing near-forward scattering (signal wave) by
the parent core. Here in this work, we show that for H2

+ at
intermediate internuclear distances, i.e., in the CREI region,
electrons released from the upper hill are forward scattered
by the other core, forming an internal scattering channel.
The scattering electrons interfere with the direct electrons,
which can be identified as another kind of SFPH. The internal
scattering process is confined within the time scale of a small
fraction of the laser optical cycle, usually a few hundred
attoseconds. Thus, this kind of hologram in the PMD encodes
the attosecond electron dynamics and is capable of probing the
ultrafast dynamics in the strong-field ionization of molecules.

II. RESULTS AND DISCUSSION

To this end, we numerically solve the time-dependent
Schrödinger equation (TDSE) for the two-dimensional (2D)
model of H2

+ with different fixed internuclear distances R.
Previous calculations have shown that the coupling between
the electronic and nuclear motions does not influence the CREI
significantly [23,32]; thus the fixed nuclear assumption is valid
in our case. A soft-core potential is adopted with a screening
parameter closely reproducing the ionization energies of the
two lowest lying 1sσg and 2pσu states. The laser intensity is
2 × 1014 W/cm2 with a wavelength of 800 nm. The vector
potential is given by A(t) = E0/ω cos2(πt/τ ) sin(ωt)ex with
the total duration τ = 5T (T is the optical cycle). The
corresponding electric field is E(t) = −∂A(t)/∂t . The wave
function is propagated using the Fourier-grid Hamiltonian
split-operator method [33]. After the end of the laser pulse,
the wave function is further propagated for an additional four
optical cycles to ensure all the ionized components move away
from the core. The PMD is calculated by a Fourier transform
of the ionized wave function. The latter is obtained using a
cos1/2-mask function to filter out the bound part of the wave
function.
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FIG. 1. Photoelectron momentum distributions of H2
+ calculated from the 2D TDSE for different internuclear distances (a) R = 2,

(b) R = 4, and (c) R = 8 a.u. The color coding is on a logarithmic scale. The laser intensity is 2 × 1014 W/cm2 and the wavelength is 800 nm.
The laser polarization direction is along the x axis in parallel with the molecular axis, as indicated by the right arrow in (a).

Figure 1 shows the PMDs for internuclear distances R = 2,
4, and 8, respectively. The laser is polarized in parallel with
the molecular axis. As displayed in Fig. 1(a), for R = 2 a.u.,
a clear forklike structure appears, which is the previously ob-
served near-forward scattering photoelectron hologram [27].
It originates from the interference of electrons released at the
same quarter cycle of the laser pulse, following two paths
en route to the detector. In one path the electron moves
directly to the detector with negligible interaction with the
molecular ions. In the other path, before reaching the detector,
the electron is driven back and near-forward rescattered off
by the parent ion [27]. As the molecule is stretched to R = 4
a.u., the forklike holographic pattern is still visible, shown in
Fig. 1(b). When the molecule is further stretched to 8 a.u. in
Fig. 1(c), i.e., in the CREI region, a semiring structure with an
incoming form (i.e., with an rightward curvature) dominates
in the PMD. As can be seen from the right side of the PMD
where px > 0, the main feature of this interference pattern is
that the width of the interference stripes as well as the space
between adjacent stripes becomes larger with the increase of
px . The forklike structure is still visible but becomes less
conspicuous.

In order to explore the physical mechanisms leading to these
semiring interference structures, we trace the time evolution
of the electron density along the laser polarization direction
(x direction). This is done by recording the electron wave
function and then integrating it over the transverse direction
at each time step during the time propagation. In this way the
dynamical evolution of the electron density of the molecular
system as a function of time can be visualized, as presented in
Fig. 2(a). There are three main features that can be observed.
First, the ionization mainly occurs near the peak of the laser
field around two instants t = 2T and t = 2.5T . We define the
molecular core located at R = −4 a.u. as the left core and the
other one located at R = 4 a.u. as the right core. At t = 2T

the electric field is positive such that the right core is up-hill
and at t = 2.5T the electric field is negative and thus the left
core is up-hill. The electron density evolution indicates that
the electron localized at the up-hill can directly tunnel through
the internal potential core and form the dominant ionization
channel at R = 8 a.u., in agreement with the intuitive physical
picture of CREI [17]. Second, there are not only one but
multiple ionization bursts within a half cycle of the laser
field, marked as A, B, A′, and B ′ in Fig. 2(a). Previous

studies have shown that the MIBs result from transient
electron localization at one of the molecular cores on the
attosecond time scale [23,26]. The underlying mechanisms
can be elucidated using a simple two-state model incorporating
the quasidegenerate lowest lying states of H2

+, i.e., the ground
1sσg (|g〉) and the first-excited 2pσu (|u〉) states. The localized
electron wave function at each proton can be expressed as
|L〉 = (|g〉 − |u〉)/√2 and |R〉 = (|g〉 + |u〉)/√2 [34,35]. The
global phases of |g〉 and |u〉 are chosen such that |L〉 and
|R〉 represent electrons localized at the left and right cores,
respectively. We calculate the evolution of localized electron
populations PL(t) = 〈L|�(t)〉2 and PR(t) = 〈R|�(t)〉2 at the
two protons, shown in Fig. 2(b). The oscillations of localized
populations indicate the transient coupling between the two
protons; thus the electrons are driven between the two protons

A B

(a)

(b)

(c)

FIG. 2. (a) Electron density integrated over the y direction as
a function of time and coordinate x at R = 8 a.u., plotted on a
logarithmic scale. The red solid curve is the laser field. (b) Electron
population localized at the left (orange solid curve) and right (green
solid curve) cores, respectively. (c) Electron probability flux at left
xL = −R/2 − 10 (orange solid curve) and right xR = R/2 + 10
(green solid curve). We define right as the positive direction.
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during the interaction with the laser field. Two sharp decreases
of the population can be observed: one is PR(t) around t = 2T

and the other is PL(t) near t = 2.5T , corresponding to two
dominant events of MIBs.

Both results indicate complex electron dynamics inside the
molecule under the influence of the laser field, where there
is no observable to prove it. Fortunately, a third feature can
be found in Fig. 2(a). Electrons that tunnel from the first half
cycles can turn around and pass through the plane of the parent
ion when the electric field reverses its sign at the adjacent half
cycle. However, these electrons are not scattered by the ion due
to the transverse momentum at tunneling and are referred to as
direct electrons. This part of the electron wave packet interferes
with the electron wave packet released at the second half
cycle, showing the clear fine interference fringes at the region
|x| � 10 a.u., as can be seen in Fig. 2(a). We also calculate the
electron probability flux at the boundaries xL = −R/2 − 10
(orange solid curve) and xR = R/2 + 10 (green solid curve),
shown in Fig. 2(c). The electron first moves out the left
boundary around t = 2.25T . Oscillation of the probability flux
is the evidence of MIBs. Then within 2.5T –2.75T , part of the
electrons can be driven back and across the left boundary from
the opposite side, forming wide lobes in the flux. The reversed
electrons further move to the right boundary and interfere
with electrons released near t = 2.5T . The fine interference
fringe near the right boundary manifests itself as the semiring
structure in the PMD in Fig. 1(c).

Next we analyze the alignment dependence of the PMDs.
Figure 3 presents the PMDs in the laboratory frame at inter-
nuclear distance R = 8 a.u. with alignment angles of 0◦, 30◦,
60◦, and 90◦, respectively. In Fig. 3(a), the laser polarization is
parallel to the molecular axis. The semiring pattern with right
curvature in the positive momentum region is clearly observed.
When the alignment angles are increased to 30◦ and 60◦, the
momentum distributions are distorted as presented in Figs. 3(b)
and 3(c). The semiring interference pattern shown in Fig. 3(a)

FIG. 3. Photoelectron momentum distributions of H2
+ calculated

from the 2D TDSE for different alignment angles (a) 0◦, (b) 30◦,
(c) 60◦, and (d) 90◦ at internuclear distance R = 8 a.u. in the
laboratory frame. The color coding is on a logarithmic scale. Laser
parameters are the same as in Fig. 1.

cannot be well resolved any more. As the alignment angle is
further increased to 90◦ in Fig. 3(d), only the forklike pattern,
i.e., the forward scattering hologram, can be observed and the
semiring pattern has totally disappeared. This phenomenon
can be attributed to the fact that with the increasing of the
orientation angle, the two cores are not parallel to the laser
polarization; thus electrons that tunnel from the up-hill core
will miss the down-hill core and the internal scattering channel
is switched off. As a result, the semiring pattern originating
from the interference between direct and internal scattering
channels has disappeared for the perpendicular orientation.
Besides, the PMD shown in Fig. 3(d) exhibits side lobes in the
orthogonal direction which are different from that of the atomic
case. A possible explanation for the side lobes could be related
to the two-center interference effect [36]. The two-center
interference features stem from the emission of electrons
from different molecular cores, leading to interference in a
similar way as in a double-slit experiment. The orientation
dependence of the momentum distributions provides strong
evidence that the electron propagation and scattering pro-
cess inside the molecule are responsible for the semiring
structure.

Using an alternative presentation, we take a snapshot
of the 2D electron probability density in coordinate space
from the numerical results in Fig. 4(a) at the instant of
t = 2.7T where the direct and internal scattering parts of

(a)

(c)

(b)

(d)

FIG. 4. (a) Snapshot of the two-dimensional electron distribution
in coordinate space at t = 2.7T . The color coding is on a logarithmic
scale. (b) Classical and SFA predictions of ionization and rescattering
(revisiting) times for internal scattering (direct) electrons. The electric
field is shown by the dark blue solid line. Ionization (red solid line)
and revisiting (light blue dotted line) times for direct electrons and
ionization (purple dashed line) and rescattering (light green dashed-
dotted line) times for internal scattering electrons are extracted from
the classical model. The corresponding SFA predictions are shown
by squares and circles, respectively. (c) Sample electron trajectories
for direct (light blue dotted lines) and internal scattering (light
green solid lines) paths. (d) Interference pattern between direct and
internal scattering channels predicted by the SFA model, plotted on
a logarithmic scale.
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the electron wave packet overlap. The snapshot captures
the essential interference event between direct and internal
scattering electrons. Several interference stripes are clearly
seen in Fig. 4(a). In what follows, we adopt the molecular
strong field approximation (MO-SFA) model [37–41] to show
how the ionization timing information is encoded in the
PMD. Here, we use the length-gauge version of the MO-SFA
with the initial state dressed by the laser field. Previous
studies have shown that the “dressed state” MO-SFA in length
gauge gives best agreement with the experimental data and
TDSE results for diatomic molecules with large internuclear
distances [42,43]. In analogy to the previous SFPH, we refer
to the direct electrons as the reference wave and the internal
scattering wave as the signal wave. The semiclassical actions
of the two parts are expressed as

Sref = 1

2

∫ t

t ref
i

dτ [p + A(τ )]2 − Ipt ref
i (1)

and

Ssig = 1

2

∫ t
sig
r

t
sig
i

dτ [k + A(τ )]2 − Ipt
sig
i

−k · R + [
A

(
t

sig
i

) − A
(
t sig
r

)] · R/2

+1

2

∫ t

t
sig
r

dτ [p + A(τ )]2, (2)

where t ref
i and t

sig
i are the complex ionization times of

the reference and signal waves, respectively, and t
sig
r is the

scattering time of the signal wave, which can be found
by the saddle point method. p = (px,py) is the final mo-
mentum and k = (kx,ky) is the canonical momentum before
scattering. Ip is the ionization potential of the molecule.
The original SFA theory [44] assumes that the electron
leaves and returns to the geometric center of the molecule.
This is reasonable for molecules with small internuclear
distances. For relatively large internuclear distances, electron
trajectories along with electrons whose travels start at one
ion and end at the other should be taken into account. This
displacement leads to the third and fourth additional terms on
the right-hand side of Eq. (2), in comparison with the original
formulation.

For electrons that leave from the left core and then
scatter with the right one, the condition for saddle momen-
tum k is ∇kSsig(k,p,t

sig
i ,t

sig
r )|k=ks = R, which gives ks =∫ t

sig
r

t
sig
i

dt ′A(t ′)/(t sig
r − t

sig
i ) + R/(t sig

r − t
sig
i ). Together with the

other two saddle equations regarding ionization and rescat-
tering times t

sig
i and t

sig
r , the saddle point (ks,t

sig
i ,t

sig
r ) can

be found for each final momentum p. Here, we choose
saddle point solutions that electrons leave the left core and
propagate directly to the right core, i.e., the internal scattering
electron trajectories. The real part of the ionization (purple
circles) and rescattering (green circles) times as a function
of final momentum (along the polarization axis) is shown
in Fig. 4(b). The real part of the ionization (red squares)
and revisiting (blue squares) times (without scattering) for
direct electrons are also shown. Sample electron trajectories
for reference (blue dotted lines) and signal (green solid

lines) waves are shown in Fig. 4(c). One can see that the
reference wave first tunnels from the right core after t = 2T

and propagates to the left, then reverses its direction as the
sign of the electric field is changed. The signal wave tunnels
from the left core near t = 2.5T and moves to the right. Near
t = 2.7T , it is scattered by the right core and then propagate
to the detector. The final momentum spectrum is evaluated
by | ∑ exp[−iSref(t ref

is )] + ∑
exp[−iSsig(t sig

is ,t
sig
rs )]|2 where the

preexponential terms are omitted for simplicity. The results are
presented in Fig. 4(d). One can see that the overall shapes of
the internal scattering hologram are clearly revealed without
preexponential terms.

By analyzing the phase difference between the reference
and signal waves, we will show how the attosecond time-
resolved electron dynamics inside the molecules has been
recorded in this kind of interference. Using Eqs. (1) and (2),
The phase difference is given by

	S = Ssig − Sref

= −1

2
p2

y

[
Re

(
t sig
r

) − Re(t ref
i )

]

−1

2

∫ Re(t sig
r )

Re(t sig
i )

dτ [Re(kx) + A(τ )]2

+ 1

2

∫ Re(t sig
r )

Re(t ref
i )

dτ [px +A(τ )]2 + Ip

[
Re

(
t

sig
i

) − Re
(
t ref
i

)]

− Re(kx)R + Re
[
A

(
t

sig
i

) − A
(
t sig
r

)]
R/2 + 	SIm. (3)

Here, we split the semiclassical action into real and imaginary
parts by using the real part of the complex saddles; thus the first
six terms become real. 	SIm is the imaginary part representing
the difference of semiclassical action during the under-barrier
motion of the electrons. We present real classical ionization
and rescattering (revisiting) times in Fig. 4(b) by setting Ip = 0
and find that they are very close to the SFA predictions. Thus
the last term has little influence on the interference structure.
The first term on the right-hand side represents the phase
difference in the orthogonal direction. The second and third
terms are the phase differences in the parallel direction. The
forth term is caused by the difference in ionization times for
reference and signal waves. The fifth and sixth terms are phases
of the signal wave acquired in the internal motion, which
are related to the structure parameter R. For the previously
observed near-forward scattering holography [27], only the
first term dominates the formation of the hologram. For the
present case, the reference and signal electrons librate from
different half cycles, and thus the second and third terms also
contribute to the total difference. From these two terms, one
can find that both t

sig
i and t

sig
r depend on px ; thus interference

stripes appear in the longitudinal direction. Besides, the fifth
and sixth terms indicate that the interference also depends
on the internuclear distance, i.e., the structure information of
the target. In order to further illustrate this point, we present
the comparison of PMDs in Fig. 5 for internuclear distances
R = 8 and 10 a.u. One can clearly see the change of semiring
interference fringes at different internuclear distances, both the
shape and the spacing between them, proving that the structure
information is encoded in the internal-scattering hologram, in
accordance with our SFA analysis.
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FIG. 5. Photoelectron momentum distributions of H2
+ calculated

from the 2D TDSE for different internuclear distances (a) R = 8, and
(b) R = 10 a.u. The color coding is on a logarithmic scale. Laser
parameters are the same as in Fig. 1.

III. CONCLUSION

In conclusion, at intermediate internuclear distance of the
H2

+ molecule where the CREI mechanism is dominating for
electron ionization, the PMD presents a set of incoming semir-
ings. By tracing the time evolution of the electron probability
density, we introduce an intuitive picture for the origin of
the interference structures, as summarized in Fig. 6. First, the
Coulomb potential of the molecule is distorted by the laser
field. Electrons localized at the up-field core tunnel through
the stretched inner Coulomb potential towards the down-field
core and then are scattered off, which is viewed as an internal
scattering channel. The scattering electrons interfere with
direct electrons librated at earlier times, forming the semiring

FIG. 6. Sketch of interference between direct and internal scat-
tering electrons.

interference stripes in PMD. This holographic interference pat-
tern has recorded temporal information of electron behaviors
inside the molecule with subcycle time resolution, suggesting
that it is possible to probe complex laser-driven inner electron
dynamics using the experimentally accessible PMD.
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