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Thermal-light-induced dynamics:
Coherence and revivals in V-type and molecular Jaynes-Cummings systems
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We examine the interaction of thermal light with matter with emphasis on two aspects that have not been
considered before. By employing a fully quantized Jaynes-Cummings—type interaction model on a V-type
three-level system, we show that multimode thermal light induces coherence in the excited material states.
This is in contrast to previous studies that suggest thermal light cannot induce coherence in material systems.
We also show that the ratio between the field detuning and the interaction constant has a significant influence
on the characteristic time-dependent dynamics. In particular, for some ratio regimes, the thermal light induces
dynamics with a “coherentlike” collapse and revivals pattern rather than the familiar pattern. We then extend
the Jaynes-Cummings model to a two-state Born-Oppenheimer potential energy surface molecular system where
the internal vibrational degrees of freedom are fully taken into account. The matter-field bipartite system is
represented, and propagated, in the full electronic bond-coordinate Fock product space. We show that single-mode
thermal light induces extensive excited-state vibrational coherence in the molecule that, when observed in
coordinate space, exhibits wave-packet-like dynamics. The molecular Jaynes-Cummings model we propose is

useful for cavity molecular dynamics simulations.
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I. INTRODUCTION

The Jaynes-Cummings (JC) model [1] is the fully quantum-
mechanical formulation for the interaction of a two-level
system with a single-mode radiation field. Its unique properties
and extensions have been studied and reviewed for various
configurations [2,3]. These include three-level matter systems,
multiple-mode fields, multiple-photon interactions, and vari-
ous initial conditions. New advances and applications have
been recently reported in a special issue marking 50 years for
the model (see, for example, [4—6]). Our interest in this work
is the interaction of molecular systems with thermal light in
a fully quantized framework. To achieve this, we present an
extension of the JC model to molecular systems, represented in
coordinate space, thereby including the molecular vibrational
degrees of freedom.

The simplest model for a molecular system is perhaps the V -
type three-level system. The interaction of three-level systems
with quantized fields has been studied in a two-mode config-
uration, consisting mainly of pure states of the field, where
neither of the modes induces both of the allowed transitions
but only one particular transition [7-10]. Interestingly, these
works considered populations and average-photon-number
dynamics, but not coherence effect in the material system.
The interaction of a quantized thermal field (which is a mixed
state) with matter was studied for the first time soon after the
JC model was introduced [11]. However, the material system
considered there was a two-level system. Subsequent studies
of matter interacting with a quantized thermal field have also
focused on two-level systems [12—17]. Itis expected, therefore,
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that analyzing the fully quantized interaction dynamics of a
V -type three-level system with a thermal state of the field will
be beneficial for understanding the interaction of molecular
systems with thermal light.

The interaction of matter with thermal light is closely
related to the ongoing efforts to study the sunlight-induced
dynamics in natural photosynthetic systems. In particular, the
question of whether these systems undergo coherent dynamics
following excitation is under debate. Experimental studies
have indicated the formation of vibrational and electronic
coherence in photosynthetic systems excited, typically, by
ultrashort laser pulses [18-25]. Theoretical studies have
employed a number of approaches but have not yet reached a
consistent conclusion regarding this question [26-32]. Typi-
cally, these studies consider a V -type level system as a model
for the matter but do not consider the radiation dynamics,
either because they employ a semiclassical formulation or trace
over the field subspace prior to performing state propagation.
Moreover, most of the theoretical approaches are approximate
in some sense, as they involve semiclassical and perturbative
formulations. Some of them rely on the presence of an intrinsic
coupling between the material excited states, such as vacuum-
or decay-induced coherence [31-33]. Others treat the material
system following an assumed coherent excitation [34].

Knight and Radmore [12] have compared semiclassical
and fully quantum-mechanical formulations for the thermal-
light-induced dynamics in a two-level system. The results
indicated different dynamics for the two formulations. Han
et al. [35] have employed a semiclassical interaction model for
studying the interaction of a more realistic molecular system
with incoherent light, where the field is treated classically.
The resultant dynamics indicate an irregular structure in
coordinate space with fast decoherence. Since incoherent light
isintrinsically statistical, the implementation of a semiclassical
formulation for its interaction with matter requires the use of
many separate realizations of the field; see also [36]. Field
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quantization, on the other hand, suggests a closed analytical
expression for thermal states of the light, using the density
matrix. Thus, it offers a convenient route for simulating the
interaction of thermal light with a material system within a
fully quantized framework, and in particular with a molecular
system including its internal vibrational degrees of freedom.
In light of this, our goal is to implement a fully quantized
and exact (nonperturbative) formulation for the interaction
of a Born-Oppenheimer molecular system with a (quantized)
thermal state of the field.

In this study, we examine the interaction of multiple
excited-state material systems with multimode thermal light
using the density-matrix formalism. Specifically, we consider
a V-type three-level system and extend the JC model to a
molecular system of two-state Born-Oppenheimer potential
energy surfaces (PESs). While the thermal light remains
completely diagonal in Fock space during the interaction and
does not induce coherence between the ground and excited
state of the material subsystem, it does induce coherence
between the material excited states, even when a multimode
thermal field is used. In the molecular system, the excited-state
coherence is manifested by wave-packet-like dynamics seen
in the coordinate representation of the reduced density matrix
of the material subsystem. We consider low and high initial
average-photon-number regimes and different ratios between
the field detuning and the interaction strength. In some regimes
of high initial average photon number, thermal light shows
“coherentlike” collapse and revival patterns rather than the
characteristic “chaotic” or “random” pattern [12,37].

II. THEORETICAL FRAMEWORK

Conceptually, we treat the light-matter system as a bipartite
composite system whose subsystems, the quantized material
and field systems, interact via a JC-type interaction model.
The dynamics are studied by propagating the density matrix
of the composite system. We express the initial system by
0(0) = pr(0) ® py(0) (where F and M stand for “field”
and “material,” respectively), and fully propagate it in time
according to p(t) = U(t),o(O)UT(t), where U(¢) is the system
propagator that will be specified below. In practice, we apply
this framework to a V-type three-level system interacting with
one- and three-mode thermal states of the field. In addition, we
apply it to a two-state Born-Oppenheimer molecular system
interacting with a single-mode thermal state of the field. We
now specify in detail the system Hamiltonians and the initial
states we consider.

A. V system interacting with a multimode thermal state

The V-type three-level system is presented schematically
in Fig. 1.

In our model, the JC-type Hamiltonian for this three-level
system interacting with £ modes of the radiation field is given
in the material states basis by
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FIG. 1. V-type three-level scheme.

where we have invoked the dipole and rotating-wave approxi-
mations, and set 7 = 1. The index i = {g,e, f} stands for any
of the material states, and w; denotes its energy. We denote
the energy separation between the states by w;; = w; — ;.
The index k designates the kth mode of the field, and since we
consider up to three modes, it takes the values 1,2, or 3. The
operators @, and d are the photon creation and annihilation
operators, respectively, corresponding to the kth mode, and
operating on the photon states {|rn;)}; wy is the mode frequency.
Note that {|n;)} denotes the photon states corresponding to
the kth-mode Fock space. We define the field detuning with
respect to w; by A, = w; — wy. The parameter A, is the
matter-field interaction constant for the coupling of the states
|g) with either of the excited states, |e) (Aqx) or [f) (Ari),
through the kth mode. Note that each of the modes is allowed
to couple the ground state with any of the excited states, and
also that this model excludes any intrinsic coupling between
the excited states. For simplicity, in the single-mode case we
omit the index k from the parameters defined above.

For the interaction dynamics we consider here, the material
system is initially in its ground state p,(0) = |g)(g|. The
initial state of the field is either a thermal state or a coherent
state. A single-mode thermal state of index k takes the

ik

form pri(0) =32, pu.lnic)(nil, with p,, = G7b5=r, and
the average photon number 7; is given by the Boltzmann
distribution [37]. For a single-mode coherent state |a;) with

index k, log) = e 3l Y jnik!mk), where |y |? = 7y is
the average field photon number. The corresponding density
matrix is pg (0) = |og) (ox|. The initial state of a multimode
field is a tensor product of the individual single-mode states,
pr(0) = @, pr.1(0). The initial state of the composite system
is p(0) = pr(0) ® pp(0), and the state of the system at any
time in its evolution is given, explicitly, by

,O(t +dl) — e*intp([)einf. (2)

The state of each subsystem is obtained by tracing p(t) over
the space of the other subsystem (or over the spaces of the
other subsystems, in the general case of multimode), that is,

pa(t) = Trg[p(®)]. 3)

Finally, since we are interested in the excited-state coherence,
we shall use the function C(¢) (defined below) as a measure of
coherence between the excited states,

lom, fe ()]
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FIG. 2. Ground (bottom panel, blue) and excited (upper panel,
red) Born-Oppenheimer potential energy surfaces of a diatomic
molecular system. In the excited state we show the first four
vibrational eigenstates with offset energies.

B. Two-state Born-Oppenheimer system interacting with a
single-mode thermal state

We extend the JC model and formulate the interaction of
a quantized field with a two-state Born-Oppenheimer PES
(molecular) system, where, as specified below, the molecular
vibrational degrees of freedom—that is, nuclei separations—
are taken into account. In Fig. 2 we show the ground (blue)
and excited (red) state PESs of a diatomic molecular system
which we use in our simulations in this work. In the excited
state, the first four vibrational eigenstates are also shown (with
offset energy scale).

The field is represented in Fock space, and the molecular
system is spanned by the two-dimensional electronic space
and the continuous coordinate space for the nuclei separation.
We denote the Hamiltonian of the interacting matter and field
systems by Hp,o, whose explicit form in the two-dimensional
electronic states basis is

1
Hyo = 3 Hinli)i] + w(aﬁa + 5)

i=g,e

+A(le)(gla + |g)(elah), ®)
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where H;(r) = V;(r) + T is the nuclear Hamiltonian of the ith
molecular electronic state (ground |g) and excited |e)), with
the PES V;(r) and the kinetic energy operator T = —ﬁvz.
The parameter p is the molecular reduced mass. Note that
we have omitted the mode index &, since we consider only a
single-mode field. We denote the (vibrational) eigenstates of
H;(r) by ¥, ,(r), where v is the vibrational quantum number.
In writing the Hamiltonian of Eq. (5) we invoke the dipole,
Condon, and rotating-wave approximations.

We examine the dynamics of the molecular system inter-
acting with either a single-mode thermal or coherent state of
the field, whose initial state is pr(0), as specified above. The
initial molecular (ground) state is pp(0) = [g,V4,0) (8, V.0l
The initial state of the system is the tensor product of the initial
states of the two subsystems, and its state at any time in the
course of interaction is

p(t + dt) = e~ Hmoidl ()t madt (6)

The density matrix is represented and propagated in the
electronic ® bond-coordinate ® photon-Fock product space.
It is convenient to employ the “split operator” method [38] for
the propagation and separate the kinetic energy term of the
Hamiltonian from the rest of the terms. Thus, for each time
step the propagator is e/t ~ o=iTdt p=itinad! \where H,
is the full molecular Hamiltonian of Eq. (5) with the operator
T excluded.

III. RESULTS AND DISCUSSION
A. V-type system interacting with single-mode thermal field

In this section, we consider the interaction of a V-type
three-level system with single-mode thermal light. The energy
of the excited state |e) is w, = 0.0911 a.u., relative to the
ground state, and the excited-state separation is w s, = 1.14 x
10~%a.u. This separation corresponds to 250 cm~!, which
is a realistic vibrational level spacing in a molecule. The
two latter parameters are kept fixed for the V-system cases
considered in this work. The other parameter values used are
specified below for each case that we consider. Note that all
the parameter values given below are in atomic units unless
specified otherwise. We shall consider a number of cases that
differ in the field initial average photon number 7 and in the
ratio f—

In the Appendix, we derive the analytical expressions for
the material populations and coherence for the V system
interacting with the single-mode thermal state of the field
where the field frequency is tuned in the middle of the
excited-state spacing, and the interaction constants are set
equal. We use these analytical expressions to interpret some
of the results presented in our work.

1. Casel: n K land%" >1

Our interest in the low-7 regime stems from the fact
that the average photon number characteristic of sunlight is
1072 [37]. In case I, we consider a V system interacting
with a single-mode thermal state initially with 7 = 0.008
(corresponds to temperature of 6000 K at wavelength of
495.9 nm), detuning of A, = 7.59 x 10~%, and the interaction
constants A, = 1.5 x 10~* and A F= 10~*. The initial state of
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FIG. 3. From top to bottom: Excited-state populations (| f) state:
blue dashed line; |e) state: red solid line), coherence element (real:
blue dashed line; imaginary: red solid line), coherence measure, and
partial traces (material: blue dashed line; field: red solid line) obtained
for the V system interacting with a single-mode thermal state, initially
with i = 0.008 and 3£ > 1.

the light is constructed with the first 11 Fock states such that
the trace of the density matrix numerically converges to 1. The
field frequency is detuned from both the excited states, as can
be expected for a molecular system with many excited-state
vibrational levels.

In Fig. 3, we show some of the dynamical measures
obtained for this configuration. From top to bottom, we show
the material excited-state populations Tr[|i) (| (?)], the real
and imaginary parts of the material excited-state coherence
element py, r.(¢), the measure of excited-state coherence C(?),
and at the bottom the traces of the material and field squared
reduced density matrices Tr[p,zw(t)] and Tr[p%(t)]. For the
interaction of the same V system with a coherent state of the
light of the same initial average photon number, the dynamical
patterns (not shown) are indistinguishable from these shown
in Fig. 3. The only difference is that Tr[,o,zuw ()] = 1 since the
states are pure.

The periods recognized for the populations correspond to
the actual detunings, thatis, A, and A ;. This is understood by
inspecting Eq. (A12), where the oscillatory term is governed
by the detuning. The excited-state material coherence element
Pum, re Teveals also a higher-frequency component (of about
134 fs) which corresponds to the state separation w . ; this is
evident in Eq. (A13) in the Appendix by the double-detuning
frequency component. In addition to the coherence element,
we show C(¢) as a measure for the excited-state coherence.
The excited-state subspace coherence is maximal as this
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measure approaches 1. It is reduced when the coherence
element is minimal. The material populations, excited-state
coherences, and coherence measures in Fig. 3 and its coherent-
state analog (not shown) are indistinguishable. This result is
reminiscent of that obtained when comparing the interaction of
single-mode thermal and coherent states, initially with 7 = 1,
with an excited two-level system by Cummings [11], whose
physical meaning was considered “obscure.” By considering
the analytical dynamical expressions in the Appendix for the
case of a single-mode coherent state, it is evident that the high
degree of similarity between the thermal and coherent cases is
a direct consequence of the similar photon-number statistics
of the two fields for the 7 <« 1 regime we consider here.
On the other hand, Tr[,ofw(t)] and Tr[,o%(t)] show different
behavior for the two field cases. In the mixed-field-state
scenario (interaction with the thermal light), both traces are
generally < 1 and thus indicate the subsystems are not pure
but mixed states. In addition, they oscillate out-of-phase as
if purity is exchanged between the subsystems. On the other
hand, as mentioned above, in the pure scenario (interaction
with the coherent state) both traces equal 1, as is well known
for a pure system.

Throughout the interaction of the thermal light with the V
system, pp(¢) remains diagonal in Fock space (which is easily
verified by the analytical derivation in the Appendix); in other
words, no coherence is generated in the thermal field. This
is a direct physical consequence of the fact that the field is
initially diagonal and from the nature of the interaction, as we
shall explain shortly. From the material coherence perspective,
it means that the thermal state does not induce coherence
between the material ground and excited states (verified by
the analytical derivation in the Appendix). The coherent state,
on the other hand, induces coherence between the material
ground and excited states. This distinction between the thermal
and coherent states (along with the difference of the traces,
mentioned above) indicates that the two types of field states
are basically different, although the material populations and
coherences are similar.

The reason for the absence (presence) of coherence be-
tween the material ground and excited states for the thermal
(coherent) state is the following. According to our model,
the interaction of a single Fock state, say |n), with the
material ground state |g) produces the general superposition
alg,n) + (ble) + c| f))In — 1), which in the material subspace
(that is, after tracing over the field space) corresponds to a
mixed state of the material ground and excited states. On the
other hand, the superposition between the excited states is a
source of coherence. Thermal light is a statistical mixture of
single Fock states and, therefore, may induce only excited-state
coherence in the material subsystem. Note that the absence of
coherence between the ground and excited states is related to
the vanishing of the material dipole-moment in this scenario,
as pointed out in [15] for a two-level system. In contrast, since
a coherent state is a coherent superposition of neighboring
Fock states, its interaction with the material ground state
will generate coherence between the material ground and
excited states (since they share common photon states), and
also among the excited states themselves. In this context, a
Schrodinger cat (coherent) state [37] is expected to behave
just like a thermal state, as already noted elsewhere [39],
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although it is a pure state. The explanation given above for
the thermal state applies in this case as well. To the best of
our knowledge, the excited-state coherence of such a material
system, induced by thermal light, has never been examined
before. It is obtained in the model presented here through
an exact quantum-mechanical treatment without any intrinsic
coupling between the excited states. Such couplings were
introduced in a number of previous studies [31-33] and were
necessary to allow the material excited-state coherence.

Although we do not show it here, for a % < 1 regime
(with 7 < 1), the thermal- and coherent-induced dynamics
also show almost identical patterns, with periods dictated by
the interaction constant values (as is familiar for resonant
case dynamics, and is easily verified using the analytical
expressions given in the Appendix).

In light of the (partial) similarity in the material subsystem
dynamics induced by the thermal and coherent states, the
question may be raised concerning whether this behavior is
expected or not. Although the similar photon statistics of the
thermal and coherent states with 77 < 1 gives a satisfactory
explanation, this question may perhaps be strengthened by
claiming that a single-mode thermal state is first-order co-
herent. It is well known that a coherent state is coherent in
the general sense (that is, to any degree of coherence) [40].
Indeed, a single-mode thermal state is first-order coherent [40],
regardless of its average photon number 7i. Therefore, if single-
mode thermal and coherent states induce similar dynamics
because both are first-order coherent, then both states of the
light are expected to induce similar dynamics regardless of
their initial average photon number. Moreover, although a
single-mode thermal state is first-order coherent, it is not
second-order coherent [40], and thus it is not coherent (in
the general sense), and differs, basically, from the coherent
state (as we have actually shown above for the case of
7 = 0.008). Last, a multimode thermal state is not even
first-order coherent [40]. Hence, to establish a more general
characteristic of thermal light interacting with matter, it would
be desirable to examine the interaction of a V system with a
single-mode thermal light of high average photon number and
with multimode thermal light.

2. Casell: n > 1and %i «1

For the high-average-photon-number regime we use 1 =
10. In this case, the dynamic patterns are complex and strongly
depend on the ratio % We first consider the small-ratio
regime with A, = 0.01, Ay =0.02, and Ay = 3.80 x 1074
The number of Fock states used for the 7 = 10 case is 120.

In Fig. 4 we show the time dependence of the populations
(top panel), excited-state coherence element (middle panel),
and the coherence measure C(¢) (bottom panel) for the V
system interacting with the single-mode thermal state and
the specified f— ratio. (The time dependence of the average
photon number', not shown, follows that of the ground-state
population.)

Apparently, the induced dynamics follows the “chaotic”
structure, which is characteristic of a thermal mode, of high
enough 71, interacting resonantly with, for example, a two-level
system [12,37]. As with the 7 <« 1 case, the reduced field

density matrix (not shown) remains completely diagonal and
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FIG. 4. From top to bottom: populations, excited-state coherence,
and coherence measure, obtained for the V system interacting with
single-mode thermal state, initially with 7 = 10 and % < 1. Note
the interpretation next to the line. l

no coherence is induced between the ground and excited
states; the interaction mechanism stays the same. In addition,
Tr[,012u (r)] and Tr[,o%(t)] (not shown) are both < 1, thus
indicating that the states are not pure. Although we do not
show it here, the same interaction configuration with a coherent
state shows the collapse and revival pattern characteristic of a
coherent state [3,37]. In contrast to the low-7 regime, in the
current case the thermal and coherent state induce completely
different time-dependent dynamics. As far as excited-state
coherence is concerned, it is clear from Fig. 4 that, first,
it is induced by the thermal state, and second, it follows a
chaotic time dependence as well, and persists with steady
intensity. The excited-state coherence measure indicates that a
high degree of coherence persists throughout the interaction.
These simulation results are easily verified using the analytical
dynamical expressions given in the Appendix.

In this context, it is relevant to mention previous studies that
have employed semiclassical formulations for the interaction
of thermal light with matter. As mentioned above, Knight and
Radmore [12] have compared fully quantized and semiclas-
sical formulations for the interaction of thermal light with a
two-level system and reported different dynamical patterns for
the two. In addition, Jiang and Brumer [27] have also examined
semiclassical perturbative formulation for the interaction of
thermal light with a multilevel structureless material system.
They concluded that no coherence between the material energy
states is expected. The creation of a mixed state was also
predicted by employing the von Neumann equation for the
interaction of a V system with classical partially incoherent
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FIG. 5. From top to bottom: populations, excited-state coherence
element, and coherence measure obtained for the V system interacting
with single-mode thermal state, initially of 7 = 10 and f—: 5, f—f ~
4. Note the interpretation next to the line.

light [36]. The results we present above, both for low and
high average photon numbers, contradict this conclusion (and
those of subsequent studies, as is shown below). A thorough
semiclassical study of the interaction of thermal light with
matter may therefore be of interest for a full understanding of
its comparison with the fully quantized model.

3. Caselll: ii > 1 and % >1

We consider now the case of relatively high field detuning.
In Fig. 5, we show the populations, excited-state coherence,
and coherence measure (top, middle, and bottom panels,
respectively) of the V system interacting with a single-mode
thermal light with initially 7 = 10, interaction constants A, =
1.5 x 107* and Ap = 1074, and detuning Ay = 3.80 x 1074,
In Fig. 6 we show the same dynamical measures for a similar
system, but the field is initially a coherent state.

Apparently, the thermal light induces dynamics with an
unusual collapse-and-revivals pattern, which is far from the
characteristic chaotic structure of thermal light. The collapse-
and-revivals structure is more reminiscent of a coherent-state-
induced dynamics and seems to present distinct frequency
components. Inspecting the populations and coherence ele-
ment time dependence reveals that during different periods
of times the dynamics is governed by different frequency
components. Specifically, at some periods the dynamics is
governed by the detuning while at others, by the interaction
constant, or the excited-state spacing for the coherence. As the
ratio % increases, an even more distinct time dependence of
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FIG. 6. From top to bottom: populations, excited-state coherence
element, and coherence measure obtained for the V system interacting
with a single-mode coherent state, initially with 7 = 10 and % ~ 5,

A . . .
Tff- ~ 4. Note the interpretation next to the line.

the collapse-and-revivals pattern is obtained, as exemplified
in Fig. 7 for the thermal state with initially 7 = 10 and
Le =3 x 1072 andA; =5 x 107>, The three examples shown
for the actual case present a structured pattern for the function
C(t) that persists throughout the interaction dynamics with
varying intensity. Its detailed dynamical analysis remains
beyond the scope of the current work. We should note here
as well that for the thermal-light-induced dynamics, Tr[p,zw(t)]
and Tr[,o%(t)] (not shown) are both < 1, which indicates that
the states are not pure.

In fact, depending on the particular values, the f— > | case
for a thermal light interacting with the V system shows a
wealth of dynamical structures, which we do not consider
here in detail. By inspecting and analyzing the analytical
expressions of Eqs. (A14) and (A15) in the Appendix, itis clear
that the dynamics shows a nontrivial dependence on both the
detuning and interaction constant—it is not only the ratio %
that determines which term dominates within the generalized
Rabi frequency, see the generalized Rabi frequency for the
case derived in the Appendix €, = A? + 2A%n, but also the
actual photon-state quantum number #n. As a result, the term
A%n may dominate although A > A, and the summation over
the photon quantum number should include both detuning
and interaction constant components. The resulting dynamical
expressions thus superpose frequency components of both the
detuning and the interaction constants. A detailed analysis of
the relevant various cases is beyond the scope of this work
but can be constructed based on the analytical derivation we
present in the Appendix.
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FIG. 7. From top to bottom: populations, excited-state coherence
element, and coherence measure obtained for the V system interacting
with a single-mode thermal state, initially with 7 = 10 and f—: ~ 25,

f—ff ~ 8. Note the interpretation next to the line.

In this context, it is interesting to recall another example
where single-mode thermal states bring about a dynamical
pattern with well-separated collapses and revivals rather than
the familiar chaotic one [17]. In that case, a single-mode
thermal state interacts with N two-level systems and the
interpretation is that the thermal state acquires attributes of
coherent behavior due to the interaction with many equivalent
two-level systems initially in the simplest possible initial state.

To conclude this section, we note that it is evident that the
large similarity obtained for the thermal- and coherent-state-
induced dynamics with initially 7 < 1 is due to the fact that the
two fields have almost the same photon number distribution,
populating mainly the vacuum state. By considering i1 > 1
and the distinct influence of the ratio T’ it is evident that the
single-mode thermal state, even though first-order coherent,
differs from a coherent state. Nevertheless, both states induce
excited-state (material) coherence. Last, we note that the effect
of detuning was considered for a two-level system interacting
with a coherent state [41,42] and numerically analyzed for a
three-level system interacting with two modes [7] and with a
single coherent mode [9]. In the two latter cases, the dynamical
patterns for various parameters are calculated. In this context,
the fact that the ratio % has a significant influence on the
thermal-light-induced dynamics, as we have shown above,
suggests that a more detailed study on the influence of detuning
may be of interest.
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FIG. 8. From top to bottom: Excited-state populations (| f) state:
blue thick line; |e) state: red thin line), coherence element (real: blue
thick line; imaginary: red thin line), coherence measure, and partial
traces (material: blue thick line; field: red thin line) obtained for the
V system mteracting with the three-mode thermal state, initially with
iy < 1 and ’f > 1.

B. V-type system interacting with three-mode thermal field

At this point we proceed to examine the interaction of a
three-mode thermal state with the V-type three-level system,
following the theoretical formulation of Eq. (1). We are
particularly interested in the characteristics of the induced
material coherence. This time we focus on the low average-
photon-number limit, as it is relevant for sunlight. We also
restrict ourselves to the % > 1 case since we would like
detuning to play a role. Concretely, the initial average photon
numbers of the three thermal modes are 7; = 0.0085, 71, =
0.008, and 715 = 0.007 6, and the interaction constants are
Al =1.5x 1074, Aip = 10~*, and Aiz =9.5 % 1073, The
mode detunings are A, = Asp = 3.80 x 10~* and Asz =
—3.80 x 1074,

In Fig. 8 we show, from top to bottom, the excited-
state material populations, material excited-state coherence
element, coherence measure C(z), and traces of the material
and field squared reduced density matrices obtained for the
three-mode thermal state interacting with the V system.
Clearly, the dynamical pattern is far more complex than that
obtained for the single-mode thermal state, shown in Fig. 3.
The three-mode thermal state does induce excited-state coher-
ence with an apparent irregular revivals pattern of C(¢) along
the interaction period. We should note that, here too, the three
modes remain completely diagonal in the course of interaction.
In Fig. 9, we show the dynamical measures obtained for the
same matter-field configuration but the initial field is a coherent
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TABLE I. The parameters, in atomic units, for PESs used for the
molecular simulations.

V, V.
D 0.0378492 0.0426108
b 0.4730844 0.3175063
o0 5.0493478 5.8713786
T 0 0.0911267

pasge(t)
o_;
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|2

0.67

|par.se
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0.2r 4

0 1000 2000 3000 4000 5000
t(fs)

FIG. 9. From top to bottom: Excited-state populations (| f) state:
blue thick line; |e) state: red thin line), coherence element (real: blue
thick line; imaginary: red thin line), coherence measure obtained for
the V system interacting with a three-mode coherent state, initially

with 73, < 1 and ff‘f > 1.

state. Both figures indicate a complex time dependence that
apparently depends on the multimode detunings. We note,
although we do not show here, that two-mode thermal state
of the field induces excited-state material coherence as well.
To fully characterize the interaction of multimode with the
material system, further study is required. In particular, the
> 1 and % « 1 regimes should be considered as well but
are beyond the scope of the current work.

Within a fully quantum-mechanical dynamical framework,
the ultimate model for the interaction of sunlight with matter
would probably consist of a continuous-mode description [40]
of the light. Previous works have employed a number of limited
models for studying the interaction of thermal light with
matter, for example, [26,27], where the common conclusion
was that thermal light could not induce excited-state coherence
and the state of the material system would be a mixture of
eigenstates. In contrast, our results for single- and three-mode
thermal states show that this kind of thermal light does indeed
induce coherence in the material excited states. Indeed, the
thermal states do not induce coherence between the ground
and excited states, and thus the material system is a mixture
of a ground state and a superposition of the excited states. For
a more complete picture of the interaction of the V system
with thermal light, the generalization to an arbitrary number
of modes is required, but our results do not indicate any
fundamental restriction for coherence to be induced.

C. Two-state Born-Oppenheimer system interacting with
single-mode thermal field

The motivation for studying the interaction of thermal light
with the simplest multiple excited-state system—the V-type
three-level system—is to develop some understanding for
the case of a realistic molecular system. Such a system can
consist of ground and excited electronic states, each with their
manifold of vibrational levels. It can be expected that a direct
analogy to the V system would apply.

We follow the theoretical framework presented above to test
the JC molecular extension and thus simulate the interaction
of a single-mode thermal state of the light with a two-state
Born-Oppenheimer PES molecular system. In practice, we
consider a molecular system of two one-dimensional Morse-
type PESs, Vi(r) = D;(1 — e %—70))2 1 T;. The potential
parameters we use for the simulation are specified in Table I;
these are essentially the X and A states of the Li, molecule [43]
used in a previous study [44], but only with the A state (V, in
the notation used here) shifted in energy.

The initial state of the field pr(0) =", puIn)(n| is
constructed with the first seven Fock states. We set A = 1074,
and 77 = 0.0072 (obtained for 486.1 nm at 6000 K for
the field mode). The molecular subsystem is represented in
coordinate space and the thermal mode can “naturally” couple
the molecular ground state with the infinite set of excited
vibrational states. Note that the vibrational ground state (of
the |g) electronic state) has different overlap with each of
the vibrational excited states (of the |e) electronic state).
Therefore, although we use a single value for A, the field
mode couples the vibrational ground state to each of the
vibrational excited states with different effective strengths.
The frequency of the excited mode is tuned between the third
and fourth vibrational eigenstates of the excited state |e). This
configuration is analogous to the detuned case considered
above for the V system, whose results are presented in Fig. 3.
Based on these results for the interaction of the single-mode
thermal state with the V system, we can expect the thermal
light to induce molecular excited-state coherence.

In Fig. 10 we show snapshots of the excited-state material
reduced density matrix, py ..(¢). In the left column we show
P e(t) in the coordinate representation, while in the right
column we show its projection onto the first 15 excited
vibrational eigenstates. The clear observation that emerges
from these snapshots is that thermal light induces excited-state
vibrational coherence (dominated by the third and fourth
vibrational states) that persists for several vibration periods.
An almost identical coherence feature is obtained by the
interaction of a coherent state with the molecular system
(not shown here), as we can expect on the basis of the
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FIG. 10. Snapshots of py ..(¢) for thermal light interacting with
a two-state Born-Oppenheimer molecule. The left column shows
Pum.e(t) in coordinate space (with the time specified in femtoseconds),
and the right column shows its projection onto the vibrational
eigenstates of the molecular excited state.

results obtained for the V system. The spatial representation
exhibits a wave-packet-like dynamics, unlike that reported on
the basis of a semiclassical treatment with pulsed incoherent
light [35]. It is interesting to note, although we do not show
it here, that when the field is resonant with a vibrational
eigenstate of the excited state, the wave packet created initially
evolves to the corresponding vibrational eigenstates within
a single vibrational cycle on the excited state. This applies
to the coherent and thermal states. The difference between
the interaction with coherent and thermal states is that the
former also induces coherence between the ground and excited
electronic states while the latter does not, just as discussed
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FIG. 11. The spectrum
of the excited-state molecular
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above for the V system. To have a quantitative measure
of the wave-packet-like dynamics, we calculate the excited-
state correlation function C(¢) = Tr[pas,44(0)par,eo(t)] and its
Fourier transform o(w). In Fig. 11 we show the spectrum
o(w). It reveals the harmonics of the characteristic energy
difference between the excited-state vibrational eigenstates
wey ~ 0.0011 a.u.

The dynamical picture obtained for the case where the
initial average photon number of the field is # =3 (not
shown here) is quite similar to that seen in Fig. 10, and the
typical chaotic pattern becomes pronounced as the interaction
constant becomes relatively large. This is in agreement with
the results for the V system.

The results for the single-mode-induced dynamics may well
represent a molecule (or an atom, in the case of the V system)
residing in a cavity and interacting with the electromagnetic
mode. It is important in this context to note that all of the
attempts to model the interaction of quantized thermal light
with matter, that were mentioned in the Introduction, have
actually employed cavity dynamics as well. A more realistic
model, for the interaction of sunlight with matter, demands
a continuous-mode formalism [40], or, at least, a multimode
formulation. Based on the thermal three-mode results above
for the V system, we believe that in the relevant photon number
regime, thatis 77 < 1, a multimode thermal light would induce
excited-state coherence in the molecular system as well. It
may also be of interest to examine the influence on the initial
state of the molecular system on the subsequent dynamics.
Particularly, the possibility that the molecule is initially in a
mixed state of the ground vibrational states is most relevant
for systems at high temperature.

IV. CONCLUSIONS

Thermal-light-induced dynamics of molecular systems is of
great interest. A number of methodologies have been applied to
study thermal-light-induced dynamics of material systems but
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have not provided a consistent conclusion regarding induced
material coherence. Furthermore, semiclassical and fully
quantized methodologies for thermal-light-induced dynamics
in two-level systems have indicated different dynamical
characteristics. In this context, a fully quantized framework
for studying the interaction of realistic molecular systems with
thermal light is necessary to understand the corresponding
dynamics.

In light of this, we study the interaction of a quantized
thermal state of the electromagnetic field with matter, with
a focus on two main aspects that have not been considered
before. The first relates to the question of whether a thermal
state, and in particular, a multimode thermal state, induces
material coherence. In the second, we extend the Jaynes-
Cummings (JC) model to a molecular system of two-state
Born-Oppenheimer potential energy surface (PES) where
the vibrational degrees of freedom are taken into account.
We are mostly interested in the low-average-photon-number
regime, 71 < 1, as it is relevant to the much-studied topic of
sunlight-induced chemical reactions in natural photosynthetic
systems.

By employing a JC-type interaction model for a V-type
three-level system and multimode thermal state of the light,
it is shown that the thermal light does induce excited-state
coherence in the material subsystem, contrary to previously
stated conclusions. Indeed, the thermal state, which remains
diagonal throughout the dynamics, does not induce coherence
between the material ground state and the excited states.
In addition, we show that the ratio of field detuning and
interaction constant has a significant influence on the thermal-
light-induced dynamics. In particular, in some circumstances,
thermal light can bring about dynamical time dependence
that shows a “coherentlike” collapse-and-revival pattern rather
than the characteristic chaotic pattern. Such an effect has been
reported before for single-mode thermal light interacting with
many two-level systems.

We further extend the JC model for a molecular system
that consists of two-state Born-Oppenheimer PESs, where
the light-matter system is represented, and propagated, in
the electronic—bond-coordinate-Fock product space using a
density-matrix formalism. We show that a single-mode thermal
state of the field induces extensive vibrational coherence in the
molecular excited state that is manifested by wave-packet-like
dynamics in the material coordinate space. On the basis of
the results obtained for the V system interacting with a
thermal multimode field, we expect that a similar excited-
state vibrational coherence would be induced by a thermal
multimode field.

Our results suggest that it should be worthwhile to re-
consider the previous general conclusion, drawn in earlier
studies, that thermal light should induce only a mixture of
material eigenstates. In particular, our results do not indicate
any fundamental restriction for excited-state coherence to
be induced by thermal light. The generalization of the fully
quantized treatment to an arbitrary number of modes, and
to continuous mode, is expected to remove any existing
ambiguity in this issue. For a complete understanding of the
nature of the interaction of thermal light with atomic and
molecular systems, the effects of detuning and initial state
of the material systems should be further studied as well. Last,
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the molecular JC model we propose may be used for cavity
molecular dynamics simulations.

APPENDIX: ANALYTICAL DYNAMICAL EXPRESSIONS
FOR THE V-TYPE THREE-LEVEL SYSTEM

In this section, we derive analytical expressions for the
populations and coherence of the V -type three-level subsystem
for the case where the single-mode frequency is equally (and
oppositely) detuned from the excited states. In other words, the
excited states are not degenerate and A = wy — 0 = —(w, —
w). In addition, we set the interaction constants equal, denoted
by A. Following [2], the interaction Hamiltonian for the case
we consider here is thus given in the material states basis by

A 0 Ara
H=|0 -—-A i (A1)
aat aat 0

Employing a Taylor expansion, the corresponding propagator
is given by

Crr—iSyy Cre Cre—iSyy
e HHIT — éfe éff+iSf']¢' —éfg—l'gfg s
Cor —iSgr  —Cgp — 1Sy o
(A2)
with the Fock-space operators given by
A 1 Q
Crr = §|:cos(«/§t) + <6 - 1)]@
" A
Srr= —sin(\/ﬁt)
fr m
A e .
Cre = a[cos(x/ﬁt) — 1]aa
A LA
Cre = E[cos(\/ﬁz) —1]a
(A3)

. A
AR
. AA ~

Cor = 6[cos(v Qr) — 1]at

sin(\/ﬁt)&

A _
S = ﬁsin(\/gt)fﬂ

. 222 = Q

_ = vt ats
Co = = [cos(\/gt)—i- (2,\2&1& 1)}1 a,
where we define Q = A% + 222aaf, Q=A2 +222ata, and
® = A? + A%aa’. The operation of each operator on the Fock
basis states is then

A 1 Q,

Cyrln) = et [COS(\/Qn+lt)+ <® : - 1>:|®n+l|n>
~ A .

Sffl”) = \/Q_HSIH(V Qn-‘rﬁ)'”)

A e

Cfe|n> = [COS(\/ QnJrll‘) - 1]|I’l)

n+1
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éfg|”> =
o A
8ln) = \/—Q_smu/sz*nr)ﬁzm —1)
Corln) = 22 [cos(y/@urrt) — 1WA+ Tin + 1)
n+1
Serln) = msin«/sznm)\/n +1ln+1)
¢ i V. 1
egll) = |:cos( 1)+ (2&2 — )]nm),

(A4)

where we define 2, = A2+ 2A%n and ©,, = A% + A%n.

Assuming the material subsystem is initially in its ground
state and the general initial state py(0) for the field subsystem,
the initial state of the bipartite system p;(0) is given in the
material states representation by

00 0
oa=[0o 0o o
0 0 pr(0)

(AS5)

Using the propagator defined in Eq. (A2) and its Hermitian
conjugate, the system state at any time ¢ is obtained by using
the relation

pi(t) = e 1 p(0)e' 1. (A6)

Specifically, for an initial thermal single mode of the field
pr(0) =", puln)(n|, the material excited-state populations
are

pM,ff(t) = pM,ee(t)
[cos(y/ 1) — 117

n
=AY Y Py
+22)° pnﬂisinz(\/ﬁjt).

(AT)
The material ground-state population is given by

(232n)> A? 7
pM,gg(t) = ZPnQ—%[COS(\/HHI) + m] s (AS)

n

and the excited-state material coherence by

oM. fe(t) =

2 n). 2 _ A_2 2
A Xn:pn Qn{sm (V/Qut) o [cos(v/ Q1) — 1] }
+2i2°AY pn#sm(\/ﬂjz)[cos(@r) 1

(A9)

Our simulations for the relevant physical case (not shown) fit
to these analytical expressions.

It is easily verified, using the above analytical expressions
with some algebra, that (1) the thermal mode remains diagonal
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throughout the dynamics, and (2) the ground excited-state
material coherence element is identically zero at all times.

We now write approximate expressions for the material
populations and coherence for the cases 7 < 1 and 77 > 1. We
also specify the expressions for different % ratios. We begin
with 7 < 1. In this case, the thermal distribution coefficients
are approximately p, ~ i1". We thus get for the populations
and coherences the following expressions:

PO ~ (A Y TS eos(y/ ) — 17

n

+22)° ﬁQ"

(A10)

and

Phrpe) &

5 n'"n
A Z o
+2iA2A Z %Sin(\/ﬁnt)[cos(\/sit) —1].

2
{sin%@r) - g—[cos(\/fzit) - 112}

(Al1)

For the relatively large detuning regime, % > 1, these expres-

sions are further approximated as

n<<l L1 22\ | A T
o (1)~ (X) sm2<3t) Zn n (Al2)
and

n<<l A1 22\? ~inrg
Py fe (1)~ N e Znn (A13)

We now turn to the 7 >> 1 case, where the thermal state
initial distribution coefficients are, approximately, p, ~ i7~!.
The excited-state population and coherence terms now take
the approximate forms of

i (1) = (LAY Z Q1) — 11

n

/\ZZ

@ [cos(

sm (rt)

(Al4)

and

Phi 7o)
~ 22 Z
__|
+2i%AY ZZT/ZSin(\/Qnt)[COS(\/Qnt) —11.

(A15)

{sm (rt)— —[cos(\ﬁt)— 1] }

For a relatively small detuning % « 1, we then have

i1, 2«1 1,2

. 1 1 .
Pyt O =Py g P () ~ oy ZSIHZ(\/ 2nAt).

(A16)

033843-11



DAVID AVISAR AND A. D. WILSON-GORDON

[1] E. T. Jaynes and F. W. Cummings, Proc. IEEE 51, 89 (1963).

[2] H.-I. Yoo and J. H. Eberly, Phys. Rep. 118, 239 (1985).

[3] B. W. Shore and P. L. Knight, J. Mod. Opt. 40, 1195 (1993).

[4] E. G. Groves, B. D. Clader, and J. H. Eberly, J. Phys. B: At.,
Mol. Opt. Phys. 46, 224005 (2013).

[5] M. Tavis and F. Cummings, J. Phys. B: At., Mol. Opt. Phys. 46,
224011 (2013).

[6] S. Stenholm, J. Phys. B: At., Mol. Opt. Phys. 46, 224013 (2013).

[7]1 X.-S. Li and Y.-N. Peng, Phys. Rev. A 32, 1501 (1985).

[8] A.-S. Obada and A. M. Abdal-Hafez, J. Mod. Opt. 34, 665
(1987).

[9] X.-S. Li, D. L. Lin, and C.-D. Gong, Phys. Rev. A 36, 5209
(1987).

[10] D. A. Cardimona, M. P. Sharma, and M. A. Ortega, J. Phys. B:
At., Mol. Opt. Phys. 22, 4029 (1989).

[11] F. W. Cummings, Phys. Rev. 140, A1051 (1965).

[12] P. L. Knight and P. M. Radmore, Phys. Lett. A 90, 342 (1982).

[13] G. Arroyo-Correa and J. J. Sanchez-Mondragon, Quantum Opt.
2,409 (1990).

[14] M. Kozierowski, S. M. Chumakov, and J. J. Sanchez-
Mondragon, J. Mod. Opt. 40, 1763 (1993).

[15] C. A. Aranciba, S. M. Chumakov, and J. J. Sanchez-Mondragon,
J. Mod. Opt. 40, 2071 (1993).

[16] S. M. Chumakov, M. Kozierowski, and J. J. Sanchez-
Mondragon, Phys. Rev. A 48, 4594 (1993).

[17] S. M. Chumakov and J. J. Sanchez-Mondragon, Opt. Commun.
107, 231 (1994).

[18] R. W. Schoenlein, L. A. Peteanu, R. A. Mathies, and C. V. Shank,
Science 254, 412 (1991).

[19] M. H. Vos, J.-C. Lambry, S. J. Robles, D. C. Youvan, J. Breton
and J.-L. Martin, Proc. Natl. Acad. Sci. USA 88, 8885 (1991).

[20] S. L. Dexheimer, Q. Wang, L. A. Peteanu, W. T. Pollard, R. A.
Mathies, and C. V. Shank, Chem. Phys. Lett. 188, 61 (1992).

[21] Q. Wang, R. W. Schoenlein, L. A. Peteanu, R. A. Mathies, and
C. V. Shank, Science 266, 422 (1994).

[22] G. S. Engel, T. R. Chalhoun, E. L. Read, T.-K. Ahn, T. Mancal,
Y.-C. Cheng, R. E. Blankenship, and G. R. Fleming, Nature
(London) 446, 782 (2007).

[23] H. Lee, Y.-C. Cheng, and G. R. Fleming, Science 316, 1462
(2007).

PHYSICAL REVIEW A 93, 033843 (2016)

[24] G. Panitchayangkoon, D. Hayes, K. A. Fransted, J. R. Caram,
E. Harel, J. Wen, R. R. Blankenship, and G. S. Engel, Proc. Natl.
Acad. Sci. USA 107, 12766 (2010).

[25] E. Collini, C. Y. Wong, K. E. Wilk, P. M. G. Curmi, P. Brumer,
and G. D. Scholes, Nature (London) 463, 644 (2010).

[26] P. Brumer and M. Shapiro, Proc. Natl. Acad. Sci. USA 109,
19575 (2012).

[27] X.-P. Jiang and P. Brumer, J. Chem. Phys. 94, 5833 (1991).

[28] M. Fleischhauer, C. H. Keitel, M. O. Scully, and C. Su, Opt.
Commun. 87, 109 (1992).

[29] G. C. Hegerfeldt and M. B. Plenio, Phys. Rev. A 47, 2186
(1993).

[30] V. V. Kozlov, Y. Rostovtsev, and M. O. Scully, Phys. Rev. A 74,
063829 (2006).

[31] K. E. Dorfman, D. V. Voronine, S. Mukamel, and M. O. Scully,
Proc. Natl. Acad. Sci. USA 110, 2746 (2013).

[32] T. V. Tscherbul and P. Brumer, Phys. Rev. Lett. 113, 113601
(2014).

[33] D. Bortman-Arbiv, A. D. Wilson-Gordon, and H. Friedmann,
Phys. Rev. A 63, 043818 (2001).

[34] A. W. Chin, J. Prior, R. Rosenbach, F. Caycedo-Soler, S. F.
Huelga, and M. B. Plenio, Nat. Phys. 9, 113 (2013).

[35] A. C. Han, M. Shapiro, and P. Brumer, J. Phys. Chem. A 117,
8199 (2013).

[36] Z. S. Sadeq and P. Brumer, J. Chem. Phys. 140, 074104
(2014).

[37] C. Gerry and P. Knight, Introductory Quantum Optics (Cam-
bridge University Press, Cambridge, UK, 2005).

[38] D. J. Tannor, Introduction to Quantum Mechanics: A Time-
Dependent Perspective (University Science Books, Sausalito,
CA, 2007).

[39] G. J. Milburn, Opt. Acta 31, 671 (1984).

[40] R. Loudon, The Quantum Theory of Light, 3rd ed. (Oxford
University Press, Oxford, UK, 2000).

[41] S. Stenholm, Phys. Rep. 6, 1 (1973).

[42] M. Hillery and R. J. Schwartz, Phys. Rev. A 43, 1506 (1991).

[43] G. Herzberg, in Molecular Spectra and Molecular Structures, 1.
Spectra of Diatomic Molecules (Krieger Publishing Company,
Malabar, FL, 1950).

[44] D. Avisar and D. J. Tannor, Phys. Rev. Lett. 106, 170405 (2011).

033843-12


http://dx.doi.org/10.1109/PROC.1963.1664
http://dx.doi.org/10.1109/PROC.1963.1664
http://dx.doi.org/10.1109/PROC.1963.1664
http://dx.doi.org/10.1109/PROC.1963.1664
http://dx.doi.org/10.1016/0370-1573(85)90015-8
http://dx.doi.org/10.1016/0370-1573(85)90015-8
http://dx.doi.org/10.1016/0370-1573(85)90015-8
http://dx.doi.org/10.1016/0370-1573(85)90015-8
http://dx.doi.org/10.1080/09500349314551321
http://dx.doi.org/10.1080/09500349314551321
http://dx.doi.org/10.1080/09500349314551321
http://dx.doi.org/10.1080/09500349314551321
http://dx.doi.org/10.1088/0953-4075/46/22/224005
http://dx.doi.org/10.1088/0953-4075/46/22/224005
http://dx.doi.org/10.1088/0953-4075/46/22/224005
http://dx.doi.org/10.1088/0953-4075/46/22/224005
http://dx.doi.org/10.1088/0953-4075/46/22/224011
http://dx.doi.org/10.1088/0953-4075/46/22/224011
http://dx.doi.org/10.1088/0953-4075/46/22/224011
http://dx.doi.org/10.1088/0953-4075/46/22/224011
http://dx.doi.org/10.1088/0953-4075/46/22/224013
http://dx.doi.org/10.1088/0953-4075/46/22/224013
http://dx.doi.org/10.1088/0953-4075/46/22/224013
http://dx.doi.org/10.1088/0953-4075/46/22/224013
http://dx.doi.org/10.1103/PhysRevA.32.1501
http://dx.doi.org/10.1103/PhysRevA.32.1501
http://dx.doi.org/10.1103/PhysRevA.32.1501
http://dx.doi.org/10.1103/PhysRevA.32.1501
http://dx.doi.org/10.1080/09500348714550681
http://dx.doi.org/10.1080/09500348714550681
http://dx.doi.org/10.1080/09500348714550681
http://dx.doi.org/10.1080/09500348714550681
http://dx.doi.org/10.1103/PhysRevA.36.5209
http://dx.doi.org/10.1103/PhysRevA.36.5209
http://dx.doi.org/10.1103/PhysRevA.36.5209
http://dx.doi.org/10.1103/PhysRevA.36.5209
http://dx.doi.org/10.1088/0953-4075/22/24/010
http://dx.doi.org/10.1088/0953-4075/22/24/010
http://dx.doi.org/10.1088/0953-4075/22/24/010
http://dx.doi.org/10.1088/0953-4075/22/24/010
http://dx.doi.org/10.1103/PhysRev.140.A1051
http://dx.doi.org/10.1103/PhysRev.140.A1051
http://dx.doi.org/10.1103/PhysRev.140.A1051
http://dx.doi.org/10.1103/PhysRev.140.A1051
http://dx.doi.org/10.1016/0375-9601(82)90625-9
http://dx.doi.org/10.1016/0375-9601(82)90625-9
http://dx.doi.org/10.1016/0375-9601(82)90625-9
http://dx.doi.org/10.1016/0375-9601(82)90625-9
http://dx.doi.org/10.1088/0954-8998/2/6/001
http://dx.doi.org/10.1088/0954-8998/2/6/001
http://dx.doi.org/10.1088/0954-8998/2/6/001
http://dx.doi.org/10.1088/0954-8998/2/6/001
http://dx.doi.org/10.1080/09500349314551781
http://dx.doi.org/10.1080/09500349314551781
http://dx.doi.org/10.1080/09500349314551781
http://dx.doi.org/10.1080/09500349314551781
http://dx.doi.org/10.1080/09500349314552101
http://dx.doi.org/10.1080/09500349314552101
http://dx.doi.org/10.1080/09500349314552101
http://dx.doi.org/10.1080/09500349314552101
http://dx.doi.org/10.1103/PhysRevA.48.4594
http://dx.doi.org/10.1103/PhysRevA.48.4594
http://dx.doi.org/10.1103/PhysRevA.48.4594
http://dx.doi.org/10.1103/PhysRevA.48.4594
http://dx.doi.org/10.1016/0030-4018(94)90027-2
http://dx.doi.org/10.1016/0030-4018(94)90027-2
http://dx.doi.org/10.1016/0030-4018(94)90027-2
http://dx.doi.org/10.1016/0030-4018(94)90027-2
http://dx.doi.org/10.1126/science.1925597
http://dx.doi.org/10.1126/science.1925597
http://dx.doi.org/10.1126/science.1925597
http://dx.doi.org/10.1126/science.1925597
http://dx.doi.org/10.1073/pnas.88.20.8885
http://dx.doi.org/10.1073/pnas.88.20.8885
http://dx.doi.org/10.1073/pnas.88.20.8885
http://dx.doi.org/10.1073/pnas.88.20.8885
http://dx.doi.org/10.1016/0009-2614(92)85089-S
http://dx.doi.org/10.1016/0009-2614(92)85089-S
http://dx.doi.org/10.1016/0009-2614(92)85089-S
http://dx.doi.org/10.1016/0009-2614(92)85089-S
http://dx.doi.org/10.1126/science.7939680
http://dx.doi.org/10.1126/science.7939680
http://dx.doi.org/10.1126/science.7939680
http://dx.doi.org/10.1126/science.7939680
http://dx.doi.org/10.1038/nature05678
http://dx.doi.org/10.1038/nature05678
http://dx.doi.org/10.1038/nature05678
http://dx.doi.org/10.1038/nature05678
http://dx.doi.org/10.1126/science.1142188
http://dx.doi.org/10.1126/science.1142188
http://dx.doi.org/10.1126/science.1142188
http://dx.doi.org/10.1126/science.1142188
http://dx.doi.org/10.1073/pnas.1005484107
http://dx.doi.org/10.1073/pnas.1005484107
http://dx.doi.org/10.1073/pnas.1005484107
http://dx.doi.org/10.1073/pnas.1005484107
http://dx.doi.org/10.1038/nature08811
http://dx.doi.org/10.1038/nature08811
http://dx.doi.org/10.1038/nature08811
http://dx.doi.org/10.1038/nature08811
http://dx.doi.org/10.1073/pnas.1211209109
http://dx.doi.org/10.1073/pnas.1211209109
http://dx.doi.org/10.1073/pnas.1211209109
http://dx.doi.org/10.1073/pnas.1211209109
http://dx.doi.org/10.1063/1.460467
http://dx.doi.org/10.1063/1.460467
http://dx.doi.org/10.1063/1.460467
http://dx.doi.org/10.1063/1.460467
http://dx.doi.org/10.1016/0030-4018(92)90389-9
http://dx.doi.org/10.1016/0030-4018(92)90389-9
http://dx.doi.org/10.1016/0030-4018(92)90389-9
http://dx.doi.org/10.1016/0030-4018(92)90389-9
http://dx.doi.org/10.1103/PhysRevA.47.2186
http://dx.doi.org/10.1103/PhysRevA.47.2186
http://dx.doi.org/10.1103/PhysRevA.47.2186
http://dx.doi.org/10.1103/PhysRevA.47.2186
http://dx.doi.org/10.1103/PhysRevA.74.063829
http://dx.doi.org/10.1103/PhysRevA.74.063829
http://dx.doi.org/10.1103/PhysRevA.74.063829
http://dx.doi.org/10.1103/PhysRevA.74.063829
http://dx.doi.org/10.1073/pnas.1212666110
http://dx.doi.org/10.1073/pnas.1212666110
http://dx.doi.org/10.1073/pnas.1212666110
http://dx.doi.org/10.1073/pnas.1212666110
http://dx.doi.org/10.1103/PhysRevLett.113.113601
http://dx.doi.org/10.1103/PhysRevLett.113.113601
http://dx.doi.org/10.1103/PhysRevLett.113.113601
http://dx.doi.org/10.1103/PhysRevLett.113.113601
http://dx.doi.org/10.1103/PhysRevA.63.043818
http://dx.doi.org/10.1103/PhysRevA.63.043818
http://dx.doi.org/10.1103/PhysRevA.63.043818
http://dx.doi.org/10.1103/PhysRevA.63.043818
http://dx.doi.org/10.1038/nphys2515
http://dx.doi.org/10.1038/nphys2515
http://dx.doi.org/10.1038/nphys2515
http://dx.doi.org/10.1038/nphys2515
http://dx.doi.org/10.1021/jp4023986
http://dx.doi.org/10.1021/jp4023986
http://dx.doi.org/10.1021/jp4023986
http://dx.doi.org/10.1021/jp4023986
http://dx.doi.org/10.1063/1.4864759
http://dx.doi.org/10.1063/1.4864759
http://dx.doi.org/10.1063/1.4864759
http://dx.doi.org/10.1063/1.4864759
http://dx.doi.org/10.1080/10715769900301231
http://dx.doi.org/10.1080/10715769900301231
http://dx.doi.org/10.1080/10715769900301231
http://dx.doi.org/10.1080/10715769900301231
http://dx.doi.org/10.1016/0370-1573(73)90011-2
http://dx.doi.org/10.1016/0370-1573(73)90011-2
http://dx.doi.org/10.1016/0370-1573(73)90011-2
http://dx.doi.org/10.1016/0370-1573(73)90011-2
http://dx.doi.org/10.1103/PhysRevA.43.1506
http://dx.doi.org/10.1103/PhysRevA.43.1506
http://dx.doi.org/10.1103/PhysRevA.43.1506
http://dx.doi.org/10.1103/PhysRevA.43.1506
http://dx.doi.org/10.1103/PhysRevLett.106.170405
http://dx.doi.org/10.1103/PhysRevLett.106.170405
http://dx.doi.org/10.1103/PhysRevLett.106.170405
http://dx.doi.org/10.1103/PhysRevLett.106.170405



