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The tunneling ionization of an excited hydrogen atom by a static electric field E is investigated for the case where
the initial electron has an orbital angular momentum L nonparallel to E. The outgoing electron has a nonzero
mean transverse velocity (vr) in the direction of E x (L). During this process the linear Stark effect makes (L)
and (vr) oscillate or rotate about E. Measures of the asymmetry are calculated at leading order in E for an initial
state 2 P state. The generalization to coherent elliptic Rydberg states is outlined. A subset of these states whose
classical Kepler ellipses rotate rigidly about E is particularly interesting for the observation of the asymmetry.
The preparation of states with L nonparallel to E and the conditions to get a sizable vy asymmetry are discussed.

DOI: 10.1103/PhysRevA.93.023403

I. INTRODUCTION

An atom placed in a strong static electric field E may be
ionized by tunneling if the initial electron energy is below
the saddle point of the atomic and external potentials. The
calculation, to lowest order (LO) in E, of the ionization
rate y for a hydrogen atom in the ground state is given in
textbooks [1]. A large amount of work has been devoted to
the generalization to n > 2 states, with the inclusion of higher
orders in E (see [2,3] and references therein for analytical
calculations and [4-6] and references therein for numerical
calculations). The distribution in transverse velocity vr of
the outgoing electron is also of theoretical and experimental
interest. It provides a kind of photographic image of the
electron wave function inside the atom [7-9]. The fringes of
this distribution have been observed [10] using fields of the
order of a few hundred volts per centimeter for atomic levels
n ~ 20, just below or above the saddle point. A quadrupolar
anisotropy in vt has also been observed when the atom is
excited with a linearly polarized light [11].

In the case where the initial electron state has an orbital
angular momentum L at an angle to E, a dipolar asymmetry
is predicted [12], with (vr) being in the direction of (L) x F,
where F = —¢(E is the external force.! This effect, pictured
in Fig. 1, will be referred to as the [v,L,F] asymmetry. An
analogous effect presumably exists in high-energy hadron
physics, with the proton-electron system being replaced by
a quark-antiquark pair in a 3P, state and the electric field
being replaced by a chromoelectric field [12,13]. In the case of
the hydrogen atom, the [v,L,F] asymmetry is an interference
between the decays of several Stark states. It is therefore
sensitive to the relative phases of decay amplitudes, whereas
the decay widths give only the amplitudes squared.

Purpose and layout of the paper. A preliminary
study [14,15] predicted the [v,L,F] asymmetry for the 2 P state
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of hydrogen, with an alternating time dependence because
the linear Stark splitting makes (L) oscillate. However, the
required field to ionize the 2 P state fast enough is not attainable
in the laboratory. We therefore extend our study to Rydberg
states, more particularly to the quasiclassical coherent elliptic
states (CESs) [16]. We will first consider circular L, (CLy)
eigenstates, with F pointing in the +Z direction (we could
have chosen L, eigenstates as well). This is a priori the most
simple choice. However, we will also consider another type of
CES, which we call rotating oblique elliptic (ROE) states. They
have oblique (L), and their classical ellipses rotate undeformed
about E. They have some advantages for a [v,L,F] experiment.
Estimations of the asymmetry will be made with analytical
calculations at the LO approximation.

This paper is organized as follows: in Sec. II we briefly
review the Stark states and CESs. Section III presents the
CLy and ROE states, their evolutions in the field E, and
their decompositions in the Stark basis. Section IV deals with
the preparation of the CLy and ROE states for a [v,L,F]
experiment. In Sec. V we review the calculation of the width y
of a single Stark state at LO and using the Gamow-Siegert (GS)
representation of Stark resonances. In addition we obtain the
asymptotic phases of the GS wave functions. These phases
are needed to evaluate the [v,L,F] asymmetry. Tunneling
ionization of states with (Lt) # 0 and the resulting [v,L,F]
asymmetry are treated in Sec. VI. Numerical results for the
n = 2 CLy state are presented. Conditions of observability are
discussed. The case of high-n CLy and ROE states is investi-
gated. Conclusions and suggestions are made in Sec. VII.

II. REVIEW OF STARK AND COHERENT
ELLIPTIC STATES

In this section we review the relevant properties of the
states involved in the [v,L,F] asymmetry and write down
their wave functions with precisely defined phases. The latter
point is important since the asymmetry is an interference effect
between several states. The Hamiltonian of a hydrogen atom in
the static electric field E = —F = —F 2is’ H = Ho — Fz, with

©2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevA.93.023403

X. ARTRU AND E. REDOUANE-SALAH

p— k force
L
lectric field
O R 4 o —
=2 tunnel
—kt -
v

FIG. 1. Semiclassical motion of the electron extracted from the
hydrogen atom by a strong field E when the electron is initially in a
L, = +1 state.

Ho = p*>/2 — 1/r in atomic units.” Relativistic and radiative
corrections like spin-orbit and Lamb shifts are neglected. We
make the analytic calculations at lowest order (LO) in F. In
parabolic coordinates® € =r—z, n =r + z, ¢ = arg (x + iy),
the eigenstates of H and L, and the Schrodinger equation have
the separable form [1,17]

V) =NE2x@E) n P Ome™, (1)
3?0 [E& z, m*—1 Fy _
3_772 + I:E + 7 - o + T]@(n) =0, )

together with a similar equation for x(¢) with F — —F and
Zs =1—Z,. & =—1/(2v?)is the energy, and N = 2|E| /7
is a normalization coefficient. We introduce the new variables*
VEW=F/n/v=Ri+iy=Fe?, andX +iY = Re'"
with the constraint ¢; 4+ ¢, = ¢. The functions

XEP) =72 @E) ™, OX,Y) =n""20(n) M
3)

are stationary functions of two two-dimensional (2D) anhar-
monic oscillators [19]:

2r+A - =V F*3E, ) =0, (4a)
R2u+A—R>+V3F RYOX,Y) = 0. (4b)

They have the same orbital angular momentum L, = m;
their “energies”™ A =2v Z and u =2v Z, are linked by
A+ pu =2v. The angles ¢; and ¢, were defined above up
to a transformation ¢; — ¢; + 8¢, 2 — @2 — S¢; from now
on we fix ¢; = ¢, ¢ = 0. Then Eq. (1) can be rewritten as

V() =N %(#,3) O(R.0). 5)
We will also use the mixed representation
W(r) =N XX 3) 0/ /1. (6)

Stark states |ng,n,,m) are eigenstates of H at LO, neglecting
ionization. ng and n, are the numbers of nodes of x(£) and

>We use atomic units (a.u.). For time and electric and magnetic
fields, they are 2.42x107"7 s, 5.14x10° V/cm, and 2.35x 10° Tesla.

3Following the usual convention, £ and 5 are, respectively, the
“uphill” and “downhill” coordinates. However, our z axis is in the
downhill direction.

4,9, X,Y) = v 2(us,us,uy,u2) of Ref. [18].

3) and p are twice oy and a; of Ref. [2] or B; and B, of Ref. [3].
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FIG. 2. The {h,k} lattices of Stark states for n» = 5 and 2. The top
right (bottom left) corner represents the long-lived blue (short-lived
red) state. The n = 2 states are those of Eq. (9).

®(n). The Stark wave functions are obtained by putting for
X and ® in (5) the 2D harmonic oscillator wave functions
® [20]:

X = PpuE, ) = (r k)™ (@) (@b e @2 ()
where the operator al =[x — 9 £ i(y — 9y)]/2 creates one
quantum of clockwise (—) or counterclockwise (4) excita-

tion. h,k are the numbers of these quanta. Similarly, O —
Py k(X,Y). Inthe F — 0 limit,

E— —1/2n?,

Vo n=n,+ng+|ml+1,

A= AO =ntng=2n+ml+1=h+k+1,
pw—u®=n—ny=2n,4+m+1=H+K+1. (8)

na = ng — n, is the electric number. N in Egs. (1), (5), and (6)
is chosen such that (W|W) = 1 for Stark states. For n = 2 the
Stark wave functions Wy, , n are

Wo10=8"n e Gt (5 —2) =y,
Woo i1 =8 a1 2e G Jene P = vy, (9)
W0 =8""m"2e T —2) = ws,

and we will use the simplified notation on the right.

Among the quantum numbers n, m, na, ng, ny, h, k, H, and
K, only three are independent. Besides Eqgs. (8) we have ng =
inf(h,k), n, =inf(H,K), h—k=H—-K=m, h+K =
k+ H =N =n— 1. We will often use N for n — 1 in our
formulas. At fixed n we choose {/,k} as independent numbers,
represent a Stark state by a point M = (h,k) in a square n xn
lattice, as shown in Fig. 2, and use the notation |A,k) or |M)
for |ng,ny,,m). The Stark shifts of £, A, and u at LO are

3Em = naws, ws=3Fn/2,
Sim = +Fn’ 300 —m? +11/4, (10)
Sum = —Fn® [B(u®)> —m* + 11/4.

The lattice corners h = k = 0 and H = K = 0 represent the
short-lived “red” and long-lived “blue” states. Their classical
limits at large n are linear Kepler orbits of eccentricity
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FIG. 3. Classical picture of the Stark oscillations of L, and A,.
Orbits 0 to 7 correspond to the eight panels of Fig. 4.

e.c = 1, like orbits 2 and 6 in Fig. 3. At the two other corners
we have the circular states orbiting in the (x,y) plane.
For F = 0 the Runge-Lenz-Pauli vector

A=(2Hy) ?[-r/r+(@xL—-Lxp)/2 1)
is conserved. Stark states are A, = n, eigenstates. At fixed n,
A-L=0, A>+L*>=n>-1, (12)

and (r) = —3n(A)/2.% The pseudospins j, = (L + A)/2 and
jo=(@L —A)/2 obey the usual spin commutations rules
jxj=ijandj*> = j(j + 1), with j = N/2.

Superposition of E and B fields. To first order in E and B
the perturbation Hamiltonian restricted to the » manifold is

Hi=ws - A+woL-L=w-ji +® -, (13)

with s = —(3n/2)E, o, = B/2, and @, = w. £+ ws. The
stationary states are labeled by the pseudomagnetic quantum
numbers’

lo =Jo " @a (@ =12). (14)

Intheelectric field —FZ,i; = ji;,=h — j = (na +m)/2and
iy = —jo, =k — j=(na—m)/2,asindicated in Fig. 2. This
figure also applies to general {E,B} configurations, but the
quantification axes @; and ®; for j; and j, may be at an angle.
The energy shifts §€ = |@| i} + |w2]| i, are usually nonde-
generate. For nonstationary states the expectation values of A,
L, ji, and j, obey the secular equations (see, e.g., [2,21,22])

d[&/dt:a)LxA—l—wst:,

dL/dt = ws x A+ wp x L, (15)

(¢ =1,2). (16)

Coherent elliptic states. These states are quasiclassical
states (see, e.g., [22,23] and references therein) fully defined
by their expectation values A and L of A and L, with the
constraint

dja/dt = Wq onz

A-L=0, A’+L>=N? (17)

[compare with (12)]. We denote them as |A,L). For the
pseudospins,

litl = li2l = j = N/2. (18)

®In the quantum approach (O) or O is the expectation value of an
observable O. In the classical approach it is its average during one
orbital revolution.

7Vectors with a hat are unitary; X = X/|X| for any vector X.
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The circular (linear) states are obtained for j; = j» (i = —j»).
If j; and j, make an angle 2¢, the classical Kepler orbit has
eccentricity e.. = |A|/N = sina. In a weak field {E,B} the
CES character is preserved by the evolution (15) and (16). The
stationary CESs have j; = 4-j ®; and j, = £j @,. They sit at
the corners of the (i1,i;) lattice associated with {E,B}. Their
Kepler orbits are elliptic for noncolinear E and B.

CESs expand in the Stark basis as follows (see
Appendix A):

IAL) = ZcM(A L) M), (19)

(A, L) = [Bly(h/N) BY(k/N)]2emitivike: — (20)

where 1 and B, are the azimuths of —Jl and +j, respectlvely,
h=(N+A,+L)/2, k=(N+A,—L,)/2, and By(x) =
([1‘,’ Yx? (1 — x)N~7 is the binomial p distribution of barycenter
p=xN.

III. STATES FOR A [v,L,F] EXPERIMENT

We need an initial state with Lt = (L., Ly) # 0. In the field
—F1 it is a nonstationary state, with L. changing according
to (15). Two kinds of CES candidates are presented below.

(1) Circular L, eigenstates. These correspond to circular
orbits in the (x,z) plane and have L, = £N. We denote them
as |Ly#). Their wave functions,

" NIT @ Eix)V e/,

decompose in Stark states (9) according to Egs. (19) and (20)
with —8; = 8, = +m/2 and h = k = N /2. Therefore,

Wyt = 21

172
em(Ly$) = 2 [ ()]

At large n, cM _1s important only near the center of the
lattice. Indeed = A, =0, and the quantum fluctuations
are (m?) = ( N/2 <& N2. According to (15), the Kepler
orbit changes contlnuously, as depicted in Fig. 3, keeping
A2+L2 Nzande_L _A =A,=0.L andA 0s-
cillate in quadrature at the Stark frequency ws = 3n F/2.Such
oscillations have been observed with Stark wave packets [24].
The quasilinear orbits 2 and 6 in Fig. 3 correspond to the red
and blue Stark states in an external field along +X. Since L,
oscillates, we can already infer that the [v,L,F] effect results
in an oscillating (v, ).
Case with n = 2. Equations (9) and (21) giveatt =0

(22)

Wpyr = [V — W3 £i(Woy + Wy )]/2. (23)

Taking into account the Stark shifts (10), we have® at 1 > 0
W(t) = "Bl Wy — e Wy £ i (Vg + Wa)]/2 (24)
= ¢''/3[cos*(wst /2) Wpys — sin®(wst/2) Wy

+ (i /V/2) sin(ws?) Way], (25)

8W(¢) is a shorthand notation for W(¢,x,y,z) or W(¢,r). When the
argument ¢ is omitted, W designates the wave function at 1 = 0:
Y(r) = v(,r).
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FIG. 4. Evolution of the electron density |¥(z,r)|> of Egs. (24)
and (25) (y =0 slice) during one Stark period Ts. At 4r/Ts =
0,1,2,3,4, W(z) takes the values W, iV, —Wr,_, —iW¥,_, and
W, again, where W.; is the A, = +£1 eigenstate. W vanishes
along the current vortex z =0, 2 £ x/sin(3Fr) = r (whirling as
indicated by arrows). For t = Ts/4 or 3Ts/4, W vanishes on the
surface 2 + x = r. The x and z windows are [—7, +7].

where Wy, = (327)"/2(r — 2)e™"/? is the 2§ wave function.
Thus the atom oscillates between three L, eigenstates with
the Stark period Ts = 27 /ws. A complete oscillation of
W(t,x,y,z) is analyzed in Fig. 4.

(2) Rotating oblique elliptic states. For a CES |A,L) of
oblique L (i.e., both L x F and L - F # 0), the evolution of
the Kepler orbit differs from that in Fig. 3: since (m) =L - F
is conserved, L never vanishes, and linear states are avoided.
Anexample is givenin [25]. The advantage is a longer radiative
lifetime and, for nonhydrogenic atoms, a strong reduction
of core effects. In fact, noncircular elliptic states contain
components of any [/, but the low-/ ones are negligible if
|L| > /n. Let P(I) be the total weight of the / components.
For |L| ~ /i, Eq. (12) of Ref. [26] gives, for instance,

_ -1 22 -1 —L*N
PO)=n""¢ n e ,

P(1)=3n—Dmn+ 1! (2e‘§c2 —1)P(0), (26)

with e = (1 —L2/N?)!/? being the eccentricity. The ROE
states are CESs with either j; or j, parallel to E. Then the
ellipse rotates rigidly about E at angular velocity ws, with L
and A being oblique and coplanar with E (see Fig. 5). The
coefficients ¢y of (19) are nonzero only on one border of the

FIG. 5. Classical orbit of a ROE state. The orbit plane rotates as
indicated by the curved arrow. The overbar of j, L, and A has been
omitted.
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{h,k} lattice. Equation (20) simplifies into
AT n /2 _im
em(A.L) = [Bl(h/N)]"* e x Broorsin)  27)

or the same expression with & <> k. B is the azimuth of —A
at t = 0. The example in Fig. 5, with j; = j Z, corresponds
to the choice with a §, y factor. The fact that (27) contains n
instead of n? terms is a big simplification. Since the ellipse
is precessing about E, we can already infer that the mean
transverse velocity (vr) due to the [v,L,F] effect is rorating
about E.

Case with n = 2. The four kinds of ROE states are given
by

e BU(t) = sina Wy e 4 TP cosa Was (28a)

or

e BW(t) = sina Wy e + TP cosa Woy,  (28b)

where sin o = e.. The W3, W, mixture is of the type shown
in Fig. 5.

IV. PREPARATION OF CLy AND ROE STATES

In this section we consider only the case n > 1, where
the necessary field for ionization is technically obtainable.
As readily visible in Eq. (19), circular CLy and ROE states
are coherent superposition of eigenstates of all |m| < N.
Therefore their production is not trivial. Indeed, in a static
electric field an optical transition from a low excited state
will populate only low |m| values (typically, |m| = 0, 1 or 2).
Nevertheless, several methods [22,23,27-31] exist to produce
circular or elliptic states. Let us recall the general principle
of one of them [23,29,31] in the hydrogenic case. It can be
schematically decomposed in two or three steps: (I) optical
excitation, in a field Eo, from the ground state to the red or blue
linear Stark state of the nth shell, |A,0) with A = £N E,, (II)
circularization of this state, changing E into a time-dependent
field E(¢) plus optionally a magnetic field B(¢), and (II]) setting
up the final field {E,B} (if not already done in step II). An
example is the setting of the final electric field shown in
Fig. 1(d) of [29].

For step I, Ref. [23] proposes a constant B plus a slowly
decreasing E(z). Reference [22] proposes a rotating E(z).
Another possibility is suggested by Fig. 3: starting from linear
orbit 2, created in a field Eq || X, one can first turn off E¢, then
turn on a field E in the —2 direction. After a 1/4 Stark period
circular state 4 is obtained and should remain like this if E
is turned off. These changes must satisfy adiabatic conditions
discussed below. Infinitely many other field configurations can
realize step IL. It suffices to choose two independent paths j; (¢)
and j,(¢) on the sphere of radius j from the initial j; and j, to
the wanted final ones. Inverting (16), we get

wi(t)=[j; x dJi/dt] /j* + (D) (=12), (29

with f} and f, being arbitrary functions. The needed fields are
E(?) = [@2(1) — @1(1)]/(3n), B(r) = @1(7) + @1(7). One can
do without magnetic field and use rotating electric fields; in
the rotating frame the Coriolis force acts as a magnetic field.
Figure 6 shows how to produce a ROE state in this way.
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FIG. 6. Construction of a ROE state. At t < 0 the external field
E = E, is static, and the atom is in the blue Stark state: j;(0) =
—J2(0) = j@s(0), where ws(t) = —(3n/2)E(t). During the interval
[0,T] one makes E rotate about 2. The figure shows what happens
in the rotating frame: ws is fixed, and the Coriolis force makes j; and
j» rotate about w] = —R + ws and w5 = —L — wg, respectively. We
choose T = 2 /w} and w} < o, so that j,(T) has rejoined j&s(T)
while j,(T) had not yet rejoined — j@s(T). Att > T the field is static
again: E = E(T). The atom is then in a ROE state where j;(t) =
j@s(T) and J,(¢) starts rotating about —@s(T'). The overbar of j; and
j2 has been omitted.

Timing. The state we need for the [v,L,F] asymmetry is
not stationary and starts to oscillate or rotate already during
step III. We must know the values of A and L at the time
(t = 0) when the measurement begins. They can, in principle,
be calculated knowing {E(7),B(#)} of step III.

Conditions to remain in the n manifod. To prevent inter-
manifold (or dn) transitions during steps II and III, we require
that the classical energy change of the electron matches the
adiabatic energy change of the CES state with an error less
than” 1/n3. The classical energy varies at the rate

Ea(t) = —F() - x(t) + (1/2) B(r) - L(1) (30)
(a dot means time derivative), whereas the adiabatic rate is
Ea(®) = Bn/2)F@) - A) + (1/2)B@) - L(r).  (31)

Thus we require

/ dtF(@) - [r(t) + Gn/2)A@D)]| < 1/n>. (32)
step 1T

Due to (r) = —3n(A)/2 the integral over one Kepler period
Tx = 2mn? almost vanishes when F is nearly constant during
this period. Only variations of F(¢) on smaller time scales
may produce én transitions, as expected from a quantum-
mechanical treatment.

For nonhydrogenic atoms, dn transitions may also be
produced by the avoided crossings [16,33,34] occurring at
|[E| > 1/(3n%). These come from the non-Coulomb part of the
potential and are no longer effective as soon as the CES has
gained enough circularity in step II. Avoided crossings are
useful in other methods, e.g., in [35].

°This is the spacing between states of adjacent n and close values
of i; and i,. Transitions between states of very different i; and i, are
suppressed, as can be checked with Eqgs. (42) and (43) of [32].
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Preventing premature ionization. A last requirement is that
the probability of tunneling ionization during step III remains
small. |[E(¢)| must remain lower than F..(M) (defined in Sec. V)
most of the time, at least for the states |M) which contribute
the most to (19). It must reach its final intensity F' from below
and not too slowly. Let Tjis be the rise time of |E(?)| from, say,
0.8 F to F (due to the steep dependence of the Stark widths
ym on F we can neglect tunneling below 0.8 F). We thus
require Y Trise << 1. On the other hand, (32) implies Tijse >
Tx. These two conditions are compatible if yy Tx < 1. We
a priori assume this last inequality: this means that the Stark
resonance |M) lives at least several Kepler periods.

Adiabatic versus diabatic steering inside the n manifold.
Here adiabaticity [21] means that the atom can follow a
quasistationary state (fixed i; and i,) in the field {E(¢),B(¢)}.
In particular the highest level stays the highest, and the lowest
level stays the lowest. This requires the angular velocity of
; (1) to be much smaller than |w; |:

o x @] < ;> (i =1,2) (33)

[see Eq. (10) of Ref. [23]]. Then, the evolution of the atom
is tightly controlled, and the second term of (29) is dominant.
For a CES this means that j; follows closely the vector j @& (z)
or —j@(t) and j, behaves similarly. A diabatic regime
violates (33). It needs less field strength or field duration.
In Ref. [29], step II [Fig. 1(b) of that work] is adiabatic but
not step III [Fig. 1(d)]: when B/E = 3n, w; or @, crosses the
origin, strongly violating (33). In our case step II or step III is
necessarily diabatic since it transforms a stationary state into
a nonstationary one.

We conclude from the above considerations that the
preparation of a CLy or ROE state for a [v,L,F] experiment is
possible, although not trivial.

V. TUNNELING FROM STARK STATES

For F > 0 the eigenstates of H are bound states in £ and
continuous scattering states in 7, with both incoming and
outgoing asymptotic waves. Up to a critical field Fe(n,ng,ny)
a Stark state is a resonance which can decay only by tunneling
ionization. For F' > F, the electron can escape classically.
The position and wave function of a resonance may be
obtained by looking for a bound-state solution of (4a) and
solving (4b) semiclassically for R below the return point. A, i,
and v are thus given by the equations A = AV3F; m,ng), b =
w(W3F;m,n,), and A 4+ p = 2v. F is such that u equals the
potential barrier of (4b), [R> — v F R* + (m® — 1/4)/R?]/2,
including the centrifugal term. Neglecting the latter and taking
the unperturbed values (8) for i and v, we get the approximate
critical field F¥ and mean critical field F?,

FO =8n'n —na)l™", EY =1/8n". (34

F© underestimates F. For n > |m| + 1, Egs. (2.65) and
(2.69) of [2] yield

n*FY [P Fy) = w(Fe)/n® = 37/3/128 ~5/6.  (35)

As in [3,6], we describe Stark resonances as discrete states
of complex energy £ = eg — iy /2, which contain only the
outgoing asymptotic wave: the GS states [36,37]. To calculate
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their widths or decay rates y one needs only the modulus of
the asymptotic Gamow-Siegert wave function Wgs. Since we
are interested in the ionization of CLy or ROE states, which
are linear combination of Stark states, we also need the relative
phases of the asymptotic Wgs. Below we briefly summarize
the semiclassical calculation of the widths and relative phases
at LO (details are given in Appendix B).

The perturbation of x (&) by E is neglected. Tunneling in n
is calculated in the semiclassical approximation [1],

Ocs(m) = Ogs(Mo) py(10)/ pn(m1' 250 | (36)

n
S(no,n) = i/ py(s)ds, 37
ul

0

with p(n) = €/2+ (1 —m*)/n* + Z,/n + Fn/4. Equation
(36) can be extended in the complex 1 plane and is valid for
n and 7o far enough from the tunnel entrance and exit, 7,
and 7e,, Where p? = 0. We chose 7 inside the tunnel (the
classically forbidden region) such that

Nin K10 K Nex s 1SWin,nol > 1, 1SMo,nex| > 1. (38)

These conditions can easily be met if F < F9. A natural
choice is 79 = (Min Nex)'/?, Where —p; is nearly maximum.
In (36) ®Ogs(no) is approximated by the unperturbed Stark
wave function ®Osg(179). The integration of (37) is done along a
path in the upper complex half plane, avoiding cuts of p,(s).
The result for (36) is independent of the precise choice of
no. The knowledge of the behavior of ®gs(n) near 1 is not
needed (it is a combination of Ai and Bi functions; see, e.g.,
Ref. [4(D)]).
The width. Equations (B4) and (B5) of Appendix B give

4 \* 2 3 (39)
=—) exp|—— )|——,
M=\Fv) “P\73m3 ) H k)
in accordance with Eq. (125) of [3]. At LO we replace u with
1@ =n — ny and v with n, except in the exponential where

v 3 ~n3—9Fn,/2. One gets the Slavjanov result [38]
[see also [4] and Eq. (2.80) of [2] and Eq. (126) of [3]]:

4 n—npa 3 2 n73
=|— ex A — ——= (———
W= T PV 7 3 [’ K
= Ymin T /HD (fTF/KD. (40)
f=Fnied/4and ymin = (1P f)~' exp{3n — 2/(3Fn?)} is the
width of the blue state n, = n — 1. For the n = 2 states (9),
Yy = 2 SF2 e 1/2F)
v3/va =y2/v1 = 2Fe’. (41)

Let us also mention an approximate intuitive formula for the
width:

Yy = Tn_l eXp{—ZS(ﬂina nex)} ) (42)

where T, is the classical period of the n motion. See Eq. (2.73)
of [2], Eq. (63) of [39], and Eq. (7.9) of [8].

The asymptotic Gamow-Siegert wave function. The n-
dependent phase is given by the second line of Eq. (B4).
Replacing £ with —1/(2n?) + 8€ — iy /2in (B4) and ¥ in (6)
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with @, ; and including the time dependence gives
Was(t,r) ~ explit/(2n*)} Ut*,%,5) V(n), (43)
U@, X,5) = i*/y exp{—(y /2 +i8E"} @y i(X,7),  (44)
V() = Vi (Fr’n)™'"* expli(n — ile)’*VF/3). (45)

fiex = 1/(Fn?)is the tunnel exit forny = O and |m| = 1;¢* =
t —[(n — flex)/ F] 1/2 is the classical time at which the electron
exits the tunnel if it reaches point 7 at time ¢ (it is analogous to
the retarded time in classical radiation theory). The exponential
of (44) takes into account the energy shift and the decay of the
wave. V(1) is common to the » manifold.

Note that once the external field E is switched on, the
transition from a Stark wave function Wg(z,r) to a Gamow-
Siegert wave function Wgs(#,r) is not instantaneous. At large
1, due to the finite velocity of the electron, the Gamow-Siegert
wave function sets up only when #* becomes positive.

|Wgs(t,r)|> of (43)-(45) can be roughly interpreted as
the density of a classical electron cloud falling freely
in the uniform force field F. An electron of this cloud
which leaves the tunnel at time ¢* follows approximately a
parabolic motion z = 7y /2 + (t — t*)2F/2 = (x/%)*/(2n) =
(y/¥)*/(2n), with fixed parameters ¥ and y. Its transverse
velocity vy =~ &) v/nF gives access to |¥(¥,y)|> in the
imaging method of [7-11].

The i* factor in Eq. (44) plays an essential role in the
[v,L,F] effect. It yields the relative phase between different
GS asymptotic wave functions. We recall that the above
calculations are made at lowest order in F. When F ~ F©,
they become inaccurate [see condition (48) of [4(b)]], even in
order in magnitude, because the errors of S(19,n) are amplified
by the exponentiation in (36).

VI. TUNNELING FROM A (Ly) # 0 STATE

We assume thatat¢# = Othe atom has been prepared ina CLy
or ROE state in the field E = — F Z, as discussed in Sec. IV.
Then tunneling ionization begins together with oscillations or
orbit precession about Z. At large 7 its time-dependent wave
function is obtained from (20) and (43)—(45):

W(t,r) ~ explit/(2n*)} V() ¥ (t*,%,¥)
Ip(t*vay) = Z ™M UM(t*rxvyjl))-
M

(462)
(46b)

| (t*,%,%)]> may be measured with the imaging method
of [7-11].

The [v,L,F] asymmetry. This asymmetry is related to the
asymmetry of |1Z(t*,)?,y)|2, recalling that vy =~ ()E,j))«/ﬁ.
A first measure of it is the mean transverse velocity vt of
components

0, (t*) = (nF)'? Iy(t")/1(t) (47)

and similarly for x — y. I, is defined for any function
w(X,y) by

Ly (%) = (Y5, 5,9) lwE PP E*,5,5)  (48)
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and I = ]{1}.
parameters:

We also define the alternative asymmetry

ax(t*) = A I(t*)/1(17), (49)

bo(*) = 0, J(v2)"? = [/ JTE) Iy (), (50)

and similarly for x — y. A, I = I, for w = sgn(¥). vy, ay,
and b, give similar information, but |a,(¢*)| and |b,(t*)| are
bound by 1, while o, is of the order of (F/F.)"/?n~!. a,(t*)
can be simply measured with two half-plane detectors.

A. Asymmetry for n = 2

The n = 2 case contains the basic features which remain at
higher n. We treat it in detail for a CLy state and then mention
the main changes for a ROE state. From Eqs. (46b), (44),
and (22),

P x9) = (/) it Sy 0T @
_jhs \/%e(*ié&fyzﬂ)t* @
it Sy T (@4 + g} (51)
Applying (7) and taking the square modulus,
W NP = @) e pe ! dp e 8
+yse T E A+ -1
+4/yiyae 7 % cos(ary — wiat®)
+4/yayse ¥ (2 4 32 — 1) cos(ans — w3t
+27yse 7 cos(ans — o3t (2 + 37— D}, (52)
where ;= (i +v))/2, w; =88 —8E;, and ;=
(8pi — S j)m /2. To first order in F [see Eq. (10)],

ap/16 = ax3/8 =a13/24 = —n F, (33)

wiy = w3 =w13/2 = —ws = —3F; 54

y; is given by (41) or, more accurately, by (39). The asymmetry
comes from the odd part in X. The quantities needed in (49)
and (50) are obtained from (48) and (52):

4l =y e 42 e fyyehl (55a)

1 -
Ayl = +—=cos(apy — wppt™) Sy, e
i3

N
+

cos(ans — wxt™) /yayse ™, (55b)

27
2Iy = £cos(ayp — wlzt*)me,hﬁ
+ cos(anz — wzt™) me’h”*,
812y =y e 46y 4337
+2cos(a3 — wi3t*) Jyiys e 7.

The time-dependent asymmetry. At LO, all cosines in (55b)
and (55c) are equal to cos(wst™). ¥,(t*) oscillates at the
Stark frequency and in phase'® with (Ly(t*)). When (L) > 0,

(55¢)

(55d)

10Tt looks as if the group velocity is infinite in the tunnel.

.. PHYSICAL REVIEW A 93, 023403 (2016)

FIG. 7. Motion of the probability density |W(¢,r)|? of the outgo-
ing electron. The curve represents (x(¢,z)) =~ 2(X(¢))/z versus z at
fixed ¢. With time, the undulations move to the right. It looks like a
crawling snake.

vy >0, as guessed from Fig. 1. The outgoing electron stream
is pictured in Fig. 7. If y; > y» > y3 (which is the case
for F < F), we can distinguish three “eras,” depending on
which term dominates in (55a). The transition between the ith
and (i + 1)th eras is at

th = 0 — vie) ™ Infeivi/(cirvis)], (56)

with ¢; = ¢3 = ¢2/2 = 1. At 1, the Stark sublevels i and
i + 1 interfere with maximum efficiency. Let us denote by a°
and v; the oscillation amplitudes of a, and v, obtained by
replacing the =+ cosine factors by +1 in (55b) and (55¢). They
have local maxima of heights ao(tf"z) ~ 2a°(t§,3) ~ /2/m and
vty ) =ity ) = F 172 Incidentally, F'/? is the transverse
Veloéity (Ly)/ z of the unperturbed CLy state at the saddle point
z = F~'2.In the third era a° and v? fall off exponentially.
Figure 8 plots 1(¢*) and a°(t*) for F = 0.004, using the “exact”
widths found in [4(a)].

The time-averaged asymmetry. Except for very small values

of F/EY, 0,(t*), a,(t*), or b,(t*) oscillates too fast to be
5x 1072 1
2x10721
. 1072
L 5x107%
=
2x 10731
107°%] | .
5% 10741 tl? t23
0 50 100 150 200
1.0
0.8
—~ 0.6
o
‘® 0.4
0.2 \
* %
0 t]? t23
0 50 100 150 200

t*(ps)

FIG. 8. Intensity /(¢*) of the outgoing electron flux fromann = 2
CLy state [Eq. (55a)] and amplitude a°(¢*) of the oscillations of the
asymmetry (49). The time of exit t* is in picoseconds, and I(¢*) is
in ps~!. Field intensity F = 0.004 a.u. The oscillations, of period
Ts = 0.0127 ps, are too dense to show. Note the change of “eras” and
local maxima at #{", and #; ;. The sloping straight lines under the /(%)
curve represent the successive dominant contributions to (55a).
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TABLE I. Numerical results for the widths, the initial asymmetry, and the time-averaged asymmetry for the n = 2 CLy state. The “LO”
results are at lowest order in F. The “corr.” results are calculated with (39) with first-order corrections for i and v. The “num.” results are

based on numerical values of y found in the literature.

10°F Method Vi ” 3 b(0) a,(0) (by)

3.5 LO 8.3x1077 1.2x1077 1.6x1078 0.71 0.69 2.5%x107°
COIT. 3.9x1077 7.7x1078 8.8x10~° 0.75 0.75 1.4x10°°
num.? 3.9x1077 6.0x1078

4.0 LO 1.1x1073 1.7x10°¢ 2.8x1077 0.73 0.71 3.5%x107°
COIT. 4.7x107¢ 1.1x10°¢ 1.4%x1077 0.77 0.78 1.9%x107°
num.” 4.4%x10°° 0.81x10°° 1.4x1077

5.0 LO 3.6x1074 7.2x107° 1.5x1073 0.75 0.75 1x1073
COIT. 1.3x107* 4.6x107° 6.2x107° 0.78 0.82 6.6x107*
num.© 1.1x1074 2.6x107° 5.7x107°

6.0 LO 0.0033 0.0008 0.0002 0.79 0.81 0.0049
COIT. 0.0011 0.00043 7.1x107° 0.78 0.83 0.0065
num.? 6.1x107

6.5 LO 0.0077 0.0020 0.00052 0.77 0.78 0.052

8.0 LO 0.045 0.015 0.0047 0.81 0.85 0.28
COIT. 0.011 0.0066 0.0013 0.77 0.82 0.12
num.? 0.0042 0.0020 0.00085

10 LO 0.19 0.075 0.030 0.83 0.87 0.66
COIT. 0.032 0.029 0.0063 0.73 0.78 0.42
num.© 0.011 0.0063 0.0033

2Reference [[4](b)].
PReference [[4](a)].
‘Reference [6].

measured with an ordinary detector. For instance, F > 0.002
gives Ts < 25fs. Therefore one can only measure the time-
averaged asymmetry obtained by integrating Iy, (t*). For
instance,

(ay) = /wdr* At (57)
0

[the integral of 7(¢*) is 1]. Integration of (55) is made using

77ij CoS & + Wi sina,-j

=2 2
Vij + @i

(o]
/ dt* e %" cos(oyj — wit*) =
0

(58)
If y;; < w;j, the {ij} contribution to the asymmetry is washed
out by the oscillations of I{,,(t*) or A,I. To get a sizable (a,)
one must take F such that the Stark oscillations are quenched
by the decay of the W, state, that is, y; = ws = 3F.
Numerical results for n = 2 and discussion. Table I shows
numerical results for the widths y;, the asymmetries a, and b,
att* = 0, and the time average of b, for seven values of F. For
the largest F' values we have y; > ws, Stark oscillations are
quenched, and (b, ) is sizable. For F' > 0.005 the widths given
by Eq. (41) are much larger than the exact numerical results
found in literature. Equation (39) gives better results, but again
they are too big for F > 0.008. In fact the chosen F are
not small compared to F¥ = 0.0078. Nevertheless, our main
results concerning the asymmetry should be qualitatively true.
First, the [v,L,F] asymmetry depends essentially on the ratios
y1/v» and y,/y3, which are not so badly predicted by (41).
Second, widths not far from the exact ones are obtained if
we replace F in Eq. (39) or (41) by a slightly reduced value.
Compare, for instance, the exact results for F = 0.008 with

the LO ones for F = 0.0065 or exact results for F = 0.01 with
our “corr.”” ones for F = 0.008 in Table I. The smallness of
this reduction is due to the very steep dependence of log y on
F. Note that the reduction from F, to F? in Eq. (35) is of the
same order.

Case of a ROE n = 2 state. The above calculations can be
adapted to the ROE states (28) without great modifications.
The following are the main changes:

(D) 1}(1‘*,% ,¥) involves two states instead of four in Eq. (51).
In the analog of (52) [ (t*,%,%)|? contains two y; terms and
one ,/y;y; term. We have two eras instead of three.

(2) AyI(t*) and I,,(t*) are nonzero and oscillate in
quadrature with A, I(¢*) and I;,j(¢*) such that (vt) rotates in
the direct sense about Z for the W, ¥, and W3, ¥, _ mixtures
of (28) and in the retrograde sense for the two other mixtures.
The undulating stream in Fig. 7 is replaced by a helical stream.

(3) The size of the asymmetry depends on the eccentricity
sin o and is bigger when the two components of (28a) or (28b)
are comparable, i.e., « >~ 7 /4.

B. Asymmetry for large-n CESs

The n = 2 case was instructive, but the required field is not
attainable in the laboratory. We therefore explore the large-n
case, where the needed field (o< n~* for M in the bulk of the
{h,k} lattice) is considerably reduced and experiments become
feasible. Besides, the Stark period Ts ~ n°x107!®s can be
long enough to make a time-resolved experiment possible. For
instance, in [40] (n ~ 20) the escaping times of the electrons
are recorded with a picosecond resolution. The n = 2 results
generalize as follows:
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Gathering (8), (10), (20), (44), (46b), and (48), we have, for
a real function w(¥,¥),

I{w}([*) =Re Z lllj'iﬂ/ M CK/[, (myM/)l/z
MM

x exp(—pmmrt™ — iomwrt™) (P lw(F, J) | Pp i)
(59)

with ?M,M’ = (VM + )/M/)/Z and owoMM = SEM — 85M/ The
summation in (59) is restricted by selection rules. For I we
have M = M. For I, or I{,;, M and M’ are nearest neighbors:
|n’y —nal = |m’ —m| = 1; the relevant matrix elements are

(P14 X]Ppi) = =i (D147 Prs) = V2,
(Ppk—11X|DPp k) = +i{Pp -1 Pri) = Vk/2. (60)

For I(,2), I;y2y, or Ijxyy we have [n)y —na| = |m’ —m| =0 or
2. For A I or A, I the only rule is m — m’ is an odd number.
In the following we only consider the asymmetry parameters
U, o Ifyy and D, o< I;yy. We consider first a CLy state and then
a ROE state.

Time-dependent asymmetry for a CLy state. The coefficients
cMm are given by (22). The evaluation of (59) is simplified by
the symmetry {h,h’} <> {k,k’} of the MM’ contributions. Let
us first examine the LO results.

At t* = 0 all the contributions to I, have the same sign.
Indeed, the matrix elements (60) of x are positive, and from (8)
and (22), the argument of “’“’cMcl’(q, in (59)isoymr = (S —
8" /2 for the | Ly+) state and anpny + 77 for the | Ly —) state,
and aypvr s zero at LO. Thus the initial asymmetry is oriented
as suggested by Fig. 1. Including the first-order correction does
not change this result since |ay | >~ 37/32) F/FY < /2,
from Egs. (10) and (34). At t* > 0, 0,(t*) oscillates at the
Stark frequency ws. A MM’ pair interferes with the maximum
efficiency at

o = v — )™ InflemPym/(em Pyl (61)

yielding a peak or at least a “knee” of the oscillation amplitude
vy, like those of Fig. 8 for the n =2 case. There are
n(n — 1) such peaks. Most of them should not be discernible,
and a subdivision in eras is less clear than in the n =2
case. However, for M close to the m = 0 diagonal, yy and
|cm| depend mainly on na, with an approximate Gaussian
dependence on m:

2/m { —m’ } @2/ )N
——exp .
N —np 2(N —nap) ) (N —np)!

YM = Vmin (62)
Therefore several #y; ,; almost coincide, making an enhanced
peak. ’

The time-averaged asymmetry (vU,). This asymmetry is
obtained from (47) and (59) but replacing I;j(t*) by its
time-integrated value and I(¢*) by 1. The integration is made
using (58) withij — MM'. To contribute significantly to (7, )
a MM’ pair must fulfill sup(ym,yw) = ws so that the Stark
oscillation is quenched. It must also be near the center of the
lattice of Fig. 2 to have a large enough cwmcyy . For |na] and
|m| < +/n the Stirling formula applied to (40) gives

8 [64e)\" ™ 160 n2+m?
W B () explany - —o S TATML (63
ws 3nf'\f 3f 2n
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with f' = F/F©® = 32¢73 nf. Thus the oscillation quench-
ing requires In(64e/f") — 16/(3 ') 2 0, thatis, F ~ F9 (we
exclude the case F > FY).

Comparison between LO and exact y at large n. We
choose F not much smaller than £ in order to get a large
enough time-average asymmetry. As for n = 2, the Slavjanov
formula (40) greatly overestimates the widths. Let us take,
for instance, n = 10 and F = 107>, For m = 1 and ng =4,
Table 5 of Ref. [5] gives y = 3.31x107'2, whereas Eq. (40)
gives y =4.06x1071° (here H =5, K =4, and ny = 0).
This is because F is not far from F = 1.25x107°. Again,
the correct result can be recovered with a small reduction of
F (F =0.923x107) in Eq. (40). Besides, the ratio yv/ym
for neighboring M and M’ is reasonably well described by
Eq. (40). This is best seen when looking at y = H!K!y.
According to (40), the ratio between the y for two successive
values of n; and m = 1is equal to f2 =~ 1/400 for F = 107.
According to Table 5 of Ref. [5], this ratio ranges from 1/379
to 1/324. A similar statement is made with Egs. (3) and (4) of
Ref. [[4](c)]. Therefore, as in the n = 2 case, we believe that
our results are qualitatively true.

ROE case. Equations (59)—(61) also apply to ROE states,
using the coefficients cy of (27). At t* = 0, vy calculated
at LO is in the direction of LxF. This can be checked with
the ROE states with k=0, = —n/2or h=N, B =n/2
in (27). At t* > 0, vp(¢t*) rotates at the Stark frequency about
Z; in Fig. 7 the planar undulating curve should be replaced
by a three-dimensional helical curve. For small F/F. one
should observe peaks of |v(t*)| at t* given by (61). Their
number is n — 1 instead of n(n — 1); therefore they should
be more discernible than the peaks of v, (¢*) for a CLy state.
Another difference with the CLy case is that Stark components
of m ~ n/2 have an important weight. For these states the
approximations (62) and (63) are not valid.

VII. CONCLUSION

We have given theoretical grounds for the existence of a
[v,L,F] asymmetry in strong-field tunneling ionization of an
excited hydrogen atom possessing a transverse orbital angular
momentum: the extracted electron keeps part of the transverse
velocity vt that it had just before entering the tunnel.

For fields significantly smaller than the mean critical field
FO ~1/(8n* (in au.), the linear Stark effect produces
oscillations of (Lt), and therefore of (vr), making the time-
averaged asymmetry very small. A time-resolved experiment
is then necessary. For F ~ F9 we predict a sizable time-
averaged asymmetry, although our calculations done at lowest
order in F greatly overestimate the widths y;.

For n =2, the required field is too strong to obtain in
a laboratory, at least as a static field. Lasers can produce
strong enough, but oscillating, fields. One might nevertheless
look for an asymmetry in the lobes and jetlike structure of
the photoelectron [41] when the atom initially has an orbital
angular momentum perpendicular to the polarization of the
laser light.

Forn 2 10, the required field has reasonable values, and for
n 2 20 a time-resolved experiment can be foreseen. Circular
Rydberg states with L. L F and rotating oblique elliptic states
are the simplest candidates for a [v,L,F] experiment. The
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latter have the advantage of not being affected by interactions
with the electron core. We wrote down analytical formulas
generalizing those of the n = 2 case. They predict a [v,L,F]
asymmetry in the direction suggested by Fig. 1, at least at
leading order in the external field strength.

The preparation of states at a given starting time for a
[v,L,F] experiment is certainly not trivial but, in principle,
feasible. Some premature ionization at ¢+ < 0 is unavoidable
but can be limited by approaching the final field from below.

We have restricted our study to ionization in a constant
field. One may generalize it to a field F(¢#) which increases
slowly enough so that each Stark component |M) decays in
its turn in the tunneling regime, i.e., while F(¢) < F,(M).
The [v,L,F] asymmetry probably occurs also in the classical
ionization regime.

The [v,L,F] asymmetry, like other angular momentum
effects in strong-field ionization [42—44], can lead to a better
understanding of the tunnel ionization process itself. It should
exist as well in the strong-field detachment of electrons from
negative ions, with the following advantages: (1) the required
field is lower than that for a neutral atom, and (2) there
should be no linear Stark effect and hence no oscillation of
the asymmetry. An analog of the [v,L,F] mechanism may
also be at work [13,45] in hadron physics, particularly for the
Collins effect [46].

ACKNOWLEDGMENTS

We thank J.-M. Richard and M. Shapiro for helping to
improve the manuscript and Ch. Bordas for interesting infor-
mation and suggestions concerning the experimental aspects.

APPENDIX A: DERIVATION OF EQUATION (20)

We first derive Eq. (22) giving cy for a CLy state |A,L) =
|Ly=+) by fitting the asymptotic behaviors of (21) and (19). Let
u=3x+iy=e?/E/nand R=./n/n.For(21) we write 7 &
ix =(n—&+iynEcosp)/2 = (n/2)(R +iu)(R + ii), and
we obtain

Wiye(r) = 2V NIYm] e/
N N
x Y Ch(Eiuy RN N O, (kiay* RN
h=0 k=0
(AD)

For (19) we calculate Wy(r) with (5) and the asymptotic form
of (7),

Op (X, ) ~ (1) P4 E — i§)F e T2,
(A2)
obtained by replacing dy by —x and 9y by —¥, together with
a similar expression for CDH,K()V(, )V’). It gives
W) ~n "N h k! HI K )™1?
su ik RH+K e—(x2+y2+)?2+)“f2)/2.

(A3)

Recalling h+ K =k + H = N and comparing (Al) with
(A3), we obtain (22).
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We now derive Eq. (20) from (22) using the fact that
exp(b - j;) or exp(b - j,) transforms a CES into another CES
for any real or complex vector b. In particular,

|A,L) = C exp{(A, —if —im/2)j -2

+ (e —ifp+in/Djo -2} |Lyx), (A4

with e =h/(N —h) and e** =k/(N —k), gives the
most general CES (20) up to a phase. C = [cosh(A,/2)
cosh(A;/2)]7/ is a normalization factor.

APPENDIX B: CALCULATION OF THE ASYMPTOTIC
TUNNELING WAVE FUNCTION AND OF THE WIDTH

We start from (36) and (37). Neglecting the (1 — m?)/n?
term, the roots of p,zl(n) (entrance and exit of the tunnel)
are nin >~ =27, /€, nex = —2E/F 4 2Z, /€. They are slightly
complex. We choose the determination

Py = (1/2)NiF 1=/ /=i(n — 1), (BI)

which has cuts along the lines [0,n;,] and [nex, — ioo].
In the tunnel region [Re ni,,Rene] it gives Im p,(n) > 0,
corresponding to an evanescent wave. Beyond the tunnel
region it gives Re p, > 0, corresponding to an outgoing wave.
We assume Re Nin K Mo K Re Nex K 1 and |S(ninv r]ex| > 1.
The integration contour in (37) must avoid crossing the cuts
of p, and therefore pass above 1. in the complex plane. One
obtains

4& —8&
S(no,n) =~ \/7/2(770 + —) + (u/2)In (F_no>

3F
+Gi/HNVF+2E/FY? +imp/2. (B2)
The first line is S(19,nex); the second is S(Mex,7).
For Og(no) we use n~'/?Osi(n) = ®p.x(v/n/n,0) and
Eq. (A2) (changed to capital letters):
Ono) ~ (r H!K!/v)™2 (no/v)"/? ™™/ (B3)

Using p, (o) = i/(2n), p,(n) =~ /Fn/2in (36), we arrive at
the 19 independent result

4 \"? —1
~ 1K -2
Ogs(n) ~ (r H! K!\/ Fn) <FU3) €Xp { eV }

X exp {%ﬁ(n +2E/F)? +imp/2 + in/4}.
(B4)

The ionization rate is the flux through the paraboloid
1 = const > n?. In the mixed representation (6), it reads

y = 2up, INT? 1O / i d5 O G2, (BS)

The last integral equals 1. In |®(n)|> we consider the second
line of (B4) to be a pure phase factor, neglecting Im £. One
obtains Eq. (39).
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