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A special feature of the ground state in a topologically ordered phase is the existence of large-scale correlations
depending only on the topology of the regions. These correlations can be detected by the topological entanglement
entropy or by a measure called irreducible correlation. We show that these two measures coincide for states
obeying an area law and having zero correlation length. Moreover, we provide an operational meaning for these
measures by proving its equivalence to the optimal rate of a particular class of secret sharing protocols. This
establishes an information-theoretical approach to multipartite correlations in topologically ordered systems.
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I. INTRODUCTION

A topologically ordered phase is an exotic quantum phase
that cannot be explained by conventional models based on
local order parameters and symmetry breaking [1,2]. Since
topologically ordered phases are robust against local perturba-
tions, they are promising candidates for performing topologi-
cally protected quantum computation [3,4]. Characterizing the
global properties of the ground state in topologically ordered
phases is thus not only an important problem in condensed
matter physics, but also in quantum information science.

A possible measure to detect such topological correlations
is the topological entanglement entropy (TEE) [5,6], which
also appears as the universal constant term in the area law [5,7].
The definition of the TEE is based on the idea that topological
correlations reduce the entropy of ring- or circlelike regions
(see Fig. 1), compared to what is expected if only short-range
correlations are present [6]. More precisely, the TEE quantifies
the tripartite correlations in region A BC that are not contained
in any bipartite region AB, BC, or C A. Quantitatively, this is
achieved by subtracting the contributions of local correlations
using a Venn-diagram calculation, which is known as the
interaction information in classical information theory [8].
The interaction information was proposed as a measure of
“genuine” tripartite correlations that only detects correlations
shared by all three parties, but not by only two. However, the
information-theoretical meaning of the interaction information
is not clear, since it lacks basic properties such as, e.g.,
positivity (see, e.g., [9—11]). Further problems arise in the
quantum case, where, for instance, the quantity is always zero
if the three parties share a pure state.

An alternative measure for “genuine” tripartite or more
generally, k-partite correlations in classical information theory
is known as the kth-order effect [12]. The definition of the kth-
order effect employs the maximum entropy method [13,14] to
estimate the total entropy, which provides a classification of
multipartite correlations in terms of Gibbs states correspond-
ing to k-local Hamiltonians. The quantum generalization of the
kth-order effect is called the kth-order (or k-body) irreducible
correlation [15-17].

The third-order irreducible correlation applied to tripartite
scenarios as shown in Fig. 1 has recently been proposed as an
alternative way to measure topological correlations [18,19].
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It is simply given as the maximum entropy on ABC with
consistent bipartite reduced states on AB,BC, AC minus
the actual entropy of ABC. It has been conjectured that the
third-order irreducible correlation and the TEE coincide in the
thermodynamic limit for ground states of gapped systems,
i.e., when the effects of local correlations are completely
negligible [19]. While therein the authors only show that the
irreducible correlation is always smaller than the TEE for
regions as in Fig. 1(c), numerical evidence of this conjecture
has been provided for the toric code model [4] in Ref. [18].

In this paper, we partly resolve this conjecture and show that
if the ground state obeys an area law and has exactly vanishing
correlation lengths, the TEE and the third-order irreducible
correlation are equivalent. This condition holds for a wide class
of spin-lattice models, which describe nonchiral topological
ordered phases [4,20]. In general, calculating the values of
multipartite correlation measures is a computationally hard
problem. We overcome this challenge and show equivalence
by explicitly constructing the maximum entropy state on ABC
that is consistent with all bipartite reduced density matrices
(RDMs) of the ground state. This solves an instance of a
quantum marginal problem [21,22], which is in general hard,
especially if RDMs have overlap. In our special case the
difficulty can be overcome by using properties of quantum
Markov states (QMS) [23].

We further show that under the same assumptions the
irreducible correlation is equal to the optimal asymptotic rate
of a secret sharing protocol, as suggested in [16,24]. This
establishes an operational interpretation of the TEE as the
number of bits that can be hidden in a global region ABC (see
Fig. 1) from parties that have access to only partial regions
such as, e.g., AB. This result quantitatively connects the TEE
with the characteristic feature of topologically ordered states
that information contained in local regions is insufficient to
determine global properties.

The paper is organized as follows. In Sec. II, we define
the irreducible correlation of a multipartite state and discuss
its properties. In Sec. III, we prove the equivalence of the
TEE and the irreducible correlation. In Sec. IV, we show the
equivalence of the irreducible correlation and the maximum
rate of a secret sharing protocol. Section V is devoted to a
discussion of the case of almost vanishing correlations. Our
conclusions are presented in Sec. VI.
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(a) (b)

FIG. 1. The illustration shows the regions A,B,C used for the
calculation of the TEE and the irreducible correlation. Region (a) and
(b) correspond to the Kitaev-Preskill-type version [5] and (c) to the
Levin-Wen-type version [6] of the TEE. Due to the difference of the
topology of the regions, the value of the TEE for (a) is half of that for
(b) and (c).

II. THE IRREDUCIBLE CORRELATION

Let p be an n-partite state in a state space S(H"), where
H'=H, ®---®H, and each Hilbert space H; is finite
dimensional. The RDM on the subsystem corresponding to
a subset A of [n] = {1,...,n} is denoted by p4. We then define
a closed convex set Rf, of n-partite states, where all their k
RDMs are identical to p as

Ri = {0 € S(H") | VS C [nl, ISl =k : o, = ps, ).

For any p and 1 < k < n, we define the kth maximum
entropy state ¥ € S(H) by the state in Rﬁ which maximizes
the von Neumann entropy, i.e.,

,5(") = argmax S(0),
oERk
where S(p) = —Trplog, p. According to Jaynes’s maximal
entropy principle [13,14], 5 is the most “unbiased” inference
if all of the kK RDMs of p are known.

The kth maximum entropy state can be characterized
by quantum Gibbs families. Let Q; be the set of Gibbs
states e’ /Tr(e’) corresponding to k local Hamiltonians
H. We consider the reverse information closure Qj =
{o € S(H")|infyeq, S(ollo’) = 0} of Qk, where S(pllo) =
Trplog, p — Trp log, o is the quantum relative entropy. Then
% satisfies [25]

p© = argmin S(pl[o).

oeQx

For any state p € S(H") and 1 < k < n, it follows that 5% is
uniquely determined and the Pythagorean theorem [26]

S(pllo) = S(pllp®) + S(p® o) (1)

holds. Since the completely mixed state 1,,/d” is in Oy for all
k, the Pythagorean theorem implies that

S(pllp®) = S(5*) — S(p).

_ We define D®)(p) as the distance of the state p from the set
Oy, that is,

D®(p) = min S(pl|o)

oeQy

= S(pl1p™) = S(B®) — S(p).

Since Qi_; C O, it holds that D®(p) is monotonically
decreasing in k. From the Pinsker inequality, it is clear that
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FIG. 2. A geometrical illustration of the functions D® and C®.
D®(p) is the distance from the set of k-correlated states, and C® is
the difference between crossing points in 9 and Q;_; measured by
the quantum relative entropy.

D®(p) measures how well the state p is approximated by
the maximum entropy principle, i.e., D®(p) < € implies that
o — AP < 24/€. It further holds that D®(p) = 0, if and
only if p = s € Q.

The kth-order irreducible correlation [16] is defined as

C®(p) = D“"V(p) = DY(p)
= S(p®15*")
= 5" = 5. @

The second equation follows from the Pythagorean theorem
Eq. (1) and the fact that 5% has the same (k — 1) RDMs
as p*~D. A geometric picture of the relations between D®
and C® is given in Fig. 2. The classical analog of the above
discussion has been given in Ref. [12].

C®(p) measures the correlation that is contained in all
the £k RDMs, but not in the (k — 1) RDMs. The irreducible
correlation is a non-negative function invariant under local
unitary operations on each single site but lacks a nonincreasing
nature under general local operations [17,27]. A possible
modification of the irreducible correlation that overcomes this
problem is proposed in Ref. [27]. The irreducible correlation
is continuous in the classical case [28], but it can be
discontinuous for quantum states [29]. A relation between the
discontinuity of the irreducible correlation and quantum phase
transitions has been discussed in Ref. [19].

We show now that C®(p) is also additive, C®(p ® o) =
C®(p) 4+ CP(o). 1t is clear that P ® 6® is included in
R’;®o. Let us consider p € S(H;) and o € S(H;). For any

k .
state wj;p € R p@o> 1t holds that

S(wi2) < S(w1) + S(@2)
< 83" + 86
=53 ®5"),

where we used the subadditivity of the von Neumann entropy
and the fact that wy, € Rf@g implies w; € R’p‘ and w, € Ri‘).
Therefore, % ® 6% is the kth maximum entropy state
corresponding to p ® o. By definition, this implies that the

irreducible correlation is additive.
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The total correlation [9,30] of an n-partite state p is given
by

CT(p) =) S(p) — S(p).
i=l1

This function is considered as one of the generalizations of the
mutual information for multipartite states. From the definition
of C®(p) in Eq. (2) and by using the fact that 5V = p; ®
.-+ ® p, and p™ = p, we can decompose the total correlation
into the sum of kth-order irreducible correlations, i.e.,

n

c'(p)=DV(p) =) C¥p). (3)
k=2

III. EQUIVALENCE OF TEE AND THE
IRREDUCIBLE CORRELATION

Let us consider the reduced state of the ground state of a
gapped spin-lattice system on circle- or ringlike regions ABC
given in Fig. 1. We then define the TEE by

Siopo = Sp(AB) + S,(BC) + S,(CA) — S,(A) — S,(B)
—5,(C) — S,(ABC) “)
=CT(p) = I,(A: B)— I,(B : C) — I,(C : A), (5)

which is in accordance with the one considered by Kitaev
and Preskill [5]. Here, S,(A) stands for the von Neumann
entropy of the RDM p,4 of region A and I,(A : B) is the
mutual information I,(A : B) = S,(A) + S,(B) — S,(AB).
For regions as given in Fig. 1(c) and assuming that there are no
correlations between A and C, i.e., pac = pa ® pc, the above
definition is consistent with the one by Levin and Wen [6]. In
the definition in Eq. (4), the expectation of the total entropy
is given by the Venn-diagram method, i.e., first summing up
entropies of AB, BC, CA and then subtracting entropies of
overlapping regions.

On the other hand, from the information of the RDMs of
local subsystems, we can estimate the entropy of the global
state pspc by using the maximum entropy method [13,14]. It
is expected that the topological correlation in region ABC can
be measured by using ﬁﬁgc as well as Siopo. Let us consider
the third-order irreducible correlation given by

C¥(papc) = Sz (ABC) — S,(ABC).

By definition, the TEE and the irreducible correlation coincide
if and only if

S5 (ABC) = S,(AB) + S,(BC) + S,(CA)
— S§,(A) = S§,(B) — S,(C). (6)

While this equality does not hold in general, it is an interesting
question whether Eq. (6) holds for ground states of gapped
systems. In this paper, we will analytically show that the TEE
and the irreducible correlation are equal if the spin model has
zero correlation length.

It is widely accepted that the ground state of a gapped
system obeys an area law for the entanglement entropy of
regions A with smooth boundaries (see e.g., [31]), that is,

Sp(A) = aldA| — ngay + O(0A|P).
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Here, o denotes a nonuniversal constant, 8 > 0, |0 A| denotes
the size of the boundary of region A, and nj4 denotes the
number of connected boundaries of A. The universal constant
vy is equivalent to Siop, for the configuration in Fig. 1(a) and
half of Siop, for Fig. 1(b) and 1(c). If [d A| is much larger than
the correlation length, the contribution from local correlations
O(]dA|~#) can be ignored.

In the following, we consider the case where the local
contribution is exactly zero. This condition holds for fixed-
point wave functions in lattice models with zero correlation
length, such as quantum double models [4] or Levin-Wen
(string-net) models [20]. These models can describe a broad
class of nonchiral topological orders. The crucial properties
of these models can be summarized by the following two
conditions:

(D If two regions A and B are separated, then the RDM is
a product state pap = pa ® pp, i.€., the mutual information
I,(A:B)=0.

(II) If region A and C are indirectly connected through
B and ABC has no holes, pspc has zero conditional mutual
information /,(A : C|B) = I,(A: BC) —1,(A: B) =0.

A tripartite state that satisfies condition (II), i.e., ,(A :
C|B) =0, is referred to as a quantum Markov state condi-
tioned on B [23]. Such states have been widely studied in
quantum information theory [23,32,33], since they are the
states saturating strong subadditivity [34], that is, S(papc) =
So(AB) + S,(BC) — S,(B). Moreover, several applications
as, for instance, in entanglement theory [35] and state
redistribution are proposed [36].

Our main result is that if the ground state satisfies assump-
tions (I) and (II), the TEE is equivalent to the third-order
irreducible correlation.

Theorem 1. If assumptions (I) and (II) are satisfied, the
equality

C(3)(pABC) = Slopo

holds for all choices of regions A, B, and C as depicted in
Fig. 1.

Note that this equivalence can further be generalized to
more complicated regions with more holes or an annulus with
more subregions.

The third-order irreducible correlation represents the dis-
tance of the tripartite state from the set of Gibbs states for all
2-local Hamiltonians. Therefore, this theorem implies that a
nonzero value of the TEE is equivalent to that the entanglement
Hamiltonian [37] Hypc = In papc on region ABC cannot be
a 2-local Hamiltonian. In other words, Hspc has to contain
tripartite interactions acting on the whole region ABC.

Note that Theorem 1 together with Eqs. (3) and (5) implies
that the second-order irreducible correlation C®(p) can be
written as

CP(p) =1,(A: B)+ 1,(B:C)+ I,(C : A).

We finally mention that in Ref. [38] a measure for topological
correlation that slightly differs from the irreducible correlation
is proposed. The author claims that this quantity is also
equivalent to the topological entanglement entropy if A and C
in Fig. 1(c) satisfy I,(A : C) = 0, but our result indicates that
it is valid only under additional assumptions.
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FIG. 3. A graphical illustration of how to divide the regions
A,B,C from Fig. 1 in the proof of Theorem 1. Note that in
any configuration (a),(b), or (c), the RDMs of three consecutive
subregions are QMSs according to assumption (II).

Proof of the equivalence of the TEE and
the irreducible correlation

In order to prove Theorem 1, we use a strategy that explicitly
exploits the structure of QMS. The sketch of the proof goes
as follows. Let A, B, and C be regions as illustrated in Fig. 1.
We then divide each region that connects two different regions
into two halves (see Fig. 3). Then, each RDM on any three
consecutive regions becomes a QMS according to property
(II). We then show that if properties (I) and (II) hold, we can
merge these QMSs with overlapping local regions to obtain a
global state. As the merged state is consistent to all local QMSs,
it belongs to Rf), and furthermore, it is a canonical candidate
for the maximum entropy state since it is constructed using
information of at most two regions. Indeed, we prove that the
obtained global state is the maximum entropy state satisfying
Eq. (6), which establishes Theorem 1.

Let us show how to merge local QMSs to a global state.
We use two basic properties of the QMS shown in Ref. [23].
The first is that for any QMS pypc, there exists a recovery map
A p_s gc such that

papc = (idg @ Ap_pc)pas.

The second property is a special form of the Koashi-Imoto
decomposition [39] for QMSs. Namely, p is a QMS if and
only if there exists a decomposition of system B into a direct
sum Hp = P, Hpr ® Hpyr such that [23]

PABC = @ PiPagt ® Ppkcs )

1

and p; is a probability distribution. We call Eq. (7) a Markov
decomposition.

We first consider the case of Fig. 3(c). Since pap, 5, is a
QMS conditioned on B, there exists a decomposition Hpg, =
D, Hpr @ Hpr such that

PAB B, = @ PiPaBL @ PpRE,- ®)
i

Since pp, p,c is also a QMS, there exists a recovery map
A, p,c and a Markov decomposition such that

o5 8 = (1, ® Ap,—p,c) P8, B,

=D airssy ® pisc- ©)
J
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We then define the merged global state gapc as
Pasc = (idas, ® Ap,—p,c)PAB B (10)
=P rioas: ® Ap—nic(pprs). (D)

l

The second line follows because of Eq. (8). Equation (11)
represents a Markov decomposition of p4pc. Hence, the state
DOagc 1s a QMS conditioned on B.

We start by proving that g4pc can be decomposed as

PaBc = @Piqj'\ip,qgﬁ by PB{§BZL/ ® pBZR/.cv (12)
i.j

where g;; = Tr(T1p,, p BB, [13,,) and I1p,; denotes the orthog-

onal projector on Hpr ® Hpr. In order to achieve this, we
J J

show that pgr g, can be written as

PBRp, = @Qj\ipBl’sz'}_ ® PBE > (13)
J
where p BXBL is defined by

_ -1
PBBL =4 TfBz",-(HBszB,'ianBzf)-

By definition it is clear that g;; is a conditional probability
distribution. Moreover, using the definition of ¢ ;; and Eq. (9),
it is straightforward to check that ), g;;; = g;.

Letus consider the completely positive and trace-preserving
(CPTP) map P, : S(Hp,) - S(Hp,) defined by

P(€p,) = €D Trpx [Ts,, &8T5, ] © ppe.
J
Note that (idg, ® P2)(pp: ® pprp,) = ppt. @ pprp, implies
Eq. (13). Equation (9) yields that

PB B, = @(’ijB]BZLJ ® ppf
J

from which follows that (idp, ® P>)(pp) = pp holds. Owing
to the invariance of pg, we can conclude

(ids, ® P2) (05 ® psi5,)
= (idp, ® P2)(p; 'Tlpy o514 )
= p; My [(ids, ® P2)(ps)] M
= p; My ppTly = ppr ® ppis,-

Thus, we have shown the decomposition given by Eq. (13).
Consequently, Eq. (12) holds since the recovery map A g, 5,¢
acts only on system BZR [23].

We now show that gapc has the same 2-RDMs as papc.
Oap = pap follows immediately from Eqgs. (8), (12), and (13).
From the definition Eq. (10), it turns out that

psc = (idp, ® Ap,—5,c)PB B, = PBC-
The definition of g4pc and I,(A : B,) = 0 implies that
Pag.c = Trp [(idap, ® Ap,—p.c)Pas,b,]
= (ids ® Ap,—.c)Pas,
= (ida ® Ap,—B,c)pa ® ps,
=pAQ ABZ—>BZC(IOBZ) = pa @ PB,C>
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PaB = PAaB.B, PBc =PBlec
*—0O0—0O

Pa c
a5 5, W P ,l 5 B,

PajA,B1B,C1Cy

FIG. 4. The upper illustration shows the merge of two local QMSs
into one global QMS, which is consistent with the local original
QMSs. The lower illustration shows the merge of six local QMSs
in a cyclic way as used in the proof of Theorem 1 for regions as in
Figs. 1(a) and 1(b).

where we used in the third equality that psp, = pa ® pp, and
A, p,c(pB,) = pp,c for the last equality. Therefore, pac =
04 ® pc = pac, which completes the proof that gapc € R%.

It remains to show that g4pc¢ is the maximum entropy state.
Due to the strong subadditivity, for any state o € Rf), it holds
that

Se(ABC) < S;(AB) + S,(BC) — S,(B)
= SP(AB) + Sp(BC) - Sp(B)
= S;(ABC)

and thus, papc is the maximum entropy state in R?,.

Next, we consider the configuration encountered in
Figs. 3(a) and 3(b), which is more involved as there exist
six local QMSs (Fig. 4). For the following it is convenient
to denote A; by X, A, by X», B; by X3 and so on. Due to
the periodicity, we consider the indices of X; modulo 6, i.e.,
X7 = X. For any neighboring three subregions X, X; X1,
the RDM py, x,x,,, is a QMS conditioned on X;. Therefore,
there exists a decomposition of Hy, = @ Hx,;, ® HX ;)

such that px, ,x,x,,, can be written as

PX, 1 XiXiy1 = @ Pji pX,-,]X‘.’ZI) ® le(j yXiv1®

We denote the orthogonal projector on H)L(i( in® Hﬁﬁi( i by

H(j’) Our goal is to show that the maximum entropy state can

PHYSICAL REVIEW A 93, 022317 (2016)

be written as

pasc = EP pilirlie)pa(ialin) . .. pelislis)par

1y )AZ(M)

& ppr - ® Pcz(,() i’ (14)

2(ip) lm)
where p;(i;li;—1) = Tr(TI T pape) /(T Y pac). As
long as it is clear from the arguments we omit the lower index
for the probabilities p;(i;,i; — 1) and simply write p(i;,i; —
1).

We show that under the assumptions (I) and
(II), the cyclic products of conditional probabilities
p(iilig) p(iz2]i1) . . . p(iglis) form a probability distribution. The
non-negativity is clear because each conditional probability is
non-negative. The normalization condition can be shown by
the following calculation:

Z p(irlie)p(izliy) . .. p(slis)

Z <Zil plslin) p(i2]i) p(ir)

ie) >P(i3|i2) ... plislis)

02,0516

I
M
"B
’:*
9
5‘
~
SNS——"
<
‘-~
el
S
~
<
-~
Al
>
~

_ Z P(ls 2) Dislia) .

Z pix)psliz) ..

plislis)

pliclis)

= Z p(i3)p(ializ) p(islia) p(islis) = - - - = 1.

i3,...,16

The first equality follows from the Bayes rule p(i|j) =
p(JlDp@E)/p(j). In the second equality, we used
that p(is,i1,i2) = p(i1)p(isli1) p(izli1), which follows since
PCyA 4, 15 @ QMS [i.e., assumption (II)] with the Markov
decomposition
PCrA, A,

= @p(il)pCzAﬁ,l) ® Ak, Ar

i

The fourth equality is due to p(ig,i2) = p(ig)p(i2), which
holds since pc,4, = pc, ® pa, according to assumption (I).

Now we are going to show that the state p4pc represented
by Eq. (14) is an element of R%. Due to assumption (II), pap
is a QMS conditioned on A;, By, and A;B;. Since a QMS
is always a maximum entropy state, pap = Pa,(A,B,)B, Nas
the same structure as the maximum entropy state in Eq. (12).
Therefore, it can be decomposed as

PAB = @ P(lz)P(l3|lz)PA1A,m ® pag, B, ® PBE B,
12 lz

Similarly, it holds that

ppc = D ppGislips sy, ® puz, ct @ pet, e,

l4 15
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and

pac = @ plie)p(irlis)pc,ct, | ® Pes, at, ® Pax, 4, (15)
i6,l1
Moreover, we can obtain a finer decomposition of each
RDM by using decompositions as Eq. (13). For instance, by
decomposing C; of Peick, in Eq. (15), we obtain
2(ig

pac = @ plis)pliclis)p(itlic)oct, | ® e, k.

is,i6,i1

R L R .
® pcs, Al © Pak, 4,

Without loss of generality, let us focus on the RDM gy,
since the same arguments can be applied to system BC and C A
due to the symmetry of the problem. We are going to show that

Tre PCE, AL, and Trc PBE, ct.  are independent of the indices
oA, 2) Cliis

is and ig on C. These facts lead psp = pap. Assumption (I)
implies that 7,(CE : A) = 0. It further implies

_ . .. s is
pact = P pls)plislis)plilie)ocy, @ Py ® par,
is.i6,01 ‘ :
. P ig
= P pls)plclisioct, | ® pi,
is)
is,i6
= pct @ P4,
i __ g __ P ) 6
where Par, = Trczfi’_())pAlL“”Cgié) and p, = &, p(iy Izﬁ)pAﬁ_ ) ®
n n

PAL, - Therefore, pi{’L must be independent of ig. Similarly,
1 1
1,(B; : CX) = 0 implies

pucs = @ plis)plislis)og, ® pes,
is.l¢

= pB, ® Pck-

Therefore, ,0};2 must be independent of is. By tracing out
system C of gspc, we obtain that

L
1) 1) 2 2(ip)

pas = EP plnpalin) -« plislis)par, ® par. a

R L R pL
®'0A2(i2)3 ® ’031(,'3)32(,'4)

(9] R
13) p By

= @ p(02)p(i3102) p(ializ)pa, s, ® Paz, 8L,

R gL R
®pBl(i3)B2(i4) ® '032(14)

D rpGslizpaay,, ® pas, s

iz ,,,,, 13

L R
1(i3) ® 'OB](i3)BZ

= PAB-

Note that in the first equality we used Zi5,i6 plitlie)
pli2liy) - - plislis) = p(i1)p(izlir) - - - p(isliz). The second
equality follows from the Bayes rule p(i;)p(iz]i)) =
p(i1li2) p(iz) and the decomposition for pg,, AL The third
equality follows from the decomposition for p BE, B

So far, we have shown that gapc represented by Eq. (14) is
an element of Rﬁ. It remains to prove that p4pc is the maximum
entropy state. We rewrite g4pc in a more convenient form by
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defining new indices a = (i1,i2), b = (i3,i4), and ¢ = (is,is)
as

pasc = EP plalc)pbla)p(clb)parp: ® pprcr ® pcrat-

a,b,c

(16)

Define the entanglement Hamiltonian Hapc = Hap + Hpc +
Hc 4, where

Hap =) In[pOla)pgs].
a,b

Hpc =Y In[p(clb)pprce].
b,c

Hpp = Zln [plalc)pcrar].

a,c

By replacing zero eigenvalues in the logarithm in Hypc by a
small positive constant €, we obtain the regularized 2-local
Hamiltonian Hp. Itis easy to check that in the limit € — 0,
eflisc converges to Papc. According to [25], the maximum
entropy state /3;23)0 is the unique state in Rﬁ that can be
represented as the limit of Gibbs states of bounded 2-local

Hamiltonians. Therefore, papc is the maximum entropy state.

IV. A RELATION TO SECRET SHARING
OF CLASSICAL BITS

Using the equivalence of the TEE to the third-order
irreducible correlation, we can now derive an operational
interpretation of the TEE. Recall that if C®(p4pc) is nonzero,
the global state in region A BC cannot be uniquely determined
from the marginals on AB, BC, or AC. A similar condition
lies at the heart of secret sharing protocols. The goal of a
k out of n secret sharing protocol is to share a classical (or
quantum) secret among n parties using a n-partite resource
state such that groups of less than k parties cannot read out
the secret (see, e.g., [40]). In particular, we consider a ramp
scheme of secret sharing where we do not require the secret
to be readable by any group of k + 1 parties, in contrast to the
case of a threshold scheme. In Refs. [24] and [16], it is shown
that for stabilizer states, the kth-order irreducible correlation
represents the difference between the asymptotic bit rate that
can be hidden from k and from k — 1 parties. We show that
this also holds true in our setting for n = 3 and k = 2.

We consider a communication protocol for secret sharing
and quantify the maximal asymptotic rate R of secret bits
that can be shared by using an infinite number of copies
of a given resource state pspc. First, we fix the number of
copies N > 0. The sender chooses a secret m in My =
{1,...,IMy]|} and encodes it in a tripartite state according to
a code book {pN}. The code states are given by states of
the form p = U, p&N.U,\ satistying p) € R’y The sender
then distributes the tripartite state p,’;’ to three receivers A,
B, and C. Since the bipartite RDMs of all code states are
equal to that of prNC, the encoded secret m can be read
out only when all three receivers cooperate. In order to read
the secret, the three receivers perform a global measurement
described by a positive-operator valued measure (POVM)
{AM}. The probability to falsely decode the message m is

m
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pN(m) = Tr{(1 — AM)pN}, and we denote the maximum
error probability by pY = max,, p"(m).

We say that a secret sharing rate r(papc) for papc is
achievable, if for any 8,6 > 0 and sufficiently large N > 0,
there exist an appropriate encoding method and a POVM
such that |My| = 2NIrease)=0l and pN < e. Owing to the
Holevo-Schumacher-Westmoreland theorem [41,42], the op-
timal secret sharing rate R is obtained by

1

= lim —| max S(pipc) — S(pSat) |, (17
r(paBC) Jm NI:pNeR:“)@N (Pasc) — S(oizc) (17)
where the maximum is taken over all uniformly dis-

tributed ensemble states EQVBC = Zm %Um pf’éVCUL satisfying

Ump?éVCUL € Rf)@N foralliy = 1,...M. The uniform distribu-
tion avoids a bias in the choice of the secret.

We then show the equivalence of the irreducible correlation
to the optimal secret sharing rate:

Theorem 2. For a tripartite state pspc satisfying properties
(D and (II), the equality

r(pasc) = C®(pagc)

holds for all choices of regions depicted in Fig. 1.

To show the above equivalence, we generalize ideas from
the proof for the bipartite [43] to the multipartite situation.
Since the right-hand side of Eq. (17) increases if the entropy
of the state EN increases, we need to find random unitary
operations that conserve all bipartite RDMs and with an
average state close to ,5/(121;?]\]. However, if the maximum
entropy state is of the form of Eq. (7) or Eq. (16), that is,
the state is a direct sum of product of local RDMs, we can find
such a random unitary operation.

Proof of the equivalence between TEE and optimal secret
sharing rate

We first prove Theorem 2 for the case of Fig. 3(c). After that,
we will generalize the proof to the other cases. By assumption

and the proof of Theorem 1, the maximal entropy state ﬁfgc
is a QMS conditioned on B and can be decomposed as

~(2
Bine = EP pivag: ® pirc- (18)
i

Let us consider the spectral decomposition of p 4z, that is,

Panr =2 Ak T, (19)
K;

K - . .
where IT), B 18 the projector on the eigensubspace correspond-

K;

ABL can written as

ing to eigenvalue Ag,. More explicitly, IT

dx,;
HZ¢= §:|Kbmme“m“hW’

mg; =1

where |K;,mg,) are an orthonormal basis of the eigenspace of
Ak, and dg, denotes the degeneracy. Then we expand the state
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pasc by using eigenvectors of p, p. to obtain

L Kismg;, j,Lj.ne;
PABC = E E |KiamK;><LjanL/|ABL ® Wpr( ,

L Kim; j,LjnL;

(20)

where HBL = @i HB’L and HBR = @i HB,R'
In the next step, we apply a random unitary Uyg. € U of
the form

K;
Uapr = @ Uipt:
1
i.K

. K;
where for every i and K;, U Al are drawn from an exact

1-design of the Haar measure on the eigenspace corresponding
to the eigenvalue A. Since all subspaces are finite-dimensional,
the cardinality of { is finite. According to Schur’s lemma, this
random unitary operation transforms the state given by Eq. (20)
to

_ K; i,Ki,mg;
PABC = @ HABIL @ Wpre
i,Ki,mg;
i,Kimg; i,Kimg; ,i,Ki,mg . - _
where w e = wpel i. Since p® and 5 have

same 2-RDMs as p, we obtain

Papt = @ Pilk, Hf‘éiL

i,K;
= PaBL
i,Ki,mg; K;
- @Tr wBl.Rc HABIL'
i, K, mg;
Thus, it holds that
i,K;i,mg;
Tr Were "| = pirk,.
mg;
. 1 i,Ki,mg;
We denote the normalized operator E me, Were by

K; K;
Pgrc- Note that pgre = Y k. Gk, Pk > Where gk, = A, dk,,
but the states in { pg,’; c} are not necessarily orthogonal to each
other. Then, pspc can be written as

_ K; K;
PABC = @ Pidi T @ pyre-
i,K;

The difference between 5 and 5 is that g has additional

correlations between AB} and BfC via the index K;.
Summarizing the above calculations, we obtain an ensem-

ble of states {\Lll_l’Ui ,OABCUiT € R’;} where the entropy of the
averaged state papc 1s given by

S(pasc) = HApiD + > piH({qx,})

+ 3 piax [lomydx, +S(of5.)]. @D

i,K;
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From Egs. (18) and (19), the entropy of 5 is given by
S(Psac) = HAp:h + Z piH ({ax.})

+ ) pigr, logy dk, + Y piS(psrc)- (22)

i,K; i

By taking the difference between Eqgs. (21) and (22), the third-
order irreducible correlation of p4pc can be bounded by

COBagc) = S(Piac) —

=ZPi

S(Pasc)

S(pprc) — Z qk; S(pg,_;c)

Ki

Z o
9K Pprc
K;

=ZP1‘ N
Zp,

B 10g2

=Y axS(Pyic)
K;

max log, D

where D; and D denote the number of different eigenvalues of
papt and p4pL, respectively. If we consider N copies of papc,
D g'rows only polynomially in NV, whereas the total dimension
of the Hilbert space grows exponentially. If the dimension of
the Hilbert space H ® Hp: is denoted by d 4 5., the number
of eigenvalues DV of the N-copy state ,of’é\é is bounded by [44]

< logy(N + 1)dast,

Given the expression for the rate

S
S (Pizc) —

. 1
r(papc) = ng{lx) ﬁ[ S (p/?BNC):I’

and using that the irreducible correlation is additive, we obtain

.1
lim —[ max S(pABC) S(p?b],\é)]

r(papc)
N—o0 I ER

1 _
= lim, [ max $(2le) = 57
+5(inc) — S(o5ac)
1
=6 )()OABC) — A}]m — . r?}?} c6 )(IOABC)

> CV(papc) = lim ﬁ log,(N + 1)“ast

= CY(oanc)- (23)

This establishes a lower bound on the optimal rate R by
C®. However, the upper bound r(p4ac) < C®(pagc) follows
directly from Eq. (23) and the definition of C ®(papc). This
completes the proof.

In the case of Figs. 1(b) and 1(c), i.e., the maximum entropy
state can be written as Eq. (16), we iteratively perform random
unitary operations as discussed in the previous case to systems
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AB and AC. Let us rewrite A BC as

~(2
Binc = EP pla.b)p(cla.b)parp: ® pprct ® perat.
a,b,c
where p(cl|a,b) = p(cla)p(c|b)/p(c). We then introduce the
I Kap
spectral decomposition parpr = > K,y MK 11 Ajf[BbL' Let us
define a set of unitaries {Uxrpe} in the same way as in the
previous case. Consequently, the averaged state becomes
ﬁABC = @ p(a7b))"Kab ARBL ® pAIaI}g R
a,b,K[,I,
for some state p; AL “b c- We further introduce the spectral de-

composition pcrr = Z L, PL, TT C‘;; AL and a set of unitaries
{Ucrar} similar to {U ARBL} After performmg the second
average over the unitaries {UcrL}, the state can be written

as
Pasc = GB

a,b,¢,Kap;Lac

ac Kap,Lg
® M ® Py

p(aab)p(c|a7b))“Kabl’LLar HAZ’)BL

Since the remaining correlation in p 4 is also bounded by the
logarithm of the number K, L, of different eigenvalues, we
can use the same argument as in the case of Fig. 1(c). Therefore,
Theorem 2 holds for all situations presented in Fig. 1.

V. APPROXIMATELY VANISHING CORRELATIONS

In general, assumptions (I) and (II) are not perfectly
satisfied and there are small local correlations between
separated regions. These correlations only vanish in the
thermodynamic limit. We are interested in whether the TEE
and the irreducible correlation are close if the correlations are
sufficiently small, i.e., each region is sufficiently larger than
the correlation length. Unfortunately, our proofs cannot be
generalized straightforwardly to this situation and we cannot
answer this question completely. However, by introducing a
“smoothed” version of the irreducible correlation, we can show
that at least the Levin-Wen—type TEE and the “smoothed”
irreducible correlation are close.

To discuss finite deviation due to the local correlations, it
may be useful to define a set of multipartite states where their
k RDMs are §-similar to p as

Ry ={o € S(H") | VSi s.t. ISkl =k, |los, — ps,lle < 8.

Then, we define the § variation of the irreducible correlation
as

("),

C3(p) = S V%) — s

where p®)? is the state having maximum entropy among all

states in the closed convex set R}’

In order to generalize our results to finite correlation
lengths, we have to relax the condition that two far-apart
regions have exactly zero correlation to the case that the
correlation is arbitrarily small. While 1,(A : B|C) ~ 0 does
not guarantee that pspc is close to a state with a Markov
decomposition in Eq. (7) [32], it has been discovered [33]
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that 1,(A : C|B) ~ 0 implies that there exists a recovery map
A p_, pc such that

papc ~ (idg @ Ap_pc)pas.

By using this result, it is possible to extend our argument for
the case of Fig. 3(c) if the assumptions are satisfied with small
error §. In fact, one can obtain that

|C5"(p) — 1,(A : C|B)| < f(8) (24)

for some function f(§), which goes to O in the limit 6 — 0
(see the Appendix for details). Hence, if § is sufficiently
small, the § variation of the irreducible correlation and the
Levin-Wen-type TEE are close. However, [C”(0) — C®(p)|
is not necessarily to be small due to the discontinuity of the
irreducible correlation [29]. Also, the proof of the Kitaev-
Preskill-type TEE is more involved since the maximum
entropy state cannot be written in terms of the recovery maps
of local QMSs. Moreover, a way to extend the relation to the
optimal secret rate is unclear, since the proof fully relies on
the Markov decomposition.

VI. CONCLUSION AND OPEN PROBLEMS

We have presented an information-theoretical approach
to analyze the TEE of states with zero correlation lengths.
In particular, we have established the equivalence between
the TEE, the irreducible correlation, and the optimal secret
sharing rate. Via the irreducible correlation we obtain an
interpretation of the TEE in both Kitaev-Preskill’s and Levin-
Wen’s approaches as the distance of the ground state to the
set of Gibbs states corresponding to Hamiltonians with only
bipartite interactions. This means that a nonzero TEE implies
that the reduced state on ABC (see Fig. 1) contains genuine
tripartite correlations in the sense that the reduced state cannot
be approximated by a Gibbs state of a Hamiltonian with
only bipartite interactions. Moreover, the equivalence to the
optimal secret sharing rate provides an intuitive operational
meaning to the TEE as the amount of information that can
be encoded in topologically nontrivial global regions without
being detectable by access to any partial (i.e., topologically
trivial) regions.

Although we only show our results for exactly vanishing
correlation lengths, we expect that they also hold approxi-
mately if the local correlations are vanishing approximately,
i.e., (I) and (II) are not satisfied perfectly. Unfortunately, our
techniques based on QMS do not allow us to generalize our
result straightforwardly in this direction, suggesting that new
technical tools are required. Thanks to recent breakthroughs
in the study of quantum states with small conditional mutual
information [33,45], we can show that the Levin-Wen-type
TEE is close to a smoothed version of the irreducible
correlation. But due to the lack of continuity of the irreducible
correlation, this does not suffice to prove that in general the
TEE and the irreducible correlation are close. Moreover, it is
not clear how to extend our result to the Kitaev-Preskill-type
TEE [i.e., Fig. 1(a)], since the maximum entropy state cannot
be represented via recovery maps.

Our results motivate us to investigate further the relation
between the irreducible correlation and characteristic proper-
ties of topological orders such as long-range entanglement and
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locally indistinguishable ground states [46,47]. Furthermore,
it is known that the TEE is related to the total quantum
dimension [5] of the corresponding anyonic model. It would
thus be interesting to derive such a relation from a more
operational approach using the interpretation of the TEE as
the optimal secret sharing rate. To do so, the Wilson loop
operators, which are nonlocal operators related to the quantum
dimensions of anyonic charges, might be utilized as global
encoding operators.

Besides, another interesting question is whether the op-
erational interpretation of the irreducible correlation to the
optimal secret sharing rate extends to general quantum
multipartite states. If the equivalence holds, it provides a useful
formula to obtain an operational decomposition of the n-partite
total correlation via the maximum entropy principle.
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APPENDIX : PROOF OF EQ. (24)

In realistic models of topological ordered phases, our
assumptions (I) and (II) hold only approximately due to local
interactions. In the following we restrict our consideration to
the region given in Fig. 3(c). Namely, we assume that

I,(A: B,C) < € (A1)

and
I,(A: By|By) <€, (A2)
1,(B; : C|By) < € (A3)

hold, and we choose € as an upper bound for all these
quantities.

By using Pinsker’s inequality, the first assumption (Al)
implies that

paBc — Pa ® poycllte < 24/e.

By using the monotonicity of the trace norm, this also implies

that [[pac — pa ® pclltr < 24/€.

The following theorem about the recovery maps recently
proven in Ref. [45] is crucial in the proof.

Theorem 3. [45] For any state pgc on Hp ® Hc there
exists a CPTP map (recovery map) A p_, pc such that for any

state papc satisfying Tra papc = psc,

I,(A: C|B) > —2log, Flpapc,(ida ® Ap—pc)pasl,
where F(p,0) =Trt[,//po./p] is the fidelity between p

and o.
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Note that the fidelity satisfies [|p — o ||t < 24/1 — F2.
Therefore the assumptions (A2) and (A3) imply that there
exists CPTP maps Ap, .45, and Ap,_, p,c such that

”,OABIBZ — (AB|—>AB] ® ide)pBle ||Tr <2V/1=27¢, (A4)
”PB]BZC — (idp, ® A, p.C)PBiB, ||Tr <2vV1-=-27¢. (A))

Similar to the proof of Theorem 1 in the main text, we
define a global state fapc by

Pasc = (idas, ® Ap,—5,c)PAB B, (A6)

The 2-RDMs of this global state are close to the original state
p. By tracing out system A in Eq. (A6), we obtain that

P8.8,c = (1B, ® Ap,—5,) B, B,

and therefore we have

| 08,8, — BB B |4, < 2V 1T —27¢

because of Eq. (A5). Combining Eq. (A4), Egs. (AS) and (A6)
yield
Pas, ~ Trc(idas, ® Ap,—p,c)(Ap a8 ®ids,)0s, 5,
= Trc(Ap a5 ®idg,c)(ids, ® Ap,—5,c)pB 5,
~ Trc (AB|»A31 ® idec),OB]Bzc
= (Ap—ap ®idg,)ps, s,
~ PABB,-

The precise calculation is performed by using the triangle
inequality and the monotonicity of the trace norm. As a result,
we obtain

loaB B, — Pans, |4 < 68/1—27<. (AT)

Finally, since pap, & pa ® pp,, taking the partial trace over
B yields
pac = Trp,[(ids ® Ap,—5,c)Pas ]
~ Trp,[(ida ® Ap,—5,c)(0a ® p5,)]
= Trg, (P4 ® pa,c)
= pa ® pc
~ PAc-

In the third line, we used Theorem 3 applied to the tripartite
state p4 ® pp,c. More precisely, we obtain that

lpac — Paclite < 44/€.
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Since 4./€ < 64/1 — 27, we conclude that
pasc € R

for § = 6+4/1 —27¢,

So far we have constructed a global state g45c with 2-RDMs
similar to pspc. Although this is not the maximum entropy state
in R%"S , we can obtain good bounds of C§3) from this state. To do
s0, we use the fact that a state that is approximately recoverable
has small conditional mutual information [33]. Equation (A7)
implies that

| Pasc — (idas, ® Ap,poc)Pas |, <8

by definition of pspc. From Eq. (10) in Ref. [33], we obtain
that

I5(A : C|B) < 7log, ds~/3

for sufficiently small §. Therefore, by using strong subadditiv-
ity, we find that for any state (including the maximum entropy
state) oxpc € R,

S;(ABC) < S(AB) + S;(BC) — 5,(B)
< S5(AB) + S5(BC) — S5(B)
+ 28 log, dsdidc + 31(28)
< S;(ABC) + 28 log, dadsdc
+31(28) 4+ 7+/8 log, d4
= S;(ABC) + L £(3), (A8)

where 1n(x) = —x log,(x). The first line follows by the strong
subadditivity. In the second line, we used the triangle inequality
to obtain |loap — Pagll < 25 and then used the Fannes
inequality. The third line follows by Theorem 3. Note that
lims_o f(8) = 0. In conclusion, it holds that

CP(p) < SH(ABC) + 1 £(8) — S,(ABC)
+ 28 log, dadidc + 31(28)
< L(A: C|B) + f(6),

where we again used the Fannes inequality.
Since the maximum entropy state in Rf;‘s has entropy larger
or equal to papc, inequality (A8) also implies that

C5 () = S(pasc) — S(panc)
> S,(AB) + S,(BC) — S,(B)
— 3£ (8) — S(pasc)
> I,(A: C|B) = 5 f(§).
Hence, we conclude that
G5 (0) = I,(A: CIB)| < ()
holds for sufficiently small §.
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