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We present a theoretical study of the experiments on coherent population oscillations and coherent population
trapping on the intercombination line of 174Yb. The transition involves a change of the spin and thus can not be
interpreted in terms of an effective lambda system. The reported experiments are done in the regime where both
pump and probe fields can saturate the transition. We demonstrate, by both numerical and analytical calculations,
the appearance of the interference minimum as both pump and probe start saturating the transition. We present an
analytical result for the threshold probe power required for the interference minimum to appear. We also present
a detailed study of the appearance of the interference minimum when magnetic fields are applied. The magnetic
fields not only create Zeeman splittings, but in addition make the system open because of the couplings to other
levels. We show the possibility of interference minimums at the position of subharmonic resonances.
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I. INTRODUCTION

Atomic coherence effects, induced by laser fields, such
as the coherent population trapping (CPT) [1], the coherent
population oscillation (CPO) [2], and the electromagnetically
induced transparency (EIT) [3] have become increasingly
popular because of their wide range of applications in areas,
such as lasing without inversion [4], enhancement of the
refractive index [5], slow light [6–8], storage of light [9,10],
nanoscale resolution [11], magnetometry [12], etc. These
applications typically use a narrow dip in the absorption
spectra produced by interference due to multiple pathways.
The atomic coherence effects in single electron atoms like
Na, 85Rb, and Cs have been extensively studied. Results for
both coherent population trapping and coherent population
oscillations are available [13–17]. Compared to single-electron
atoms, there have been few studies for two-electron atoms.
In the investigation of a two electron system, one needs to
take into account the Pauli exclusion principle to obtain the
allowed transitions. Maynard et al. [10] studied the transition
2 3S1 → 2 3P1 in metastable He, which is a � system. They
observed CPO between two levels involving only a change
of spin. Mompart et al. have presented a study of CPT in a
two-electron atom with aligned spins [18]. They specifically
studied the transitions in a two electron wave function where
both ground and excited states had aligned spins (ortho
system); thus the orbital part of the two electron system was
antisymmetric. It revealed the possibility that an ortho system
can show CPT, such as in the transition of 4s4p to 4p4p in
Ca, a V system. This is due to the Pauli Principle in that
the V system becomes equivalent to a � system [19]. In a
recent experimental work, Singh and Natarajan studied the
intercombination line 1S0 → 3P1 in 174Yb [20]. They reported
both CPO and CPT in such a system. They also reported these
coherent effects in presence of a magnetic field.

The purpose of this paper is to understand the experimental
results and to delineate the physical mechanisms leading to
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the occurrence of both CPO and CPT in the intercombination
transition. Such a transition forms a V system and hence the
observation of CPO or CPT is surprising. It is to be noted that
for the observation of CPO in two level atoms, there is a need
for strong dephasing [14]. An atomic beam has no dephasing;
hence the observation of CPO in an atomic beam experiment is
quite remarkable. The authors of Ref. [20] indicated that their
experimental observation could be understood in terms of the
theoretical model of Mompart et al. [18]. However the ground
and excited states for the intercombination line have a different
spin configuration than in the work of Mompart et al. which
studies a transition with no change in spin. For the transition
1S0 -3P1 in 174Yb, the ground state has two spins which are
antiparallel whereas the excited state has two spins which are
parallel. Therefore, there is a need for a theoretical model that
can explain the experimental results on the intercombination
line. This paper will develop a theoretical model to explain the
experimental observations.

It is worth noting that unlike most pump and probe
experiments, the study of Ref. [20] used a pump and a probe
with comparable intensities. This is unique to this experiment
and gives evidence that the probe is not weak compared to the
pump; thus the saturation of the transition by both pump and
probe fields is expected to have major effects. This must be
accounted for any theoretical modeling. Our major finding is
that the saturation of the transition by both pump and probe
fields explains the experimental data.

The paper will be organized in the following way. In Sec. II
we describe the intercombination line as an effective four level
system with the ground and excited states coupled by pump
and probe fields which are orthogonally polarized and have
comparable intensities. We derive the basic density matrix
equations and present the expressions for the fluorescence. In
Sec. III we present numerical results for fluorescence obtained
from a Floquet analysis. The results are shown in the absence
of the magnetic field and in presence of the magnetic field.
Our numerical results confirm the behavior as observed in
experiments. In Sec. IV we present a number of analytical
results when the magnetic field is zero. The analytical results
help us to understand the observed behavior of fluorescence.
In Sec. V we present our conclusions.
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FIG. 1. Two-electron, four-level quantum system driven by two

orthogonally polarized laser fields, the probe
→
Ep (solid) and pump

→
El (dashed) fields. As indicated in the text, these couplings with the
lasers are effective couplings.

II. MODEL AND EQUATIONS

A two-electron atomic model is considered as shown in
Fig. 1. The ground state is |g〉 = 1S0 (F = 0,Mf = 0) and the
upper levels are shown as |−〉 = 3P1 (F = 1,Mf = −1), |0〉 =
3P1 (F = 1,Mf = 0), and |+〉 = 3P1 (F = 1,Mf = 1). The
transition used is the 1S0 → 3P1 at the 556 nm intercombination
line of the even isotope 174Yb atom. The state 3P1 is weakly
mixed to transition1P1 which has two spins antiparallel. Thus
effectively, we can think that the level 3P1 is coupled to the
level 1S0 via the laser field. Two orthogonal linearly polarized

fields,
→
Ep as the probe field and

→
El as the pump field, couple

the ground level to the upper levels :
→
Ep = εp(sinθx̂ + cosθ ẑ)e−iωpt+ikpy + c.c.,
→
El = εl(cosθx̂ − sinθ ẑ)e−iωl t+ikly + c.c., (1)
→
Ep ·

→
El= 0,

where εp and εl are the probe and pump field amplitudes,
respectively; and θ shows the angle between the polarization
of the probe and direction of the propagation of the atomic
beam. The Rabi frequencies of the probe and pump fields

can be defined as 2�pi = 2[εp(sinθx̂ + cosθ ẑ)]·
→
dig /�, and

2�li = 2[εl(cosθx̂ − sinθ ẑ)]·
→
dig /�(i = +,0,−). The dipole

matrix element
→
dig can be written using Clebsch-Gordan coef-

ficients as
→

d+g= |d|ε̂+,
→
d0g= |d|ẑ,

→
d−g= |d|ε̂−, (2)

where |d| is the reduced dipole matrix element and ε̂± =
(x̂ ± iŷ/

√
2). It should be borne in mind that the parameter

d would include the coefficient of mixing with the level 1P1.
Using Eq. (2), the Rabi frequencies can be expressed as

�p+ = �p− = Ap√
2

sinθ, �p0 = Apcosθ,

�l+ = �l− = Al√
2

cosθ, �l0 = −Alsinθ, (3)

where Ap = |d|εp and Al = |d|εl . We use the same geometry
as in [20], i.e., the atomic beam is moving in direction z and the
lasers are propagating perpendicularly to the direction of the
atomic beam. The Hamiltonian of the system interacting with
two laser fields in the dipole and rotating wave approximations
is given by

Hin = −�

⎧⎨
⎩

⎡
⎣ ∑

j=+,0,−
(�pie

−iωpt + �lie
−iωl t )|j 〉〈g|

⎤
⎦ + c.c.

⎫⎬
⎭,

(4)

where ωp and ωl denote the frequencies of the applied fields. In
the rotating frame, the density matrix equations, which show
the response of the medium to the field, are given by

ρ̇++ = iρg+(�p+e−i	t + �l+) − iρ+g(�p+ei	t + �l+)

− γ+gρ++,

ρ̇00 = iρg0(�p0e
−i	t + �l0) − iρ0g(�p0e

i	t + �l0)

− γ0gρ00,

ρ̇−− = iρg−(�p−e−i	t + �l−) − iρ−g(�p−ei	t + �l−)

− γ−gρ−−,

ρ̇g+ = −iδ+ρg+ + i(ρ++ − ρgg)(�p+ei	t + �l+)

+ iρ0+(�p0e
i	t + �l0) + iρ−+(�p−ei	t + �l−)

− �g+ρg+,

ρ̇g0 = −iδ0ρg0 + i(ρ00 − ρgg)(�p0e
i	t + �l0)

+ iρ+0(�p+ei	t + �l+) + iρ−0(�p−ei	t + �l−)

− �g0ρg0,

ρ̇g− = −iδ−ρg− + i(ρ−− − ρgg)(�p−ei	t + �l−)

+ iρ+−(�p+ei	t + �l+) + iρ0−(�p0e
i	t + �l0)

− �g−ρg−,

ρ̇0+ = −i(δ+ − δ0)ρ0+ − iρ0g(�p+ei	t + �l+)

+ iρg+(�p0e
−i	t + �l0) − �0+ρg0,

ρ̇−+ = i(δ− − δ+)ρ−+ + iρg+(�p−e−i	t + �l−)

− iρ−g(�p+ei	t + �l+) − �−+ρ−+,

ρ̇−0 = i(δ− − δ0)ρ−0 + iρg0(�p−e−i	t + �l−)

− iρ−g(�p0e
i	t + �l0) − �−0ρ−0, (5)

where γig is the spontaneous decay rate from level |i〉 to level
|g〉. The off-diagonal element ρij decays at the rate �ij =
(γig + γjg)/2. The parameter 	 = ωp − ωl denotes the probe
field detuning with respect to the pump field. Also δi = ωl −
ωig(i = +,0,−) is the pump field detuning with the atomic
resonance transition. Because of the explicit time dependence
in Eq. (5), the steady state has the following Floquet expansion:

ρij =
∞∑

m=−∞
ρ

(m)
ij e−im	t , (6)

where m = 0 denotes the time-independent component of the
density matrix elements. The positive frequency part of the
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electric field operator at the detector is [21]

→
E

(+)
(
→
r ,t) = −ω2

l

c2

→
n ×[

→
n × →

d ]
eiklr−iωl t

r
e−ikl

→
n.

→
R, (7)

where the dipole moment operator is given by
→
d =

∑
i=+,0,−

→
d gi |g〉〈i|, (8)

and
→
r denotes the point at which the fluorescence is measured.

The atomic sample is located at
→
R; and

→
n=

→
r
r

is the direction
of the observation. According to the experimental setup, the
fluorescence is collected in the direction perpendicular to the
atomic beam and the laser beams, i.e., in the x direction. The
fluorescence is given by

I = 〈→
E

(−)
(
→
r ,t).

→
E

(+)
(
→
r ,t)〉, (9)

where
→
E

(−)
denotes the negative frequency part of the electric

field operator at the detector. With
→
n set to the x direction in

Eq. (8), the dc component of the fluorescence can be written
as

I = I0

2

[
2ρ0

00 + ρ0
++ + ρ0

−− − ρ0
+− − ρ0

−+
]
, (10)

where the constant I0 depends on ωl and |d|. Henceforth,
fluorescence will be referred to in units of I0. It should be
noted that the fluorescence has contributions from excited
state populations Ip = I0

2 (2ρ0
00 + ρ0

++ + ρ0
−−), as well as

coherences Ic = − I0
2 (ρ0

+− + ρ0
−+).

III. NUMERICAL RESULTS

Equations (5) for the density matrix elements are numer-
ically solved using Eq. (6). Note that equations for ρ

(m)
ij get

coupled to ρ
(m±1)
ij . Convergence of the truncation is tested

for each set of parameters. As in the experiment, the pump
is set at resonance (δ0 = 0), and the probe is scanned (	 is
varied). All parameters are scaled in units of the natural line
width γ = 2π × 185 KHz for the 174Yb intercombination line.
Furthermore, γ±g = γ0g = γ .

We first describe the results in the absence of the magnetic
field. In Figs. 2 and 3, we show the fluorescence as a function
of the probe detuning 	 � 0 as I (−	) = I (+	). Typically
pump and probe experiments are done for a weak probe and
strong pump. We first fix the Rabi frequency of the pump
value at which the transition can be saturated (Al = 2γ ).
Fluorescence I (in units of I0) is shown in Fig. 2 for different
strengths of the probe field. Note that for θ �= π/4, the strength
of the pump and probe varies according to the transition.
For example, the |g〉 → |0〉 transition has a probe (pump)
Rabi frequency proportional to cos θ (sin θ ). The polarization
angle greatly impacts the fluorescence results as compared
in Figs. 2(a), 2(b), and 2(c) with angles θ = π/6,π/4,π/3,
respectively. As the strength of the probe increases, a minimum
at 	 = 0 starts to appear. For θ = π/4, the minimum at
	 = 0 is most pronounced when the pump and probe strengths
are comparable. In the experiment [20], the fluorescence
was studied for comparable intensities of the pump and
probe. Our numerical results for Ap∼Al are in agreement
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FIG. 2. Fluorescence for different values of the probe field.
Selected parameters are Al = 2γ , (a) θ = π/6; (b) θ = π/4; and
(c) θ = π/3.

with the experiment [20]. The results of this figure clearly
show that the experimentally observed dip at 	 = 0 is due
to the saturation produced by both pump and probe fields.
Next, results are presented for fluorescence when the probe
saturates the atomic transition and the strength of the pump
field increases. Fluorescence contributions from populations
and coherences are shown separately in Figs. 3(a) and 3(b).
Figure 3(c) shows the total fluorescence which is due to both
population and interference or coherence contributions. For the
direction of observation in this setup, the interference terms are
destructive. It is shown that the observed dip at 	 = 0 is the
result of the saturation of the transitions by both the pump and
probe fields. Furthermore, both populations and coherences
contribute to this dip.

In the presence of a magnetic field, the excited levels
|±〉 split by 	B = ±gμB, where g is the Lande g factor,
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FIG. 3. (a) Population and (b) coherence terms and (c) total
magnitude of the fluorescence for different values of the pump field.
Parameters used are γ+g = γ−g = γ0g = γ , Ap = 2γ , δ± = δ0 = 0,
and θ = π/4.

μ is the Bohr magneton, and B is the magnetic field. Now
the CPT resonances and CPO resonances separate. The CPO
resonances still occur at 	 = 0, but the CPT-like resonances
would occur at a position determined by the magnetic field.
In Fig. 4, we show the behavior of I as a function of 	 for
	B = 4γ and for different values of the Rabi frequencies.
The numerical results in Fig. 4 show the general trend seen in
the experimental data. In Fig. 5 we present additional results
for larger values of the magnetic field. We see a resonant
structure at 	∼	B for low Rabi frequencies. As the pump and
probe saturate the atomic transition, a well defined interference
minimum is seen at 	∼	B . This is in agreement with the
experimental observation. We also see an additional minimum
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FIG. 4. The fluorescence in the presence of the magnetic field.
Parameters used are θ = π/4 and 	B = 4γ . The pump and probe are
of equal intensities.

at 	∼	B/2. This additional minimum can be interpreted as a
subharmonic resonance. We note that subharmonic resonances
were extensively studied in the context of stimulated Raman
scattering [22,23]. The subharmonic resonances arise from
strong saturation by both pump and probe fields. However,
the numerical results do not quite yield the CPT resonance at
	 = 2	B , as observed in the experiment. It should be borne
in mind that the magnetic field can couple the 3P1 level to the
1P0 and 3P2 levels [24,25], and this coupling is most likely
the reason why our numerical results do not show the
interference minimum at 	 = 2	B . It may be noted that
the magnetic field coupling to such states would be like a
phase perturbation and can give rise to interferences similar to
collision induced effects [26].

IV. ANALYTICAL RESULTS FOR FLUORESCENCE
IN THE ABSENCE OF THE MAGNETIC FIELD

Remarkably enough, the set of Eqs. (5) can be solved
analytically in the absence of the magnetic field. Let us make
a transformation to a new basis defined by

|ψ1〉 =
( |+〉 + |−〉√

2

)
cosθ − |0〉sinθ,

|ψ2〉 =
( |+〉 + |−〉√

2

)
sinθ + |0〉cosθ,

|ψ3〉 = |+〉 − |−〉√
2

. (11)

The choice of this basis is determined by the polarization
of the pump and probe fields. The states |ψi〉(i = 1,2,3) form
an orthogonal set. The |ψ3〉 does not couple to either probe
or pump fields. The level |ψ2〉 (|ψ1〉) couples only to the
level |g〉 by the probe (pump) field. Also, it can be shown
that all the decay rates γψ1g,γψ2g , and γψ3g are equal to γ . In
the new basis the pump and probe fields and spontaneous
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FIG. 5. The fluorescence in the presence of the magnetic field.
Parameters used are θ = π/4 and 	B = 8γ . The pump and probe
strengths are as shown in the Figures.

emission transitions are shown in Fig. 6. We now rewrite
Eqs. (5) in terms of the density matrix elements in the new
basis

ραβ = 〈ψα|ρ|ψβ〉. (12)

lEpE

FIG. 6. Schematic diagram of the quantum system in the new
basis.

Since the level |ψ3〉 is decoupled, it can be dropped from fur-
ther consideration. The relevant density matrix equations are

ρ̇ψ1ψ1 = iρgψ1Al − iρψ1gAl − γψ1gρψ1ψ1 ,

ρ̇ψ2ψ2 = iρgψ2Ap − iρψ2gAp − γψ2gρψ2ψ2 ,

ρ̇ψ1ψ2 = −i	ρψ1ψ2 − iρψ1gAp + iρgψ2Al − �ψ1ψ2ρψ1ψ2 ,

ρ̇gψ1 = i(ρψ1ψ1 − ρgg)Al + iρψ2ψ1Ap − �gψ1ρgψ2 ,

ρ̇gψ2 = −i	ρgψ2 + i(ρψ2ψ2 − ρgg)Ap + iρψ1ψ2Al

−�gψ2ρgψ2 . (13)

In deriving Eq. (13), we use a different rotating frame so that
no explicit time dependence appears. The state |ψ1〉 is rotated
with the pump frequency, and the state |ψ2〉 is rotated with the
probe frequency. The fluorescence in the new basis is given by

I = I0

2
[ρψ1ψ1 (1 − cos 2θ ) + ρψ2ψ2 (1 + cos 2θ )]. (14)

The Eqs. (13) are for the V system, and one can solve for
arbitrary strengths of the pump and probe fields. The full
solutions for ρψ1ψ1 and ρψ2ψ2 are

ρψ1ψ1 = 4A2
l (N1 + N2)

M
,

ρψ2ψ2 = 4A2
p(N3 + N4)

M
, (15)

where

N1 = 4A4
p + 4A4

l + γ 4 + 5γ 2	2 + 4	4,

N2 = 4A2
l (γ 2 − 2	2) + 4A2

p

(
2A2

l + γ 2 + 4	2
)
,

N3 = 4A4
p + 4A4

l + 4A2
p

(
2A2

l + γ 2
)
,

N4 = γ 2(γ 2 + 	2) + 4A2
l (γ 2 + 	2),

M = 32A6
p + 4A4

p

(
24A2

l + 9γ 2 + 4	2
) + (

8A2
l + γ 2

)
× [

4A4
l + γ 4 + 5γ 2	2 + 4	4 + 4A2

l (γ 2 − 2	2)
]

+ 12A2
p

[
8A4

l + γ 4 + 2γ 2	2 + 6A2
l (γ 2 + 2	2)

]
.

(16)

Using the analytical results of Eqs. (14) and (15), we have
reproduced the numerical results of Figs. 2 and 3. Now, the
analytical result can be used to find the strength of the pump
and probe for which the interference minimum would appear.
For θ = π/4, and 	 in the neighborhood of zero, I becomes

I = 4
(
A2

p + A2
l

)
8A2

p + 8A2
l + γ 2

− 16A2
p

(
2A2

p − 6A2
l + γ 2

)
	2

(
2A2

p + 2A2
l + γ 2

)(
8A2

p + 8A2
l + γ 2

)2 . (17)

Clearly for no pump Al = 0, I has a peak at 	 = 0, as can be
seen from inspection or from ∂2I

∂	2 < 0. The peak crosses over
to a dip at a pump power given by

A2
l >

2A2
p + γ 2

6
. (18)
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Our numerical results in Figs. 2 and 3 are in conformity with
the analytical result, Eq. (18).

V. CONCLUSIONS

In this paper, theoretical models of the experiments on
coherent population oscillations and coherent population
trapping on the intercombination line of 174Yb have been
presented. The transition involves a change of the spin and
thus can not be interpreted in terms of an effective �

system which was suggested in [20] using the theoretical
framework of [18]. The reported experiments are done in the
regime where both pump and probe fields can saturate the
transition. We have shown by both numerical and analytical
calculations the appearance of the interference minimum as
both pump and probe start saturating the transition. We present
an analytical result for the threshold probe power required

for the interference minimum to appear. It is desirable to
have experimental results by scanning both pump and probe
powers to show how the interference minimum appears as the
threshold, defined by Eq. (18), is crossed. Also, our numerical
results show the strong dependence of the interference effects
on the angle θ between the probe polarization and the direction
of the atomic beam. We also present a detailed study of
the appearance of the interference minimum when magnetic
fields are applied. Our study also shows the possibility
of the appearance of subharmonic resonances in suitable
ranges for the pump and probe powers. This finding warrants
newer experimental data. The magnetic fields not only create
Zeeman splittings, but in addition make the system open
because of the couplings to other levels. These couplings give
rise to additional resonances in ways similar to dephasing-
induced resonances. Newer experiments in this direction are
desirable.
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