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Negative refraction without absorption via quantum coherence
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Negative refraction of a probe field is studied in a dense gas consisting of cascade-type four-level atoms. By
coupling the magnetic component of the probe field to a A scheme with initially prepared coherence in the two
lower levels, strong negative permeability with minimal absorption can be obtained. The permittivity of the gas
to the electric component of the probe field can be made negative by taking into account the local field effect of

the dense atoms. Strong negative refraction with zero absorption can be achieved in a wide range of parameters
in our scheme. A possible experimental realization is also discussed.
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I. INTRODUCTION

The linear response of materials to electromagnetic waves is
determined by two frequency-dependent parameters: electric
permittivity (¢) and magnetic permeability (). Veselago [1]
showed that a material with both e < O and u < 0 canreveal a
negative index of refraction. Such negative refraction materials
promise many surprising and counterintuitive features such as
the reversals of both Doppler shift and Cerenkov radiation [1],
negative Goos-Hénchen shift [2], amplification of evanescent
waves [3], and subwavelength focusing [4]. More interestingly,
it may become possible to make a “perfect lens” in which
imaging resolution is not limited by the diffraction limit by use
of a slab of negative refractive materials [5]. Until now, most
of the approaches to the realization of negative refractive index
materials are limited to artificial structures such as metamate-
rials [6—12] and photonic crystal structures [13—15]. In such
negative refractive materials, negative refraction commonly
suffers from resonant absorption especially towards higher
frequencies, which limits many possible applications [5,16].
On the other hand, requiring the periodical array of electric
and magnetic resonators may lead to the extreme difficulty
of manufacturing two- or three -dimensional materials with
negative refractive index in the optical regime [17-19].

Atomic gases can macroscopically extend in all spatial
directions and an atom has naturally both electric and magnetic
transitions between different states. Thus, atomic gases are
naturally three-dimensional materials with both electric and
magnetic susceptabilities. Recently, an alternative approach of
the realization of negative refraction in dense atomic gases
have been proposed [20]. In an atomic gas, the magnetic
susceptibility is usually smaller than the electric susceptibility
by four orders of amplitude. Thommen and Mandel [21]
proposed to make a significant change of the permeability from
a magnetic moment induced by coupled electric transitions.
More recently, many atomic schemes [22-25] have been
studied to show negative refraction via electromagnetically
induced chirality [22]. More importantly, suppressed ab-
sorption as well as negative refraction in atomic gases has
been suggested [25-29] by means of electromagnetic induced
transparency [30] and gain mechanisims.

In this paper, we propose an idea to achieve negative
refraction without absorption in a dense atomic gas via atomic

2469-9926/2016/93(2)/023822(9)

023822-1

coherence [31]. In our scheme, the electric component and the
magnetic component of a probe field interact with different
atomic transitions, respectively. Initial atomic coherence is
prepared to stimulate strong negative permeability with min-
imal absorption, therefore the scheme does not require an
external strong driving field to induce chirality in the medium.
Negative permittivity is obtained by taking into account the
local field effect due to the dense atoms. First, we derive from
the master equation the steady-state solution of the response of
the atoms in the presence of a weak probe field. Then we give
explicit expressions of both the real part and the imaginary
part of the refractive index due to the local field effect of the
dense atoms and the interaction between the atom gas and the
probe field. Finally, we study for a wide range of parameters to
show the feasibility of negative refraction with zero absorption
in our scheme.

This paper is organized as follows. In Sec. II, we present the
model and derive the analytical results for negative refraction.
In Sec. III, we study the numerical results for negative
refraction by varying different parameters for the purpose
of realistic implementation and we show negative refraction
with figure of merit (FOM) >> 1, where FOM is defined as
|[Re[n]|/|Im[n]| to quantify the performance of our scheme.
In Sec. IV, we draw a conclusion of the model studied in this

paper.

II. THE MODEL
A. The scheme

In our scheme, we consider the atoms with four cascade
levels involved as shown in Fig. 1. The ground state consists
of a level doublet |a) and |b) which have the same parity. The
level |c) has same parity with the levels |a) and |b) and the
transition from |c) to |a) (|b)) is electric-dipole forbidden but
magnetic-dipole allowed with the magnetic-dipole moment
Hea (ep)- The level |d) has the opposite parity with the level
|c) and the transition from |d) to |c) is electric-dipole allowed
with the electric-dipole moment d;.. The energy of each state
li) is hw;(i = a,b,c,d) and the corresponding decay rates of
the levels to other external levels are y,, Vs, Ve, Va, respectively.

The transition |d) to |c) is coupled by the electric component
of a probe field with the frequency w,. The transitions |c)
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FIG. 1. Atomic level configuration.

to |a) and |c) to |b) are both coupled by the magnetic
component of the probe field. The probe field is detuned
from the transitions |c) — |a),|c) — |b) and |d) — |c) by
Aoy =0 — Wy — 0p, Ay = w0 — wp — wp,and Age = wg —
. — w,, respectively.

We assume that the atoms are initially prepared at a rate r,,
in a coherent superposition of states, which is described by the
density matrix

p(0) = p1d)(d] + pPlc)(c] + iy 1b) (b + pLS1a) (al

+ oy la) (bl + oy, |b)al. (1
Here the off-diagonal elements ,0((1%) and ,022) represent the
atomic coherence that can lead to the quantum interference
between two transition paths from the ground state doublet
to the excited state |c) and the cancellation of photon
absorption [31]. The preparation of the coherence states can
be accomplished by coherent pulse excitation [32], Raman-
induced coherence [33], and adiabatic population conversion
using two coherent pulses with time delay [34].

Suppose that the electric and the magnetic component of
the probe field are linearly polarized along x axis and y axis,
respectively, and have the form E(¢) = &g cos(wpt)e,,B(t) =
&p cos(wpt)e,, where &g and &3 are the amplitudes of the two
components. In the interaction picture with dipole approxima-
tion and the rotating-wave approximation, the Hamiltonian of
the system reads

H = hAcqld)(d] — kA, |a) {a]l — hA g |b) (D]
h . ‘
- 5(956’“’3 |d){c| + Q2p2e'?|c)(b]
+ Qp1€'*|c){a| + H.c.), (2)

where  Qp1 = |ealéB/R, 2 = |eplép/h  and  Qp =
|dge|Eg /R are magnitudes of Rabi frequencies of the probe
field for different atomic transitions. ¢; are the corresponding
phases of the electric and magnetic dipole moments defined
as Uea = |/Lca|elwlaﬂcb = |Mcb|e“p2 and ddc = |ddc|e”p3~
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B. The steady-state solution

The equation of motion for the density matrix of the atoms
takes the following form:

ap

a
where the decay matrix I' is defined by (i|I"|j) = §;;y;. In our
scheme, the populations in the excited states (|c) , |d)) are very
small and therefore the collective decay is not important. If the
probe field strength is weak compared to the atomic decay, then
it is sufficient only to consider the linear response of the atom
to the probe field. Therefore, the off-diagonal matrix elements
of the density matrix for the atoms are kept to the lowest order
in either the electric amplitude £ or the magnetic amplitude
&p and the diagonal matrix elements are kept to the zeroth
order. Under this approximation, the steady-state solution of
the relevant density matrix elements is given as

i Qpe? |:r_p o _p (0):|

i 1 )
_ﬁ[Hsp]_E{Fap}—i_rpp ) (3)

Pea = =5 Pec = =P
“ 2 (l ACU + VC(J) ‘}/C « yd aa
i ngei‘pz rp,olgg)
2 (l Aca + yca) (iwba + yha)
P I QBzgifﬂz |:rp ) rp p(o)i|
b — — < _| — -
2 (l Acb + ycb) Ve « b bb
i Qpe? rpp;%)
2 Ay + Vo) (—i0pg + Via)
i Qpe oo T
Pde = —5 [—” = LZp0 |,
2 (i Ade + Vae) Lva Ye
p (0 p (0 p (0
Paa = Epé“)’ P =P e = zpic),
Tp (0 Tp (0)
Pdd = —Pgg>» Pab = TPy “4)
va T T (—iwpa + Vea)

Here the off-diagonal elements p., and p.; are due to the over-
all effect of the probe field and the initial atomic coherence.
The full master equations of the density matrix elements are
given in Appendix and the results of the steady-state solution
are derived under the weak probe field approximation. Since
Qg > Qp1,2p2, we consider Qg ~ 0.1y, as the condition
for the weak probe field approximation. Using the relevant
parameters provided below, this condition gives the amplitude
of the weak probe field an upper bound value of ~1 V/m.

C. The refractive index of the atom gas due to atomic coherence

The complex electric polarization and magnetization of a
single atom are given by p = d.ypsce ' +c.c. and m =
(acPea + Mpeper)e " 4 c.c., respectively. The positive fre-
quency part of the electric polarization relates to the positive
frequency part of the probe electric field as

deqpac = e€oép/2, )

where o, is the electric susceptibility of an atom and ¢ is
the dielectric constant of vacuum. Similarly, for the magnetic
polarization, the relation is given by

/LO(//Lac,Oca + th;ocb) - amEB/Za (6)
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where o, is the magnetic susceptibility of an atom and ug
is the susceptibility of vacuum. On substituting Eq. (4) into
this formula, the corresponding linear response coefficients
are given by

o, =

i|dcd|2 |:rp o Fp (0)i|
——| =y — — P |5 (7N
heoli Age + vac) Lva v <

A l_{ C pe? [r_p (0)_’"_17,0(0)]
Mo h (l Aca + yca) a

Yo' 0 Va

|tacl |/ch|ei((p27w])
(Aca + Vea)

0)
r[’ P, ba }
(iwpa + Vba)

i{_ﬂ[z «»_r_pp«»}
Ml GAw+y)Lve '

. —o 0
|Mca||ﬂbc|el((pl ¢2) rppf(lb) } (8)

(l Agp + ycb) (Vba - ia)ba)
As can be seen from the above equations, the phases of the Rabi
frequencies can be absorbed into the phase of p((l(;)) . Without loss
of generality, we may choose ¢; — ¢, = 0.

According to the Clausius-Mossotti relations, by taking
into account the local field effect in dense medium [35], the
complex-valued relative permittivity and relative permeability
of the atomic gas are given by

. 1+§Noze
€=¢€ +ie=—7—, &)
— gNae
) 1+%N0lm
po= g i = —a (10)
1-— §Nam

where N is the density of atoms and €, (u,) and €; (u;) are
the real and imaginary parts of the permittivity (permeability),
respectively. To see the effect of local field, we obtain the
expression of w, and p; as

1 4 iRe[Na,] — 3|Nay, |*
My = - SR 5 (11)
( — gRe[Nam]) + (glm[Nam])

= Im[Nay,] (12)
C (1= IRe[Nay])* + (AIm[Na, )

It is clear from the above equations that 1 + %Re[N o] —

%lN aym|? < 0 is the condition of generating negative perme-
ability. For a moderate value of atomic density, Re[N¢,,,] < 0
and |Na,| > 1 is required to realize negative u,. As can
be seen from Eq. (8), a negative real part of magnetic
susceptibility can be realized via the initial atomic coherence
with proper phases.

For real relative permittivity and relative permeability, the
negative refraction n = —, /€, 11, when both ¢, < 0 and u, <
0 [1]. In general, for complex-valued € and p, the real part and
the imaginary part of the refractive index are expressed as [36]

1

ny = ——=+/lellp| + nrer — i€, (13)
fz\/
1 i€r r€i

ni = pucr ¥ pre (14)

V2 VIERT+ prer — piei
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To show negative refractive index, the condition €,|u|+
url€] < O should be satisfied [36]. To get nonabsorption,
i.e., n; =0, the special case considered in Ref. [1] is set
€; = 0 and u; = 0. For a general case, we have the condition
i€ + €, =0o0ruw; /€; = —u,/€,.Since u, < Oande, < 0
for negative refraction, the ratio w;/€; < 0. This means that
the magnetic component of the probe field is amplified
while the electrical field is absorbed or vice versa. In the
limit under consideration, ¢; =~ 1/|Na,|, absorption of the
magnetic field must be greatly depressed and the very small
amount of gain must be created for the generation of negative
refraction without absorption. In the following, we will show
that this situation can be realized via quantum coherence and
destructive quantum interference.

III. RESULTS AND DISCUSSIONS

In this section, we present numerical results to show
negative refraction with zero absorption in the dense atom
gas studied above. In particular, we consider the density of the
atoms to be large enough such that [N« | > 1. We then have
€, &~ —2 and the electric loss term €; ~ 1/N according to the
Clausius-Mossotti relation [35]. For the magnetic component
of the probe field, we show that negative u, as well as zero
M; can be controlled via the atomic coherence [31]. Since
the relative permittivity is largely unaffected due to the dense
atoms, we focus on how to tune the relative permeability with
a wide range of parameters.

A. Negative refraction with zero absorption

First, we consider an atomic density of 8 x 10'7 cm™3. The
decayratesare y, = y, = 2y, 4 = Sy,andy, = 0.1y, where
the typical value of y is taken to be 107 Hz. The magnetic
dipole moments are chosen have the relation || = |ep| =

m, Where w,, = cy/3hegypr3/8m2. The electric dipole mo-

ment |dy.| = /3heoyeA3/8m2. Here A is the wavelength of
the probe field which is taken to be 5 um. The spontaneous

emission rates yr and yp of levels |d) and |c) are chosen
the typical values of 0.1y and 0.1/(137)?y, respectively. In
Egs. (8), all the detuning parameters can be written in the
forms A,, = A+ wp,/2 and Ay = A — wpe /2 by defining
the detuning A = (A, + Ac)/2, and the doublet spacing
hawp, is set to be hyp,, which can be adjusted by use of a
static magnetic field.

We initially pump the atoms with a rate of r, = 2y with

. 0 0 0
populations p') = 0,09 = 0.01, p© = p2 = P = (1 -

Py — P)/2, and py) = |ppale’™.

In Figs. 2 and 3, we plot the electric susceptibility,
the magnetic susceptibility, the relative permittivity, and the
relative permeability of the atomic gas described above.
The electric susceptibility curves are due to the interaction
of the probe field with two-level atoms. The magnetic
susceptibility curves are due to the interaction of the probe field
with coherent prepared three-level atoms [37] which cancels
the absorption. With the large density of atoms, the local field
effect dominates, and therefore we have ¢, ~ —2 and ¢; ~ 0.
For the relative permeability, the curves shown in Fig. 3(b) are
the overall effects of the local field of the dense atoms and
quantum interference of the coherent states.
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FIG. 2. (a) Real part (solid curve) and imaginary part (dashed
curve) of the electric susceptibility. (b) Real part (solid curve) and
imaginary part (dashed curve) of the relative permittivity.
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FIG. 3. (a) Real part (solid curve) and imaginary part (dashed
curve) of the magnetic susceptibility. (b) Real part (solid curve) and
imaginary part (dashed curve) of the relative permeability.
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FIG. 4. Real part (solid curve) and imaginary part (dashed curve)
of the refractive index, and FOM (dot-dashed curve) with the
parameters in Fig. 2.

In Fig. 4, we plot both the real part and the imaginary part
of the refractive index of the atoms according the Eqs. (13)
and (14). We find that negative refraction can be achieved in a
wide range of detuning with small absorption. Moreover, there
are two values of detuning with zero absorption (at points A
and B in the figure) which is due to the quantum interference
of the atomic coherence [31]. To see how well the performance
of the atom gas for negative refraction, we also plot a curve of
FOM. We observe that there are two windows of FOM > 1
located around the zero-absorption detunings.
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FIG. 5. (a) Real part (solid curve), imaginary part (dashed curve),
and FOM (dot-dashed curve) of the refractive index for || =
0.8u,,. (b) Real part (solid curve), imaginary part (dashed curve), and
FOM (dot-dashed curve) of the refractive index for || = 0.61,,.
The other parameters are the same as in Fig. 2.
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B. Unequal magnetic dipole moments

For a real atomic gas, the magnetic dipole moments of the
two transitions may not be the same. Therefore, we study the
effect of the unequal dipole moments. We take | .| = U, and
vary the value of |up]|.

In Fig. 5, we plot the curves of the relative permeabilities
and the refractive indexes for two different values of | | =
0.8, and |ucp| = 0.61,,. We observe that negative refraction
and zero absorption can be achieved even if |ueq| F# tep. AS
a comparison to Fig. 4, we see that with increasing unequal
dipole moments that the left position of the zero absorption
window (point A) is shifted closer to the center while the right
position of the zero absorption window (point B) is shifted
away from the center. The solutions of Im[Ne,,] =0 are
determined by the values of |u.| and |ue,| from Eq. (8).
Therefore, the solutions of n; = 0 are the same as those of
Im[Nea,,] = 0 (¢; = 0 is considered in the large density limit)
from Eqs. (12) and (14), which depend on the values of |zt.p|
and |H’ca |

C. Effects of the atomic decay rates

We consider the effects when we change the decay rates
from the doublet levels |a) and |b). We use the same parameters
as in Sec. III A except that y, and y;,. We plot the results of the
refractive indexes for y, = y, = 2.5y and y, = y» = 1.25y.

In Fig. 6, the separation of the two zero-absorption windows
is increased with larger decay rates as can be seen from

(®) 6L — Reln]
4L Im[n]]
2F FOM1

A B
0 /,_
_2r ]
—4 ]
4 2 0 2 4
Aly
(b)450 ]
— Re|[n]
10} Im[n]
FOM
5, i
A B
——
4 2 0 2 4
Ay

FIG. 6. (a)Real part (solid curve), imaginary part (dashed curve),
and FOM (dot-dashed curve) of the refractive index for y, = y, =
2.5y. (b) Real part (solid curve), imaginary part (dashed curve), and
FOM (dot-dashed curve) of the refractive index for y, = y, = 1.25y.
The other parameters are the same as in Fig. 2.
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FIG. 7. (a)Real part (solid curve), imaginary part (dashed curve),
and FOM (dot-dashed curve) of the refractive index for w,, = 3y.
(b) Real part (solid curve), imaginary part (dashed curve), and FOM
(dot-dashed curve) of the refractive index for w,, = y. The other
parameters are the same as in Fig. 2.

points A and B. It can also be observed from the curves of
FOM that the width of each window increases with increasing
decay rates. Therefore, our theoretical model works well with
different possible decay rates.

D. Effects of the doublet splitting

We study the effects of the doublet splitting on the
preparation of negative refractive index by varying the value
of the doublet splitting w,;. We consider two different values
of w,, = 3y and w,, = y as shown in Fig. 7. It can be seen
from the curves that negative refraction with zero absorption
is feasible with different values of w,,. As a comparison
with Fig. 4, we see that smaller w,, results in smaller
separation between two zero-absorption windows. Therefore,
by controlling the doublet splitting, we can tune the refractive
index as well as control the positions of detuning for zero
absorption (points A and B) of the atomic gas.

E. Effects of the atomic coherence

Now we examine the effects of the atomic coherence on the
negative refractive index and FOM. We consider the atomic
coherence with different phases and different populations for
illustrations. Specifically, we consider two cases: One with
pfl(l),) = | pg,),)|e"5”/ * and the other one with p¥ = 0.015 and

é%) = ,02(;) = | pg;])| = 0.4925. The other parameters are the

same as given in Sec. IIT A.
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FIG. 8. Real part (solid curve) and imaginary part (dashed curve)
of (a) the relative permeability; (b) the magnetic susceptibility; (c)
the refractive index. p) = [p|e’>"/*. The other parameters are the

same as in Fig. 2.

In the first case, when the phase between the atomic levels
|a) and |b) is changed, we see from Fig. 8(a) that u, <0
and u; =~ 0 are achieved simultaneously for a wider range
of detunings compared with Fig. 3. This is due to the fact
that either |Re[N,,]| or Im[Ne,,]| is much greater than 1
for a wide range of detuning as shown in Fig. 8(b). In this
case, although strong absorption happens due to the atomic
coherence for a single atom, the relative permeability can
be negative by taking into account the local field effect.
Therefore, we obtain a wide window of zero absorption for
negative refraction by tuning the phase of the atomic coherence
[see Fig. 8(c)].

In the other case, when the population on level |c) is slightly
changed, we observe that a wider zero-absorption window (see
Fig. 9(c) points A and B) is obtained compared to the case in
Fig. 4. We also plot the magnetic susceptibility in Fig. 9(b). It
is shown that stronger emission compared to that in Fig. 2 is

PHYSICAL REVIEW A 93, 023822 (2016)
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FIG. 9. Real part (solid curve) and imaginary part (dashed curve)
of (a) the relative permeability; (b) the magnetic susceptibility; (c)
the refractive index. p = pY = |p'7| = 0.4925 and p© = 0.015.

The other parameters are the same as in Fig. 2.

obtained due to the increase of the population on the excited
atomic level |c).

Therefore, we find the refractive index is very sensitive
to the atomic coherence since Re[N«,,] and Im[N«,,] can
be modified greatly by even a slight change on the atomic
coherence. This can be used to control the negative refraction
and minimize the absorption of the probe field.

Moreover, if fixing all the parameters except with the phase
of the initial atomic coherence state, the maximum negative
real part of the permeability can be obtained by optimizing
the phase of the atomic state. This is done by maximizing
figure of merit with a large real part but a small imaginary part
of the refractive index.

F. Effects of the atomic density

In this subsection, we show that the negative refraction as
well as zero absorption can be realized with a wide range of
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FIG. 10. (a) Real part and (b) imaginary part of the refractive
index against the atomic density and detuning. The other parameters
are the same as in Fig. 2.

atomic densities. As can be seen from Eqgs. (11) and (12), for
large N such that |Ne,| > 1, the local field effect becomes
dominant. While for smaller N such that |[N«,,| ~ 1 the overall
effect of the local field and the atomic coherence determines
the refractive index of the atom gas.

In Fig. 10, we plot the real part and the imaginary part
of the refractive index as a function of the atomic density N
and the detuning A /y. We observe that negative refraction
is possible with different atomic densities. Zero value even
negative values of the imaginary part of the refractive index
can be achieved by exploiting the atomic coherence. Around
the parameters of zero imaginary part and negative real part,
very large FOM can be obtained which makes the atom gas a
good candidate for left-hand side materials.

Similarly, since Na., Na,, o« N,r,, the same effect of the
atomic density N applies to that of the pumping rate r,.

G. Possible experimental realization

It may be challenge to find the exact four-level scheme
as shown in Fig. 1 which has neighboring magnetic dipole
transition and electric dipole transition with similar spacing
in the range of infrared wavelengths. However, a revised five-
level scheme in metastable neon gas as shown in Fig. 11 may
be suitable for experimental realization. According to Eq. (7),
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FIG. 11. Five-level scheme in neon gas with Zeeman splittings
[38].

the linear responses of the electric field and the magnetic field
are independent of each other and the weak probe field does not
alter the initial population on the atomic levels. Therefore, the
electric dipole transition and the magnetic dipole transition are
not required to be next to each other, as is in the case of the five-
level scheme in metastable neon gas. In Fig. 11, the electric
transition |3) — |4) and the magnetic transition |1) — |2) are
in the infrared range at a wavelength around 5 um. A static
magnetic field is applied to the atomic gas to split the ground
state |1) into |1,) and |1,). Two strong incoherent pumping
beams are used to create steady-state population on levels |2)
and |3) to mimic the results in Eq. (4). Therefore, negative
refraction without absorption via quantum coherence may be
feasible with the revised scheme in Fig. 11.

IV. CONCLUSION

In conclusion, we have proposed a novel scheme for the
realization of negative refraction with zero absorption in
an atomic gas consisting of cascade-type four-level atoms
via atomic coherence. Zero absorption is achieved by using
quantum inference of the initially prepared atomic coherence.

We exploited the master equation to obtain the steady-state
solution of the response of the atoms in the presence of a
weak probe field. We derived analytical expressions of both
the electric permittivity and the magnetic permeability by
taking into account of the local field effect. The real parts
of the electric permittivity and the magnetic permeability
of the atomic gas can be made negative simultaneously to
achieve negative refraction. Vanishing imaginary part of the
electric permittivity is obtained due to the local field effect
of the dense atoms according to Clausius-Mossotti relation.
Vanishing imaginary part of the magnetic permeability is
obtained due to absorption cancellation in the presence of the
atomic coherence. We studied a wide range of parameters of
the atomic gas to show negative refraction. We also discussed
a possible scheme for experimental realization.
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APPENDIX: FULL MASTER EQUATION

In this Appendix, we first obtain the full master equation
by considering all orders of the probe field and then we derive
the steady-state solution Eq. (4) in the main article under the
approximation Qp1,Qp2,Qr L Vj,7p, A, j = a,b,c,d.).

According to the master equation, the complete equations
of each matrix element are given by

. Qp
Paa = ~Vapaa + 1Pl +i= (¥ poy —He). (Al
. o  .2p2 —igy
Pob = —VpPob + Tppy, + 17(6 oer —H.), (A2)
_ o _ ] —igi
= —VYcPcc + rpp 2 (6 Pea — HC)
Q . Q .
— TBz(e*“ﬂz ,ocb—H.c.)—iTE(e““ pea—H.C.), (A3)
. o . SRE i
Pdd = —VdPdd + TpPgy + 17(6 pea —H.C.), (A4)
. . .QBI ig
Pea = —(( Aca + Vea) Pea + lTe (Paa — Pec)
Q . Q .
i =2 g 1 pu, (AS5)
. . Lp2
Pcb = _(l Acb + Vcb)pcb + lTe (Pbb - ;Occ)
Q . Q .
i pap o+ 1= pay, (A6)
. . Q2 i
Pde = _(l Adc + ydc)pdc + lTe 3(;Occ - pdd)
Q . .
— i g — e (A7)
Pda = _(l Adc + lAca + Vda)pda + 176 WSpm
Q
— i pue. (A8)
. . . QE ip3
Par = —([( Age + i Ay + Vap)pap + i — ¢ Pe
Q
) . QBz o0
Pab = (lwba - yba)pab + rpp;(}),) - 2 Pac
Q .
+i= e oy, (A10)

On solving Egs. (A8)—(A10), we obtain the steady-state results
for pga, pap, and pap as

iQEei%pca/z iQBlew] Pdc/2
Pda = -~ . - 7 B )
¢ iAge +iAcq + Vaa iAge +iAcq + Vaa

_iQEe'pe/2 iQpre' pyc /2
Pab = iNge +iDep + Yap  iDage+iAch + Vap

(All)

(A12)
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p ) iQpre?2 /2 iQpre”* /2
Pab = —————Pgp — — Pac + - Pcb-
Vba — 1Wpa VYba — 1Wphq Yba — 1Wpa

(A13)
On substituting pg4,, pgp and p,p into Egs. (AS5)-(A7), we

obtain a set of equations for p.,, pcp, and pg. at the steady
State.

A1Pca = Bippe + Cipac + D1, (A14)
A2pcp = Bapac + C2pac + Do, (A15)
A3pic = B3pca + C30c0 + D3, (A16)
where the coefficients A;,B;,C;,D; are given by
Q2 /4 Q2 /4
G Vba j‘zi/wba Yda t+ iAbzzi +il
Q2 /4 Q2 /4
A2 =y i Bar Vba i11'/601m Vab + iAEdi +ilg
: Q1/4
Az = Yac t+ilAgc + il T iAL

25y /4
Vb + iDge + il
Qg QBzei(¢1+wz)/4

Qg QBzei(¢1+¢z)/4

Bl = N s B2 = . )
Yba + lLWpq Yba — 1Wpa
5 QEQBlei(wa—wl)/4 c QEQBlei(¢I_W3)/4
3= - - , 1= - - )
Vda + lAdc + lAca Vda + lAdC + lAC“
c Qi Qe /4 QpQpel =) /4
2 = . . 9 = . . b
Vap +1Age + 1A Vap +18ge + 1A
. Qpre' Qp2e'ry /2 ()
Dy =i +i— ,
1 ) (paa pcc) Via I i Wpa ba
Qg Qp1e''r, /2
Dy =i (ovp — Pec) + l—.p/)((z%)s
2 Yba — 1Wphq
Qpe'¥s
D; =i (Oec = Paa)- (A17)

On solving Eq. (A16) and substituting the result of p,. into
Egs. (A14) and (A15), we obtain
Bs;C CsCy Ds;C
<A]_ : 1>pca=Blpbc+ . l
As 3
(A18)

locb+Dl +

C3C2 BSC2 D3C2
Ay — b = Bopac + ——pca D .
( 27T 4, )Pb 20ac + A Pea + D2 + A

(A19)
Equations (A18) and (A19) are exact coupled equations

between the matrix elements p., and p., at steady state.

Using the relation Qz1, Qps, Qg K yj,7p, and A;;, we find
2 2

that S8 ~ ZEBy < Bi, B ~ 2D < Dy and BE ~

Qyﬂ'“ < Ay Similarly, 2% « B,, D3C’ & Dy,and & C3C2 <

Aj,. Although the electrlc Rabl frequency, QE, 1S two orders
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larger than the magnetic Rabi frequencies, Q2p1,Q2p,, the
magnetic dipole contribution that comes from the electric
coupling is negligible. Furthermore, since B; <« A;, we can
neglect the coupling between the off-diagonal matrix elements
Pcas Peb>and pg.. Therefore, the solutions of Egs. (A14)—(A16)
are given by
D _ Dy D
Pca = Al’ Pcb = A2’ Pdc = AS'
The above results show that up to the first order in Qp,
Qp,,2p,, there is no chirality in this scheme. On substituting
the results in the Eq. (A20) into the Egs. (Al)-(A4) and

(A20)

PHYSICAL REVIEW A 93, 023822 (2016)

keeping up the first order in Q2p;, Qp2, g, we obtain the
results of the diagonal matrix elements at the steady state as

0) ©)

~ eraa ~ rplobb
aa 7 T bb ™~ T
Ya Vb
©) ©)
. "pPaq . IpP
Pdd ~ _Prdd , Pee N Plee (A21)

c

On substituting these results into the Eq. (A20) and keeping
up to the first order in Qp;, Qp,, g, we obtain the results of
the off-diagonal matrix elements at the steady state in Eq. (4).
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