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We theoretically investigate the uniform spin susceptibility x in the superfluid phase of an ultracold Fermi
gas in the region of the Bardeen-Cooper-Schrieffer—Bose-Einstein-condensate (BCS-BEC) crossover. In our
previous paper [H. Tajima et al., Phys. Rev. A 89, 033617 (2014)], including pairing fluctuations within an
extended 7'-matrix approximation (ETMA), we showed that strong pairing fluctuations cause the so-called
spin-gap phenomenon, where x is anomalously suppressed even in the normal state near the superfluid phase
transition temperature 7. In this paper, we extend this work to the superfluid phase below T¢, to clarify how
this many-body phenomenon is affected by the superfluid order. From the comparison of the ETMA x with the
Yosida function describing the spin susceptibility in a weak-coupling BCS superfluid, we identify the region
where pairing fluctuations crucially affect this magnetic quantity below T in the phase diagram with respect
to the strength of a pairing interaction and the temperature. This spin-gap regime is found to be consistent
with the previous pseudogap regime determined from the pseudogapped density of states. We also compare our
results with a recent experiment on a ®Li Fermi gas. Since the spin susceptibility is sensitive to the formation
of spin-singlet preformed pairs, our results would be useful for the study of pseudogap physics in an ultracold

Fermi gas on the viewpoint of the spin degrees of freedom.
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I. INTRODUCTION

Since the achievement phenomenon of the Bardeen-
Cooper-Schrieffer—Bose-Einstein-condensate ~ (BCS-BEC)
crossover [1-7] in ultracold “°K [8] and °Li [9-11] Fermi
gases, physical properties of this strongly interacting
Fermi system have attracted much attention [12-16],
especially in the unitary regime [17-27]. In addition, the
photoemission-type experiments on “°K Fermi gases [28—32]
have stimulated the research for the pseudogap phenomenon
in the BCS-BEC-crossover region [33—-45].

Although the pseudogap has extensively been discussed
in the underdoped regime of high-7;. cuprates [46-52], the
complexity of this strongly correlated electron system still
prevents us from the complete understanding of this many-
body phenomenon [53-59]. In contrast, an ultracold Fermi
gas in the BCS-BEC-crossover region is simply dominated
by pairing fluctuations. Thus, once the pseudogap is observed
in this atomic system, one can immediately conclude that it
originates from preformed Cooper pairs. This so-called pre-
formed pair scenario [56] is also a candidate for the pseudogap
mechanism in high-T7; cuprates, so that this observation would
also contribute to the assessment of this scenario. At present,
it has theoretically been pointed out [30,35,40-42] that the
deviation of the photoemission spectrum from the free-particle
dispersion observed in a *°K unitary Fermi gas [28,29] may be
an indirect evidence for the pseudogap phenomenon. However,
since the current photoemission-type experiment does not
have energy resolution enough to construct the single-particle
density of states p(w), a dip structure in p(w) (which is the
most direct evidence of the pseudogap phenomenon) has not
been confirmed yet. Because of this, it is still in debate whether
pairing fluctuations in an ultracold Fermi gas really cause the
pseudogap phenomenon or not [60-62].

In a previous paper [63], including strong pairing fluctu-
ations within an extended 7-matrix approximation (ETMA)
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[64-66], we examined strong-coupling corrections to the spin
susceptibility x, which is experimentally accessible [67—
70], in the normal state near the superfluid phase transition
temperature 7¢, to clarify that this magnetic quantity is useful
for the study of pseudogap physics in an ultracold Fermi gas
with an s-wave pairing interaction. (Here, spin o = 1, is
actually pseudospin, describing two atomic hyperfine states
contributing to the pair formation.) The formation of spin-
singlet preformed Cooper pairs was shown to suppress x
below the so-called spin-gap temperature 75. In the BCS-
BEC-crossover region, this characteristic temperature 7 was
found to be comparable to the pseudogap temperature 7%,
which is determined as the temperature below which a dip
structure appears in p(w) around w = 0. We also showed
that the calculated spin susceptibility agrees well with the
recent experiment on a °Li Fermi gas [67], indicating that the
observed small y may be due to the formation of spin-singlet
preformed Cooper pairs near T;. We briefly note that, although
the spin-gap phenomenon has also been discussed in high-T;
cuprates [71], the origin of this anomaly, as well as relation
to the pseudogap phenomenon, are still controversial in this
electron system. In contrast, the pseudogap and the spin-gap
in an ultracold Fermi gas are different aspects of the same
fluctuation phenomenon, where preformed Cooper pairs play
crucial roles.

While the pseudogap is usually discussed in the nor-
mal state, it is an interesting problem whether or not this
phenomenon also occurs in the superfluid phase below T-.
This problem was recently examined on the viewpoint of
the superfluid density of states p(w) [36,37], and it was
clarified that the pseudogap in p(w) remains just below T,
to continuously change to the ordinary BCS-type superfluid
gap at low temperatures, reflecting the suppression of pairing
fluctuations by the superfluid order. However, such “pseudo-
gapped” superfluid density of states expected near Tt is difficult
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to observe in the current stage of cold Fermi gas physics. On the
other hand, since the spin susceptibility x is experimentally
accessible below T [67], the confirmation of this predicted
superfluid pseudogap phenomenon is promising through the
spin-gap phenomenon appearing in x.

Motivated by this expectation, in this paper, we investigate
the uniform spin susceptibility x in the BCS-BEC-crossover
regime of a superfluid Fermi gas. For this purpose, we extend
ETMA, which has been developed in a normal Fermi gas
above T, [63-66], to the superfluid phase below T.. Using this,
we clarify that effects of pairing fluctuations on y appears as
deviation from the Yosida function xyosiga [72], describing
the spin susceptibility in the ordinary weak-coupling BCS
superfluid. Using this deviation, we determine the region
where pairing fluctuations crucially affect y below T, in
the phase diagram with respect to the strength of a pairing
interaction and the temperature. This region is found to be
consistent with the “pseudogapped superfluid regime” that
was previously predicted from an analysis on the superfluid
density of states [36,37].

This paper is organized as follows. In Sec. II, we explain
an extended T -matrix approximation (ETMA), to evaluate the
spin susceptibility x in a superfluid Fermi gas. In Sec. III,
we show the calculated x as a function of temperature in the
whole BCS-BEC-crossover region. Here, we also compare our
results with the recent experiment on a SLi Fermi gas [67]. In
Sec. IV, we compare x with the Yosida function to evaluate
effects of pairing fluctuations from their difference. Using
this, we identify the superfluid spin-gap regime, where pairing
fluctuations crucially affect x even in the superfluid phase, in
the phase diagram with respect to the interaction strength and
the temperature. We also discuss how this region is related to
the previous pseudogap regime which was determined from
the pseudogapped superfluid density of states [36,37]. In this
paper, we take i = kg = 1, and the system volume V is taken
to be unity, for simplicity.

II. FORMULATION

We consider a three-dimensional uniform superfluid Fermi
gas, described by the ordinary BCS model. Under the Nambu
representation [36,73-76], the BCS Hamiltonian is written as

H=7 W&t — A —hlW, —U ) pr@p-(—4).
p q

(D

w(z)
-p,

is the two-component Nambu field, where cp , is the anni-
hilation operator of a Fermi atom with pseudospin o = 1, ,
describing two atomic hyperfine states. The Pauli matrices
7; (j = 1,2,3) act on particle-hole space. £, = ¢, — u = p*/
(2m) — p is the kinetic energy of a Fermi atom, measured
from the Fermi chemical potential w, where m is an atomic
mass. Although we consider an unpolarized Fermi gas, we have
added an infinitesimal effective magnetic field 4 to the model

Here,
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Hamiltonian in Eq. (1), to calculate the spin susceptibility x
[see Eq. (13)].

In Eq. (1), the ordinary contract-type s-wave pairing
interaction

— T T
Hpcs = =U Z Cpta/2.4C—prq/2. L C—p+a/24Cp+g/20 (3)
p.r'g

[where —U (<0) is the interaction strength] has been divided
into the mean-field term At with the superfluid order
parameter A, and the last correction term to the mean-field
approximation. Here,

1 . ;
@) = 5 [P@ £ip@] =Y W,y pteVpgp  (4)
p

is the generalized density operator [36,74,76], describing
fluctuations of the superfluid order parameter A, where 7. =
[ty £itp]/2. Since A is chosen to be parallel to the t; com-
ponent in Eq. (1), pi(q) = Zp \p;.t,_q/zfl\ypfqﬂ and p2(q) =
> » \Il; +g202¥p—q/2 in Eq. (4) physically mean amplitude
fluctuations and phase fluctuations of the order parameter,
respectively [77]. Substituting the first expression in Eq. (4)
into the last term in Eq. (1), we find that this term is written
as the sum of the interaction between amplitude fluctuations,
and that between phase fluctuations of the superfluid order
parameter.

Since the BCS Hamiltonian in Eq. (1) involves the ultravio-
let divergence, we need to eliminate this singularity. As usual,
this can be achieved by measuring the interaction strength in
terms of the s-wave scattering length a;, which is related to
—U as

4ra; _ U

T Z pe L
m 1-U P 2,

; (&)

where p. is a cutoff momentum. In this scale, the weak-
coupling BCS regime and the strong-coupling BEC regime
are described as (kpa,)~! < —1and (kpay)~' 2 1, respectively
(where kg is the Fermi momentum). The region —1 <
(kpay)™! < 1 is referred to as the BCS-BEC-crossover region.

Single-particle properties in the superfluid phase are conve-
niently described by the 2 x 2 matrix single-particle thermal
Green’s function, given by

A 1

G(prn) iwn _‘i:pT3+ATl ‘i‘h_ﬁ:(pviwn)7 (6)
where w, is the fermion Matsubara frequency, and the
2 x 2 matrix self-energy 3(p,iw,) describes strong-coupling
corrections. In this paper, we deal with f)( P,iw,) within an
extended 7-matrix approximation (ETMA) [63-66], which
is diagrammatically described as Fig. 1. Summing up these
diagrams, we have

S(pio) ==TY Y T*(giv)t,

q,Vy o0/ ==+

x G(p + q,iw, + iv,)Ta, (7)
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FIG. 1. Self-energy correction 3(p,iw,) in ETMA. The double
solid line is the ETMA Green’s function G in Eq. (6). The single solid
line is the mean-field BCS Green’s function Gy in Eq. (10). The double
wavy line represents the ETMA particle-particle scattering matrix
'(¢.iv,)in Eq. (8). The single wavy line is the pairing interaction —U..

where v, is the boson Matsubara frequency, and

A [~*(q,iv,) T77(q,iva)
F(lIJ V) = . _ .
**(q,iv,) T (q,iv,)
M+(g.iv,) T (q.iv)\1 "
— vlit+u (qt. ) _(q{ )
H++(q’l‘/'n) H+ (q’lvn)
(®)
is the particle-particle scattering matrix. In Eq. (8),
1" (q,iv,)
=T Y Trt.Go(p + g.ivy +iv)taGo(pioy)]  (9)
P
is the pair-correlation function, where
A ) 1
Go(p,iwy) = - (10)

iw, —&Epr3 + AT+ h

is the single-particle thermal Green’s function in the mean-field
BCS theory [73]. Since we are choosing the superfluid order
parameter A to be parallel to the 7; component in Eq. (1),
the pair-correlation function in Eq. (9) with @« = o’ = 1 phys-
ically describes amplitude fluctuations of the superfluid order
parameter [74,76]. 12 and I1'? (= —I1?') describe phase
fluctuations of the superfluid order parameter, and coupling
between phase and amplitude fluctuations, respectively. Thus,
[1** in the particle-particle scattering matrix in Eq. (8)
involves these fluctuation effects existing in the superfluid
phase below 7.

The gap equation for A is obtained from the condition
that the ETMA particle-particle scattering matrix I'(g,iv,) in
Eq. (8)hasapoleatq = v, = 0 (which guarantees the required
gapless Goldstone mode). The resulting equation has the same
form as the ordinary BCS gap equation, as

4ra, 1 E 1
1=-Z25 [—tanh—p——], (11)
Ep
p

where E, = & + A? is the Bogoliubov single-particle exci-
tation spectrum. We numerically solve the gap equation (11),
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together with the equation for the total number N = Ny + N,
of Fermi atoms, to self-consistently determine A and p. In
this number equation, N, is the number of Fermi atoms with
pseudospin o, given by

Ny =T Gu(pioy),

P,wn

N =) 1-TY Gun(p.ioy),
p

p.wn

12)

where G;; is the diagonal (i,i) component of the ETMA
Green’s function in Eq. (6).

We briefly explain how to numerically evaluate the gap
equation (11), together with the number equation N = N, +
N,. In ETMA, the 2 x 2 matrix self-energy f)( p,iw,) in
Eq. (7) involves the dressed single-particle Green’s func-
tion G(p,ia)n), which also involves the ETMA self-energy
f)( P,iw,). Because of this, one needs to self-consistently
determine f)( Pp.iw,), in addition to the superfluid order
parameter A, as well as the Fermi chemical potential p. In
this paper, we treat each component of the matrix self-energy
% j(p,iwy,) (i,j = 1,2) as a two-dimensional numerical array
withrespect to p and w, [note that X; ;(p,iw,) does not depend
on the direction of the momentum p], to numerically determine
it so as to satisfy Egs. (6) and (7), for a given parameter set (A,
W, h,a; L T). (We will explain how to numerically deal with
the effective magnetic field 4 later.) We then update A and pu,
by solving the gap equation (11) and the number equation N,
where the ETMA self-energy determined self-consistently is
used. We repeat these procedures until self-consistent solutions
for A, i, as well as f]( p,iw,) are all obtained.

Figures 2 and 3 show the self-consistent solutions for the
superfluid order parameter A, as well as the Fermi chemical
potential u, respectively. These results are used in evaluating
the spin susceptibility x in Secs. III and IV.

One sees in Fig. 2 that A exhibits the first-order behavior
just below T, when the pairing interaction becomes strong.
This is, however, an artifact of ETMA. The same problem
has also been known in other diagrammatic strong-coupling
theories [36,76,78], where the origin of this deficiency is con-
sidered to be incomplete treatment of an effective interaction
between Cooper pairs [79]. Although it is a crucial issue to
overcome this problem, we leave this as a future problem, and
we examine strong-coupling corrections to x below T, within
the framework of ETMA in this paper.

The spin susceptibility x is given by

X = M = lim u (13)
oh ho A0 R

Although x can also be calculated by using the diagrammatic
technique shown in Fig. 4(a), the advantage of using Eq. (13)
is that one can automatically treat the self-energy correction 3
and the spin-vertex correction in a consistent manner. Indeed,
substituting Egs. (12) into the first expression in (13), we obtain

x=-TY TG (p.iw)A(p,ioy)], (14)
P,wn
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FIG. 2. (a) Calculated superfluid order parameter A from the
coupled gap equation (11) with the number equation N = Ny + N, .
er and T are the Fermi energy and Fermi temperature, respectively.
(b) Two-dimensional figure of A as a function of temperature, at
some interaction strengths. The superfluid order parameter A in
Fig. 2(b), as well as the Fermi chemical potential u in Fig. 3(b),
are used in evaluating the spin susceptibility shown in Fig. 6.
The first-order behavior seen in the crossover region is an artifact
of ETMA [36,76].

where the dressed spin vertex A(p,iw,) is related to the self-
energy X (p,iwy,) as

X (p.iwy)

A(piiwy) =1 — .
(pla)) ah h—0

(15)

Equation (15) is just the Ward identity for the spin-vertex
correction [\(p,ia),l) [80], that must be satisfied in any
consistent theory.

As pointed out in Ref. [64], ETMA can overcome the
serious problem that x unphysically becomes negative in
the unitary regime in the the ordinary (non-self-consistent)
T-matrix approximation (TMA) [64], as well as in the
strong-coupling theory developed by Nozieres and Schmitt-
Rink [81,82]. To see this in a simple manner, we note that,
in ETMA, Eq. (15) gives the infinite series of bubble diagram
shown in the second line in Fig. 4(a) [83]. For simplicity,
approximating the particle-particle scattering matrix to the
bare interaction as [' = —U1 (where 1 is the 2 x 2 unit
matrix), one obtains the RPA (random phase approximation)
type expression for the ETMA spin susceptibility as

~ XDOS
X

~ 5 (16)
I+ %XDOS

PHYSICAL REVIEW A 93, 013610 (2016)

0,5} e
(kFaA\-)'IZO.S/ CYRLLATEY

0 0.1 0.2 03
/T,

FIG. 3. (a) Calculated Fermi chemical potential u as a function
of the temperature and the interaction strength. (b) Two-dimensional
plot of p at some interaction strengths. The singularity seen around
T. in the crossover region is an artifact of ETMA, which is the same
as the first-order behavior of A seen in Fig. 2.

Since the so-called DOS (density of states) diagram xpos,
which is given by the first term in the second line in Fig. 4(a),
is always positive, the positivity of yx is guaranteed. In contrast,
in the case of TMA, where the self-energy is given by replacing
the dressed Green’s function G appearing in Eq. (7) with the
mean-field BCS one Gy in Eq. (10), the RPA series is found to
be truncated to the first order, as shown in Fig. 4(b). Employing
the same treatment (f‘ =-U i) as in the ETMA case, one

@zx =i

I
+
+
A Y
+

O 1 = C o+ TE>

FIG. 4. (a) Diagrammatic representation of ETMA spin suscep-
tibility x. The filled circle and filled triangle A are the bare and
the dressed spin vertex, respectively. The double solid line is the
dressed Green’s function G. In this figure, the second line shows
vertex corrections to x in ETMA, where the double wavy line is
the particle-particle scattering matrix I*. (b) Spin susceptibility in the
ordinary (non-self-consistent) 7-matrix approximation (TMA). The
single solid line is the mean-field BCS Green’s function Gy.
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obtains the TMA spin susceptibility xtma as

U
XTMA 2 XDOS|:1 - EX]())OS]’ 17)

where Xgos is the DOS diagram where the mean-field BCS
Green’s function GO is used for G. xtma in Eq. (17)
unphysically becomes negative, when (U /2) XBOS > 1.

In this paper, we numerically evaluate Eq. (13) by taking
a small but finite value of the effective magnetic field h/ep =
0(1072 ~ 1073), where &f is the Fermi energy. We have
confirmed the linear-h dependence of Ny — N in this regime.

III. SPIN SUSCEPTIBILITY IN THE
BCS-BEC-CROSSOVER REGIME
OF A SUPERFLUID FERMI GAS

Figure 5 shows the uniform spin susceptibility x in the
BCS-BEC-crossover regime of an ultracold Fermi gas. For
clarity, we also summarize in Fig. 6 the detailed temperature
dependence of x at some interaction strengths. In these figures,
the singularity around 7 is an artifact of ETMA, as mentioned
previously. Apart from this, in the whole BCS-BEC-crossover
region, x is found to decrease with decreasing the temperature
below the spin-gap temperature 7 (which is determined as the
temperature at which x takes a maximum value [63]). In the
BCS side [(kpas)~' < 0], this decrease is more remarkable in
the superfluid phase below 7, than in the spin-gap regime 7, <
T < T;.On the other hand, the temperature dependence of x in
the BEC side is not so sensitive to the superfluid instability as
the weak-coupling case (apart from the unphysical singularity
around T;), as shown in Fig. 6(d).

This insensitivity is deeply related to the fact that the
superfluid instability in this regime is dominated by BEC
of tightly bound molecules that have already been formed
above T, [1-4]. Since the small but finite x in Fig. 6(d) comes
from partial dissociation of these molecules by thermal effects,
the temperature dependence of yx is essentially unrelated to

2(Dx,(0) L
0.8

0.6{ e <
0.4f
0.2}

FIG. 5. Calculated spin susceptibility x in the BCS-BEC-
crossover regime of an ultracold Fermi gas, normalized by the value
X0(0) in an ideal Fermi gas at T = 0. The same normalization is also
used in Figs. 6 and 7. The dashed line is T¢, and the dotted line is the
spin-gap temperature 7, which is determined as the temperature at
which x takes a maximum value. 7 is the Fermi temperature. The
singular behavior seen around 7. is an artifact of ETMA.
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0.4 -0
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0 __
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0.2} ¢ <
/
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FIG. 6. Calculated spin susceptibility x as a function of tem-
perature. The filled circles are experimental data on a °Li Fermi
gas [67]. The dotted line shows 7, at each interaction strength. In
panel (c), we also compare our result with the previous work by
the self-consistent 7-matrix approximation (SCTMA) [84] as well
as quantum Monte Carlo simulations [44], where (N,,n) = (8,0.08)
[QMC(1)], (10,0.04) [QMC(2)], and (12,0.03) [QMC(3)] (where
N, and n are the lattice size and the filling density per lattice site,
respectively).

whether the system is in the normal state or in the superfluid
phase in the strong-coupling BEC regime.

In the BCS side [(kra;)~! < 0], on the other hand, pre-
formed Cooper pairs in the spin-gap regime (7, < T < Ty)
are actually fluctuating, in the sense that they frequently repeat
pair breaking and pair formation. As a result, the suppression
of spin degrees of freedom, as well as x, by these fluctuating
spin-singlet preformed pairs is actually not so remarkable.
However, once the system is in the superfluid phase, they start
to become stable spin-singlet Cooper pairs, which enhances
the suppression of yx, as seen in Figs. 6(a) and 6(b).
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Figure 6 also shows the recent experiment on a SLi Fermi
gas [67]. In addition to the weak-coupling case above T,
[Figs. 6(a) and 6(b)], the ETMA yx is also consistent with
the experiment on a unitary Fermi gas below T, as shown in
Fig. 6(c). We briefly note that our result at the unitarity also
agrees with the recent result in the self-consistent 7 -matrix
approximation [84] above T, as well as the quantum Monte
Carlo simulation [44], as shown in Fig. 6(c).

However, Fig. 6(d) clearly shows that our result is much
smaller than the experimental result at 7 = 0.197g, when
(kgas)~' = 0.8 (where Ty is the Fermi temperature). In order
to reproduce the observed large value of x within ETMA,
we need to take T =~ 0.97, which is much higher than the
superfluid phase transition temperature 7, =~ 0.27y expected in
this regime. However, Ref. [67] reports that this measurement
was done in the superfluid state with a finite condensate
fraction.

This discrepancy implies that ETMA underestimates the
dissociation of Cooper pairs in the BEC regime. To examine
this, when we deal with an ultracold Fermi gas in this regime
as a simple Bose-Fermi mixture with Ng free Fermi atoms and
Ny ideal spinless Bose molecules, the ETMA Fermi chemical
potential u[T = 0.197%,(kpa,)~! = 0.8] = —0.53¢g gives the
molecular dissociation rate « = Ng/N as

o= M =0.67%, (18)
N

where f(x) is the Fermi distribution function. This is relatively

close to the value o« = 0.37% which is obtained when one uses

the expression 4 = —1/(2ma?) in the BEC limit. On the other

hand, when we determine the value of w so that the spin

susceptibility in this model Bose-Fermi mixture [85,86]

8 —
Yok = —22% (19)
p p

canreproduce the experimental result x (T = 0.197%)/ xo(0) =
0.19, one has @ = 7.5% [where x0(0) is the spin susceptibility
in a free Fermi gas at 7 = 0]. This is much larger than the
ETMA result in Eq. (18), which implies that an additional
strong depairing effect which is not taken into account in the
present ETMA is necessary to explain this experiment [67].
Although the origin of this depairing effect is unclear at
this stage, we point out that, while we are dealing with the
homogeneous case in this paper, the experiment [67] has
actually been done in a harmonic trap. Since the superfluid
order parameter is expected to be small around the edge of
the gas cloud, such spatial inhomogeneity may affect the
magnitude of the observed spin susceptibility. In this regard,
we briefly note that the spatially averaged spin susceptibility
in a trapped Fermi gas has recently been examined within
TMA [26].

Although clarifying the origin of the above-mentioned
discrepancy is a crucial issue, we leave this as our future
problem. In the next section, we examine strong-coupling
corrections to x in a superfluid Fermi gas within the present
ETMA formalism.
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IV. PHASE DIAGRAM OF AN ULTRACOLD FERMI GAS
ON THE VIEWPOINT OF SPIN SUSCEPTIBILITY

In the weak-coupling BCS theory, the spin susceptibility is
known to be described by the Yosida function [72], given by

of (E ) 1 E
XYosida = —ZZ SE,) L sech2<ﬁ>. (20)
P P

0E, 2T

While the Fermi chemical potential @ in E, =
V/(ep — 1)?> + A? can be safely taken to be equal to the Fermi
energy &g = ké /(2m) in the weak-coupling BCS theory, this
simplification is no longer valid for the BCS-BEC-crossover
region because it remarkably deviates from e there [3,4]. Al-
though the Yosida function in Eq. (20) is, strictly speaking, for
a mean-field BCS superfluid, this strong-coupling correction
can be effectively incorporated into Xyesidga, DY replacing u
with

72
==, 21
2m

where the effective Fermi momentum kp obeys [30,87]

k2 ~
2—F —n+ReXy (kpiw, — w+i8) =0, (22)
m

with w = A, and § being an infinitesimally small positive
number. Since the Fermi surface actually does not exist in the
superfluid phase, kg in Eq. (22) is defined as the momentum
at which the Bogoliubov dispersion Ep =/(ep — 1)* + A2
takes a minimal value (where we ignore the off-diagonal
self-energy, for simplicity). For the analytic continuation in
Eq. (22), in this paper, we numerically carry out it, by using
the Padé approximation [88].

Using this replacement, and substituting the ETMA super-
fluid order parameter A into Eq. (20), one finds in Fig. 7
that the (modified) Yosida function yyesiga Well describes the
low-temperature behavior of x. In this temperature region,
XYosida has the thermal activation type temperature dependence
as

Aosida ~ € /T, (23)

reflecting that spin excitations at T < 7T, are accompanied by
dissociation of Cooper pairs with a finite binding energy. Since
this excitation threshold is directly related to the energy gap in
the BCS superfluid density of states ppcs(w), the agreement
of ETMA x with the (modified) mean-field result (Xyosida)
makes us expect that the superfluid density of states p(w) has
a clear gap structure as in the mean-field BCS state in this
low-temperature region.

Figure 8 shows p(w) in a superfluid unitary Fermi gas, given
by

1 . .
plw)=—=Y ImGn(piov, > w+i),  (24)
T p

where G1(p,iw, - o +id) is the (1,1) component of the
analytic continued ETMA Green’s function in Eq. (6). As
expected, we find that p(w) has a almost fully gapped structure
when T/ T, < 0.5, where one obtains x > xyosida (See Fig. 7).
In the case of Fig. 8(a3) (T'/T. = 0.48), p(w) is very close to
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FIG. 7. Comparison of the ETMA spin susceptibility x with the
Yosida function xyesiaa [72]. In evaluating xyosida, We use it in Eq. (21)
and the ETMA superfluid order parameter A shown in Fig. 2.
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FIG. 8. Calculated superfluid density of states p(w) in ETMA.
(al)~(a3) (kga,)~! = O (unitarity limit). (b1)~(b3) (kra,)~' = —0.8.
We also show the superfluid density of states pgcs(w) in the mean-field
BCS theory where the Fermi chemical potential u is replaced by i
in Eq. (21) and the ETMA superfluid order parameter A shown in
Fig. 2(a) is used. po(0) is the single-particle density of states at the
Fermi level in a free Fermi gas.
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the BCS result ppcs(w), given by

1 0, . .
Pecs(@) = - ZImG“(p,zwn — w+1i6)
p
ma/2m

el UCEFNELICUEEN]

e

-I-m[ﬁ—l}

x O(fi + A — a)z)}. (25)

Here, G?](p,iwn — w +i6) is the (1,1) component of the
analytic continued mean-field Green’s function in Eq. (10),
where the effective chemical potential /i in Eq. (21), as well as
the ETMA A, are used. This confirms that excitation properties
far below T are still close to a BCS superfluid in the BCS
side, as well as at the unitarity (apart from strong-coupling
corrections to the Fermi surface size kg, as well as A).

With increasing the temperature, the superfluid gap in p(w)
is gradually filled up, to eventually become the pseudogap at
T., as shown in Fig. 8 [36,37]. From the comparison of Fig. 7
with Fig. 8, the deviation of x from the Yosida function xyosida
is found to be correlated to this pseudogap phenomenon in the
superfluid phase.

When one simply uses the well-known knowledge for a free
Fermi gas that the spin susceptibility at 7 < T is proportional
to the density of states at the Fermi level, one might expect
that the partial filling of the energy gap seen in Figs. 8(a2)
and 8(b2) should enhance x compared to the mean-field BCS
case because the latter is always accompanied by a finite energy
gap below T.. However, Fig. 7 shows the opposite result as
X < XYosida at high temperatures (T/T, = 0.5).

To understand the background physics of this phenomenon,
we recall that the mean-field BCS theory treats Fermi quasipar-
ticles (bogolons) as noninteracting particles with the Bogoli-
ubov single-particle dispersion E,. However, the attractive
interaction —U should actually work between them, which
would cause pairing fluctuations even below T, where the
pair breaking and formation of spin-singlet pairs of bogolons
frequently and repeatedly occur. This immediately explains
the reason why the ETMA x(T/T. 2 0.5) is smaller than
XYosida 1N Fig. 7, in spite of p(w = 0) > ppcs(w = 0) = 0. We
emphasize that this mechanism is essentially the same as the
preformed pair scenario for the spin-gap phenomenon above
T.. In this sense, this smaller x (T /T, 2 0.5) than xyesiga May
be regarded as the “superfluid spin-gap phenomenon.” Indeed,
at T, while all the Bose-condensed Cooper pairs vanish, x
is still suppressed by pairing fluctuations by noncondensed
fermions, which smoothly connects to the spin-gap phase
dominated by preformed Cooper pairs above 7.

We note that, in addition to the magnitude of the spin
susceptibility, the temperature dependence of x(7/T. = 0.5)
is also different from )xyosiga in Fig. 7. In the latter mean-field
case, the formation of Cooper pairs only occurs below T,
so that the spin degrees of freedom are rapidly suppressed
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as one enters the superfluid phase, giving the remarkable
decrease of xyosida just below 7¢. In contrast, in the ETMA
case, Bose-condensed Cooper pairs below 7, partially come
from preformed spin-singlet Cooper pairs that have already
existed above T;. Since this part does not cause the further
suppression of the spin degrees of freedom below T, the
decrease of x with decreasing the temperature becomes weaker
than the mean-field case in the superfluid phase near T, as
shown in Fig. 7.

We also note that fluctuating spin-singlet pairs of bogolons
also give a finite lifetime of Bogoliubov excitations, leading to
a finite width of their spectral peaks. This phenomenon smears
the energy gap structure in p(w), giving the “pseudogapped”
superfluid density of states shown in Figs. 8(a2) and 8(b2).
Because of this, as mentioned previously, the pseudogapped
superfluid density of states p(w) shown in these figures
and the spin-gapped spin susceptibility x (< Xyosida) S€€n
in Fig. 7 are considered as different aspects of the same
many-body phenomenon associated with pairing fluctuations
in a superfluid Fermi gas.

Although there is no clear phase boundary between the
superfluid spin-gap regime [where x < Xyosida and p(w =
0) > 0] and the BCS-type superfluid phase where x =~ Xyosida
and p(w = 0) =~ 0, it is still convenient to introduce a charac-
teristic temperature to physically distinguish between the two
regions. As an example, plotting the temperature 7, at which
XYosida/ X = 1.2, we obtain the “phase boundary” between the
spin-gap regime (SG) and the superfluid regime (SF), as shown
in Fig. 9. Together with our previous work above T, [63],
the spin-gap regime is conveniently identified as the region
between the superfluid spin-gap temperature 7, (<7.) and the
spin-gap temperature 7 (>7;) in the phase diagram in Fig. 9.
Here, T; is determined as the temperature at which x takes a
maximum value [63]. Above T5 (“FL” in Fig. 9), x increases
with decreasing the temperature as in the case of the ordinary
normal Fermi liquid.

In Fig. 9, we also plot [2u(T.)| in the strong-coupling
BEC regime where wu(7.) <0 [33,36,37]. Since |2u(T:)|
equals the binding energy Epya = 1/(ma?) of a two-body
bound molecule in the extreme BEC limit, this quantity has
the meaning of the characteristic temperature below which
two-body bound molecules start to be formed, overwhelming
thermal dissociation [33,36]. Thus, the system below |2(T¢)|
would be rather close to a molecular Bose gas, rather than an
interacting Fermi gas. In this molecular regime, the region
above T, may be viewed as a normal Bose gas (NB),
and the region below 7. is in the molecular BEC phase
(MBEC) [33,36].

Reference [30] points out that the temperature Tj _, at
which the effective Fermi momentum kg [which is determined
from Eq. (22)] vanishes also physically gives a boundary
between the interacting Fermi gas regime and the molecular
Bose gas regime. Indeed, as shown in Fig. 9, this characteristic
temperature is close to |2u(7¢)| in the normal state near 7.
Although this coincidence somehow becomes worse below T
(see Fig. 9), since there is actually no phase transition at the
“boundary” between the interacting Fermi gas regime and the
molecular Bose gas regime, it always involves ambiguity to
some extent. Thus, Fig. 9 indicates that, when we use the
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FIG. 9. Phase diagram of an ultracold Fermi gas with respect
to the interaction strength (kga,)~! and the temperature 7. In the
superfluid phase below Ty, the superfluid spin-gap temperature T, is
determined as the temperature at which xvyesisa/x = 1.2 [89]. Below
T, (SF), pairing fluctuations are not crucial in the sense that the
spin susceptibility can be essentially described by the mean-field
expression Xyosiga (although we need to include strong-coupling
corrections to x and A). Above the spin-gap temperature 7y (FL),
x monotonically increases with decreasing the temperature, as in
the ordinary Fermi liquid. The region between T, and T, is the
spin-gap regime (SG), where pairing fluctuations crucially affect .
In this phase diagram, we also plot the line [2u(T = T.)| in the
strong-coupling BEC regime when p < 0. The region below this
line may be regarded as a gas of two-body bound molecules, rather
than an interacting Fermi gas. In this regime, “NB” is the normal
Bose gas regime, and “MBEC” is the region of molecular BEC.
As an alternative definition of the boundary between the interacting
Fermi gas regime and the molecular Bose regime, we also plot
the characteristic temperature 7Tj._, at which the effective Fermi
momentum kg [which is determined from Eq. (22)] vanishes [30].
Here, the anomalous behavior of Tg._, seen just above T is due to
the spurious first-order phase transition in ETMA (see Figs. 2 and 3).
In this phase diagram, T is only the phase transition temperature. The
others are all characteristic temperatures, without being accompanied
by any phase transition.

characteristic temperatures |2u(7¢)| and Tj._o, the MBEC
regime is roughly determined as the region (kpa;)~! > 0.4 ~
0.9. We briefly note that the anomalous behavior of Ty, _ just
above T in Fig. 9 is due to the spurious first-order phase
transition in ETMA (see Figs. 2 and 3).

In the phase diagram in Fig. 9, not only |2u(7:)| and
T.—o, but also T, and T, are characteristic temperatures,
without being accompanied by any phase transition. 7, is only
the phase transition temperature. As a result, the boundary
of the spin-gap regime (SG) in Fig. 9 somehow involves
ambiguity. However, apart from this, the present spin-gap
regime in the phase diagram of an ultracold Fermi gas
in terms of the interaction strength and the temperature is
consistent with the previous pseudogap regime determined
from the pseudogapped density of states [36,37]. As mentioned
previously, while p(w) is still difficult to observe in cold
Fermi gas physics, the spin susceptibility x is experimentally
accessible both above and below T [67]. Thus, we expect that
x 1s a useful quantity to experimentally explore the region
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where the preformed pair scenario works in the BCS-BEC-
crossover regime of an ultracold Fermi gas.

V. SUMMARY

To summarize, we have discussed the spin suscepti-
bility x in a strongly interacting superfluid Fermi gas.
Including pairing fluctuations within the framework of an
extended 7-matrix approximation, we have examined how
strong-coupling corrections to this magnetic quantity are
affected by the superfluid order in the BCS-BEC-crossover
region.

In the BCS side [(kpa,)~! < 0], we showed that x decreases
with decreasing the temperature below the spin-gap tempera-
ture Ty, and the suppression becomes more remarkable below
T.. This is because, while the spin-gap phenomenon above
T, is dominated by fluctuating preformed spin-singlet Cooper
pairs, they start to become stable below T, which accelerates
the suppression of spin excitations.

In the strong-coupling BEC regime, on the other hand,
tightly bound spin-singlet molecules have already been formed
above T, and x is dominated by their thermal dissociation
both above and below T.. Because of this, while x in this
regime also decreases with decreasing the temperatures as in
the BCS side near T, the detailed temperature dependence is
not sensitive to the superfluid phase transition.

In the BCS side of the BCS-BEC-crossover region, we
found that x is well described by the Yosida function xyosida
far below T, when strong-coupling corrections to the Fermi
surface size and the superfluid order parameter are appropri-
ately taken into account. In this low-temperature region, the
superfluid density of states p(w) has a clear energy gap as in the
mean-field BCS state. Thus, apart from the above-mentioned
strong-coupling corrections, superfluid properties far below T,
are essentially the same as the ordinary BCS superfluid, even
in a unitary Fermi gas.

However, x gradually becomes smaller than the mean-field
result xyosida With increasing the temperature. This is because
Fermi quasiparticles excited thermally (bogolons) attractively
interact with each other, to cause pairing fluctuations, where
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formation and pair breaking of spin-singlet pairs frequently
and repeatedly occur. This strong-coupling effect is completely
ignored in the mean-field theory (where bogolons are treated
as noninteracting fermions). As a result, the preformed pair
scenario works in the superfluid phase near T, giving the
smaller y than the BCS result xyosida-

As a useful characteristic temperature to physically
distinguish between the low-temperature superfluid region
where X = Xyosida and the high-temperature superfluid region
where pairing fluctuations crucially affect x, we conveniently
introduced a superfluid spin-gap temperature 7,. We then
determined the spin-gap regime, where pairing fluctuations
crucially affect x, as the region surrounded by T, the spin-gap
temperature 75, and |[2u(T:)| (or Ti._o), which physically
gives the boundary between the Fermi gas regime and the
molecular Bose gas regime, in the phase diagram of an
ultracold Fermi gas with respect to the interaction strength
and the temperature. This spin-gap regime is consistent with
the previous pseudogap regime that was determined from the
pseudogapped density of states [36].

In this paper, we have assumed a uniform superfluid Fermi
gas, although the real system is always confined in a trap
potential. Since the recent experiment on the spin susceptibility
ina °Li Fermi gas [67] is based on a local measurement of spin
fluctuations, it is an interesting future problem to clarify how
the spatial inhomogeneity affects the spin-gap phenomenon
discussed in this paper. Since the direct observation of the
single-particle density of states seems difficult in the current
stage of cold Fermi gas physics, our results would be useful
for the study of pseudogap phenomenon using the spin
susceptibility, which is experimentally accessible both above
and below T..
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