PHYSICAL REVIEW A 93, 032326 (2016)

Maximally coherent states and coherence-preserving operations
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We investigate maximally coherent states to provide a refinement in quantifying coherence and give a measure-
independent definition of the coherence-preserving operations. A maximally coherent state can be considered a
resource to create arbitrary quantum states of the same dimension by merely incoherent operations. We propose
that only maximally coherent states should achieve the maximal value for a coherence measure and use this
condition as an additional criterion for coherence measures to obtain a refinement in quantifying coherence that
excludes invalid and inefficient coherence measures. Under this criterion, we then give a measure-independent
definition of the coherence-preserving operations, which play a role in quantifying coherence similar to that
played by the local unitary operations in the scenario of studying entanglement.
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I. INTRODUCTION

Coherence can be considered as one of the most distinc-
tive features of quantum mechanics. Along with quantum
entanglement, quantum discord, etc., coherence is viewed as
a valuable resource for quantum information processing tasks
[1-4], which otherwise could not be achieved efficiently or
at all by classical methods. Great progress has been made in
quantifying entanglement and other quantum correlations from
different viewpoints [5-12]. However, a rigorous framework
for quantifying coherence was proposed only recently in
Ref. [13]. Following this seminal work, fruitful research has
been done, some of which was mainly devoted to studying the
properties of specific coherence measures [14—19] or exploring
new possible coherence measures [20-22]. There are also
many considerations about the manipulation of coherence
[19,21-24] and the connections of coherence with quantum
entanglement, quantum discord, quantum deficit, and critical
phenomena of many-body systems [22,23,25,26].

In this work we present a thorough study of maximally
coherent states (MCSs), give a refinement of quantifying
coherence by adding a criterion for valid coherence measures,
and define the coherence-preserving operations (CPOs). It
should be noted that these three main results are closely
related. The MCSs are defined as states that can be used as
resources to produce any other states of the same dimension by
merely the incoherent (free) operations [ 13]. A valid coherence
measure C fulfilling the four criteria in Ref. [13] would assign
a maximal value to a set of states that we call the maximal-
coherence-value states (MCVSs) with respect to C. These four
criteria ensure that a MCS is a MCVS for any valid coherence
measures. However, for an arbitrary valid coherence measure, a
MCYVS is not necessarily a MCS. While one may expect CPOs
in quantifying coherence to play a role analogous to that of the
local unitary operations in studying entanglement, there is no
measure-independent definition for CPOs like that of MCSs.
Instead, for a specific coherence measure C we can find a set of
incoherent operations under which the value of the coherence
measure of an arbitrary state would be conserved. We call these
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operations coherence-value-preserving operations (CVPOs)
with respect to C. Unfortunately, the different sets of CVPOs
under different valid coherence measures are not always the
same. We find that the mismatch between MCSs and MCVSs
happens to many inefficient coherence measures and therefore
propose a criterion that the MCVSs should be MCSs to
exclude these inefficient coherence measures and thus give
a refinement of quantifying coherence. This criterion also
makes the different groups of CVPOs of different coherence
measures converge to the unitary incoherent operations and
makes it reasonable to define the unitary incoherent operations
as CPOs. One operational implication of this result is that
coherence of arbitrary states is impossible to protect in a task
without knowledge of the state to be protected and the quantum
channel it would endure.

II. REVIEW OF QUANTIFYING COHERENCE

In quantifying coherence [13], a base 3 := {|i)} has been
chosen and fixed, which would usually be composed of eigen-
states of some conserved quantity such as the Hamiltonian
of the system of interest. The quantitative theory of coherence
mainly consists of three basic definitions and four criteria. The
three definitions are as follows.

Definition 1: Incoherent states. The diagonalized states in
B are incoherent for B. We denote the set of incoherent states
by 7.

Definition 2: Incoherent operations. Operations mapping
incoherent states onto incoherent states either with or without
subselections are incoherent. An incoherent operation ®jcprp
can be specified by a set of Kraus operators {K,} with
Zn Kj,Kn =1, and p, € 7. We have the definitions p, :=

K,,pK,T,/p,, and p, = tr(K,lpKf,) for all n. (In this work
we continue to use this notation for the incoherent operation
Drcpre.)

Definition 3: Maximally coherent states. A MCS is one that
can be used as a resource for deterministic construction of any
other state of the same dimension by incoherent operations
only. It was proven in Ref. [13] that |¥,) := «/LJ Z,tol |i)isa
MCS.
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The MCSs and the incoherent states set the upper and
lower bounds for coherence measures, while the incoherent
operations puts gradient in between. To obtain reasonable
coherence measures, four criteria were proposed in Ref. [13].

Criterion 1. C(p) = 0 if and only if p is incoherent.

Criterion 2. C(®icprp(p)) < C(p) for arbitrary ®ycprp
and p.

Criterion 3.y, p,C(p,) < C(p) for all ®icprp and p.

Criterion 4. The coherence measure should not increase
under the mixing processes of the states.

Any coherence measure satisfying the four criteria is
considered valid. This gives some good coherence measures
such as the relative coherence measure of coherence Crg and
the £;-norm coherence measure Cy, .

III. UNITARY INCOHERENT OPERATIONS

By Definition 2 of the incoherent operations, a CVPO
of an arbitrary coherence measure is incoherent. Of all the
incoherent operations, the unitary incoherent operations are the
simplest. It would be useful and easier to examine them first.

Lemma 1. All the unitary incoherent operations take the
form

d—1
Up=Y_e"a;) (jl. (1)
j=0

where {o;} is a relabeling of {j}. They are CVPOs admitted
by all the valid coherence measures.

Proof. We first prove the explicit expression of the unitary
incoherent operations. Since the unitary operations transform
pure states into pure states, it is obvious that the output state
should be one of the base vector states, given the input is from
B. That means U; should only be a relabeling of the base
vectors up to some phases, namely, be of the form presented
in (1). Here we complete the proof of the first portion of
Lemma 1 and start to prove the rest by utilizing the just
proven part. One may soon realize that the inverse U I is also
unitary and incoherent. Therefore, for any valid coherence
measure C and state p, we can obtain C(p) > C(UpU ;r ) and
conversely C(U1pU}) > C(U](U1pUNHU/) = C(p), namely,
C(p)and C(UIpUI) are of the same value. Thus Uy is a CVPO
for every valid coherence measure. ]

IV. MAXIMAL-COHERENCE-VALUE STATES

Using Lemma 1, we can obtain a set of MCVSs for every
valid coherence measure by applying the unitary incoherent
operations on |W,):

d—1
1 .
Smes =4 —= > _ €U j) 101, ... 041 €[0.27) . (2)
N R

Notice that we have used MCS as the subscript here because
we will prove in Theorem 2 that Syics is the set of MCSs too.
It is very interesting but not surprising to find that this set Sycs
of states has its special position in the quantitative theory of
coherence as a resource.

Theorem 1. Sycs is the complete collection of MCVSs
recognized by all the valid coherence measures, as can be
shown in Fig. 1.
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FIG. 1. Relation between MVCSs of different valid coherence
measures and Syics. Here Sﬁcvs represents the full set of MCVSs
with respect to a specific valid coherence measure C.

Proof. We denote by Syvcvs the complete collection of
MCVSs granted by all the valid coherence measures. It is
always true for any valid coherence measure C such that
Smcs € Smcvs € Sgcvs. While in Ref. [15] it was shown that

SI\C/I‘EEVS coincides with Syics. Hence Sycvs should be identical
to Smcs. |

However, this does not mean that every valid coherence
measure approves the states of Syics as the sole kind of
MCVSs. One can find many valid coherence measures whose
MCVSs include more than just the states from Syics. A specific
example is Cyivial, Which is defined as a measure of the value
zero if and only if its input state is incoherent; otherwise it
is always one. Another example is a continuous coherence
measure C ; presented in Ref. [15] ford = 4. We can follow the
same way to construct a family of C; for arbitrary dimension
d. Also, the Sl\cdcvs could be different from one another for
different C.

Another fact that makes the states of Sycs special is that
they are difficult to generate if we are constrained to using only
incoherent channels.

Lemma 2. ®1cprp(p) is a state of Syycs if and only if ®jcprp
is unitary and p itself is a state in Sycs.

Proof. Given ®jcprp is unitary and p belongs to Sycs, it is
apparent from Lemma 1 that ®;cprp(p) is one of the states in
Smcs. Next we presume that ®cprp(p) belongs to Syics. Then
®1cpre(p) should be a pure state, since Syics contains only pure
states. This means that p, = p,» € Smcs for all the different
n and n’ if there are any. By clinging to this fact and using
the spectral expression of p, we can finally see that ®jcprp
is unitary and p is from Sycs. To obtain this result, one may
find it very helpful to utilize a specific property of the Kraus
operator K,, of ®cprp for which has been stated in Ref. [23]
that there is at most one nonzero entry in every column of K ,,.
For a detailed derivation, refer to Appendix A. ]

V. MAXIMALLY COHERENT STATES

In the following we will present an important result about
the MCSs. We have shown that the aforementioned states of
Smcs are special as described in Theorem 1 and Lemma 2. The
reason behind this is the following.

Theorem 2. Syics is the complete set of MCSs.
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FIG. 2. Relation between CVPOs of different valid coherence
measures and unitary incoherent operations. Here we denote the
complete collection of unitary incoherent operations by My; and the
CVPOs for coherence measure C by M po-

Proof. First, we show that p is a MCS if p belongs to Sycs.
Since the case of |W,) was proven explicitly in Ref. [13], we
consider a state p that is physically different from |¥,;) but
still belongs to Symcs. For such a state we can transform it to
|W,) by exploiting a unitary incoherent operation. Then we
use a set of incoherent operations to generate all the other
states of the same dimension, as was done in Ref. [13]. The
combination of two incoherent operations can still be counted
as one incoherent operation. Therefore, p is indeed a MCS if
P € Smcs.- Second, we prove that p belongs to Syics provided
p is a MCS. If p can be exploited to generate any other d-
dimensional state by incoherent processes, i.e., a MCS, we
can find some ®cprp to transform it into a state of Sycs. That
means p should be within Sycs according to Lemma 2. In
conclusion, p would fulfill Definition 3 of MCSs if and only
lfp € Smcs.- |

VI. COHERENCE-VALUE-PRESERVING OPERATIONS

We can also find all the CVPOs admitted by every valid
coherence measure.

Theorem 3. The complete collection of CVPOs approved
by every valid coherence measure should be the full set of
unitary incoherent operations. This is expressed in Fig. 2.

Proof. First, all the unitary incoherent operations are
CVPOs of an arbitrary valid coherence measure according to
Lemma 1. Second, if ®jcprp is a CVPO admitted by every valid
coherence measure and |W) is a state of Syics, Picpre(|W¥))
would be a MCVS under any measure and therefore belongs
to Smcs. By utilizing Lemma 2, it is clear that ®jcprp is
unitary. ]

VII. REFINEMENT OF QUANTIFYING COHERENCE

From Theorems 1 and 2 we can see that though the
coherence measure satisfying the original four criteria of
Ref. [13] would count any MCS as a MCVS, many of them
also give other states maximal coherence values. A typical
example of such an inefficient but valid coherence measure is
Civial, Which as mentioned is zero for all incoherent states and
one for all coherent states and similarly for valid measures C ¢
[15], which are continuous but still inefficient. Additionally,
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Theorem 1 indicates that there could be differences among the
sets of MCVSs of different measures. Similar disagreements
exist among the sets of CVPOs of different coherence measures
according to Theorem 3. The latter would further make it
difficult to obtain a coherence-independent definition of the
CPOs. As we will see, all these problems happen to inefficient
measures such as Cyjvia and Cy. We therefore propose a
criterion for valid coherence measures to give quantifying
coherence a refinement.

Criterion 5. A valid coherence measure should only assign
a maximal value to the MCSs.

This ensures that all MCVSs are MCSs and it is the same
for every coherence measure. More importantly, inefficient
coherence measures such as Cyyia and C; would be excluded
by this additional criterion. Some well-defined coherence
measures such as the relative entropy measure, £;-norm
measure, and intrinsic randomness measure [21] fulfill not
only the original four criteria but also the additional criterion.
The explicit proof of Criterion 5 for these three coherence
measures is provided in Appendix B.

Given that C fulfill all five criteria, we can use the same
argument for Theorem 3 to show the following.

Criterion 5'. The complete collection of CVPOs with
respect to C is the full set of unitary incoherent operations.

Therefore, the disagreements between the CVPOs of
different measures would vanish too. Moreover, Criterion 5
is a necessary condition for all five criteria to be fulfilled. It
can be used to test if a measure can satisfy the five criteria
simultaneously. A typical example is the skew information
measure of coherence studied in Ref. [27]. The skew infor-
mation measure would actually violate not only Criterion 5’
but also Theorem 3. This indicates that both Criterion 2 and
Criterion 5 are violated. Our result agrees with that presented
in Ref. [18]. See Appendix B for a detailed analysis.

VIII. COHERENCE-PRESERVING OPERATIONS

An additional benefit that Criterion 5 provides is a natural
way to define the CPOs. Criterion 5’, which is a consequence
of Criterion 5 tells us that the set of CVPOs of any valid
coherence measure C satisfying the five criteria is independent
of C. Furthermore, Theorems 1 and 3 indicate that, for all the
coherence measures satisfying the original four criteria, the
relation between the set of unitary incoherence operations and
the sets of CVPOs is structurally similar to that between Syics
and the different Scyg- One can get a clear view of this
by comparing Figs. 1 and 2. For these reason we propose a
definition of the CPOs.

Definition 4. An operation is coherence preserving if and
only if it is unitary and incoherent.

This definition of the CPOs is measure independent. The
CPOs defined in this way are CVPOs for every coherence
measure satisfying the original four criteria and would make
a full collection of the CVPOs if the coherence measure
additionally satisfies Criterion 5.

This result about the CPOs has one important physical
implication for the general coherence-preserving tasks. For an
arbitrary coherence measure C satisfying the five criteria, one
may notice that the physical process conserving the coherence
values of all the d-dimensional states could only be the process
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of relabeling of the base B. In other words, there is no physi-
cally nontrivial process under which the coherence value of an
arbitrary d-dimensional state with respect to the measure C can
be conserved. However, as it is shown in Ref. [23], we may find
that the coherence value of some states with respect to C could
be frozen (conserved) under specific physically nontrivial
processes while that of the other states could not. That means
if we want the coherence value of some state to be protected,
some information about this state and the quantum channel
should be provided. Complete ignorance of the state to be
protected (frozen) or the quantum channel lying ahead would
make the protecting task impossible to achieve in principle.
Moreover, by reexamining Lemma 2, we may say that MCSs
are actually the most fragile. By that we mean that the maximal
coherence is the most difficult to preserve, since the only type
of incoherent process-preserving MCSs is relabeling.

IX. CONCLUSION

In this work we have provided a full collection of MCSs
in (2), a reasonable criterion (Criterion 5) for valid coherence
measures, and a measure-independent definition (Definition 4)
of the CPOs. It is understandable that the states presented in
(2) are MCSs. However, a valid coherence measure satisfying
the original four criteria could assign a maximal value to
other states which are not MCSs. We therefore proposed a
criterion to make a valid coherence measure assign only the
MCSs a maximal value and therefore excludes some inefficient
coherence measures. In addition, it is apprehensible that the
unitary incoherent operations defined in (1) are CPOs since
they are CVPOs to any coherence measure fulfilling the
original four criteria. Similarly, other incoherent operations
could be CVPOs for some measures satisfying the original
four criteria, especially those with larger sets of MCVSs.
With our criterion for coherence measures, we found that only
the unitary incoherent operations are CVPOs with respect to
any valid measure. We identified in Definition 4 the unitary
incoherent operations as the only CPOs. Our study of the
CPOs has a very significant implication that the coherence of
a state is intrinsically hard to preserve when there is a lack of
information about the state and the form of quantum channel
it would undergo.
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APPENDIX A: DETAILED PROOF OF LEMMA 2

Here we give a detailed proof of the only if part of Lemma
2.

Proof. It has been claimed in the main text that ®jcprp(p) €
Smcs means p,, = p,» € Swmcs for all the different n and n’ if
there are any. Notice that

Pn =Y _(q/P)Kulei) (@cIK}, (A1)
k

PHYSICAL REVIEW A 93, 032326 (2016)

where g are the eigenvalues of p and |¢;) the corresponding
eigenstates. One would further obtain

(K /N Po) o) = (K //Pn) lor) € Scws. (A2)

Here we have ignored the global phase difference and will do
the same in the following. This relation should be true for all
k and k' if both g, and g, are nonvanishing. Thus

Kol (K] / /Pl = 1/4/d, (A3)

where [i) is an arbitrary base vector of /5. This indicates that
K ,Tq |i) should not be a null vector for any |i). According to
Ref. [23], if ®jcprp is incoherent we can write K, as

d—1
Ko = a1y (jl, (A4)
j=0

where {A,;} = {i} and K,; should all be nonzero to ensure

K}t |i) # 0. This makes K, invertible. Hence K, |¢;) would
be different from K, |¢y) if |¢x) differs from |¢p ). Applying
this to Eq. (A1), we can see that p, being a pure state implies
that p should also be a pure state

d—1
o) = @e1j), (A5)
j=0

where ¢; are all non-negative and satisfy the normalization
condition of |@). We can then rewrite p, as

d—1

1 .
K,lp) =) Kupje " t)0,:) € Sucs.
k=2

(A6)

From this expression we know that there is no null ¢; and
K,; = 1/4/dg;. Thus K,; is independent of n. Also, y,; —
¥njr should be independent of n for every j and j' because
Pn = Py, thatis, (K, //pn)l¢) = (K //Pu)l¢). Therefore,
K,/./p. and K, /./p, are mutually equivalent up to some
global phase. One may notice that the Kraus operators K,
that have been considered are those with nonzero p,. It is
enough, though. Given the facts that diagonal entries of the
sum of K LK » with nonvanishing p, should never exceed one
and there is a normalization constraint on ¢;, we can obtain
that p should belong to Syics. And ®jcprp would be an unitary
operation provided further the completeness relation of the
Kraus operators. ]

APPENDIX B: ANALYSIS OF SPECIFIC COHERENCE
MEASURES

In this Appendix we first analyze some coherence measures
satisfying Criteria 1-4 and show that they satisfy also Criterion
5. Among them, the relative entropy measure and £;-norm
measure have been proven in Ref. [13] and the intrinsic
randomness measure was proven in Ref. [21] to fulfill the
original four criteria. We also discuss the skew information that
was claimed to satisfy the original four criteria in Ref. [27].
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The skew information measure turns out to violate not only
Criterion 5 but also Criterion 2 in the general case of d > 3.

1. Relative entropy coherence measure

The Cgg can certainly fulfill Criterion 5 because the full set
of maximal-coherence-value states SCX Mcys 1s identical to Sycs,
as has been presented in Ref. [15].

2. The £;-norm coherence measure

We show that the ¢; coherence measure also satisfies
Criterion 5. We obtain the maximal value of the £;-norm

measure of coherence Cy, (|V;) (V4|) =d — 1, given |V,) =
f Zl —o li) and
d—1
Co(p) = Iilpli)l. (B1)
i
One may consider an arbitrary state
(B2)

p = qulm (ol
k

where all the g, are positive and fulfill the trace normalization
condition. It can be derived that

d—1
> WileliM—1
J,J'=0
d—1

2

J.J'=0

CZ|(p)

> ek (eeli’)] -

k

d—1

DO allilea e i -1 (B3)

JJj'=0 k

N

2
d-1
1
_ g2 _
=d E qk JE_OE|J|<P1<)| 1

d—1

dzquZ—l (Gl — 1 (B4)

=d-—1. (BS)

As we will see, to make the equality in (B4) hold true, it
is required that |(j|¢x)| must be of the same value 1 /\/3.
Therefore, |¢;) can be expressed as

lpe) = Z el j).

To further reduce the inequality (B3) into an equality, we
must make sure that either there is only one nonzero g; or
(Jlex) {eelj) = e"(ekf’ek//)/d is independent of k. That means
p is a pure state and must come from Sycs. Further, one may
notice that the £;-norm coherence measure of a state from
Smcs would always be d — 1. Therefore, the £-norm measure
of coherence also satisfies Criterion 5.

(B6)
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3. Intrinsic randomness

The so-called intrinsic randomness has been defined in
Ref. [21] as

Cre(p)
min ), gxCre(px) otherwise.
ks Pk

if pis pure

Cr(p) = (B7)

Now we set to prove that it also satisfies Criterion 5. When p
is pure, the intrinsic randomness measure coincides with the
relative entropy measure. Therefore Cir(p) can achieve the
maximal value if and only if p is within Sycs. In the case that
p is amixed state, Cir(p) could be of that maximal value only if
p can be decomposed solely into a statistical mixture of states
from Sycs, which, however, is not possible because a mixed
state always has at least two distinct eigenvectors |@g) and |¢;)
with nonvanishing eigenvalues go and ¢;. For convenience
we can assume go < g; without loss of generality. One
may realize that (g0 |@o) (ol + g1 |¢1) (¢1]) can be replaced
by [qolg+) (9+]+ qole-) (o-| + (g1 — qo) l¢1) (@1]]. The
states |py) are defined as superpositions of |¢y) and |¢;)
and are designed to be mutually orthogonal. By choosing the
superposition parameters carefully, we can keep |¢+) out of
Smcs even if |¢g) and |¢,) belong to Syics. That means a mixed
state can never have only decompositions of states from Sycs.
Thus, p is a MCVS with respect to the intrinsic randomness
measure of coherence if and only if p € Sycs.

4. Skew information

The skew information [27,28] is defined as

Coew(0.K) == —1u([/p. KT, (B8)

where K = thol ki 1i) (i| is self-adjoint and k; #k; for
different i and j. For a pure state p = |¢) (|, we find that

Cskew(h//) <¢|’K)
= (YIK?|y) — (WIK|y)?

Zk2 (i ly) 1P <Zk|z|¢ )2

d 1

—D W) PR~ kPGP (BY)
15

We can now see that Cgew (|Y7) (], K) would not be conserved
under a unitary incoherent operation, i.e., a relabeling of
the base vectors up to some phases, given d > 3. Therefore,
Theorem 3 and Criterion 5’ would be violated. Also, we know
that Theorem 3 is a consequence of Criterion 2, one of the
original four criteria, while Criterion 5’ is the consequence of
Criterion 5, our additional criterion. Hence, neither Criterion
2 nor 5 would be fulfilled.
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