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We use analytic (current) density-potential maps of time-dependent (current) density-functional theory
[TD(C)DFT] to inverse engineer analytically solvable time-dependent quantum problems. In this approach the
driving potential (the control signal) and the corresponding solution of the Schrodinger equation are parametrized
analytically in terms of the basic TD(C)DFT observables. We describe the general reconstruction strategy and
illustrate it with a number of explicit examples. First we consider the real space one-particle dynamics driven
by a time-dependent electromagnetic field and recover, from the general TDDFT reconstruction formulas, the
known exact solution for a driven oscillator with a time-dependent frequency. Then we use analytic maps of
the lattice TD(C)DFT to control quantum dynamics in a discrete space. As a first example we construct a
time-dependent potential which generates prescribed dynamics on a tight-binding chain. Then our method is
applied to the dynamics of spin-1/2 driven by a time-dependent magnetic field. We design an analytic control
pulse that transfers the system from the ground to excited state and vice versa. This pulse generates the spin flip

thus operating as a quantum NOT gate.
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I. INTRODUCTION

Exact analytic solutions of the Schrodinger equation have
always been of great methodological interest as they underlie
our intuitive understanding of quantum systems. Numerous
solutions of the stationary Schrodinger equation are known
since the early days of quantum mechanics [1]. However,
for a long time there were very few examples of analytic
solutions describing an evolution of a quantum system driven
by time-dependent external field, like solutions of the Landau-
Zener [2,3] and Rabi [4] problems, or the solution for a
driven harmonic oscillator [5,6] closely related to a so-called
harmonic potential theorem [7-9]. The interest in analytic
solutions to time-dependent quantum problems was renewed
with the emergence of quantum computing in which an
accurate control of qubit dynamics [10-12] and the state
preparation [13—15] is required. It has been shown that analytic
pulses in the quantum control can be used in the efficient design
of robust evolutions against errors in the system and pulse pa-
rameters [10,16—19], which explains the practical importance
of finding new solvable quantum problems and the popularity
of a few known pulses for the analytic control of two-level
systems [20-28]. In the past decade a number of new analytic
solutions to the Schrodinger equation have been constructed by
inverse engineering time-dependent Hamiltonians from given
dynamics of state vectors. We note that most of these studies
focus on dynamics of two-level systems [26,29-32] and a
few examples of three-level systems [33]. In the present work
we propose an alternative strategy of reconstructing time-
dependent driving potentials for analytically solvable quantum
problems. Our proposal employs the ideas and theorems
of time-dependent density-functional theory (TDDFT) and
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time-dependent current density-functional theory (TDCDFT)
[34-36].

Originally TDDFT and TDCDFT were developed as
an extensions of the static DFT [37] for addressing time-
dependent quantum many-body problems. The key statement
underlying this approach is a so-called mapping theorem that
establishes a one-to-one map from the time-dependent density
or current to the external driving potential. The existence
of this map implies that the knowledge of some properly
chosen one-particle observables (collective variables, such as
the density or the current) is sufficient to uniquely reconstruct
the corresponding conjugated driving fields, and, therefore, the
full wave function of the system. For a general many-particle
system the density-potential map is practically never known
explicitly. In some simple situations it can be constructed
numerically. For example, recently a numerical fixed-point
algorithm has been used to reconstruct a potential that produces
aprescribed time-dependent density in a model system [38,39].

Remarkably, for one-particle systems the density-potential
and the current-vector potential maps can be found explicitly
in a closed analytic form [40-44]. In the present work we
propose an application of the explicit one-particle TDCDFT
maps to design analytic control signals driving a system in
such a way that the prescribed behavior of the basic collective
variable, the current and/or the density, is reproduced. The
time dependence of the control signal and the dynamics of
the wave function are then parametrized in terms of the
physically intuitive observable. The analytic TDCDFT maps
are known both for a particle in the real continuum space and
for discrete, lattice (e.g., tight binding) systems. This allows
us to address, within a common scheme, control problems for
the real-space dynamics and for dynamics of discrete systems
with a finite-dimensional Hilbert space, such as a motion of
quantum particle on tight-binding lattices, or the dynamics of
a spin in the presence of a time-dependent magnetic field. To
illustrate our strategy of inverse engineering we will recover
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the known exact solution for a driven harmonic oscillator [5,6],
and present nontrivial examples of analytic control for a
particle on a finite 1D chain and for a spin-1/2 (qubit) system.

The structure of the paper is the following. In Sec. I we
present the general idea of reconstructing driving potentials
for solvable problems using analytic TD(C)DFT maps. In
Sec. III we use TDCDFT to construct solvable problems for
the real-space one-particle dynamics. As a particular example
we reconstruct the potential and the wave function generated
by a density evolution in a form of a time-dependent rescaling
of some initial distribution supplemented with a rigid shift in
space. The corresponding solution recovers the one for the
driven harmonic oscillator [5,6]. In Sec. IV the formalism for
discrete spaces is presented. In the first subsection we give an
explicit example for controlling motion of a particle on atomic
chain. In the second subsection the formalism is appied to a
spin-1/2 control that is isomorphic to the control problem for
a particle on a two-site lattice. Finally, in Sec. V we summarize
our results.

II. CONSTRUCTION OF SOLVABLE PROBLEMS VIA
TDDFT MAPS: THE BASIC IDEA

In the standard “direct” statement of a quantum mechanical
problem the Schrodinger equation determines evolution of the
wave function ¥ (¢) from the initial state 1y in the presence
of a given time-dependent external potential. Thus for a given
initial state the Schrodinger equation generates a map V +— H
from the space V of external potentials to the Hilbert space
‘H. This direct map is shown schematically on Fig. 1(a).
Unfortunately, the solution of the time-dependent Schrodinger
equation, even for the simplest two-level systems, practically
always requires numerical calculations. Analytically solvable
time-dependent quantum problems is exceptionally rare.
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FIG. 1. (a) Direct map from a trajectory in the space V of
potentials to the trajectory in the Hilbert space H, generated by the
time-dependent Schrodinger equation for a given initial state .
(b) TDDFT mappings between trajectories in the space N of
observables (densities or currents), space V of potentials, and the
Hilbert space H. For a given initial state, by choosing a desired time
evolution of the density or current we can reconstruct the driving
potential and the wave function.
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To understand how TDDFT can help in finding analytically
solvable problems we analyze mapping between different sets
of object entering this approach. All TDDFT-type theories rely
on the existence of a unique solution to a special “inverse”
quantum problem. That is a possibility to uniquely reconstruct
the driving field from a given evolution of the conjugated
observable (such as the density in TDDFT or the current in
TDCDFT) and a given initial state. In other words, if A/ is
the space of basic observables, then the existence of TDDFT
implies that for a given initial state there exist two unique maps
N+ V and N+ H, which relate a given trajectory in the
space V' of observables to the corresponding trajectories in V
and in H. The composition of these TDDFT maps recovers
the usual direct map V +— 'H generated by the time-dependent
Schrodinger equation .

In general for many-particle systems the solution of the
inverse problem is even more difficult than the solution
of the usual Schrodinger equation. In fact, mathematical
construction of the TDDFT maps is equivalent to solving a
certain nonlinear quantum many-body problem [42]. However,
there are special situations when the inverse problem possesses
a simple analytic solution. These situations cover, in particular,
generic driven one-particle dynamics both in the real space
and on lattices with some mild restrictions on allowed initial
states and the behavior of observables. For those cases the
TD(C)DFT maps N — Vand N +> H can be found explicitly
in the analytic form [40—44]. For example, in the case of a
particle driven by a time-dependent vector potential A(¢) the
wave function and the vector potential are the explicit analytic
functionals of the current density j(r,#) and the initial state, that
is A[j,¥o] and ¥ [j,¥o]. By construction the wave function
and the potential, obtained in such a way, are connected by
the Schrodinger equation with the proper initial condition.
Hence by assuming different space-time distributions of the
observable we can generate infinitely many solutions to the
Schrodinger equation, where the potential in the Hamiltonian
and the solution are expressed analytically in terms of the
prescribed observable. In this setup the space of observables
plays arole of the parameter space, while the TD(C)DFT maps
provide us with the analytic parametrization formulas for the
Hamiltonian and the solution.

In the next sections we present the explicit framework
for designing solvable one-particle problems in continuous
and discrete spaces and illustrate our strategy of inverse
engineering with several nontrivial examples.

III. RECONSTRUCTION OF THE REAL-SPACE
POTENTIALS

In this section we illustrate our strategy of generating the
exact solutions for a simpler and more familiar case of a single
quantum particle in the real space. Let us consider an electron
in the three-dimensional space subjected to a time-dependent
external electromagnetic field. It is convenient to use the
temporal gauge in which the electric E and magnetic B fields
are related to the vector potential A(r,?) as follows [45]:

B=VxA, E=-3A. (1)

Given the vector potential A(r,t) and the initial state y(r) =
| o(r)|e?™ the wave function v/ (r,?) is obtained by solving
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the following Schrodinger equation :

1
ioy(r,t) = %[—iv — A, D)PY(r,1). 2)

Here we are interested in the vector potentials for which
the Schrodinger equation possesses an analytic solution.
Therefore, we follow our strategy and apply TDCDFT maps
j— A and j — ¢ from the time-dependent current j(r,?) to
the vector potential and the wave function. These maps can
be easily found explicitly provided the initial state is nodeless
Yo(r) # 0, and the current j(r,¢) fulfills the condition

t
/ V(0 # [Yo()]” = no(r), 3)
)

which ensures that the state remains nodeless in the course of
evolution. Then A(r,?) and the time-dependent wave function
¥ (r,t) are uniquely reconstructed from the given current [42],

A[lﬁo,j] = Vgo(r,t) - mV(l’,t), (421)
YYo.j] = Vn(r,0)e' ™", (4b)

- (VA 1,
o[¥o.j1 = ¢o +/10 dt (W —ym (I'J)), (4¢)

where the density n(r,#) and the velocity v(r,?) are defined as
follows:

n(r,t) = —/ V - j(r,t) 4+ no(r), (5a)
L)
v(r,t) = s (5b)

One can straightforwardly check by a direct substitution
that these formulas indeed give a solution to Eq. (2). These
equations allow us to reconstruct the driving potential for a
prescribed evolution of the current.

Using Eqgs. (4) with different time-dependent currents we
can construct infinitely many Schrodinger equations with time-
dependent vector potentials, which are all analytically solvable
and the solutions are given by Egs. (4b) and (4c¢).

Now we turn to a more specific situation when the system
is driven by a longitudinal electric field E at zero magnetic
field, B = 0. In the absence of the magnetic field V x A =0
and therefore Eq. (4a) implies that the curl of the velocity also
vanishes, V x v = 0. The velocity of a one-particle system
driven by a potential field must be potential. In this case it is
natural to use the Coulomb gauge (V - A = 0) and express the
electric field as a gradient of the scalar potential V (r,?), that
is E = —V V. By applying the standard gauge transformation
to Eq. (2) we obtain the Schrodinger equation of the following
form:

2

\%
0y (r,t) = (—% + V(r,t))W(r,t), ©6)

where 1/ (r,#) is now the time-dependent wave function in the
Coulomb gauge.

Applying the gauge transformation Eqs. (4) we find the
mapping from the current j(r,z) or equivalently the velocity
and density n(r,?) to the external potential V(r,r) and the
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wave function ¥ (r,7) [40],

v2./n(r,1) r

—m

| &
—5mv - CO),
Y(r,t) = /n(r,0)e ™,
pr,1) = frmv(r/,t) -dr’ + C(1),
0

V(r,t) = v(r',t) - dr’

(7a)
(7b)
(7o)

where C(¢) is a time-dependent constant. Since by construction
the velocity is irrotational the line integrals in Eqs. (7a) and (7c¢)
do not depend on the integration path. Therefore, we indicate
only the initial and the final points of the path. The value
C(t) at the initial time is uniquely determined by the initial
condition, while for ¢ > 7y the function C(t) is arbitrary and
can be chosen at convenience, for example to fix the value
of the potential at infinity. The presence of a time-dependent
constant in the density-potential mapping is in agreement with
the Runge-Gross theorem [34]. The first term in Eq. (7a) is
the Bohm potential that can be interpreted physically as an
adiabatic potential for which the prescribed (nodeless) n(r,t)
is the instantaneous ground-state density. The second and the
third terms in Eq. (7a) are related to inertia forces. These
terms compensate the inertia forces exerted on a particle in a
local noninertial frame moving with the velocity v(r,7). As a
result in this comoving frame the density stays stationary and
equal to the initial density distribution. In the original frame
the velocity-dependent contribution appears as a deformation
of the adiabatic potential, which is aimed at supporting the
prescribed density in the case of arbitrary fast evolution.

There is an important difference of the present construction
and the explicit current-vector potential mapping of Egs. (4)—
(5b). Equations (7) state that given the density n and the
corresponding velocity v, the external potential V and the wave
function v can be found analytically. However, the density and
the velocity are not independent variables as they have to be
consistent through the continuity equation

n(r,t) = =V - [n(r,t)v(r,1)]. ®)

The complication comes from the requirement of irrotational
velocity, V x v = 0, which implies the velocity field of the
form v = V®. Because of this condition there is no simple
and universal analytic relation between the observables enter-
ing (7). Such a relation can be found only for 1D systems, or if
we assume a 1D inhomogeneity of the observables. In higher
dimensions our ability of constructing solvable quantum
problems is limited by the possibility to solve analytically a
classical hydrodynamics problem of reconstructing the density
from the velocity or vice versa for an irrotational flow. Below
we present a simple example of such a reconstruction.

Exact solution generated by a time-dependent scaling
of observables

Let the evolution start from the ground state vy of a potential
Vo(r) with the ground-state density ny(r) and the energy Ej.
The simplest irrotational velocity field v(r,¢) for which Eq. (8)
can be solved analytically is a linear function of coordinates
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with time-dependent coefficients,
v(r,1) = A(0)[r = ro(t)] + Fo(0). ©)

This velocity corresponds to rigid motion of a fluid sup-
plemented with a uniform expansion/compression relative to
the origin moving along the trajectory r = ry(¢). The expan-
sion/compression scaling factor is related to the parameter
(1) as a(t) = ¢, This interpretation is confirmed by solving
the continuity equation (8) with the velocity of Eq. (9). The
corresponding solution for the density takes the form

_ 1 r —ro(t)
”(r’”_oﬁ(r)’“)( 0] ) 1o

which indeed corresponds to a rescaled density moving
along the trajectory r = ry(¢). The assumed initial conditions,
n(r,ty) = no(r) and v(r,ty) =0, are fulfilled if the time-
dependent parameters A and ry have zero values and zero
time derivatives at the initial time, that is A(f) = 0, ro(f%) = 0,
Mtg) = 0, and 1p(fy) = 0.

Now we can insert the prescribed observables, Egs. (9)
and (10), into Eq. (7) to reconstruct the corresponding potential
and the wave function.

To calculate the Bohm potential entering Egs. (7a) we
make use of the fact that ng(r) is the ground-state density
of the potential Vj(r) with the energy Ej. This implies that
the shifted and rescaled density n(r,?) of Eq. (10) corresponds
to the instantaneous ground state of the shifted and rescaled
potential a~?Vy((r — ro)/a) with the ground-state energy
a2 E,. Therefore, the Bohm potential can be represented as

Vi/nlcn) 1 v <r—r0(t)) 1 E an
2mn(r,n (1) " a ok "

The final results for the potential and the wave function gen-
erated by the velocity (9) [or equivalently by the density (10)]
take the following form:

r—ro

1 . mao 2
V(r,t) = a_2V0 —mry-r — Ea(r —r1p)”, (12a)

1 r—r .
Y(r,r) = @no( " 0)6"0“’”, (12b)
m(x 2 .
o(r,r) = E&(r —7r9) +mry-r
! 1 m., /
— 0(_2E0 + EI'O dr'. (12¢)
0

Obviously, the first term in Eq. (12a) is the adiabatic potential.
The other two terms describe two types of inertia forces—
the usual linear acceleration force (the second term) and the
inertial force related to a time-dependent deformation.

In the special case of rigid motion, « = 1 or A = 0, only
a linear acceleration inertial correction survives, so that the
potential of Eq. (7a) simplifies as V (r,t) = Vy(r — ry) — mry -
r. This potential rigidly transports a quantum system along a
given trajectory without any reshaping of the initial density
profile. Itis worth noting that in this particular case our solution
to the Schrodinger equation is not limited to one particle and
can be trivially generalized to a system of any number of
interacting identical particles. Indeed, the solution generated
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by a spatially uniform velocity field v(r,f) = ro(¢) can be
obtained by the transformation to a uniformly accelerated
reference frame [8]. Since the relative motion of particles
is unaffected by this transformation the above potential will
transport the center of mass while keeping unchanged the
quantum state for the relative motion. It is absolutely obvious
that if the initial state 1y corresponds to that of the harmonic
potential, our solution is identical to the harmonic potential
theorem [7-9].

One can also easily see that the analytic solution of the
Schrodinger equation for a harmonic oscillator with a time-
dependent frequency w(#) and a driving force f(¢) [6]

2

. v Ly 2
10,y (r,t) = (—% + Emw (Hr- —1£(@) - r)l/f(r,t) (13)

is a particular case of our Eq. (12). Assuming Vy(r) = %ma)(z,r2

in Eq. (12a) we find that the reconstructed potential V(r,?)
coincides (up to irrelevant constant) with the potential in
Eq. (13), where

®:  a
()= — — =, (14)
o o
2 .
ﬁn:n<9%—g>m+mb. (15)
o o

From these two equations we observe that the center-of-mass
position ry is the solution to the Newton equation for a driven
harmonic oscillator

mio + mw?(t)ry = £(t). (16)

Hence in this particular case the solution of Schrodinger
equation for the driven quantum oscillator is expressed in terms
of the solution for the classical driven oscillator, which is the
main observation made in Refs. [5,6].

IV. INVERSE ENGINEERING OF SOLVABLE QUANTUM
PROBLEMS ON A DISCRETE SPACE

In this section we describe and illustrate our general
reconstruction strategy for lattice systems. In this case we use
the maps for a generalized lattice-TDCDFT [43] to inverse
engineer analytically solvable one-particle problems (or prob-
lems isomorphic to one-particle dynamics on a lattice) [43].

Our starting point is the Schrodinger equation for the wave
function ; (fy) describing a particle on an M -site lattice with
time-dependent complex hopping parameters 7T;;,

M
10 y(1) = — ZTij(t)lﬂj(t), T;i =0, a7)

j=l

where indexes i and j take values on the lattice sites indicating
the position in the discrete space, and T;; = T7; to have a
Hermitian Hamiltonian. In the Schrodinger equation (17) we
adopted a temporal gauge in which the scalar on-site potential
and, possibly, a magnetic field enter via the phase of the
hopping parameters 7;;(¢) [43]. For generality, we also allow
a time-dependent hopping rate |7;;(¢)|.

In the generalized lattice-TDCDFT of Ref. [43] the complex
hopping T;;(¢) plays a role of a driving potential. The
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corresponding observable in this approach can be called a
“complex current” [43]

Qij(t) = 2T;; (O] (Y (1).

The real part of Q;;(¢) is equal to physical current J;; on the
lattice link connecting sites i and j, while the real part K;;
represents the kinetic energy on the link

Qij:K;j+iJ[j. (19)

The link current J;;(¢) and the on-site density n;(t) = |¥; o
are connected by the lattice continuity equation

Ai(t) ==Y ().
J

(18)

(20)

Since the link current and the link kinetic energy are, respec-
tively, antisymmetric and symmetric with respect reversing
the direction of the lattice link, J;; = —J;; and K;; = K;j,
the combined complex observable Q;; is a Hermitian matrix,
Qij =07}

Given the complex current Q;;(¢) and the initial state
Vi (to) = |¥;(to)|e¥ ) # 0, the complex hopping T; (1) and the
wave function ¥; (1) = |;(¢)|e% ") can be expressed explicitly
as functions of Q;; and v;(7)

Q;;(t)

1O = 5w,

(21a)

vl = | R = [ Y s, @i
I j

t —Zj Ki‘j(t/)dt’.
o 2@)?

These formulas provide us with the analytic lattice-TDCDFT
map from the observable to the conjugate driving potential and
the corresponding solution of the time-dependent Schrodinger
equation . Using this map we can construct infinitely many
analytically solvable problems generated by different time-
dependent Hermitian observables Q;;(¢).

Below we will give two examples which illustrate the
possibility to analytically control quantum dynamics time in a
discrete space.

@i(1) = ¢i(fo) + (21c)

A. Dynamics of one particle on a 1D chain

In this subsection we use our approach to manipulate the
on-site density of a quantum particle on a finite tight-binding
chain. Let us consider a particle on an atomic chain with
nearest-neighbor hopping parameters 7; ;1 of fixed amplitude
|T;.i+1] = Tp. The dynamics of the system is described by
Eq. (17). Since for 1D systems only scalar (on-site) driving
potentials are allowed, one can always gauge transformation
of the Hamiltonian to the form with real hopping parameters
T; i+1 = Ty and the real on-site potential v;(¢) [43]. In the new
gauge, which is the lattice analog of the Coulomb gauge, the
time-dependent Schrodinger equation reads

10,y = —To(Wig1 + ¥ic1) + vi(OY;.

In the following we assume for definiteness that the evolution
starts from the ground state vy of the chain.

(22)
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The equations for the observables (18) and (19) for Q,;,
Jij, and K;; remain the same except in the right-hand side of
Eq. (18), where the hopping 7;; and the density matrix p;; need
to be replaced by their counterparts in the Coulomb gauge.

The map (21) from the complex current Q;; to the hopping
T;; and the wave function v; in the new gauge is transformed
to an analytic map from Q;; to the on-site potential v; and the
wave function v;

M
Kjj+1+Kj-1,j
o=y (R

j=i

Kjj+1+ Kj1j+2
241

T Koy —J: i K
+ JoJj+1 ]-./+12 J.Jj+l1 .1,J+1)’ (23a)
4T0 ninjp
Yit) = /ni(0)e' ", (23b)
"[Kii Ki 1
gi(t) = (ﬂi(to)‘l‘/ [# - v,}dr’. (23¢)
fo 2n;

The important point is that in the considered physical
situation with the fixed hopping amplitude the above formulas
are not sufficient to reconstruct the potential from the given
dynamics of observables. The fixed value of the hopping
amplitude sets an upper bound on allowed values of link
currents. As a result not all possible QO become physically
allowed, or v representable in the TDDFT terminology. In
fact, from the definition of Eq. (18) we find that the modulus
of physically allowed Q;;(t) is bounded from above:

Qi (0P = 4T3 ni(Dn (1) < 4T3 @4

Formally the condition of the fixed hopping amplitude
reduces the dimension of the space N of observables. In
the present case this restriction can be taken into account by
expressing J;;(¢t) and K;;(t) in terms of on-site density n;(t).
First, in 1D we can solve the continuity equation (20) to get
the link current

(25)

i
Jiiz1 = — E nj.
j=1

Secondly, we express K;;(¢) in terms of n;(¢) using Eqgs. (24)
and (25)

2

Ki,i+1 == 4T02n,»n,<+1 - an , (26)
j=1

where the sign is determined by the sign of K;;(fy) at the
initial time through the given initial state vy [44]. Finally,
by inserting Eqgs. (25) and (26) into Eq. (23) we obtain the
explicit analytic formulas for the reconstruction of the on-site
lattice potential and the corresponding wave function from
a given time-dependent density distribution. These formulas
correspond to the maps of the lattice TDDFT [41,44]. It is
interesting to note that the exact solution proposed recently in
Ref. [30] for a driven two-level system is, in fact, based on the
above lattice TDDFT maps for a particular case of a two-site
lattice.

Let us now demonstrate how this map works in practice by
constructing a potential that produces a prescribed evolution
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of a density. Consider a particle on an atomic chain with 11
sites and a positive hopping constant 7y = 1 and assume that
the dynamics starts from the ground state of the chain with
zero on-site potential,

_ut = (T
Yi(0) = ¥ = %81n<12>. @7)
We will construct the driving potential which generates the
following two-stage evolution. (i) On the first stage for 0 <
t < t; the system evolves from the ground state of Eq. (27) to a
state with a homogeneous density distribution n; = 1/11. (ii)
On the second stage for #; < ¢ < t, the homogeneous density
distribution shrinks to the center of the chain and by t = #,
concentrates at site 6 with a Gaussian envelope, n; o e=(=6”.
The the required time evolution of density n;(¢) for this two-
stage process is the following:

) ESa/y+ (1= Sa/m) |
ni(t) = =t \(; 2
N(@®)exp [-S(EL) G — 6)].

h—n

2
, 0<r<n,
t <t <h,

(28)

where A/ (¢) is the normalization factor

11 . -1
N(t):(Ze_S(’zfl)('_@) . (29)

i=1

Here S(x) is a smooth steplike function which starts from zero
at x = 0 and reaches unity at x = 1. For the reason that will be
clear later we choose a function which has zero first and second
derivatives at x = 0,1. Specifically here we use the following
smooth step function which satisfies the above conditions

Sx)=x — i sin(2 x). (30)
2

The time dependence of on-site densities n;(¢) defined by
Eq. (28) with #{ = 3 and #, = 12 is shown on Fig. 2. Each line
on the figure shows the prescribed evolution of the density on a
particular site. At ¢ = 0 the system is in the ground state (27),
then it goes gradually to the homogeneous distribution at
t = 3. Afterwards the density starts shrinking and finally at

FIG. 2. Time evolution of the on-site densities determined by
Eq. (28). Each line represents the dynamic of the density in a particular
site. The time duration for the first stage is three units, #; = 3 and for
the second stage is nine units, 7, = 12. Dots and their envelopes
indicate the density distribution in the initial # = 0, intermediate (t =
3), and the final (r = 12) states. Time is given in units of 1/ Ty, where
T) is the hopping parameter.
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FIG. 3. On-site potentials (23), for the first stage of the evolution,
0 <t < 3, as afunction of time. The on-site potentials for all sites are
zero at the beginning. At ¢ = 3 all v; except those for the boundary
sites reach 1, while the potentials for the two ending points stay zero.
Time is given in units of the inverse of the hopping parameter 7.

t = 12itreaches a bell-shaped Gaussian centered at the middle
site.

The analytic representation for the corresponding driving
potential can now be found immediately by inserting Eq. (28)
into Eq. (23) where the link current J;; and the kinetic energy
K;;j are given by Egs. (25) and (26), respectively. and plugging
in to the equation for the on-site potential v; (23). Since for the
initial ground state K;;(0) is negative the minus sign must be
chosen in Eq. (26) [44]. Figure 3 shows the on-site potentials
for the first stage of the dynamics, 0 < ¢ < 3. Each curve
represents the time dependence of the potential for a particular
site. Similarly, Fig. 4 shows the driving potential for the second
stage of the time evolution.

Our reconstructed potential has one interesting property. On
the first stage of the evolution the potential shown on Fig. 4
drives the system from its ground state at + = O and takes it
into a state with a homogeneous density att = 3, which is also
the ground state of the system with the instantaneous potential
v; (¢ = 3). Similarly, for the second stage of the evolution the

Y6

VssVy

VygoVg

V3oVy

- V2>V10
- VI,VM

FIG. 4. On-site potentials (23) as functions of time for the second
stage of the evolution, 3 < ¢ < 12. The evolution for 3 <7 < 7 is
zoomed in the magnified box. Time is given in units of 1/7j.
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driving potential shown in Fig. 4 takes the system from ground
state and brings it into a new ground state with a Gaussian
envelope. At first glance this behavior looks surprising as the
dynamics is by far nonadiabatic. The explanation is, however,
simple. The system at t = #; and ¢t = 1, is in its instantaneous
ground state because the first and second derivative of the
step function S (30) are zero at those times and therefore
the current J;; and its first time derivative also vanish. By
setting J;; = J;; = 0 in Eq. (23) we find the potential of the
form

v — To% («/"_j+\/nj+2 VA +\/nj+1) a1

This is a lattice analog of the Bohm potential that corresponds
to the ground-state potential for a given instantaneous density.
Therefore, our construction can be used to make a fast transfer
of a system between different ground states.

B. Reconstruction of a driving magnetic field
for a spin-1/2 system

As the last example we inverse engineer an analytically
solvable Schrodinger equation for a driven spin-1/2 system,
or, equivalently, a generic two-level system. This formalism
can be used, for example, to control the state evolution of
a spin-1/2 using the time-dependent magnetic field; see the
Appendix for an example of a Heisenberg spin chain. A similar
problem has been addressed recently in Ref. [31]. Below we
apply our general reconstruction strategy based on the lattice
TDCDFT mapping.

Assume a spin in the initial state [v) subject to a
time-dependent magnetic field B(#). The time-dependent
Schrodinger equation for the state vector |y(¢)) reads

10|y (1)) = —B(1) - S|Y (1)), (32)
where § is the spin-1,/2 operator.

By a gauge transformation one can always eliminate z
component of the magnetic field and therefore reduce the
problem to solving the Schrodinger equation with the magnetic
field in the xy plane

(V@Y _ _(0 B W(f))
o (wr)) - (B* 0) (wz) W
where the “complex” magnetic field B is
B = (B, —iBy)/2, (34)

and ¥4 (1) = (Y (1) 1) and ¥, (1) = (Y (1)] |) are the projec-
tions of the state vector on the eigenstates of ..

Equation (33) is identical to the Schrodinger equation (17)
for a two-site lattice where the spin indexes 1 and |
label the sites, and B(¢) is the complex hopping parameter.
Therefore, we can directly apply the lattice-TDCDFT maps
of Egs. (21) to reconstruct the driving magnetic field and the
wave functions ¥4 | = ¥4 |e’#1+ from given dynamics of the
complex observable Q(t) = K(¢) + i J(¢) defined in Eq. (18).
In the present case the reconstruction formulas reduce to the
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form

[V, (0] = \/IWN(O)IZZF/O ImQ@t")dr’,  (35a)

1) = ¢1.,(0) + f P ReQW) o gy
Pl = 01 o 20U R
o)
B(t) = —————. 35
= 2ov.0 (352)

Equations (35) provide an analytic parametrization of the
driving field and the wave function in terms of a given trajec-
tory in the two-dimensional space N' = {K,J} of observables.
The point in the space A/ corresponds to a given kinetic
energy K and intersite current J for a particle on the two-site
lattice. This physical parametrization is universally applicable
to lattice systems with any number of sites. In the particular
two-site case one can propose an alternative parametrization
to the driving field, which has an intuitive interpretation in the
physical context of the spin-1/2 system. Below we map the
space N' = {K,J} onto a Bloch sphere and rearrange Egs. (35)
accordingly to relate the driving field to a given trajectory in
the projective Hilbert space for spin-1/2.

As a first step we represent the state vector of spin-1/2 as
follows:

[¥ (1) = eP[cos(8/2)I1) + €' sin(@/2)] )],

where 6(t) and ¢(t) are the spherical angles representing a
point on the Bloch sphere, and B(¢) is an overall phase of the
wave function. Next, to map the trajectory Q(t) to a trajectory
on the Bloch we use Eq. (35) and express Q in terms of the
wave-function amplitudes |4 || and the relative phase ¢

Pl
[ZTE

By substituting |4 | from Eq. (36) we relate the complex
coordinate Q in the space NV to the spherical coordinates (6,¢)
on the Bloch sphere

Q = 1(¢ sin6 tan6 + i6 sino).

(36)

0=2¢ — i3 1Y% (37)

(38)

This equation gives the required map between the trajectory
in the original space of observables to the corresponding
trajectory of spin-1/2 on the Bloch sphere. Finally, by inserting
Q of Eq. (38) into Eq. (35c) for B (35¢) we get a new analytic
representation for components of the magnetic field

B, = ¢ tanf cos¢ + 6 sing,
B, = —6 cos¢ + ¢ tan @ sin .

(39a)
(39b)

The spherical coordinates (9,¢) determine the wave function
Eq. (36) up to a common phase B. The phase B = ¢4
is calculated directly from Eq. (35b) by substituting the
expressions of |4+ and ReQ in terms of 6 and ¢,

| R 0
B = B0) + —/ dt'¢ tan 6 tan —. (40)
2 Jo 2
Equations (39), (36), and (40) solve the problem of recon-
structing the driving field and the wave function from a given
trajectory on the Bloch sphere.
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Equations (39) demonstrate one subtlety, which is very
similar to the v-representability problem in TD(C)TDFT. Not
all trajectories on the Bloch sphere are physically reproducible
if the driving magnetic field is limited to the (x,y) plane. For
example, it is impossible to drive the system along the equator
[/2,¢(t)] with a finite magnetic field because the right-hand
side in Eq. (39) diverges at @ = /2. Similarly, any trajectory
which causes a divergence in the right-hand side of Eq. (39) is
not B representable. All physically allowed trajectories when
crossing the equator should approach it in a way that ¢ tan 6
stays finite, which translates to the condition qb — 0 when
6 — m/2. In other words, a physical trajectory, generated on
the Bloch sphere by an in-plane magnetic field, can cross the
line & = /2 only if it is perpendicular to that line at the
crossing point. This is absolutely clear physically because at
any instant the magnetic field generates rotation of the spin
vector about the direction of B. Therefore, the initially coplanar
to B spin is always driven out of the plane. Apparently when
reconstructing the driving field from a trajectory on the Bloch
sphere we should take it from a B-representable set containing
trajectories which either do not touch the equator or cross it
perpendicularly.

Now we are ready to present an explicit example of the
reconstruction.

Analytically controlled spin flip: Design of a quantum NOT gate

To illustrate our inverse engineering formulas we construct
a control pulse which does the operation. Initially the system is
in the ground state corresponding to some magnetic field B(0).
During the pulse duration t the magnetic field is changing and
at the end of the pulse returns to its initial value B(7) = B(0),
while the system is driven to the excited state in the field B(0).
Therefore, after the pulse the Hamiltonian returns to the initial
form, but the direction of the spin is reversed.

For definiteness we assume the initial or final field in
the x direction, B(0) = B(t) = XBy. Therefore, the initial
state is |<«) = 1/ﬁ(|T) + |{)). The target state which
should be reached at the end of the pulse corresponds
to another eigenstate of S, that is |—) = 1/«/§(|T) —
[{)). On the Bloch sphere the initial and the final (tar-
get) states correspond to the points (7/2,0) and (/2,7),
respectively.

The first step in constructing the required control pulse is
to find a B-representable trajectory which at + = O starts at
the point (;r/2,0) and arrives at the point (77/2,7) at the time
t = 7. We note either boundary point belongs to the equatorial
line. Therefore, the trajectory should leave the initial point and
arrive at the final point along the corresponding meridians. To
automatically take care of the B representability we introduce
a new independent variable y = ¢ tan6. The angle 6 in the
relevant range of 0 < 6 <  is related to the new variable as
follows:

6 = 2 arctan[\/ (¢/y)> + 1 — ¢/¥]. (41)

Now the “dangerous” equatorial points correspond to the
points of the trajectory with ¢/y = 0.
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By reexpressing the magnetic field of Egs. (39) and the
common phase f of Eq. (40) in terms of y and ¢ we find

B, =y cos¢ — ((;/t?% sin ¢, (42a)
= (;/’j/d)% cos¢ + y sing, (42b)

and

1 [ . .
p)=pO)+ 3 fo dt'ly\J(¢/y)* +1 - ¢l (43)

Now we need to find two functions y(¢) and ¢(z) which
will do the required job. The first obvious set of conditions for

o(t) is
¢0) =0, ¢pm)=7, $O0)=d(®)=0. (44
It follows from Eq. (42) that the requirement B(0) = B(r) =
Box will be fulfilled if
y(0) = —y(v) = By, (45)

and 3,(¢p/y) = 0 at the boundary points, = 0,7. The latter
condition is satisfied if at t = 0, t the second derivative of ¢(¢)
vanishes

$(0) = ¢(z) = 0. (46)

In addition, we have to make sure that the ratio ¢/y is finite
forall0 <t < 7.

As an example we suggest the following y(¢) and ¢(¢)
which fulfill all the above conditions:

y(@) = %on(l —2t/Ol(1 —2t/7)* +3],  (47a)
Tt 1 . [4nt

p(t) = — — —sin (—) (47b)
T 4 T

Here y () is a smooth monotonically decreasing function
antisymmetric with respect to the point ¢t = t/2. It goes from
By to — By and crosses zero at the middle of the pulse. As
an extra condition we required that y(0) = y(7) = 0 which
allows one to smoothly continue the driving field beyond the
interval 0 < ¢ < 7. The function ¢(¢) in Eq. (47b) increases
monotonically from O to w and has zero first and second
derivatives at the boundary points t =0 and r = 7, and at
t = 7/2. The derivative ¢(1) = % sinz(‘%) is symmetric with
respect to the middle point r = t/2.

The corresponding trajectory on the Bloch sphere is shown
in Fig. 5 for By = 1 and t = 12. The trajectory starts from the
state |<—) on the equator, goes to the upper hemisphere, then
att = t/2 it crosses the equatorial line at the point (/2,7 /2)
and reaches the final state |—) from the lower hemisphere.
Because of the special symmetry of the generating functions
the trajectory has a central symmetry with respect to the middle
point.

Substituting y(¢) and ¢(¢) into Eqgs. (42) we find the
magnetic field generating this dynamics. In Fig. 6 we plot
the path of the time-dependent magnetic-field vector in the
xy plane. Each dot represents the magnetic-field vector at
integer times from O to 12.
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’\L>z

FIG. 5. Trajectory of the spin state on the Bloch sphere generated
by Eqgs. (47) for r = 12 and By = 1. The trajectory leaves ground
state | <—) and arrives at the excited state | —) perpendicular (q5 =0)
to the equatorial line. Time is given in units of 1/B,.

The corresponding wave function is given by Eq. (36)
with the common phase B(¢) defined after Eq. (43). For our
particular example we easily find the overall phase at the end
of the pulse, B(t) = B(0) — /2 [46]. Hence by the end of the
pulse the system, initially in the ground state, is transferred to
the excited state, and the wave function acquires a common
phase shift of /2.

One can check that if the pulse defined by Egs. (42) and (47)
is applied to the initial excited state |/ (0)) = |—), the system
is driven to the ground state |<«—). Therefore, our pulse can
be viewed as a realization of a quantum NOT gate which

0.6 By

0.4

0.2

0.2

0.4

0.6

FIG. 6. Trajectory traced out the magnetic-field vector (42) in
the xy plane. Starting from the initial value B(0) = X the magnetic
field follows the trajectory clockwise and comes back att = 7 = 12.
Each arrow represents the magnetic-field vector at integer times ¢t =
0,1,...,12. Time is given in units of 1/B,.
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transforms (up to a common phase shift) |<—) into |—), and
|—) into |<).

V. CONCLUSION

In conclusion, we proposed and worked out the strategy
of using the TD(C)DFT observable-potential maps to inverse
engineer analytically solvable time-dependent Schrodinger
equations and thus to design analytic pulses for quantum con-
trol problems. We considered a number of situations in which
the TD(C)DFT maps are known analytically. In all those cases
the basic observables, such as the density or the current, can be
used for a convenient and physically intuitive parametrization
of the driving potential and the corresponding wave function.
As the first pedagogical example we considered the control
problem for the standard textbook Schrodinger equation
describing dynamics of a single quantum particle driven by a
time-dependent electromagnetic field. In the most general case
the driving vector potential and the solution to the Schrodinger
equation can be uniquely reconstructed from a given current. If
the dynamics is restricted to be generated by a scalar potential,
the latter can be reconstructed from the dynamics of the density
or, equivalently, from the given (irrotational) velocity field.
We have demonstrated how from the general reconstruction
formulas one can recover the known analytic solutions of the
time-dependent Schrodinger equation for a driven harmonic
oscillator with a time-dependent frequency [5,6].

In the second part of this work we applied our general
strategy to a less obvious problem of quantum dynamics on
lattices (discrete spaces). Here we used the analytic maps
for the one-particle generalized lattice TDCDFT [43], where
the basic observables are the intersite current and the kinetic
energy. As a first illustration of this setup we considered a
manipulation of a one-particle state on a finite tight-binding
chain. We constructed an analytic driving field that generates a
fast reshaping of the initial ground-state density to the ground-
state density of another potential. In the second example we
demonstrated the engineering of analytically solvable two-
level Schrodinger equations describing, in particular, dynamics
of a spin-1/2 system driven by a time-dependent magnetic
field. Here we constructed a cyclic analytic control pulse which
works as a quantum NOT gate, that is, it flips the direction
of the spin for two basis stats. Finally, in the Appendix
we showed how to use lattice-TDDFT formalism to control
the state of a spin chain with three interacting spins. In the
last two examples the application of our strategy is possible
because the corresponding spin Hamiltonians are equivalent to
the Hamiltonians of effective one-particle lattice systems for
which the explicit density-potential mapping is known.

This work further develops and extends promising ap-
plications of TDDFT to the quantum control [38,39,47,48].
More importantly, it connects the ideas of the density-potential
mapping in TDDFT and TDCDFT to a wider range of coherent
control [49] and the state preparation problems in the quantum
computing [13-15].
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APPENDIX: CONTROLLING A SPIN CHAIN

In this Appendix we show how to use the TDDFT formalism
to control the state of a three-site spin chain.

Let us assume a Heisenberg spin chain with three spins
and with the nearest-neighbors interaction, where each spin
experiences a time-dependent magnetic field in the z direction.
The evolution of state of the chain |/(¢)) is governed by the
time-dependent Schrodinger equation

i3y (1) = HOly @), (A1)
where the Hamiltonian reads
3
Ht) =Y Bj8 +18-8,+128,-§;. (A2)

j=1

S ; is the spin operator for the jth spin and S ; isits z component.
Bj(t) is the amplitude of the magnetic field at the position of
jth spin and A is the coupling constant between neighboring
spins.

Like before, Sec. IV A, our goal is to design a time-
dependent magnetic field B;(¢) which drives the system from
an initial state |v) into a target state | s) through a prescribed

J
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time evolution of an observable. The observable here is the
occupation of each eigenstate of the Zeeman Hamiltonian

3 B08:1)) = Eil(i)a), (A3)
J

which is equivalent to the on-site density in the tight-binding
model; (i), stands for i in base 2.

To parametrize both the time-dependent state |/ (¢)) and the
magnetic field B;(¢) in terms of Zeeman states’ occupations,
[{((D)2]¥(£))]?, we can use the fact that the Hamiltonian (A2)
commutes with the z component of the total spin

3
SEDIT

Jj=1

(A4)

Thus the total number of spins in the z direction are conserved
which indicates that the Hilbert space ‘H is partitioned into the
subspaces with different m?, the eigenvalue of §7.

The Hamiltonian in the basis of the Zeeman Hamiltonian
is equivalent to that of a single particle on an eight-site tight-
binding chain with four disjointed parts; see Fig. 7. The site
indices are given by writing the binary index of each state in
base 10, for example, (101);9 = 5. Each connected portion has
a defined m* which means that sites 0 and 7 with maximum
and minimum m are isolated from the rest. This leaves us with
two interesting cases which are two three-site chain segments
in the middle with m* = ! and m* = —%. The Hamiltonian

2
blocks for these two chain segments read

A | (B =B~ B A 0
0 A =By = By + B;

As we see each block has the form of the Hamiltonian for a
single particle on a three-site chain with a constant hopping,

Ty = % This allows us to reconstruct analytic quantum

dynamics using the explicit map of lattice-TDDFT (23).

In the first case where the system is initially at a state with
mt = % using (23a) we can find the magnetic field in terms

of the population of each spin state or in the lattice terms the
on-site density, n; = [((D)21¥ (1)),

Ki, Kip+Kog

By = By(t) — —= —
1 o(r) o s
Ki2J], — J12K] A
1,291 2 1,289 2 -z (A6a)
)»2111}12 2
By = By(1), (A6b)
K Ki,+K
By = Bo(t) _ Hag4 + 1,2 2,4
2}’14 21’12
Ko ady , — JraK) A
24724~ 224824 A (A6)

A2n2n4 2 ’

where J;; and K;; are given by Egs. (25) and (26),
respectively, with Ty = % and the summation over j = 1,2,4.
The free term By(¢) is equivalent to the constant shift in the
potential in TDDFT. It appears here because a constant shift in

(

the magnetic field only changes the Zeeman splitting between
m* = % and m* = —% and does not change the dynamics.

The state of the system is given by Egs. (23b) and (23c)
if we substitute the on-site potentials v; using the following
instructions:

v; > By + B, — B3, (A7a)
v — Bl — Bz + B3, (A7b)
vy > —B; + B, — B3. (A7c)

In the second case where the system is in an initial state with
1

m® = —5 we can use the same strategy and find the magnetic
m? 3/2 1/2 —1/2 -3/2
Basis | [000) ii|001) ]010)  [100) ii|011)  |101)  |110) i [111)
o () @O~ -G-GO ©
Number 0 1 2 4 3 5 6 7

FIG. 7. Hamiltonian of a three-site spin chain Eq. (A2) and its
equivalence to the Hamiltonian of an electron on an eight-site tight-
binding chain with four disconnected segments. Each tight-binding
site is equivalent to an eigenstate of the Zeeman Hamiltonian and
each chain segment has a distinct m,. The sites are numbered by
writing the binary index of each eigenstate in base 10.
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field B; in terms of the state population,

K K — J35K; <+ K357
B) = —Bo(r) + 35 _ Kse 32,5 35
2}13 2”6 A ni3ns
Ks6J!, — Js6K.
5,6 5,6 5,60h5¢6 , (ASa)
Alnsng
By = By(1), (A8Db)
K K K Ks6J!, — J56K.
Bs = By(t) + 3.5 Kse  Kse 5,6 5,62 560856
2ns 2ng Ansng
. (ASc)
- —. c
2

The state of the system is given by Eqgs. (23b) and (23c¢) using
the following instructions:

vy —> Bl — 32 — B3, (A9a)
vs - —B; + B, — B3, (A9b)
v¢ —> —By — B, + Bj. (A9c)
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Therefore, using these analytical formulas for a given
dynamic of the state population n; we can analytically
reconstruct both the driving magnetic field and also find
the time evolution of the state of the system as long as no
state population becomes zero n; # 0, which is equivalent to
J,‘,]‘ < Azninj.

To conclude, this example shows how one can use TDDFT
formalism which is intended for a completely different
physical setup to design a control signal for a spin chain. The
extension of this approach to longer spin chains, M > 3, is
trivial as long as the initial state is in a subspace of Hilbert
space with m® = (M /2 — 1), which means all the spins
except one are in the same direction. In this case the number of
the connected “‘sites” in the equivalent tight-binding chain is
equal to M, the number of spins. Therefore, we have the same
number of driving magnetic fields B;(¢) as the tight-binding
sites so we can easily find the magnetic fields B;(¢) in terms
of on-site potentials v; and vice versa; see Egs. (A7) and (A9).
Otherwise, the number of equations is greater than the number
of spins and existence of a solution for a given evolution is not
guaranteed.
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