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Nonsequential double ionization of helium in IR+XUV two-color laser fields:
Collision-ionization process
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We investigate the nonsequential double ionization (NSDI) process of an atom in IR+XUV two-color intense
laser fields, where the photon energy of the XUV laser is higher than the atomic ionization threshold. By using
the frequency-domain theory, we consider the NSDI as a process caused by the collision-ionization mechanism
and obtain the NSDI spectrum that presents a multiplateau structure. With the help of channel analysis, we find
that the height of a plateau in the NSDI spectrum is determined by the number of XUV photons absorbed by
the electrons. Furthermore, to explain the interference structure in the NSDI spectrum, we also compare the
contributions of forward and backward collisions to the NSDI probability. We find that the forward collision
dominates the contributions to the NSDI when two electrons are ejected along the same direction and both
forward and backward collisions make a comparable contribution to NSDI when the two electrons are ejected
along opposite directions. By applying the saddle-point approximation, we obtain an energy-circle formula,
which may illustrate the formation of the NSDI spectrum structure.
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I. INTRODUCTION

Two-color laser fields have become effective tools for
studying extreme nonlinear strong-field phenomena, such as
above-threshold ionization (ATI) [1,2], high-order harmonic
generation (HHG) [1–12], and nonsequential double ionization
(NSDI) [13,14]. On the one hand, when photon energies
of two-color laser fields are much smaller than the atomic
ionization threshold, we can regard the two laser fields as
classical fields and hence optimizing the conditions of the
two-color laser fields may change the recollision electron’s
trajectories, leading to a change of ionization or emission
spectrum. For example, controlling the time delay between
two laser fields can greatly widen the spectra of ATI [1]
and HHG [11]. On the other hand, when one laser photon
energy in the two-color laser fields is close to or higher
than the atomic ionization threshold, i.e., one frequency is
in the extreme ultraviolet (XUV) regime, one may consider
this high-frequency laser as a quantized field instead of a
classical one. Therefore, the high-frequency laser field may
play a different role in the interaction between atoms and
IR+XUV two-color laser fields. For example, it has been found
that the photoelectron spectra present a plateau or sideband
structure in the IR+XUV two-color laser fields [15–18], where
the XUV laser field ionizes an electron by a multiphoton
transition.

The NSDI in an intense IR laser field has continuously
attracted much attention since its first experimental obser-
vation of Xe [19]. The experimental NSDI results display
a knee structure of the ion-count data as a function of the
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laser intensity because of the electron-electron correlations
[20]. It was later found that the ion momentum distributions
of NSDI processes show a double-hump or single-hump
structure [21–24]. Up to now, the widely accepted mechanism
of NSDI in an IR laser field has been the recollision model
[25,26]. This recollision mechanism can be classified into two
types: a collision-ionization (CI) mechanism and a collision-
excitation-ionization (CEI) mechanism, which depends on
the conditions of the atom-laser system [24,27]. Many in-
vestigations have explicitly shown that the probability of an
NSDI process due to the CI mechanism is dominated by the
two ionized electrons with their momenta along the same
direction [23,28], while the probability caused by the CEI
mechanism is expected to be found with the two ionized
electrons emitted in any direction [24,29]. Furthermore, it
is found that the NSDI can also take place in an XUV
laser field [30–39]. For the one-photon double ionization, this
process has been well understood [30,31] after many years
of extensive studies. Recently, two-photon double ionization
processes have been investigated in experiments because of
the development of the XUV attosecond sources [32–34].
Moreover, many theoretical methods have also focused on
dealing with the two-photon double ionization processes [35],
including two-photon sequential double ionization and NSDI.
Although it remains unclear how to quantitatively distinguish
and characterize sequential and nonsequential contributions
[36], the character of the momentum distributions for the two
electrons can be directly identified [37]. It has been demon-
strated that the momentum distribution of double ionization
in an XUV laser field strongly depends on the XUV photon
energy and the laser duration [37,38], where the momentum
distribution can be shown on a certain energy circle in the
NSDI process [37,39]. From previous studies we can see that
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the momentum spectrum is an appropriate tool for studying
the NSDI processes both experimentally and theoretically
[26,28]. Despite the enormous progress that has been made
in the past in studying NSDI [26,35], there have been only
a few investigations of the double ionization in IR+XUV
two-color laser fields. Recently, Hu [40] calculated the double
ionization of helium in IR+XUV two-color laser fields by
the full-dimensional ab initio method. It was shown that the
double ionization probability can be extremely enhanced by at-
tosecond control of the electron correlation. More recently, Liu
and Thumm [41,42] calculated the joint angular distribution
in the laser-assisted XUV double ionization of helium. It was
found that the IR laser field enhances side-by-side and enables
back-to-back emission and also facilitates the formation of a
sideband pattern in the energy distribution, which is totally
different from the case of a monochromatic XUV or IR laser
field. The present investigation focuses on the momentum
spectrum of the NSDI process in IR+ XUV two-color laser
fields.

With the help of formal scattering theory [43], the
frequency-domain theory based on the nonperturbative quan-
tum electrodynamics was first developed by Guo and Drake
[44]. In this frequency-domain theory, all dynamic processes
can be naturally regarded as quantum transitions in one isolated
laser-matter system, where the laser field, as part of the whole
system, is treated as a quantized field. This approach has
been extended to deal with recollision processes [45–52],
including HHG, high-order above-threshold ionization
(HATI), and NSDI. In contrast with the advantage of the
conventional nonstationary perturbation theory to study the
electron trajectories and provide the cutoff law of recollision
processes [48], the advantage of the frequency-domain theory
can be classified into three aspects: (i) all recollision processes
can be decoupled into a direct ATI followed by a laser-assisted
collision (LAC) or laser-assisted recombination so that one
can investigate the role of these subprocesses separately;
(ii) this approach can save a large amount of computation
time because of its time-independent characteristic; (iii) all of
the recollision processes, including HHG, HATI, and NSDI,
can be dealt with under a unified theoretical frame, where
the relationship among all these recollision processes can be
investigated conveniently [46,48,52]. Recently, the frequency-
domain theory has been employed to study the dependence of
the ATI spectrum on IR and XUV two-color laser fields and
it was found that two-color laser fields play different roles for
the ATI spectrum [15,53]. According to the frequency-domain
theory, the NSDI process caused by the CI mechanism can
be treated as a two-step process [52]: an ATI followed by an
LAC. Wang et al. [52] have investigated the contribution of
the NSDI momentum spectrum in an IR laser field, where the
NSDI probability is dominated by the two ionized electrons
along the same direction and the backward collision makes
a major contribution to the NSDI probability. In this work

we investigate the NSDI process in IR+XUV two-color laser
fields. We find that the NSDI momentum spectra show a
multiplateau structure. By analyzing the channel contributions,
we find that the XUV photon number absorbed by the electrons
determines the height of a plateau and the interference between
trajectories in each channel forms the structure of a plateau in
the NSDI spectrum.

II. THEORETICAL METHOD

The Hamiltonian for a two-electron atom exposed to a two-
color linearly polarized laser field of frequencies ω1 and ω2 is
(atomic units are used throughout unless otherwise stated) [44]

H = H0 + U + V, (1)

where

H0 = (−i∇1)2

2
+ (−i∇2)2

2
+ ω1Na1 + ω2Na2 (2)

is the energy operator for the laser-matter system. Here
Nai is the photon number operator for the laser field of
frequency ωi with i = 1,2. In addition, U = U1 + U2 + U12,
where U1 and U2 are the interaction potentials between each
electrons and nucleus, respectively, and U12 is the interaction
potential between the two electrons. Finally, the electron-
photon interaction potential is V = V1 + V2, where

Vj = −[(−i∇j ) · A1(−k1 · rj ) + (−i∇j ) · A2(−k2 · rj )]

+ 1
2 [A1(−k1 · rj ) + A2(−k2 · rj )]2, (3)

with As(−ks · rj ) = (2Vγs
ωs)−1/2(ε̂se

iks ·rj as + c.c.) (s = 1,2
and j = 1,2) the vector potential, ks the wave vector, ε̂s

the polarization vector, as (a†
s ) the annihilation (creation)

operator, and Vγs
the normalization volume of the laser field of

frequency ωs .
The transition matrix from the initial state |�i〉 to the final

state |�f 〉 for an NSDI process due to the CI mechanism is
[52]

TCI = 〈�f |U12
1

Ei − H + iε
V1|�i〉. (4)

Here |�i〉 = |�in1n2 (r1,r2)〉 = |�1(r1,r2)〉 ⊗ |n1〉 ⊗ |n2〉,
where |�1(r1,r2)〉 is the ground state of the atom, |nj 〉 is the
Fock state of the laser field with the photon number nj for
j = 1,2, and Ei is the total energy of the system in the initial
state Ei = −(Ip1 + Ip2 ) + (n1 + 1/2)ω1 + (n2 + 1/2)ω2,
with Ip1 (Ip2 ) being the first (second) ionization potential of
the atom. The final state is |�f 〉 = |�p1p2k1k2 (r1,r2)〉 with the
energy Ej = p2

1/2 + p2
2/2 + (k1 + 1/2)ω1 + (k2 + 1/2)ω2 +

2up1ω1 + 2up2ω2, where up1 = Up1/ω1 and up2 = Up2/ω2

with Up1 (Up2 ) being the ponderomotive energy of the first
(second) laser field, and |�p1p2k1k2 (r1,r2)〉 is the quantized-field
Volkov state of two electrons in a two-color laser field [44,52]

|�p1p2k1k2 (r1,r2)〉 = V −1
e exp{i[(p1 + up1 k1 + up2 k2) · r1 + (p2 + up1 k1 + up2 k2) · r2]}

×
∞∑

j1=−k1,j2=−k2

ℵj1j2 (ζ1)∗ exp{−i[j1(k1 · r1 + φ1) + j2(k2 · r1 + φ2)]}
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×
∞∑

j3=−k1−j1,j4=−k2−j2

ℵj3j4 (ζ2)∗ exp{−i[j3(k1 · r2 + φ1) + j4(k2 · r2 + φ2)]}

×|k1 + j1 + j3,k2 + j2 + j4〉, (5)

with φ1 and φ2 being the initial phases of the two-color
laser fields, respectively. We should note that the interaction
between the two ionized electrons is ignored in the final
state (5). The terms ℵj1j2 (ζ1) and ℵj3j4 (ζ2) in Eq. (5) are the
generalized Bessel functions, which can be written as [44]

ℵq1q2 (ς ) =
∑

q3q4q5q6

J−q1+2q3+q5+q6 (ς1)J−q2+2q4+q5−q6 (ς2)

× J−q3 (ς3)J−q4 (ς4)J−q5 (ς5)J−q6 (ς6), (6)

where

ς1 = 2

√
up1

ω1
|pi · ε̂1|, ς2 = 2

√
up2

ω2
|pi · ε̂2|,

ς3 = 1

2
up1 , ς4 = 1

2
up2 , (7)

ς5 = 2
√

up1ω1up2ω2

ω1 + ω2
, ς6 = 2

√
up1ω1up2ω2

ω1 − ω2
,

and Jm(t) is the Bessel function of order m. In above
expressions, pi (i = 1,2) is the momentum of the ionized
electron.

In the NSDI process, an intermediate state including one
electron ionized and the other electron still bounded can be
expressed as |�p1m1m2 (r1)〉 ⊗ |�1(r2)〉, where |�1(r2)〉 is the
ground state of He+ and |�p1m1m2 (r1)〉 is the Volkov state,
which can be written as [44]

|�p1m1m2 (r1)〉 = V −1/2
e

∞∑
j1=−m1,j2=−m2

exp{i[p1 + (up1 − j1)

× k1 + (up2 − j2)k2] · r1}
×ℵj1j2 (ζ1)∗ exp[−i(j1φ1 + j2φ2)]

× |m1 + j1,m2 + j2〉, (8)

with the energy Em = p2
1/2 + (m1 + 1/2)ω1 + (m2 + 1/2)ω2

+ Up1 + Up2. Here p1 is the momentum of ionized electron,
mi is the number of photons in the occupation number repre-
sentation, and ji is the photon number transferred between the
laser field and one of electrons, with i = 1 or 2.

By applying the completeness relation of the intermediate
states with the assumption that the bound electron is in the
ground state of the He+ ion, Eq. (4) can be rewritten as

TCI = −iπ

∞∑
p′

1m1m2

〈�p1p2k1k2 (r1,r2)|U12|�p′
1m1m2 (r1)�1(r2)〉

× 〈�p′
1m1m2 (r1)�1(r2)|

×V1|�in1n2 (r1,r2)〉δ(Ep′
1m1m2 − Ei), (9)

where Ep′
1m1m2 is the corresponding energy of an inter-

mediate state. We notice that the term 〈�p′
1m1m2 (r1)�1(r2)|

V1|�in1n2 (r1,r2)〉 represents the ATI process, where an electron
is ionized directly by a two-color laser field, and the term

〈�p1p2k1k2 (r1,r2)|U12|�p′
1m1m2 (r1)�1(r2)〉 represents the LAC

process, where the first ionized electron collides with the bound
electron and sets it free from the bound state. By using Eqs. (5)
and (8), the transition matrix for the NSDI can be written as

TCI = −4iπ2V −2
e

∑
s1s2

I (P)ℵq1q2 (ζ1 + ζ2 − ζ ′
1)

× [(up1 − s1)ω1 + (up2 − s2)ω2]ℵs1s2 (ζ ′
1)�1(p′

1), (10)

where

I (P) =
∫ ∫

dr1dr2 exp[−i(p1 − p′
1) · r1]

× exp(−ip2 · r2)U12�1(r2). (11)

In the above, s1 = n1 − m1 and s2 = n2 − m2 are the photon
numbers absorbed from the first and second laser fields in the
ATI process, q1 = m1 − k1 and q2 = m2 − k2 are the photon
numbers absorbed from the first and second laser fields in the
LAC process, and p′

1 is the momentum of the ionized electron
in the ATI process.

III. NUMERICAL RESULTS

A. The NSDI momentum spectrum and channel analysis

We now consider the NSDI of helium in an IR+XUV two-
color laser field through the collision-ionization process. The
atomic double-ionization threshold of helium is Ip = 79.0 eV
and the frequencies of the two laser fields are ω1 = 1.165 eV
and ω2 = 75ω1. The intensities of the IR and XUV lasers are
I1 = I2 = 3.6 × 1013 W cm−2, the polarization directions of
the two-color laser fields are the same, and the initial phases of
the two laser fields are set equal to zero. In our calculation, the
ranges of absorbing photon numbers in units of IR photon
are 25 � s1 + s2 � 135 and 75 � s1 + s2 + q1 + q2 � 260,
where the maximum numbers of IR and XUV photons make
the calculation results convergent. The minimum photon
numbers 25 and 75 are determined by the ionization thresholds
in the ATI and NSDI processes, respectively. In order to save
computer time, we use the photon energy of the IR laser as
an interval of energy in our calculation, hence the interval of
momentum is �p = √

2�ω1 = 0.34. Therefore, the value of
the momentum in the figures, which is smaller than 0.34, may
be missed. Specifically, the formula of breakpoint sequence is
pj = √

2(Ej − Ipj
− Up1 − Up2 ) with Ej being the absorbing

photon energy and Ipj
being ionization potential as well as

Up1 ,Up2 being the ponderomotive energy with j = 1,2. It
should be noted that the absorbing photon energy Ej is in units
of the IR photon, which leads to the lack of continuity at the
quadrant boundaries in our figures. If the interval of the energy
is decreased, the momentum spectrum may be continuous at
the quadrant boundaries. Figure 1 shows the NSDI momentum
spectra of two ionized electrons with their momenta parallel
to the lasers polarization directions. This result qualitatively

043417-3



JIN, TIAN, CHEN, YANG, LIU, YAN, AND WANG PHYSICAL REVIEW A 93, 043417 (2016)

FIG. 1. The NSDI momentum spectra of two ionized electrons
with their momenta parallel to the lasers polarization direction (on a
logarithmic scale).

agrees with the result shown in Fig. 6 of Ref. [42], where
the sideband pattern appears in the momentum or energy
distribution that complies with energy conservation. One can
see that the double ionization may happen when the two
electron momenta are along the same or opposite directions,
which is quite different from the case of the monochromatic
IR laser [52]. Furthermore, the spectra in Fig. 1 demonstrate a
two-plateau structure with complex patterns. In the following,
we will explain how to form the multiplateau structure and
where the interference pattern comes from.

As mentioned above, the NSDI can be treated as a two-step
process, an ATI followed by an LAC. First, an electron is
ionized by absorbing XUV and IR photons in the ATI process;
then the ionized electron collides with the nucleus to make
the two electrons ionize by absorbing or emitting more XUV
or IR photons in the LAC process. According to previous
work [15,16,18,53], we know that the XUV laser field plays
a crucial role in the ionization process. First of all, the atom
absorbs different numbers of XUV photons in the ATI process.
Figure 2 shows the NSDI momentum spectra of the atom
absorbing zero [Figs. 2(a1) and 2(b1)], one [Figs. 2(a2) and
2(b2)], and two [Figs. 2(a3) and 2(b3)] XUV photons in
the ATI process. It is found that the process of absorbing
one XUV photon dominates almost all contributions to the
NSDI regardless of whether the momenta of the two ionized
electrons are along the same [Figs. 2(a1)–2(a3)] or opposite
[Figs. 2(b1)–2(b3)] directions, while the contributions of
absorbing zero or two XUV photons can be neglected in the
ATI process. This phenomenon can be easily understood: Since
one XUV photon energy in our calculation is higher than the
atomic double-ionization threshold, the ionization probability
in the ATI step for the atom absorbing one XUV photon is
much higher than other cases. Thus, the process of absorbing
one XUV photon by the electron dominates the contribution to
the NSDI, implying that the NSDI probability can be increased
to a great extent by the XUV laser field, consistent with the
result calculated by Hu [40].

In order to explain the structure of the NSDI spectra, we now
define subchannels as (s2,q2), where s2 and q2 are, respectively,

FIG. 2. The NSDI momentum spectra of the atom absorbing (a1)
and (b1) zero, (a2) and (b2) one, and (a3) and (b3) two XUV photons
in the ATI process (on a logarithmic scale).

the XUV photon numbers absorbed by the electrons in the
ATI and LAC processes. Based on the results shown in Fig. 2,
it is reasonable to set s2 = 1. Figure 3 presents the channel
contributions of the NSDI momentum spectra for two ionized

FIG. 3. Channel contributions of the NSDI momentum spectra of
two ionized electrons with their momenta along the same direction
for (a) (1,−1), (b) (1,0), (c) (1,1), and (d) (1,2) (on a logarithmic
scale).
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FIG. 4. Channel contributions of the NSDI momentum spectra
of two ionized electrons with their momenta along the opposite
directions for (a) (1,−1), (b) (1,0), (c) (1,1), and (d) (1,2) (on a
logarithmic scale).

electrons with their momenta along the same direction for four
subchannels (1,−1), (1,0), (1,1), and (1,2). One may find that
the first and second plateaus shown in Fig. 2(b2) are from
the contributions of subchannels (1,0) and (1,1), respectively.
Comparing these two channels, one can see that if the ionized
electron does not absorb the XUV photon during the LAC
process, i.e., for the case of channel (1,0), the NSDI spectrum
forms the first plateau; if the ionized electron absorbs another
XUV photon during the LAC process, i.e., for the case of
channel (1,1), the NSDI spectrum forms the second plateau.
The probability of the first plateau is higher than that of the
second plateau by about five orders of magnitude. Similarly,
Fig. 4 shows channel contributions of the NSDI momentum
spectra for two ionized electrons with their momenta along the
opposite directions for four subchannels (1,−1), (1,0), (1,1),
and (1,2). It is clear that the spectrum shown in Fig. 2(a2)
comes from the summation of the contributions of subchannels
(1,0) and (1,1), as shown in Figs. 4(b) and 4(c), respectively.
Comparing Fig. 3 with Fig. 4, one may find that the plateau
structure is quite different for the momenta of two ionized
electrons along the same or opposite directions. We next focus
on how to form the interference patterns of the two plateaus in
the spectrum.

B. Forward and backward collisions

To explain the interference pattern shown in Figs. 3 and
4, we further define the subsubchannel (SSC) as (s2|s1,q2) in
the subchannel (s2,q2), where s1 is the number of IR photons
that the electron absorbs (s1 > 0) or emits (s1 < 0) in an ATI
process. According to our theory, since the NSDI is due to a
collision process, the direction of the first ionized electron’s
momentum may be changed before and after the collision. In
particular, if the angle between the momenta of the first ionized
electron before and after the collision is smaller than π/2, we

call this collision a forward collision; otherwise, if this angle
is larger than π/2, we call the collision a backward collision.

We now consider the interference pattern of the first
plateau shown in Fig. 3(b). Taking the SSCs of (1|−20,0),
(1|0,0), (1|20,0), and (1|40,0) as examples, we present the
NSDI momentum spectra for two ionized electrons with their
momenta along the same direction in Figs. 5(a)–5(d). One
can see that the kinetic energy increases and the ionization
probability decreases with increasing s1, which indicates that
the more IR photons that the electron absorbs in the ATI
process, the greater the final energy that the two electrons
can carry after the collision and the lower the corresponding
ionization probability is. To explain the interference pattern
in more detail, we show the channel contributions of the
NSDI momentum spectra with the forward collision in
Figs. 5(e)–5(h) and the backward collision in Figs. 5(i)–5(l)
for SSCs (1|−20,0) [Figs. 5(e) and 5(i)], (1|0,0) [Figs. 5(f) and
5(j)], (1|20,0) [Figs. 5(g) and 5(k)], and (1|40,0) [Figs. 5(h)
and 5(l)]. Comparing Figs. 5(a)–5(d) with Figs. 5(e)–5(h)
and Figs. 5(i)–5(l), one may find that the forward collision
dominates the contributions to the NSDI process and the
contributions of the backward collision decrease rapidly with
the value of s1 and are negligible for s1 larger than zero. This
can be understood as follows: When the ionized electron in the
ATI process acquires more energy by absorbing the IR photons,
it may have enough energy to trigger the second electron to
ionize by a forward collision. Since the probability of the
backward collision decreases with the kinetic energy of the
incoming electron, the contributions of the backward collision
to NSDI can be neglected for s1 > 0. Comparing Fig. 3(b)
with Figs. 5(a)–5(d), one can see that the interference pattern
in Fig. 3(b) comes from the coherent summation over all the
contributions from the SSCs.

Next we consider the interference pattern of the second
plateau shown in Fig. 3(c) for s2 = 1 and q2 = 1. Taking
the SSCs of (1|−20,1), (1|−10,1), (1|0,1), and (1|10,1)
as examples, Figs. 6(a)–6(d) presents the NSDI momentum
spectra of the two ionized electrons with their momenta along
the same direction. Similar to the case of the subchannel
(1,0) shown in Fig. 5, the kinetic energies of the electrons
increase and the NSDI probability decreases as the IR photon
number absorbed by the electron increases in the ATI process.
Moreover, the forward collision here also plays a dominant
role and the backward collision plays a negligible role in
the NSDI process. We should note that the ionized electron
absorbs another XUV photon when it collides with the other
electron, which leads to a situation where the energy region of
the second plateau in the NSDI spectrum is much larger than
that of the first plateau.

On the other hand, the structure of the NSDI momentum
spectra for two ionized electrons emitted in the opposite direc-
tions, as shown in Fig. 4, can also be explained by analyzing
the contributions from different SSCs. Figure 7 presents the
spectra of SSCs (1|−20,0), (1|0,0), (1|20,0), and (1|40,0)
for the two ionized electrons with their momenta along the
opposite directions. The spectra of the forward collisions are
shown in Figs. 7(e)–7(h) and those of the backward collisions
are shown in Figs. 7(i)–7(l). From Figs. 7(e)–7(h) and 7(i)–7(l)
we may find that the kinetic energies of the electrons increase
and the ionization probability decreases as the electron absorbs
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FIG. 5. Channel contributions of the NSDI momentum spectra of two ionized electrons with their momenta along the same direction for
SSCs (a) (1|−20,0), (b) (1|0,0), (c) (1|20,0), and (d) (1|40,0). Also shown are the NSDI momentum spectra of the forward collision for SSCs
(e) (1|−20,0), (f) (1|0,0), (g) (1|20,0), and (h) (1|40,0) and the NSDI momentum spectra of the backward collision for SSCs (i) (1|−20,0), (j)
(1|0,0), (k) (1|20,0), and (l) (1|40,0) (on a logarithmic scale).

more IR photons in the ATI process. Furthermore, we find
that both the forward and backward collisions now have
comparable contributions to the NSDI spectrum, which is
different from the case of Fig. 3, and their interference causes
the basic interference patten of the first plateau in the NSDI
spectrum shown in Fig. 4(b).

To understand the structure of the second plateau in the
NSDI spectrum for the two ionized electrons with their

momenta along opposite directions, as shown in Fig. 4(c), we
show the subsubchannel spectra in Fig. 8 for SSCs (1|−20,1)
[Figs. 8(a), 8(e), and 8(i)], (1|−10,1) [Figs. 8(b), 8(f), and 8(j)],
(1|0,1) [Figs. 8(c), 8(g), and 8(k)], and (1|10,1) [Figs. 8(d),
8(h), and 8(l)], where the forward collision spectra are shown
in Figs. 8(e)–8(h) and the backward collision spectra are
shown in Figs. 8(i)–8(l). Similar to the first plateau, one
may find that the forward and backward collisions make

FIG. 6. Channel contributions of the NSDI momentum spectra of two ionized electrons with their momenta along the same direction for
SSCs (a) (1|−20,1), (b) (1|−10,1), (c) (1|0,1), and (d) (1|10,1). Also shown are the NSDI momentum spectra of the forward collision for SSCs
(e) (1|−20,1), (f) (1|−10,1), (g) (1|0,1), and (h) (1|10,1) and the NSDI momentum spectra of the backward collision for SSCs (i) (1|−20,1),
(j) (1|−10,1), (k) (1|0,1), and (l) (1|10,1) (on a logarithmic scale).
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FIG. 7. Channel contributions of the NSDI momentum spectra of two ionized electrons with their momenta along the opposite directions
for SSCs (a) (1|−20,0), (b) (1|0,0), (c) (1|20,0), and (d) (1|40,0). Also shown are the NSDI momentum spectra of the forward collision
for SSCs (e) (1|−20,0), (f) (1|0,0), (g) (1|20,0), and (h) (1|40,0) and the NSDI momentum spectra of the backward collision for SSCs (i)
(1|−20,0), (j) (1|0,0), (k) (1|20,0), and (l) (1|40,0) (on a logarithmic scale).

comparable contributions to the total NSDI probability and
their interference causes the quantum interference structure
of the second plateau in the NSDI spectrum as shown in
Fig. 4(c). Comparing Figs. 8(e)–8(h) with Figs. 7(e)–7(h), we
can see that the kinetic energy of the two electrons for SSC
(1|s1,1) are higher than that for SSC (1|s1,0) with the same s1

value, whereas the ionization probability of the spectrum for
(1|s1,1) is smaller than that of the corresponding spectrum for

(1|s1,0). These results come from the fact that the electron for
subchannel (1,1) absorbs one more XUV photon during the
collision process.

C. Saddle-point approximation and energy circles

Let us consider the LAC process to explain the interference
structure of the NSDI spectra of the SSCs shown in Figs. 5–8.

FIG. 8. Channel contributions of the NSDI momentum spectra of two ionized electrons with their momenta along the opposite directions
for SSCs (a) (1|−20,1), (b) (1|−10,1), (c) (1|0,1), and (d) (1|10,1). Also shown are the NSDI momentum spectra of the forward collision
for SSCs (e) (1|−20,1), (f) (1|−10,1), (g) (1|0,1), and (h) (1|10,1) and the NSDI momentum spectra of the backward collision for SSCs (i)
(1|−20,1), (j) (1|−10,1), (k) (1|0,1), and (l) (1|10,1) (on a logarithmic scale).
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We may analyze the LAC process by using the saddle-point
approximation to the Bessel function ℵq1q2 (ζ1 + ζ2 − ζ ′

1) in
Eq. (10). The Bessel function can be simplified according to

ℵq1q2 (ζ1 + ζ2 − ζ ′
1) ≈ J−q1 (ζs1,ζs3)J−q2 (ζs2), (12)

where

ζs1 = 2

√
up1

ω1
|p1 · ε̂1 + p2 · ε̂1 − p′ · ε̂1|,

ζs2 = 2

√
up2

ω2
|p1 · ε̂2 + p2 · ε̂2 − p′ · ε̂2|, (13)

ζs3 = 1

2
up1 .

This Bessel function can be written in an integral form
[46,50,53]

J−q1 (ζs1,ζs3) = 1

T1

∫ T1/2

−T1/2
dt exp{i[ζs1 sin(ω1t)

+ ζs3 sin(2ω1t) + q1ω1t]}, (14)

where T1 = 2π/ω1.
On the other hand, we can regard the IR laser field

as a classical field, where the vector potential is Acl(t) =
ε̂1E0/ω1 cos(ω1t) with the amplitude of the laser’s electric
field E0 and the polarization direction ε̂1. Therefore, the
classical action of an electron in the IR laser field is

Scl(t,p) = 1

2

∫ t

0
dt ′[p + eAcl(t

′)]2

=
(

1

2
p2 + Up1

)
t + 2

√
up1

ω1
|p · ε̂1| sin(ω1t)

+ 1

2
up1 sin(2ω1t). (15)

Using the above classical action formula, the Bessel function
can be rewritten as

J−q1 (ζs1,ζs3) = 1

T1

∫ T1/2

−T1/2
dt exp {i[Scl − (q2ω2 − Ip2 )t]},

(16)

where Scl ≡ Scl(t,p1) + Scl(t,p2) − Scl(t,p′). By applying
the saddle-point approximation, Eq. (16) becomes

J−q1 (ζs1,ζs3) = 4
√

π/[T1

√
f ′′(t0)] cos[f (t0) − π/4], (17)

where f (t) ≡ Scl − (q2ω2 − Ip2 )t . The saddle point t0 satis-
fies f ′(t0) = 0, leading to the energy conservation relationship

1
2 {[p1 + eAcl(t0)]2 + [p2 + eAcl(t0)]2 − [p′ + eAcl(t0)]2}

= q2ω2 − Ip2 . (18)

Hence we obtain the trajectories as

[p1 + eAcl(t0)]2 + [p2 + eAcl(t0)]2

= 2(q2ω2 − Ip2 ) + [p′ + eAcl(t0)]2, (19)

where this equation can be regarded as the equation
of the circle with its center [−eAcl(t0),−eAcl(t0)] or
[−2

√
Up1 cos(ω1t0),−2

√
Up1 cos(ω1t0)] and the radius R =√

2(q2ω2 − Ip2 ) + [p′ + eAcl(t0)]2. Therefore, we may present
the trajectories on the energy shell with a certain value

FIG. 9. The SSC (1|s1,0) spectra with s1 = 0 and the corre-
sponding energy circles at different collision moment tc = cos(ω1t0)
determined by Eq. (19) for p′ along the same direction of the laser’s
electric polarization, which indicates that (b) and (d) are forward
collisions and (a) and (c) are backward collisions (on a logarithmic
scale).

of the saddle point t0 and the momentum of the electron
before collision p′. In this paper, the LAC process can
be treated as this process: The ionized electron with a
certain momentum p′ obtained from the ATI process col-
lides with the parent ion, leading to the double ionization,
where |p′| = √

2[(s1 + Ns2)ω1 − Ip1 − Up1 − Up2 ] with N =
ω2/ω1. Hence, the photon numbers s1 and s2 in the ATI process
determine the magnitude of momentum p′. In our calculation,
we set s1 and s2 equal to 0 and 1, respectively (if s2 = 1 and
s1 = 0, |p′| corresponds to the mean value in the ATI process).
Figures 9 and 10 present the SSC (1|s1,0) spectra for p′ along
the same (Fig. 9) and opposite (Fig. 10) direction of the laser’s
electric polarization, where the IR photon number is s1 = 0.
We may find that these energy circles agree well with the

FIG. 10. The SSC (1|s1,0) spectra with s1 = 0 and the corre-
sponding energy circles at different collision moment tc = cos(ω1t0)
determined by Eq. (19) for p′ along the opposite direction of the laser’s
electric polarization, which indicates that (b) and (d) are backward
collisions and (a) and (c) are forward collisions (on a logarithmic
scale).
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numerical results and all the fringes in the NSDI spectrum
come from the interference between the contributions from all
the values of p′. For the case of p1 and p2 along the same
direction, we may find from Eq. (19) that the position of the
circle center shifts along the line of p1 = p2 as the radius
increases, and hence the orbits of the forward collision are
limited in a relatively low energy region, while the orbits
of the backward collision spread to a high energy region,
as shown in Figs. 9(b) and 9(c) and also Figs. 10(b) and
10(c). As a result, the contribution of the forward collision
to NSDI probability becomes larger than that of the backward
collision, because the more photons that the electrons absorb,
the lower the NSDI probability will be. On the other hand, for
the case of p1 and p2 along opposite directions, as shown in
Figs. 9(a), 9(d), 10(a), and 10(d), we may find that the forward
and backward collisions make a comparable contribution to the
NSDI because of the equivalent role of the two electrons. We
should mention that the backward and forward collisions are
subtly linked together by Eq. (19), which provides a different
window to understand the structure of the first plateau in the
NSDI spectrum: One electron is first ionized by absorbing one
XUV photon and many IR photons and then it collides with the
other electron with the assistance of the IR laser field, where
the IR laser’s electric field at the collision moment gives rise
to the center and the radius of the energy circle.

For the case of subchannel (1,1), Figs. 11 and 12 show
the SSC (1|s1,1) spectra for p′ along the same (Fig. 11) and
opposite (Fig. 12) direction of the laser’s electric polarization,
respectively, where the IR photon number is also s1 = 0. Sim-
ilarly, the energy circles agree well with quantum numerical
results and the fringes in the NSDI spectra come from the
interference between all these energy orbits. Same as the above
case, the forward collision makes a dominant contribution to
the NSDI probability for both electron momenta along the
same direction, while the forward and backward collisions
have comparable contributions to the NSDI probability. Com-

FIG. 11. The SSC (1|s1,1) spectra with s1 = 0 and the corre-
sponding energy circles at different collision moment tc = cos(ω1t0)
determined by Eq. (19) for p′ along the same direction of the laser’s
electric polarization, which indicates that (b) and (d) are forward
collisions and (a) and (c) are backward collisions (on a logarithmic
scale).

FIG. 12. The SSC (1|s1,1) spectra with s1 = 0 and the corre-
sponding energy circles at different collision moment tc = cos(ω1t0)
determined by Eq. (19) for p′ along the opposite direction of the laser’s
electric polarization, which indicates that (b) and (d) are backward
collisions and (a) and (c) are forward collisions (on a logarithmic
scale).

paring Fig. 12 with Fig. 10, one may find that the subchannel
(1,1) dominates the higher energy region and forms the second
plateau, since the ionized electron absorbs one more XUV
photons during the collision.

Furthermore, by using the channel analysis, we may find
that the interference patterns in Fig. 1 are due to the contribu-
tions of each ATI channel of collision. From the saddle-point
approximation (17), we can find that the interference pattern
comes from the function cos[f (t0) − π/4], which is from the
interference term at the collision moment t0 and 2π/ω1 − t0.
When the function cos[f (t0) − π/4] is zero, the destructive
interference appears, as shown by the closed squares in
Figs. 13(a) and 13(b) for the SSC (1|20,0) and in Figs. 14(a)
and 14(b) for the SSC (1|−10,1). One may see that the
distribution of the dark squares agrees with the locations of the
destructive interference fringes by the numerical calculation,
which indicates that the interference pattern comes from the
interference of the trajectories at different saddle points t0 and
2π/ω1 − t0 when the collision happens.

FIG. 13. Interference pattern on the NSDI momentum distri-
butions of SSC (1|20,0) for the forward collision of two ionized
electrons with their momenta along (a) the opposite directions and (b)
the same direction. The closed squares are the locations of destructive
interference determined by cos[f (t0) − π/4] = 0 in Eq. (17) (on a
logarithmic scale).
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FIG. 14. Interference pattern on the NSDI momentum distribu-
tions of SSC (1|−10,1) for the forward collision of two ionized
electrons with their momenta along (a) the opposite directions and (b)
the same direction. The closed squares are the locations of destructive
interference determined by cos[f (t0) − π/4] = 0 in Eq. (17) (on a
logarithmic scale).

IV. CONCLUSION

We have investigated the NSDI process caused by the CI
mechanism in a combined IR+XUV two-color laser field,
where the XUV photon energy is higher than the ionization
threshold. The NSDI momentum spectra show a multiplateau
structure. By applying the channel analysis, the height of
the plateau is determined by the number of XUV photons

absorbed by the electrons. Furthermore, we have considered
the contributions from the forward and backward collisions to
the NSDI probability. We have found that when the momenta
of the two ionized electrons are along the same direction, the
forward collision dominates the contributions to the NSDI
probability; when the momenta of the two ionized electrons
are along the opposite directions, the forward and backward
collisions make a comparable contribution to the NSDI prob-
ability. By applying the saddle-point approximation, we have
obtained a classical energy formula covering the forward and
backward collisions, which opens a possibility to understand
the interference pattern in momentum spectra. Moreover, it
has been found that the interference pattern of the NSDI
momentum spectrum is from the coherent summation over
the contributions of all ATI channels and is also attributed
to the interference between two trajectories born at different
saddle points t0 and 2π/ω1 − t0 when the collision happens in
each channel.
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