
PHYSICAL REVIEW A 93, 033851 (2016)

Single-photon frequency-comb generation in a one-dimensional waveguide coupled
to two atomic arrays

Zeyang Liao,1,* Hyunchul Nha,2 and M. Suhail Zubairy1,†
1Institute for Quantum Science and Engineering (IQSE) and Department of Physics and Astronomy,

Texas A&M University, College Station, Texas 77843-4242, USA
2Department of Physics, Texas A&M University at Qatar, Education City, P.O. Box 23874, Doha, Qatar
(Received 21 December 2015; revised manuscript received 9 February 2016; published 28 March 2016)

An atomic chain coupled to a one-dimensional (1D) photonic waveguide can become a very good atom mirror.
This atom mirror can have a very high reflectivity for a single-photon pulse due to the collective interaction
between the atoms. Two atom arrays coupled to a 1D waveguide can form a good cavity. When a single-photon
pulse is incident from one side of the cavity, only a discrete subset of photon frequencies can transmit the cavity
and the transmitted frequencies are almost equally spaced, which is similar to a frequency comb. The linewidth of
the comb frequency can be reduced if we increase the atom number in the atomic arrays. More interestingly, if the
photon pulse is initially inside the cavity, the photon spectrum after a long time of interaction is also discretized
with the comb frequencies being significantly amplified while other frequencies being largely suppressed. This
single-photon frequency comb may be useful for precision measurement.
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I. INTRODUCTION

Due to the fact that photons are an ideal carrier of quantum
information, manipulating and routing photons can have very
important applications in quantum information and quantum
computation [1–5]. Waveguide QED is an extremely promising
candidate for this purpose because it cannot only enhance the
atom-photon interaction due to the Purcell effect [6] but also
guide the photons [7,8]. Indeed, a number of possible applica-
tions have been proposed, such as a single-photon diode [9,10],
efficient single-photon frequency conversion [11–14], single-
photon transistor [15,16], a single-photon quantum router with
multiple output ports [17], and a two-photon control phase gate
in a 1D waveguide [18,19]. A number of systems may serve as
very good 1D waveguides, such as optical nanofibers [20],
photonic crystal with line defects [21], surface plasmon
nanowire [22], and superconducting microwave transmission
lines [23–27].

A single or few photons scattered by an emitter or multiple
atoms coupled to a 1D waveguide has been widely studied
both in theory [28–43] and experiment [44–49]. It is found
that a photon with frequency resonant with a two-level atom
can be reflected with high probability. Indeed, 94% extinction
of the transmitted photon has been observed experimentally
in the circuit QED system [50]. The reflectivity can be further
enhanced by the collective effect of multiple atoms and the
system can act as a very good mirror [51,52]. Two arrays
of atoms coupled to a 1D waveguide can then become a
very good cavity. An atom placed within this cavity can
be strongly coupled with the photons stored in this cavity
and the vacuum Rabi splitting can occur [52]. It has also
been shown that quantum information may be stored in this
cavity.

In 2015 we derived a time-dependent dynamical theory for
studying how a single photon propagates through an atomic
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chain coupled to a 1D waveguide [43], where we show that
many interesting physics can occur in this system such as the
photonic band gap effects [28], long-range quantum entan-
glement generation [53,54], Fano-like interference [55–58],
and super-radiant effects [59,60]. In this paper we employ
this dynamical theory to study how a single photon being
scattered by the cavity formed by two atom arrays coupled
to a 1D waveguide. We show that the photon spectrum can
be strongly modified and a single-photon frequency comb can
be generated. Here we study two cases: In the first case the
single photon is incident from outside of the cavity where
we show that only discretized frequency components can
transmit through the system. In the second case the single
photon is initially in the cavity where we show that it can
be reflected back and forth inside the cavity and photon
mode conversion can occur with some discretized frequency
components being significantly enhanced. In both cases, a
single-photon frequency comb may be generated.

A frequency comb is a light with a series of discrete, equally
spaced spectrum [61]. Optical frequency combs provide
equidistant frequency markers over a large frequency range
and they can be used to link an unknown optical frequency
to a more accurate radio or microwave frequency reference.
It has been widely used in optical frequency metrology and
precision measurements. It can be generated by a number
of mechanisms, including amplitude modulation (AM) of a
continuous wave laser [62], stabilization of the pulse train
generated by a mode locked laser [63], or by the interaction
between a continuous-wave pump laser of a known frequency
with the modes of a monolithic ultra-high-Q microresonator
via the Kerr nonlinearity [64–66]. In addition to the traditional
optical frequency comb with a huge number of photons, a
single-photon frequency comb is also interesting because it
can simultaneously suppress the uncertainties of time and
energy [67]. One advantage of our method to generate a
single-photon frequency comb via the waveguide-QED system
is that the frequency-comb photon can be confined and
guided by the waveguide which is good for manipulation.
In addition, different from the traditional case based on a
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FIG. 1. Single-photon transport through a linear atomic chain
coupled to a one-dimensional photonic waveguide. (a) A single
photon is incident from the left of the atomic cavity. (b) A single
photon is initially inside the atomic cavity.

high-Q resonator, the atomic array here plays the roles of both
the gain medium and the resonator. In our method the other
frequency components can be converted to the comb frequency
components by the coherent nonlinear interactions which
may provide a higher efficiency to generate a single-photon
frequency comb.

This paper is organized as follows. In Sec. II we show our
model and illustrate how to calculate the photon spectra for
a single-photon transport in a 1D waveguide coupled to two
atomic arrays. In Sec. III we present the results when the single
photon is incident from one side of the atomic cavity. In Sec. IV
we present the results when the single photon is initially inside
the atomic cavity. In Sec. V we discuss the effects of the
decay to the nonguided modes. Finally, we summarize the
results.

II. MODEL AND THEORY

The models we study are shown in Fig. 1. Two atomic arrays
are coupled to a 1D photonic waveguide and they are separated
by a distance L. Each atom is considered as a two-level system
with transition frequency ωa . The atoms in each array are
separated by λ/2 with λ being the wavelength corresponding
to the transition frequency of the two-level atom. All the atoms
are initially in the ground state. This setup can become a cavity
where photons can be reflected back and forth by the two atom
mirrors. In this paper we study two cases: (a) a single-photon
pulse is incident from the left side of the cavity [Fig. 1(a)];
and (b) a single-photon pulse is initially inside the cavity
[Fig. 1(b)].

The Hamiltonian of the system in the rotating wave
approximation is given by [43,68]

H = �
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where the first term is the atomic energy, the second term is
the energy of the guided photon mode, and the third term is
the coupling between the atoms and the guided photon modes.
Here N is the number of atoms coupled to the 1D waveguide,
rj is the position of the j th atom, σ+

j = |e〉j 〈g|(σ−
j = |g〉j 〈e|)

is the raising (lowering) operator of the j th atom, ωk is the

angular frequency of the photon with wave vector k, a
†
k(a−

k )
is the corresponding creation (annihilation) operator, and gk

is the coupling strength between the atoms and a guided
photon with wave vector k. Assuming that ωa is far away
from the cutoff frequency of the photonic waveguide and
the photon spectrum is narrow, the dispersion relation for
the guided photon can be approximately linearized as ωk =
ωa + (|k| − ka)vg , where ka is the wave vector at frequency
ωa and vg is the group velocity [69].

For a single-photon excitation, the quantum state of the
system in arbitrary time can be written as

|�(t)〉 =
N∑

j=1

αj (t)e−iωat |ej ,0〉 +
∑

k

βk(t)e−iωkt |g,1k〉 (2)

in which |ej ,0〉 is the state when only the j th atom is excited
with zero photon being in the waveguide and αj (t) is the
corresponding amplitude, |g,1k〉 is the state when all the atoms
are in the ground state with one photon with wave vector
k being in the waveguide, and βk(t) is the corresponding
amplitude. From the Schrödinger equation and by integrating
out the photon parts (see the Appendix or Ref. [43] for
derivation), one can obtain the dynamics of the atomic system
which is given by

α̇j (t) = bj (t) − 1

2

N∑
l=1

(	eikarjl + γ δjl)αl

(
t − rjl

vg

)
, (3)

where the first term in the right-hand side

bj (t) = − i

2π

√
	vgLq

2

∫ ∞

−∞
βk(0)eikrj −iδωkt dk (4)

is the excitation by the incident photon with spectrum
βk(0),	 = 2Lq |gka

|2/vg is the coupling strength between the
atom and the guided photon with Lq being the quantization
length of the guided modes, and rjl = |rj − rl|. The second
term includes the collective interaction between the atoms
and the spontaneous decay to the nonguided modes. Different
from the case in the free space, the collective interactions
induced by the guided photon are a long-range effect. When the
atomic separation is much smaller than the size of the photon
wave packet, the time-retarded effect can be neglected which
is the usual Markovian approximation. However, when the
atomic separation is comparable to the the size of the photon
wave packet, the time-retarded factor should be considered.
Since the separation between the two atom arrays is compa-
rable to the photon wave packet, here we cannot neglect the
time-retarded effect.

The photon spectrum in arbitrary time can be calculated
by Eq. (A3) in the Appendix. Assuming that the single-photon
pulse is initially propagating right, we have the left propagating
modes at time t given by

βL
δk(t) = −i

√
	vg

2L

Na∑
j=1

ei(ka+δk)rj

∫ t

0
αj (t ′)eiδkvgt

′
dt ′, (5)
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where δk = |k| − ka with k < 0. On the other hand, for the
right propagating modes we have

βR
δk(t) = βk(0) − i

√
	vg

2L

Na∑
j=1

e−i(ka+δk)rj

∫ t

0
αj (t ′)eiδkvgt

′
dt ′,

(6)
where δk = k − ka with k > 0.

For t → ∞, the photon spectra for the left and right
propagating field are respectively given by [43]

βL
δk(t → ∞) = −i

√
	vg

2Lq

N∑
j=1

ei(ka+δk)rj χj (δk), (7)

βR
δk(t → ∞) = βδk(0) − i

√
	vg

2Lq

N∑
j=1

e−i(ka+δk)rj χj (δk), (8)

where we assume that the photon is propagating to the right
and χj (δk) = ∫ ∞

−∞ αj (t)eiδkvgt dt which is given by

χj (δk) =
N∑

l=1

M−1
j l (δk)Bl(δk), (9)

with M(δk) = VN (δk) + (γ /2 − iδkvg)IN , where IN is a
N×N unit matrix and VN (δk) is given by

VN (δk) = 	

2

⎡
⎢⎢⎢⎣

1 eikr12 · · · eikr1N

eikr21 1 · · · eikr2N

...
...

. . .
...

eikrN1 eikrN2 · · · 1

⎤
⎥⎥⎥⎦ (10)

and Bj (δk) = −i
√

	Lq/2vgβδk(0)ei(ka+δk)rj . The photon
pulse shapes can also be calculated by performing the Fourier
transformations on the photon spectra shown in Eqs. (5) and (6)
and they are given by

βL
x (t) = e−ikax

∫ ∞

−∞
βL

δk(t)e−iδk(x+vgt)dδk, (11)

βR
x (t) = eikax

∫ ∞

−∞
βR

δk(t)eiδk(x−vgt)dδk. (12)

In the following sections we fist present the results when the
decay to the nonguided modes is neglected and the results when
the effect of the decay to the nonguided modes is included are
discussed in Sec. V.

III. CASE I: PHOTON IS INCIDENT FROM
ONE SIDE OF THE ATOMIC CAVITY

In the first case, the single-photon pulse is assumed to be
incident from the left of the atomic cavity. All through this
paper we assume that the incident photon has a Gaussian shape
and its spectrum is given by

βδk(0) = (8π )1/4√
Lq

e
− δk2

2 , (13)

where  is the width in the k space with the full width at half
maximum of the spectrum being

√
2 ln 2vg . In the following,

we calculate the spectrum and the photon pulse shape after
the scattering by the atomic cavity shown in Fig. 1(a). In this
section we first neglect the effect of the decay to the nonguided

modes (i.e., γ = 0). The results when γ 	= 0 are discussed in
Sec. V.

For the simplest case when there are only two atoms
with separation being L, the reflected and transmitted photon
spectrum when t → ∞ can be calculated to be

∣∣βL
δk

∣∣2 = |βδk(0)|2 4(sin kL + ηδk cos kL)2

η4
δk + 4[sin kL + ηδk cos kL]2

, (14)

∣∣βR
δk

∣∣2 = |βδk(0)|2 η4
δk

η4
δk + 4[sin kL + ηδk cos kL]2

, (15)

where k = ka + δk,ηδk = 2δkvg/	. It is readily seen that
|βR

δk|2 + |βL
δk|2 = |βδk(0)|2, which indicates that the photon

modes are conserved in this case, i.e., a photon with wave
vector k can be either reflected or transmit but not be converted
to other modes. The result when 	 = vg, = 0.01ka , and
L = 200λ is shown in Fig. 2(a) where the black solid line is the
incident photon spectrum, the red dotted line is the reflected
photon spectrum, and the blue dashed line is the transmitted
photon spectrum. It is noted that only a discrete subset of
frequencies can be transmitted in this atom cavity which is
similar to a frequency comb. Since only one photon is involved
here, it may be termed as “single-photon frequency comb.”
Here we have two complimentary single-photon frequency
combs because the reflected photon and the transmitted photon
are complimentary to each other.

The peak positions are determined by the condition
tan(ka + δk)L = −2δkvg/	. For the current example we have
kaL = 400π . The condition for the peak positions becomes
tan(δkL) = −2δkvg/	. If δkvg/	 
 1, the peak positions
are approximately given by δkn = nπ/(L + 2vg/	) with
n = ±1,±2, . . . being the index of the comb frequency.
The spacing between the comb frequency is then given
by π/(L + 2vg/	) with an effective cavity length being
Leff � L + 2vg/	. The linewidth can be calculated to be
(1/F )(π/Leff), where F = L2

eff	
2/(8n2πv2

g) is the finesse of
the atom cavity. It is noted that the linewidth depends on the
comb frequency index n. The comb line with larger n has
broader linewidth which can also be seen from Fig. 2(a). In the
current example, the effective cavity length Leff � 232λ, and
the comb frequency line spacing is about 0.22. The finesse
F � 8.45/n2. For n = 1,F � 8.45 and the linewidth is about
0.02. However, when n = 3,F � 0.9 and the linewidth is
about 0.22, which is about the line spacing. Therefore, the
comb lines for larger n can overlap with each other which can
also be clearly seen from Fig. 2(a). One should note that for
larger n when δknvg/	 ∼ 1, the effective cavity length and the
finesse can significantly deviate from the calculations above. It
is also noted that the center frequency is completely reflected
back.

The photon pulse after the interactions is shown in Fig. 2(c).
The photon has a large probability to be reflected back at the
first time when the incident photon interacts with the atomic
array. The photon entering the atomic cavity can be reflected
back and forth and pulses can be generated with each pulse
being three peaks. The reason why there are three peaks can
be explained by the interference between the incident photon
pulse and the re-emitted photon pulses by the two atomic
arrays. We can also see that the pulse amplitude decays quickly
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FIG. 2. The results when the photon is incident from one side of the cavity. (a) and (b) The spectrum of incoming photon before the
interaction (black solid line), left (red dotted line) and right (blue dashed line) propagating photon after the interaction. (c) and (d) The pulses
propagating to the left (red solid line), to the right (blue solid line), and the pulse in the atomic cavity at time t = 120/	 where we assume that
the pulse is initially 10/ away from the left side of the atomic cavity. (a) and (c) The results of the two-atom cavity. (b) and (d) The results of
the eight-atom cavity. Parameter: 	 = vg and  = 0.01ka .

in this case. The interval between each pulse is related to the
spacing of the frequency comb.

The single-photon frequency comb shown in Fig. 2(a) is not
a very good comb because the line spacing is not very uniform.
One way to improve the quality of the comb is by increasing
the atom number in each array. The reflection and transmission
spectra for an arbitrary atom number can be calculated by
Eqs. (7) and (8). One example when there are four atoms
on each array is shown in Fig. 2(b). Similar to the two-atom
case, two complimentary single-photon frequency combs are
also generated here. However, due to the collective enhanced
coupling, the reflectivity of the atom cavity is significantly
increased and therefore the decay rate of the photon amplitude
inside the atomic cavity is largely reduced which leads to a
much narrower linewidth of the single-photon frequency. The
comb line spacing is also much more uniform. Actually, the
spectrum calculated by Eqs. (7) and (8) for N atoms can be
well approximated by Eqs. (14) and (15) with 	 being replaced
by N	/2 [59,70]. Thus we have ηδk → η

′
δk = 4δkvg/(N	).

When η
′
δk 
 1, the effective cavity length is given by L

′
eff �

L + (4vg/N	) and the comb line spacing is given by π/L
′
eff.

For large N , the condition η
′
δk 
 1 can hold for all the

frequencies within the incident photon bandwidth. Hence the
line spacings can be uniform and given by π/L

′
eff. The effective

cavity length can approach L when N → ∞. The linewidth is
then given by (1/F )(π/Leff) with F = L

′2
effN

2	2/(32n2πv2
g).

Therefore, the linewidth can also be reduced by increasing the
atom number. In the current example with N = 8, the effective

cavity length Leff � 208λ and the comb line spacing is about
0.2. The finesse F = 108.7/n2. When n = 1,F = 108.7 and
the linewidth is about 0.0018. When n = 3,F = 12.1 and
the linewidth is about 0.016, which is still much smaller
than the comb line spacing. Therefore, the comb lines do not
overlap in this case. The photon pulses after the interaction
are shown in Fig. 2(d). Similar to the two-atom case, most
of the energy is reflected back and the transmitting photon is
a pulse chain with each pulse being three peaks. We can see
that the number of peaks in each pulse does not depend on
how many atoms in each atomic array. We note that the first
reflected pulse in Fig. 2(d) is larger than that in Fig. 2(c). This
is because the reflectivity of the atomic array with a larger
atom number is higher than that with a smaller atom number.
Therefore, the incoming photon has a larger probability to be
directly reflected back with a larger atom number. However,
with a larger number of atoms the photon entering into the
cavity has a lower probability to be leaked out which results in
a smaller decay rate in the photon amplitude of the following
pulse chain [Fig. 2(d)] and therefore narrower linewidth in the
spectrum [Fig. 2(b)].

If N → ∞, a perfect single-photon frequency comb may
be formed with line spacing being π/L and linewidth being
infinitely small. However, when N → ∞, the transmission
probability approaches zero, i.e., the photon is completely
reflected back. Hence, the probability to detect a single-photon
frequency comb is zero. In the next section we show that
the amplitude of the comb line can be largely enhanced
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FIG. 3. The results when the photon is initially inside the cavity. (a) and (b) The spectrum of incoming photon before the interaction (black
solid line), left (red dotted line) and right (blue dashed line) propagating photon after the interaction. (c) and (d) The pulses propagating to
the left (red solid line), to the right (blue solid line), and the pulse in the atomic cavity at time t = 120/	 where we assume that the pulse
is initially at the center of the atomic cavity. (a) and (c) The results of the two-atom cavity. (b) and (d) The results of the eight-atom cavity.
Parameter: 	 = vg and  = 0.01ka .

if the single-photon pulse is initially inside of the atomic
cavity.

IV. CASE II: PHOTON IS INITIALLY INSIDE
THE ATOMIC CAVITY

In this section we consider the case when the single-photon
pulse is initially in the center of the atom cavity. This may
be achieved by the following procedures. Supposing that a
single-photon pulse is propagating from the left, we first turn
on an external electric or magnetic field to modify the energy
of the atoms on the left array such that the frequency of the
photon is largely detuned from the transition frequency of the
atom. Due to the energy mismatch, the photon can propagate
through the left atomic array without being scattered. After
that we turn off the external field and the photon can then be
trapped inside the atom cavity. In this case we also compare
the results of two-atom and eight-atom cavities. Also, we first
neglect the effect of the decay to the nonguided modes (i.e.,
γ = 0) in this section.

For the two-atom cavity, the photon spectra after a long
time of interaction can be calculated by Eqs. (7)–(10) with
Bl(δk) = 0 for the atom on the left and they are given by

|βδk,L|2 = |βδk(0)|2 η2
δk

η4
δk + 4[sin kL + ηδk cos kL]2

, (16)

|βδk,R|2 = |βδk(0)|2 η2
δk

(
1 + η2

δk

)
η4

δk + 4[sin kL + ηδk cos kL]2
. (17)

where k = ka + δk,ηδk = 2δkvg/	. We have

|βδk,L|2 + |βδk,R|2

= |βδk(0)|2 2η2
δk + η4

δk

η4
δk + 4(sin kL + ηδk cos kL)2

, (18)

which is usually not equal to |βδk(0)|2. Hence, different from
the first case shown in the previous section, the mode conver-
sion can occur in the current setup. When η2

δk > 2(sin kL +
ηδk cos kL)2, the mode is enhanced. On the contrary, when
η2

δk < 2(sin kL + ηδk cos kL)2, the mode is suppressed.
For numerical results we also assume that the photon pulse

has a Gaussian shape as shown in Eq. (13) with 	 = vg

and  = 0.01ka . The results when there are two atoms
with separation L = 200λ are shown in Figs. 3(a) and 3(c).
Similar to the previous cases, two frequency combs can be
generated with one propagating to the left and the other
propagating to the right. However, different from the previous
cases, the amplitudes of the comb lines here are significantly
enhanced and the other frequencies are largely suppressed.
The nonlinear frequency conversion can occur in this system.
Another difference is that two similar frequency combs instead
of two complimentary frequency combs are generated here.
Similar to case I, when ηδk 
 1, the comb line spacing
is about π/Leff with Leff � L + (2vg/	) and the linewidth
is given by (1/F )(π/Leff) with F = L2

eff	
2/(8n2πv2

g). The
comb frequency away from the center frequency has a
broader linewidth due to the fact that the reflectivity for these
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FIG. 4. The spectrum of the incoming, reflection, and transmission photon. (a) and (b) The incoming photon is initially outside the cavity
with (a) being the results when there are two atoms and (b) being the results when there are eight atoms. (c) and (d) The incoming photon is
initially inside the cavity with (a) being the results when there are two atoms and (b) being the results when there are eight atoms. Parameter:
	 = vg, = 0.01ka , and γ = 	/10.

frequencies are smaller. In the current example, Leff � 232λ

and F � 8.45/n2. The line spacing is about 0.22 and the
linewidth is about 0.02. For n = 1, the comb frequency
is given by δk1 = π/Leff � 0.22 and this frequency com-
ponent is enhanced by a factor 1/η2

(π/Leff)
� 5.4. The photon

pulses are shown in Fig. 3(c) where one sees that the photon is
periodically leaking out of the cavity. There are two peaks in
each pulse due to the interference between the initial photon
pulse and the re-emitted photon by the atom on the right. We
can see that the pulse amplitude decreases with time quickly
due to the lower reflectivity.

When we increase the atom number such that there are
four atoms on each side, the photon spectrum can also be
calculated by Eqs. (7)–(10) with Bl(δk) = 0 for all the atoms
on the left (i.e., j = 1, . . . ,4). The spectra are shown in
Fig. 3(b) where we can see that the comb frequency is
enhanced even larger and the linewidth of the comb frequency
is also much narrower. In fact, the spectra for multiple-atom
arrays can be well approximated by replacing ηδk in Eqs. (16)
and (17) by 2ηδk/N with N being the total number of atoms.
Similar to case I, when 2ηδk/N 
 1, the comb line spacing
is about π/Leff with L

′
eff � L + (4vg/N	) and the linewidth

is given by (1/F )(π/L
′
eff) with F = L

′2
effN

2	2/(32n2πv2
g).

The comb frequency away from the center frequency has
a broader linewidth due to the fact that the reflectivity for
these frequencies are smaller. However, different from case
I, the comb frequencies are significantly enhanced. In the
current example with N = 8,Leff � 208λ and F � 108.7/n2.
For n = 1, the comb frequency is given by δk1 = π/L

′
eff and

this frequency is enhanced by a factor N2/4η2
π/L

′
eff

� 69. The

photon pulses after the scattering are shown in Fig. 3(d) where
we see that each pulse has also two peaks which is similar to
the two-atom case. However, the pulse amplitude decreases
much slower than that of the two-atom case which can result
in a narrower linewidth in the spectrum.

V. THE EFFECTS OF DECAY
TO THE NONGUIDED MODES

In the previous sections the decay to the nonguided modes
has been neglected. In this section we would study how the
spectrum is changed if the decay to the nonguided modes is
included.

For the case when the single-photon pulse is incident from
outside of the atomic cavity, the reflection and transmission
spectra when there are only two atoms are respectively given
by

∣∣βL
δk

∣∣2 = |βδk(0)|2
∣∣∣∣η	(1 + e2ika)(1 − iηδk) − 2η2

	e2ika

(1 − iηδk)2 − η2
	e2ika

∣∣∣∣
2

, (19)

∣∣βR
δk

∣∣2 = |βδk(0)|2
∣∣∣∣ (1 − η	 − iηδk)2

(1 − iηδk)2 − η2
	e2ika

∣∣∣∣
2

, (20)

where η	 = 	/(	 + γ ) and ηδk = 2δkvg/(	 + γ ). When
γ = 0, Eqs. (19) and (20) are reduced to Eqs. (14) and (15). A
typical result is shown in Fig. 4(a), where the parameters are
the same as those used in Fig. 2(a) with γ = 	/10. Similar
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to Fig. 2(a), the comb structure is generated. However, the
amplitude here is reduced due to the loss to the nonguided
modes. When the number of atoms is increased, the spectra can
be well approximated by Eqs. (19) and (20) with 	 → N	/2,
where N is the number of atoms. The results when there are
four atoms on each side and the parameters are the same as
those used in Fig. 2(b) with γ = 	/10 are shown in Fig. 4(b)
where we see that the spectrum has a narrower linewidth
comparing with the results when there are only two atoms.

For the case when the single-photon pulse is initially inside
the atomic cavity, the reflection and transmission spectra when
there are only two atoms are respectively given by

∣∣βL
δk

∣∣2 = |βδk(0)|2
∣∣∣∣ η2

	 − η	(1 − iηδk)

(1 − iηδk)2 − η2
	e2ika

∣∣∣∣
2

, (21)

∣∣βR
δk

∣∣2 = |βδk(0)|2
∣∣∣∣ (1 − iηδk)(1 − η	 − iηδk)

(1 − iηδk)2 − η2
	e2ika

∣∣∣∣
2

, (22)

where η	 = 	/(	 + γ ) and ηδk = 2δkvg/(	 + γ ). When
γ = 0, Eqs. (21) and (22) are reduced to Eqs. (16) and (17).
Similar to previous cases, when we increase the number of
atoms, the spectra can be well approximated by Eqs. (21)
and (22) with 	 being replaced by N	/2. The results when
there are two atoms and eight atoms are respectively shown
in Figs. 4(c) and 4(d) where we see that comb structures
can be generated and the comb lines can be significantly
enhanced. However, due to the leakage to the nonguided
modes, the enhanced factors are reduced. Therefore, provided
that the decay to the nonguided modes is not very large, the
single-photon frequency comb can also be generated even if
the decay to the nonguided modes is included.

VI. SUMMARY

In summary, we studied how a single-photon pulse interacts
with a cavity formed by two atomic arrays. Due to the
collective enhanced coupling, the atomic array coupled to
a 1D waveguide can have a very high reflectivity and the
finesse of the cavity formed by the two atom arrays can
increase with the atom number. A single-photon pulse can
be stored in this cavity for an extended period of time which
may be used as a single-photon storage. More interestingly,
the photon spectrum after a long time of interaction can
be discretized and a single-photon frequency comb can be
generated. When the single-photon pulse is initially in the atom
cavity, nonlinear frequency conversion can occur and the comb
frequency can be largely enhanced while other frequencies are
largely suppressed. The single-photon frequency comb can
also be generated even if the decay to the nonguided modes
is not very large compared with the coupling to the guided
modes.

This system may find applications in precision measure-
ment. Since the line spacing between the comb frequencies
depends on the atomic distance and the line spacing of the
frequency comb can be measured with high precision by the
radio or microwave frequency reference, the setup here may
provide a way to determine the atomic separation L with high
accuracy. The linewidth of the frequency comb can introduce
an uncertainty when we measure the line spacing. Therefore,

the narrower the linewidth, the less uncertainty we have. Our
frequency may also be used as a frequency ruler. However, to
become a frequency ruler, we have to calibrate the frequency
comb precisely which usually requires that the frequency
comb can span an octave. In future study, we shall study
how to extend our comb frequency to an octave. If we can
achieve that, our frequency comb may also be able to link
an unknown optical frequency to a more accurate radio or
microwave frequency reference.

ACKNOWLEDGMENT

This work is supported by a grant from the Qatar National
Research Fund (QNRF) under the NPRP project 7-210-1-032.

APPENDIX

From the Schrödinger equation i�∂t |�(t)〉 = H |�(t)〉 with
H being given by Eq. (1) and |�(t)〉 being given by Eq. (2),
we have the following dynamic equations:

α̇j (t) = −i
∑

k

gke
ikrj βk(t)e−iδωkt − γ

2
αj (t), (A1)

β̇k(t) = −i

Na∑
j=1

g∗
k e

−ikrj αj (t)eiδωkt , (A2)

where the detuning δωk = (|k| − ka)vg . For the left propaga-
tion modes, we have k < 0, while for the right propagation
modes, we have k > 0.

By integrating Eq. (A2) we have

βk(t) = βk(0) − i

Na∑
j=1

g∗
k e

−ikrj

∫ t

0
αj (t ′)eiδωkt

′
dt ′, (A3)

where βk(0) is the photon amplitude at t = 0. On inserting
Eq. (A3) into Eq. (A1) we can obtain

α̇j (t) = − i
∑

k

gke
ikrj βk(0)e−iδωkt − γ

2
αj

−
Na∑
l=1

∑
k

|gk|2e−ik(rj −rl )
∫ ∞

0
αl(t

′)eiδωkt
′
dt ′e−iδωkt ,

(A4)

where the first term on the right-hand side is the excitation by
the input photon, the second term is the decay to the nonguided
modes, and the third term is the interaction between the atoms
induced by the guided photon modes.

For a long 1D waveguide we can replace the summation
over k by an integration

∑
k

→ Lq

2π

∫ ∞

−∞
dk, (A5)

where Lq is the quantization length in the propagation
direction. The summation over k in the third term of Eq. (A4)
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can be calculated as∑
k

|gk|2e−ik(rj −rl )eiδωk (t ′−t) = L

2π

∫ ∞

−∞
|gk|2e−ik(rj −rl )eiδωk (t ′−t)dk (A6)

� Lq

2π
|gka

|2
[ ∫ ∞

0
e−ik(rj −rl )ei(k−ka )vg (t ′−t)dk +

∫ 0

−∞
e−ik(rj −rl )ei(−k−ka )vg (t ′−t)dk

]
(A7)

= Lq

2π
|gka

|2
{
e−ika (rj −rl )

∫ ∞

0
e−i(k−ka )[(rj −rl )−vg (t ′−t)]dk + eika (rj −rl )

∫ ∞

0
ei(−k−ka )[(rj −rl )+vg (t ′−t)]dk

}
(A8)

� Lq

2π
|gka

|2
{
e−ika (rj −rl )

∫ ∞

−∞
e−i(k−ka )[(rj −rl )−vg (t ′−t)]dk + eika (rj −rl )

∫ ∞

−∞
ei(−k−ka )[(rj −rl )+vg (t ′−t)]dk

}
(A9)

= Lq |gka
|2{e−ika (rj −rl )δ[(rj − rl) − vg(t ′ − t)] + eika (rj −rl )δ[(rj − rl) + vg(t ′ − t)]} (A10)

= Lq |gka
|2

vg

{
e−ika (rj −rl )δ

[
t ′ −

(
t + rj − rl

vg

)]
+ eika (rj −rl )δ

[
t ′ −

(
t − rj − rl

vg

)]}
(A11)

= 	

2
eika |rj −rl |δ

[
t ′ −

(
t − |rj − rl|

vg

)]
, (A12)

where 	 = 2Lq |gka
|2/vg . From Eq. (A6) to Eq. (A7) we

rewrite the integration into the left-propagation and right-
propagation parts and assume that the coupling strength is
uniform for the modes close to ka . From Eq. (A8) to Eq. (A9),
for ka  0 we can extend the integration from 0 to ±∞ and use

the identity
∫ ∞
−∞ eikxdx = 2πδ(x). In Eq. (A11), since t ′ � t ,

when rj > rl only the second term survives. On the contrary,
when rj < rl only the first term survives. Therefore, Eq. (A11)
can be rewritten as Eq. (A12). By inserting Eq. (A12) into
Eq. (A4) we can obtain Eq. (3) in Sec. II.
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