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Entanglement swapping of two arbitrarily degraded entangled states
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We consider entanglement swapping, a key component of quantum network operations and entanglement
distribution. Pure entangled states, which are the desired input to the swapping protocol, are typically mixed
by environmental interactions, causing a reduction in their degree of entanglement. Thus an understanding
of entanglement swapping with partially mixed states is of importance. Here we present a general analytical
solution for entanglement swapping of arbitrary two-qubit states. Our result provides a comprehensive method
for analyzing entanglement swapping in quantum networks. First, we show that the concurrence of a partially
mixed state is conserved when this state is swapped with a Bell state. Then, we find upper and lower bounds on
the concurrence of the state resulting from entanglement swapping for various classes of input states. Finally,
we determine a general relationship between the ranks of the initial states and the rank of the final state after

swapping.
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I. INTRODUCTION

Recent interest in quantum networks is driven by the
enticing possibility of powerful new network functionalities
that are unattainable by conventional classical communication
networks. Similarly to their classical counterparts, quantum
networks are comprised of a multitude of nodes interconnected
by quantum channels. While nodes generate, store, and
manipulate quantum states, the channels transfer or teleport
these states between the nodes with high fidelity, allowing
the distribution of quantum entanglement across the entire
network. This inherent ability to distribute and manipulate
entanglement between distant parties is the underpinning of
quantum applications.

Entanglement swapping is one of the basic quantum
operations used for entanglement distribution [1-3]. For
instance, it could be used for the creation of multipartite
entangled states [4] from bipartite entanglement or for over-
coming the transmission loss in establishing entanglement
over long distances via quantum repeaters [5—8]. Interestingly,
the entanglement swapping concept also lends itself to the
search for entanglement conserving quantities [9-12]. In
any experimental implementation the generated entangled
quantum states are not necessarily perfect and, in fact, could be
further degraded by transmission through the communication
channels. Entanglement swapping of certain classes of de-
graded states were considered recently [13—17]. However, the
nature of the intrinsic imperfections of any quantum network
and the exact decoherence mechanism of the transmission
channel itself are implementation dependent [18-21]. Thus
the need to understand how entanglement swapping of partially
degraded states works in all cases calls for a general solution
for swapping of arbitrary states.

In this paper we give an analytical description of entan-
glement swapping of general two-qubit states, which encom-
passes arbitrary two-qubit states resulting from any possible
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decoherence mechanisms. While entanglement swapping can
be accomplished by using projection on arbitrary basis states,
here we chose the Bell state basis for clarity and potential
realistic implementations for photonic qubits. We further
use our analytical results to numerically model how the
concurrence of the final states resulting from entanglement
swapping depend on the initial states used. We find that
entanglement swapping with any arbitrarily mixed two-qubit
state represented by density matrix M and a pure fully
entangled Bell state results in a state, the concurrence of
which is the same as that of M. Next, we determine that the
concurrence of a state resulting from entanglement swapping
of any two Bell diagonal states is upper bounded by the product
of the concurrences of the initial states. Lastly, we consider
entanglement swapping with arbitrarily entangled pure states.
We find a lower bound for this case and discuss how the rank of
input matrices affects the rank of output matrix. Specifically,
we find that entanglement swapping two states of rank R; and
R; results in a state with rank at least as high as max[R;, R,].
Finally, our general analytical solution incorporates a few
specific cases of entanglement swapping with particularly
restricted input states that have been published in recent years.

The paper is organized as follows. In Sec. II we first obtain
a closed-form expression for the output two-qubit density
matrix starting from two general density matrices as inputs.
Numerically we build a model for optical implementation
of a Bell state measurement (BSM) and use it to verify our
analytical results. In Sec. III we present an analysis of how the
concurrence of initial states is related to the concurrence of the
final states using both numerical and analytical methods. We
conclude with a discussion in Sec. IV.

II. ANALYTICAL SOLUTION FOR ENTANGLEMENT
SWAPPING

A. Bell states

In this first section we start with an instructional example
of entanglement swapping using Bell states. The setup we
consider is shown in Fig. 1, where the sources A,B are
independent photon-pair sources and thus the joint four-qubit
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BSM

FIG. 1. General layout for entanglement swapping. Source A
emits states entangled in modes 1 and 2, while source B emits states
entangled in modes 3 and 4. Entanglement between modes 1 and 4 can
sometimes be created when a BSM on modes 2 and 3 is performed.

state of the photons in modes 1,2,3,4 is given by the tensor
product of the states produced at the two sources,

P1,23.4 = P12 ® P34. (D

‘H1,H, are the Hilbert spaces of the two qubits whose state
is described by p;, € B(H12) ~ B(H; ® H,) and similarly,
‘Hz,H4 are the spaces for the other pair p34 € B(H3.4) =~
B(H3 ® Hy4), where B(H;) is the space of operators on
the respective Hilbert spaces. In this section p;, and p34
are entangled two-qubit Bell states but could represent any
arbitrary two-qubit state in the rest of the paper.

If both sources A and B in Fig. 1 emit the ¢ Bell state,
then the initial system is given by

9775) ® 1634), 2)

where the Bell states are |¢;;) = L2(|H>i|H>, + [V)iIV)))

and |1ﬁfj) = \/Lj(|H)i|V)_,~ £ |V);|H);) and i and j represent
the modes. As written, the state in Eq. (2) is the tensor
product of modes 1,2 and 3,4 emitted from sources A and
B, correspondingly. Rewriting this composite state in terms of
states with modes 2 and 3 together (the modes being measured)
and modes 1 and 4 together (the modes being entangled) we
obtain

SUT 105 3)+Hbr ) 103 5) + |x/f1+,4>|w;3>+|w;4>|1/f;,3>].(3)
Note, that a Bell state measurement is a projection of modes
2,3 onto their Bell basis |¢§3) and |1//2jf3 ). Itis clear from Eq. (3)
that a BSM in modes 2,3 will result in an entangled state in
modes 1,4, the modes which have never interacted. Projection
of modes 2,3 onto other entangled basis states besides the Bell
basis is also capable of entangling modes 1,4. However, the
Bell state projection onto |/, ;) for photonic qubits could be
conveniently realized by usiﬁg just a conventional balanced
beam splitter, hence motivating the use of BSM throughout
this paper. Information on physical implementations of BSM
can be found in Sec. IIC. In Eq. (3), we see that for this
particular case the final state in modes 1,4 is the same as that
found in the BSM of modes 2,3, each outcome occurring with
equal probability %. When swapping Bell states the output and
input concurrences are all maximal and equal to 1.
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B. Arbitrary states

We will now extend the above example to general density
matrices in order to find the state resulting from entanglement
swapping two arbitrarily mixed states. That is, we project the
joint density matrix p; 234 onto a Bell state in the subspace
of spatial modes 2,3, followed by tracing these modes out and
normalizing, resulting in a final state for pj4. To accomplish
this projection for general input density matrices and for any
Bell state outcome, consider the input states for p; » and p3 4,
whose elements in the basis |H H),|HV),|[VH),|VV) are a; ;
and b; ;, correspondingly. Then p; > 3 4 takes form of

P1,2,3.4 = anbi|H Ho) |H3 Hy) (Hy Ho | (H3 Hy|
+anbip|Hi H) |HsHy) (H Ho | (H3 V| + -+ - . (4)

To facilitate the projection of modes 2 and 3 onto Bell
states we then express all terms in p; 234 as a sum of Bell
states. As an example of how this can be achieved on a
term-by-term basis, consider the first term |H, H,)|H3 Hy),
which can be written as a linear sum of Bell states in modes 2
and 3 as 3(1¢3)|933) + [613)|923) + 1613)1635) + 1) |923))-
Similar results can be calculated for all 256 terms in the sum
of Eq. (4).

The general output states for entanglement swapping p}[’, f

and pﬁ[ can then be found in terms of the elements of
the initial input density matrices p;» and p34 by projecting
onto either Wzﬂ) or |¢§f3), respectively, followed by tracing
out modes 2,3. Thus with T155 = |[yF,5) (¥, 5] 1155 =
|¢~, 3) (9=, 3] as the projectors onto the distinct Bell states,
one has

vt vt
I, 3 p1,2,3,4115 3
P;ﬁ_f =Try3 |:— ) )
Ny
+ +
ot H;3,01,2,3.4H§,3
P14 =T ———=|. (6)
; M.

The output states pff and p?f are the main analytical result
of the paper and serve as the basis of our analysis presented
below in Sec. III. (For explicit forms of ,o;/’f and pf’f and their
normalization factors N4, My see Appeﬁdix A) We verified
one of these results (,0}//4_ ) by numerical simulation for an
optical implementation of a BSM that is described in Sec. 11 C.
Note that over the last few years several papers have treated
entanglement swapping for particularly restricted classes of
partially mixed input states, nearly all of which fall into the
broad category of X states [13—17]. We ascertain that our
general analytical solution of Egs. (5) and (6) incorporates
each of those results. A detailed description of entanglement
swapping of X states is presented in Appendix B.

C. Photonic implementation with a beam splitter

Now we consider a physical implementation of the en-
tanglement swapping protocol using polarization-entangled
photons and a BSM which consists of a beam splitter and a
coincidence measurement. This model connects the results in
the previous sections to realizable experiments and also allows
us to verify the results of Sec. II B using a formal description
of the swapping setup. As an aside, the relative simplicity of
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this very BSM implementation motivates the choice of the Bell
basis as a basis to which project modes 2,3.

Implementation of the BSM pictured in Fig. 1 with a 50/50
beam splitter and a coincidence measurement selects on the
¥~ state by exploiting the antisymmetric nature of the singlet
state that yields coincidence counts. Identical photons will
bunch at the output of a beam splitter, which is known as the
Hong-Ou-Mandel effect [22]. However, the opposite effect can
occur if the input photons are in the singlet state, resulting in
each photon exiting in a different port. Since this antibunching
only occurs for the singlet state, we can perform a projective
measurement onto ¥, ; by postselecting on joint detection at
the output ports of a balanced beam splitter [23-28].

We begin with the initial state p; 234 = p12 ® p3.4 as
pictured in Fig. 1 and consider the action of a beam splitter
on modes 2,3. Specifically, photons in modes 2,3 are directed
as inputs to the two-input modes a,b, respectively, of a beam
splitter (of reflectivity 1) whose action on the two input modes
is given by

il — i + T8,
Nl AT N
b; — l—naj+lﬁb-,

where i,j = {H,V} are polarization labels for the photons
in modes a,b, for example, and &L creates a horizontally
polarized photon in mode a of the beam splitter etc. This
means that an input pure-state to the beam splitter, |¥i,) =

1i)a 1))y = ATbT |0), yields an output

[Vou) = Ugs [¥in)
= (f(alal + (1 —nalb] —n

(7

+ f(bbt)0),
®)

where f (1) = i+/n(1 —n). From Eq. (8) one can see that terms
such as &IT&T-(ISIIQT-) create two photons in the same output
mode a(b). These doubly occupied output modes lie in the
complement Hp of the part of the Hilbert space for the input-
output modes that we are interested in—the coincidence
subspace Hc. The direct sum of these two subspaces gives
us the full mode space, Hmode = Hc @ Hp, whose spans in
the |i), | j), notation are

He = Span{|H),[H) 4|V )alV)a: [H) |V )as
[H)p H)p V)61V )5 | H)p IV )}
He =Span |H), |H)p, [H)o V), V) [H)yp,
IVYa IV} 9

Clearly, Dim(Hpoqe) = Dim(H¢) + Dim(Hp) = 4 + 6 = 10.

Note that the coincidence space Hc C Hmode 1S actually an
isometric embedding of H; ® Hj3 into Hyode. Denoting this
isometry by the map K, we have that K : H, ® H3 — Hinodes
Humode Zisom Ha @ Hz, KTK = 1,.3. In fact, the projector I1
onto the coincidence subspace is given by IT = l¢cg, @
OBunch = Yogey la) (il = o0 K i) (il KT=R (i, 1) (i)
Kt = 1%1%*, where |o;),i = 1,2,3,4 is a basis for Hcoi, and
li),i =1,2,3,4 is a basis for H, ® Hz with |a;) = K |i).
Clearly, M — RRIRR = K(K'R)K' = K1R" =1 and
1_I')_[C()m - HComvHHBunch =0.
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The unitary U gs, introduced in Eq. (8), acts on the entire
ten-dimensional mode space Hoq.- Hence, before considering
the action of the unitary Upgs on the 2,3 part of the four-qubit
input state p; 234 we need a basis change operator W such
that

Wi (Hy ® H3) ® (Hy ® Ha) > Hinode ® (Hy @ Hy), (10)

which can be achieved by W = K ® 1 4. The operator W is
thus a partial isometry on the original four-qubit space whose
action is to transform,

£1,2,3,4 > pi,2,3,4 = W01,2,3,4WT
=K ®119)p1234K'®@1;4). (11)

In the new basis the unitary action of the beam splitter on
/o1 23.4 18 given by the adjoint action of the operator Usgg,

resulting in the four-qubit density matrix p{’, 5 , in the Hmode ®
(H; ® H,4) basis:

:01 234 = UBS:O1 234UBS
= Ups ® 11.4)(K ® 114)p123.4
x (K1 @110 ®11.4)
= (UpsK ® 111,4)/71,2,3,4(1%TU£5 ®11.4). (12)

Next we consider a coincidence measurement on the two
output channels of the beam splitter. Since we are interested in
the four-qubit state conditioned on the detection of a photon
in each of the two output modes of the beam splitter, we need
the conditional density matrix which is actually the operator
p}'5 5 4 obtained after normalizing the projection of p{’, 5,

onto the coincidence subspace Hcoin,
Tpi's 5 411
Tr(l'[p‘l”z,3’4l'[)

iii

L1234 = , (13)

where the trace in the denominator is the trace over the Hilbert
spaces of all four qubits. One now needs to transform the basis
of Ioil,lz,3,4 from Hmode ® (Hl ® H4) to (HZ & H3) ® (Hl ®
Ha) to give piy 5 4 = Wip{'h 5, W.

Finally, to yleld the two- qublt density matrix p;, we take a
partial trace over the Hilbert spaces of the qubits 2,3 in ,01_2’& 4
resulting in

Pf,2,3,4 = Tr2.3(p{"2 3 4)

M>

(i1WTTlpl', 5 ,TIWi), (14)
T (Hp1234 =1 .

where |i) is an orthonormal (ON) basis for H; ® Hs,
Z?:l li) (i| = 1,3. Putting everything together, one has that

'01234: _Z<l|(KTUBSK®]l]4)p1234

i=1

x (R1OLR @ 114)1i), (15)
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with

N = Tr(Tlp', 5 ,1T)
4
= Z (i, jI(KTUpsK ® 11.4)p12,3.4
ij=1

x (R1OLsR @ 1,011 ), (16)

with |i),i = 1,2,3,4 an ON basis for H, ® H3 and |j) =
1,2,3,4 an ON basis for H; ® Ha.

Note, it can be shown [23] that the operator KO B 513
appearing in Eqs. (15) and (16) may be expressed as the sum
of a projector onto the [/, 5) state of spatial modes 2,3 and an
operator that has states with one photon per spatial mode in its
kernel, i.e.,

K'UpsK = ¥35) (Y35 + O. (17)

Here, the operator O annihilates any joint state with one photon
in each mode 2,3 in our setup. Since it is only the latter kind
of states that we focus on in this work, Eq. (15) implies that
the output state p;, is the reduced (and normalized) part on
subsystems 1,4 after projecting onto the maximally entangled
antisymmetric pure state |/,3) in an operator expansion,
01234 = Zj 5}’4 ® 6?’3. Equation (15) establishes the con-
nection to the implementation-free approach of Secs. Il A and
IIB.

The results of this section are derived for a typical
physical setup of entanglement swapping based on photonic
qubits and a BSM relying on photon antibunching. For
consistency, we have implemented Eq. (15) programmatically
and can numerically find the final output state p;4 given
two numerical inputs for p;; and p34. By comparing these
numerical outputs with those found from piﬁ of Eq. (5) for
the same inputs we have concluded that the two approaches are
identical.

III. CONCURRENCE RELATIONS

Using the results of the previous sections, we now apply an-
alytical and numerical methods to analyze how entanglement
swaps for various types of states. We prove some statements
analytically, and for others we come to conclusions based on
numerical simulations with large numbers of random density
matrices.

A. Entanglement swapping of a general state with a Bell state

The most important feature of Egs. (5) and (6) is that they
can accept any input density matrix. In this section we make
use of this in order to show that when any input density
matrix M of any form is swapped with a Bell state, the
resulting concurrence is equal to that of M. In other words,
the concurrence of a partially mixed state is conserved when
it is swapped with a Bell state. We first illustrate this result
numerically for general input density matrices by using a
large number of Bures distributed random density matrices.
Then we consider the special case of M being an X state, and
prove this claim analytically (Appendix C), due to the ease
at which the concurrence of an X state can be calculated. In
order to sample uniformly from the space of possible density

PHYSICAL REVIEW A 94, 012336 (2016)

100 ‘ ‘ e

0.8 7

Cr

04" ]
02l ]

0.0

0.0 0.2 04 0.6 0.8 1.0
CsCp

FIG. 2. Resulting concurrence from entanglement swapping with
a general random density matrix (with concurrence C,) and a Bell
state (with concurrence Cp = 1). The horizontal axis is the product of
the initial concurrences and the vertical axis is the final concurrence
(CrF) of the swapped state. The dashed red line is the diagonal.

matrices we have used 10° random density matrices distributed
according to the Bures metric [29]. More information about
how random matrices were calculated can be found in
Appendix E.

Here and in the analysis below, in order to simplify the
notations we label variables describing the first (second) input
state in modes 1,2 (3,4) as A (B) and the final state in modes
1,4 as F'. For each of the random density matrices we calculate
the concurrence C,4, and we then swap this matrix with a
Bell state according to Egs. (5) and (6) and calculate the final
concurrence Cr of the resulting matrix.

Figure 2 plots the final concurrence Cr as a function of
a product C4 and Cp (Cp being a concurrence of a Bell
state that is equal to unity in this case) as black dots. One
clearly sees that all the black dots lie exactly on the diagonal
marked by the dashed red line. That is the concurrence of
the final state after swapping is equal to the product of the
concurrences of the initial state. Note that in this figure we
project modes 2,3 onto 1~ with the BSM; however, the same
results are found regardless of which Bell state is projected
onto.

We point out that in the case considered in this section the
concurrence of the initial mixed state M can be viewed as
a conserved quantity because it is equal to the concurrence
of the final state after entanglement swapping. Quantities
which are conserved during entanglement swapping have been
studied in the past [9], and there has been considerable recent
interest in more general forms of conservation related to
entanglement [10-12].

This conservation result can be intuitively understood if
we interpret it is as a teleportation. Consider the case when
a general state M is in modes 1,2 and the Bell state is in
modes 3,4. Then the BSM is implementing a teleportation of
the state in mode 2 to mode 4, but without the step of applying
a unitary transformation to mode 4 to recover the original
state. However, since the entanglement of two-qubit states is
invariant under local unitary operations, the state p; 4 still has
the same concurrence as the initial M.
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B. Entanglement swapping of two Bell diagonal states

Next we consider Bell diagonal states and how the final
concurrence after swapping two Bell diagonal states depends
on the initial states. We will begin this section by showing
numerically that the concurrence of the final state after the
entanglement swapping of two Bell diagonal states is upper
bounded by the product of the concurrences of the input states.
An empirical lower bound for this case will also be found
numerically in terms of the product of the input concurrences.
Lastly, we will analytically demonstrate that the swapping of
the same two Bell diagonal states, which are restricted to rank
2, will always swap to a state with concurrence equal to the
numerical upper bound.

Bell diagonal states are a special set of X states which
consist of a mixture of Bell states. For example, a general Bell
diagonal state is given by

pren = el YWY+ BlY YW+ yIoT @7
+8lg ") (o |, (18)

where the coefficients are non-negative and sum to unity.

In order to investigate how the concurrence of Bell diagonal
states behaves during entanglement swapping we randomly
generated 10° pairs of Bell diagonal states (where the two
states in the pair are in general different). These states were
generated by randomly sampling from the tetrahedron formed
by Bell states [29,30]. We then swapped each of these pairs
using Egs. (5) and (6), calculated the resulting concurrence,
and plotted it in Fig. 3, where the horizontal axis is the product
of the two initial states’ concurrences and the vertical is the
final states’ concurrence. This figure clearly shows there exists
an upper bound on the concurrence of the final state given by
the product of the input concurrences.

In addition, from Fig. 3 we see that a lower bound is also
present. For simplicity we have numerically fit this line to
SCj‘TC” — %, where C4 and Cjp refer to the initial concurrences
for the input states pictured in Fig. 1. These results can all
be combined then to find the final inequality for entanglement

10
0.8

0.6

Cr

02

0.0

0.0 0.2 04 0.6 0.8 1.0
CsCp

FIG. 3. Entanglement swapping with 10° random Bell diagonal
states. The horizontal axis is the product of the two initial concur-
rences (given by C, and Cp), and the vertical axis is the concurrence
of the final state (given by Cr). The upper and lower bounds are also
displayed.
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swapping with Bell diagonal states:

5C4Cp 1
max O,T 3 < Cr < CuCp, (19)

where C is the concurrence of the output state.

Further, the upper bound can be derived analytically for the
case of swapping a rank-2 Bell diagonal state with itself. This
result is shown in Appendix D.

C. Entanglement swapping of two pure states

Several past results have indicated that swapping could
result in improved final entanglement for certain input
states [9,14—16]. Here we find one extremely broad class of
input states (arbitrarily entangled completely pure state) is
often capable of increasing the final concurrence above the
product of the two initial concurrences. Moreover, the resulting
state concurrence is always higher than the product of the two
initial concurrences squared.

To randomly generate a large number of pure states of
various degrees of entanglement, we take the first column of a
Haar distributed random unitary matrix [31], or equivalently,
apply a Haar distributed random unitary transformation to a
pure state. More information about how we calculate Haar
distributed random matrices can be found in Appendix E.

Pictured in Fig. 4 is the result of entanglement swapping
with 10° pairs of random pure states, where each member
of the pair is in general different. Similarly to the procedure
employed for plotting previous figures, for each of the 10°
pairs of random matrices the final state is calculated according
to Egs. (5) and (6); its concurrence was evaluated and plotted
as a function of the product of the two initial concurrences.
For the data set presented in this figure we project on ¥, ,
in the BSM; however, the same results are obtained for any
of the three other possible BSM outcomes. The diagonal
has also been plotted as a dashed line in Fig. 4 to facilitate
comparisons between the three plots. We see that the square
of the product of the initial concurrences is always lower than
the final concurrence. Although the bound is not tight it is

1.0

0.8

0.6
S
04

02

0.0

0.0 0.2 04 0.6 0.8 1.0
CsCp

FIG. 4. Comparison of concurrence before and after entangle-
ment swapping with pure states. The horizontal axis is the product of
the two input concurrences (given by C4 and Cg), and the vertical
axis is the final concurrence (given by Cr). The dashed line is the
diagonal, and the solid line is the square of the x axis.
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FIG. 5. The concurrence (Cr) which results from swapping two
randomly generated pure states of concurrence C, and Cp as a
function of these two concurrences, colored according to the ratio
of the concurrences of the two input states with dark blue nearest
unity. Shown here are the BSM results of ¢ ~; however, the density
of points is identical for all BSM outcomes.

qualitatively useful for determining the “worst case” scenario
for entanglement swapping with pure states. For completeness
we have also found an empirical lower bound from the
numerical data by fitting the minimum points to an exponential
given approximately by —0.318 + 0.323¢!404C4Cs - where C,
and Cjp denote the concurrences of the two input states. It is
obvious from Fig. 4 that there are lots of final states whose
concurrence is relatively high, and in particular, is greater than
the product of the two initial concurrences.

To clarify which pairs of states increase concurrence after
swapping, we consider the final concurrence as a function
of both initial concurrences C4 and Cp. Figure 5 plots the
10° points in the three spatial dimensions C4, Cp, and Cp.
The points are colored based on the ratio of the larger of the
initial concurrences to the smaller one. The color progressively
changes from dark red (high ratio of the initial concurrences)
to blue (ratio near unity).

The set of points in Fig. 5 appear to make up a solid bounded
volume. In agreement with Fig. 4, one clearly sees the lower
bound, but, interestingly, Fig. 5 shows an upper bound as well.
The bound seems to depend on the ratio of C4Cpg. The main
feature of the data is that the final concurrence Cr can approach
1 only if the ratio of C4Cjp is close to unity irrespective of the
actual values of of C4, Cp. That is, the final state may be
highly entangled even if the input states had low concurrences
as long as those initial concurrences were near equal.

This result generalizes earlier results which show that two
identical pure states which are not fully entangled can be
used for purification [9]. In that particular case, the identical
input states were imbalanced Bell states given, in the notation
of Sec. IIB, as cos(9)|HH) + sin(6)|VV), with 0 = /4
corresponding to a “balanced” input Bell state. It was found
that these imbalanced states swap to the |y*) Bell states
upon a BSM outcome of |y*). The intuitive reason for this
is that the imbalance of the input state, which is between the
|HH) and |VV) terms, becomes balanced again for states
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with terms involving only |HV) and |V H), since each term
has equal amounts of H and V. Since in this example the
purification occurs only when the two initial states are equally
imbalanced and independent of the degree of imbalance (the
angle 0), we conjecture that this is the reason why Fig. 5
shows that states of similar concurrence are most likely to
increase entanglement, because those are the ones which are
most likely to fulfill these criteria.

D. General rank relationship for any input matrices

The above results indicate that, in general, the purity (or
the rank) of a state appears to have an important impact on
how it will function in an entanglement swapping setting. To
illustrate this we have considered how the rank of the output
state is related to the rank of the input states. Using 10° random
matrices uniformly distributed according to an induced mea-
sure (see Appendix E), we have found that the rank of the final
state Ry is related to the rank of the input states R4 and Rp as

Rr > max[R4,Rp]. (20)

Further, we have found that the equality is satisfied when either
R4 or Rp are equal to one. In other words, entanglement swap-
ping a state of rank R with a pure state results in a state of the
same rank R, and two pure states will always swap into another
pure state. Interestingly, this result is analogous to relationships
between the rank of single-mode nonclassical states and their
entangled two-mode outputs after a beam splitter [10,32].

IV. CONCLUSION

We have given a general analytical solution for
entanglement swapping of two different arbitrary bipartite
states. We have shown how this solution simplifies when
input states are restricted to either X states or Bell states. In
addition, we have discussed an implementation of photonic
entanglement swapping.

We have found relationships between the input and output
concurrences for various classes of bipartite states. First, we
determined that the concurrence of an arbitrary entangled state
is preserved by swapping with a Bell state. Second, through
a mix of numerical and analytical means we defined both an
upper and lower bound on the concurrence of a state resulting
from entanglement swapping with two Bell diagonal states.
Specifically, the upper bound is the product of the two initial
concurrences. Finally, we demonstrated the impact of purity,
and rank in general, on entanglement swapping. We have
shown that the concurrence of the final state after entanglement
swapping of two pure states is lower bounded by the squared
product of the concurrences of the initial states.

The reliance of future quantum networks on entanglement
swapping makes these results an essential tool for predicting
and understanding network performance. Our analysis also
facilitates a deeper understanding of the subtle differences
of the entanglement swapping between various classes of
quantum states.
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APPENDIX A: GENERAL FORM OF OUTPUT DENSITY
MATRICES FOR ENTANGLEMENT SWAPPING OF
ARBITRARY STATES

It is convenient to use the matrix form of Eqgs. (5) and (6) for
calculations. For this reason we show here the explicit forms
of the final density matrices after entanglement swapping in
terms of the elements of the input density matrices:

anby £ axbiz £ apbs +aybs;s

L | axnby £ azbyz £ anbay + aribas
Ny | asobr1 £ aa1biz £ azbs; + azibsz
agboy £ ag1byz £ aznbyy +aziby

Pra

a11byy £ anbiz £ ax bz + axnbss

1 | a11bar £ appbas + azibsy + anbays
My | az1bi1 £ anbiz + as1bs1 + anbss
az1by1 £ azborz & ag1bay + asnbas

anbz £ ax by £ ainbs +apbs
axnby £ ax brs £ ainba + aybas
agpbiy £ ag by £ azbs + azibsy
agbry £ ag by £ azbgy + azibay

ayby £apbiy £ ax bz + axnbsy
a11by £ appbog * az1ban + axnbay
az1byy £ azbiy £ ag1bzy + asnbsy
a31by £ azbog = ag1ban + asnbag

abyy £ axzbiz £ ajabs; + ayzbsz
a1 £ axzboz = ajabay + a13bas
a4ab1y £ aszb1z & azabs) + azzbs;
asabo) £ agzbyz £ azabyy + azzbys

aizbiy £ aiabi3 £ ax3bsi + axbs;
a13by1 £ ayabaz + ax3bay + acabys
aszbiy £ azabi3 £ ag3bs) + asabs;
azszby1 £ azaboz = ag3bay + asabys

axab1y £ axnbiy £ a1abs + azbsy
ax4by £ ax3byg & ajabyr + ayzbagy
aqab1y £ agzbig £ azabs + azzbsy
asaby £ agzbyg £ azabyy + azzbay

(A1)

azbiy £ ajabis £ axbz + arybss
a13byy £ aygbog = ax3ban + asabay
azzb1 £ azabiy £ ag3bzy + asubsy
az3by £ azgboy = ag3ban + asabay

The normalization constants are given as follows:

Ny = anbii + aubi £ axbiz £ assbis
+axnby 4 asubyy £ ar by £ asby
tainbsz £ asbs; + anbss + azsbs;
fainby £ azabsy + ay1bas + azzbys,

My = aybyy + aszbi £ apbis = azbis
+ai1bxn + azsbyy I apbys £ azaboy
+az by £ as3bs1 + anbsz + asbs;
Far1bay £ aszbyy + anbas + asubss.  (A3)

APPENDIX B: ANALYTICAL SOLUTION FOR
ENTANGLEMENT SWAPPING WITH X STATES

Naturally, the general output states of Egs. (A1) and (A2)
can be simplified significantly for specific inputs such as X
states. Due to the considerable recent interest in X states, of

J

(A2)

(

which the Werner states and Bell diagonal states are a special
case [33], we will consider them in more detail here.

X states are two-qubit density matrices with decoupled
parity sectors {|HV),|VH)} and {|HH),|VV)}. Thus in the
ordered basis for two qubits |HH),|HV),|VH),|[VV) an X
state is a density matrix of the following form:

cn O 0 cus
|0 e e O
=10 ¢ e 0
csi 0 0 cu

(BI)

If the input density matrix for modes 1,2 is given by Eq. (B1)
and the input for modes 3,4 is given by

di 0 0 dia

_ 0 dy» dxy 0
XA=V10 dy dy 0 )
dy 0 0 du

(B2)

then it follows from Egs. (5) and (6) that the resulting output
density matrices after entanglement swapping is again an X
state in the form of

cndy) + cr1dss 0 0 Fendis £ cruds
yr _ 1 0 cndyn +cndyy Eeaadys £ crada 0 (B3)
Xia = N{ 0 teqdiy T endsy cadin + c3dss 0 ’
Ecq1dys £ c3day 0 0 Caady + €3304
ciidir + cnds3 0 0 tci4dis £ cr3d3p
£ = 1 0 ciidn + cpdyy FEeadas £ cp3day 0 (B4)
R V2 0 Eendiy Tendny  c33diy + caadss 0
Fe3dos £ cada 0 0 c33d + caadas
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TABLE I. Output Bell states for various combinations of input
Bell states when the BSM of spatial modes 2,3 results in v ~. The top
row and first column represent the input states in modes 1,2 and 3,4,
and the corresponding table element represents the final state in 1,4
after entanglement swapping.

Al v o* ¢
vt v Yt ¢ o*
v Al v o* ¢
o* ¢ ot v vt
¢ o* ¢ Yt v

The normalization constants are given by Njé = cpdi +
caady1 + cdop + caady + cr1dsz + c33d3z + c1dag + c33d4s
and Mf = ci1dyy + es3diy + ciidy + c3zdn + endss + cas
ds3 + coodyy + c44dsy. The results of Egs. (B3) and (B4) agree
with those of Roa et al. [17]; however, their results are found
by projecting onto a different set of modes than ours.

We now consider Bell state inputs as a special case of X
states. This allows us to reproduce results of the example given
in Sec. II A using the more general formalism above. By using
the |¢™) Bell state as the input states for both p; > and p3 4 of
Egs. (A1) and (A2) or of (B3) and (B4),

; 00 5
0 000
101.2:p3,4:|¢+><¢+|: O 0 0 0 s (BS)
1 1
2 00 3
we obtain
0 0 0 0
1 1
14 + + 0 2 5 O
mig =) WT = : g ; (B6)
L4 0 2 1 0
0 0 0 0
1 1
b 00 0
wa=196 1=y o0 0 ol  ®
+1 0 0

where ,ufl//f and ,u,ﬁ represent the final density matrix of modes
1,4 and the superséript indicates which Bell state was projected
onto in modes 2,3. The output matrix is one of the four Bell
states in modes 1,4, and exactly which one is determined by the
specific BSM in modes 2,3 is performed. This is in agreement
with the results we found in Eq. (3).

Generalization to the other Bell state input combination
is summarized in Table I, which lists the resulting state in
modes 1,4 assuming the result of the BSM is ¢y ~. We have
chosen to show the results for projection v~ since it is the
most readily implementable BSM in optical experiments, as
further illustrated in the next section.

APPENDIX C: ANALYTICAL DEMONSTRATION THAT
SWAPPING X STATES AND BELL STATES PRESERVES
THE CONCURRENCE OF THE X STATE

If we assume we have an initial X state given by Eq. (B1),
then the result of swapping this state with, for example, the

PHYSICAL REVIEW A 94, 012336 (2016)

Bell state ¢~ results in

X1 0 0 Fxig
vt 0 X2 Fx3 0
%4a = o Fx2 X33 o €D
FXa1 0 0 X44
X33 0 0 Fx32
o+ _| O X4a  Fxa 0
14 = 0 Fxia  Xqi (U N €2
Fx23 0 0 X2

where the superscript on o is the result of the BSM and we
have changed c to x to avoid confusion. As expected, all of
these states are X states.

The concurrence of an X state has a straightforward
algebraic solution [33]. Specifically, the concurrence of the
X state in Eq. (B1) is given by

C(xc) = 2max[0,|c1a| — /22033, 1c23] — J/cricaal.

We can easily determine, with the use of Eq. (C3), the
concurrence of the final states. For example, for o®t we find
a concurrence of

C(0?") = 2max[0, |x32| — /Xaax11,|Xa1] — V/X33x22]. (C4)

We can see that this is equivalent to that of the initial X-
state concurrence, given by Eq. (C3), because |x41| = |x14]
and |x3;| = |x23], due to the Hermiticity condition on a density
matrix. The same results are found for every combination of
Bell state input and choice of BSM projection.

(C3)

APPENDIX D: ANALYTICAL UPPER BOUND FOR
SWAPPING RANK-2 BELL DIAGONAL STATES WITH
THEMSELVES

Bell diagonal states of the form shown in Eq. (18),
which have only two nonzero coefficients, are rank-2 density
matrices. We will now show analytically that for any rank-2
Bell diagonal state with concurrence C, that entanglement
swapping this state with itself results in a state with concur-
rence C2, which is the upper bound for the general case. To
illustrate this by a specific example, consider the input state
given by

o =aly )W+ BIY NI, (DD
where o + B = 1. In matrix form this state becomes
0 0 0 0
0 5 5@—p) 0
= 2 2 D2
“=lo le-p 1 of ®?
0 0 0 0

The concurrence of this state can be found from Eq. (C3) and
after algebra is given by | — B|.

Using Eq. (5) we find that entanglement swapping of state
Eq. (D2) with itself results in

0 0 0 0
0 1 le-pr 0
0 ~ta-pr L o] PV
0 0 0 0

when v~ is the result of the BSM.
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The resulting concurrence can again be found from Eq. (C3)
and is given by (o — )%, which is exactly the square of the
input concurrence. Performing this same analysis with any
Bell diagonal states with only two nonzero terms and for any
BSM outcome has a similar outcome.

APPENDIX E: METHODS FOR CREATING RANDOM
DENSITY MATRICES

Random density matrices were calculated according to [34].
As mentioned in the text we have used either an induced
measure such as the Hilbert-Schmidt metric or the Bures
metric, depending on the situation.

One way to generate a random density matrix is by starting
with a pure state in a higher dimension and tracing the
ancillary space out to reduce the state to the desired size. This
procedure results in density matrices distributed according to
an induced probability distribution , x, where k defines the
size of the ancilla space which is to be traced out, withn = k
resulting in the Hilbert-Schmidt ensemble [29,34]. An n x n
density matrix distributed uniformly according to w, x can be
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calculated as
G(n,k)G(n,k)
tr[G(n,k)Gi(n,k)]’

where G(n,k) is an n x k Ginibre matrix. This ensemble is
used in the main text when the rank of the output density
matrix is important, as in Sec. III C, because the rank of the
resulting matrix is equal to k when k < n.

Alternatively, an n x n Bures distributed random density
matrix can be calculated from

1+ U0)Gn,n)G n,mA +UH
tr[(1 + U)G(n,n)G(n,n) (1 + U]’

where U is an n x n Haar distributed random unitary matrix.
In order to calculate U we have used the methods described
in [31], which involved a Q R decomposition. The eigenvalues
of a unitary matrix have a magnitude of 1 and are complex. If a
set of unitary matrices is Haar distributed then the phases of the
eigenvalues will be uniformly distributed along the unit circle.
To check this we calculated the eigenvalues of 10° random 4 x
4 unitary matrices and found the mean and standard deviation
to be —0.000925 005 and 1.813 86, respectively, as expected
for a uniform distribution.
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