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We theoretically analyze the effects of two primary mechanisms of residual amplitude modulation, estimate the
resulting frequency instabilities, and discuss relevant experimental countermeasures, providing useful information
that are beneficial for the development of ultrastable optical oscillators as well as many precision experiments
relying on stable lasers. A Pound-Drever-Hall signal comprising contributions from the birefringence of the
electro-optic crystal is derived and used to examine the birefringence-related amplitude modulation and the
resultant frequency offset in terms of various experimental parameters. The combined effect of the crystal
birefringence and pararsitic étalons is further investigated by dividing the étalons into three representative
categories according to their locations in the optical path. The analysis shows that introducing a resonant optical
cavity only scales the birefringence-generated amplitude modulation by a constant, thereby lending strong support
to the active control scheme using a separate detection path. When a parasitic étalon is added, the active control
scheme can still suppress the resultant instability except for the parasitic étalon that is located closely in front
of the optical cavity. In this case the étalon produces rather large frequency instability and therefore should be
avoided. In addition, numerical calculations are performed to assess the impact of a special situation where the
front and end surfaces of an ultrastable optical cavity are potential sources of the parasitic étalon that can strongly
couple with the cavity.
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I. INTRODUCTION

Narrow-linewidth lasers obtained with Pound-Drever-Hall
(PDH) frequency-locking technique [1] are an essential el-
ement for many precision experiments such as laser inter-
ferometers [2–5], gravitational wave detectors [6–10], and
optical frequency standards [11–17]. In PDH frequency
stabilization, an electro-optic modulator (EOM) is usually
used to perform the phase modulation in which a residual
amplitude modulation (RAM) [18–22] is also generated,
resulting in a distorted error signal and systematic frequency
shift that will drift under external influences [19,21–24]. As
the frequency instability of the ultrastable optical oscillator has
been pushed down to the �1016 range [25,26], it is important
to not only comprehensively understand the RAM-inducing
mechanisms but also quantitatively evaluate the resulting
frequency instabilities.

The major sources of the RAM have been identified as
the natural birefringence [18,19,22,27,28] of the electro-optic
(EO) crystal and parasitic étalons [23,29–31], along with other
contributing mechanisms [24,32,33]. Birefringence-induced
RAM was analyzed in detail [22], leading to passive and active
RAM-suppression schemes [18–22,28,33–35]. However, the
relevant theoretical model concentrated on the RAM presented
in the laser beam exiting the birefringent EO crystal [22]. It re-
mains to be seen whether the field leakage from the frequency-
locking cavity can dramatically modify the characteristic of
RAM, a critical issue that determines the effectiveness of those
active control schemes relying on RAM detection in a separate
optical path. Being another primary source of RAM, the
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parasitic étalons [23,29–31] have a wide spread of both their
parameters and locations, adding complications to evaluate
their impact and take effective countermeasures. Additionally,
in most experimental setups the two mechanisms coexist and
therefore their combined effect should also be addressed in the
theoretical model.

A thorough understanding of RAM and its consequence
provides guidance on the analysis of the related systematic
effects in ultrastable optical oscillators as well as many
precision measurements and systems involving stable lasers.
Furthermore, such analysis will be beneficial to the optimiza-
tion of experimental parameters for a maximum amount of
RAM suppression, and aid the development of alternative
RAM-reducing approaches not only in the PDH frequency
stabilization but also in many other related applications such
as frequency modulation spectroscopy (FMS) [21,29,36–39],
modulation transfer spectroscopy (MTS) [32,40,41], and
noise-immune cavity-enhanced optical heterodyne molecular
spectroscopy (NICE-OHMS) [42–44].

We conduct a systematic investigation on the RAM origi-
nating from the crystal birefringence and parasitic étalons and
quantitatively evaluate the related frequency instabilities in
the PDH frequency stabilization. Starting from a generalized
signal resulting from an optical component interrogated by
a phase-modulated laser beam, the analytical PDH signal is
derived with the crystal birefringence taken into consideration,
enabling a detailed analysis of the modified PDH error signal
and the resultant frequency shift. In addition, the combined
effect of the parasitic étalon, the crystal birefringence, and the
optical cavity is analyzed by examining three representative
locations of a parasitic étalon in the optical path. With further
simplification made on the response of the parasitic étalon,
the amount of RAM and the resultant frequency instabilities
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for passive and active RAM control schemes are evaluated
and compared. For a more complex situation where a parasitic
étalon strongly couples with the reference cavity, numerical
calculations are performed to evaluate the RAM-induced
frequency instabilities caused by the thermal drifts separately
experienced by the parasitic étalon and the EO crystal.

Section II prepares for the discussion by introducing a
general form of the PDH signal. Section III then derives
the analytical form of the PDH error signal in the presence
of the crystal birefringence and evaluates the corresponding
frequency shift. The parasitic étalon and its interaction with
the crystal birefringence are added to the discussion in Sec. IV.
In this section we also address a special case where the parasitic
étalon strongly couples with the PDH-locking cavity. The
major outcomes and important experimental implications are
summarized in Sec. V.

II. A GENERALIZED PDH SIGNAL

Let us consider the experimental setup of PDH frequency
locking, which is depicted in Fig. 1. When the input and output
polarizers P1 and P2 are, respectively, set at angles α and β

relative to the crystal z axis, the phase-modulated optical field
after polarizer P2 is

EEOM = E0e
iωt [aei(δo sin �t+φo) + bei(δe sin �t+φe)], (1)

where a = sin α sin β and b = cos α cos β are alignment fac-
tors [19,22]; ω and � are the frequencies of optical carrier and
phase modulation, respectively; and δo,e and φo,e, respectively,
are the modulation index and the phase shift of the lights where
the subscripts o and e stand for, respectively, the extraordinary
and ordinary lights. Note that the phase shifts φo and φe

depend sensitively on many external influences such as the
beam alignment, ambient temperature, stress-related effects
in the EO crystal, and electric field applied to the crystal
[18,19,22,28].

The phase-modulated birefringent light described by Eq. (1)
impinges upon an optical component such as an optical cavity
or an ensemble of atomic or molecular absorbers. The outgoing
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FIG. 1. (Color online) The experimental setup for PDH fre-
quency locking. P1 and P2 are the polarizers aligned, respectively,
at angles of α and β to the optical axis of the EO crystal. EOM,
electro-optical modulator; PBS, polarization beam splitter; λ/4,
quarter-wave plate; LO, local oscillator; PS, phase shifter; PD,
photodetector; DBM, doubly balanced mixer; LPF, low-pass filter.
ri and ti(i = 1,2) are the reflection and transmission coefficients of
the cavity mirrors, respectively.

optical field is photodetected to produce an electrical signal
whose detailed derivation is given in Appendix A. This signal
is then demodulated with a local signal of VLO cos(�t + φ mod )
and low-pass filtered, generating a PDH signal that can be
expressed in a generalized form of

Verr =E2
0Goe{Re[AF (ω)F ∗(ω + �)

− A∗F ∗(ω)F (ω − �)] cos φ mod

− Im[AF (ω)F ∗(ω + �) − A∗F ∗(ω)F (ω − �)]

× sin φ mod + Thigh}, (2)

where

A = a2J o
0 J o

1 + b2J e
0 J e

1 + ab
(
J o

0 J e
1 + J e

0 J o
1

)
cos 	φ

− iab
(
J o

0 J e
1 − J e

0 J o
1

)
sin 	φ. (3)

F (ω) represents the transfer function of the optical component
interrogated by the phase-modulated laser, J

o,e
k = Jk(δo,e)

(k = 0, 1) is the kth-order Bessel function with its parameter
being the birefringent modulation indices, 	φ = φe − φo

is the phase shift due to the natural birefringence of the
crystal, and Goe is the joint gain of the photodetection and
demodulation processes. Thigh in Eq. (2) absorbs all the
contributions involving high-order sidebands (k � 2), which
contribute through their beats with neighboring harmonics.
When the modulation index δo(δe) is on the order of ∼1, a
typical value often used to optimize the PDH discrimination
slope, the dramatically decreasing trend of the high-order
Bessel functions indicates that Thigh is relatively small and
can be neglected.

The dispersion (sin φ mod ) and absorption (cos φ mod ) terms
in Eq. (2) can be selectively detected by adjusting the local
phase φ mod . With perfect polarization alignment (α,β = 0◦)
and a quadrature phase detection (φ mod = 90◦), Eq. (2) is
reduced to the standard PDH error signal [45],

VPDH = E2
0GoeAIm[Fr (ω)Fr

∗(ω + �) − Fr
∗(ω)Fr (ω − �)],

(4)

where A = J0
eJ1

e. If the photodetection and the subsequent
demodulation are performed directly after the EO crystal, then
Fr (ω) = 1 and Eq. (2) is greatly simplified to a birefringence-
induced RAM of

VRAM = 2E2
0GoeabJ1(M) sin 	φ, (5)

reproducing exactly the result obtained by a previous analysis
[22] with M = δe − δo being the difference in the modulation
indices of the extraordinary and ordinary lights.

It follows from the current analysis that a diagnostic test can
be performed to discriminate between the two primary causes
of the RAM. For the test the in-phase detection (φ mod =
0◦) is used to examine the absorption signal. The laser is
steered far away from the cavity resonance or, equivalently,
a mirror is inserted in front of the cavity, leading to a
greatly simplified transfer function of F (ω) = 1 in Eq. (2) and
therefore the absence of the birefringence-related absorption
signal. Conversely, the parasitic étalon in the optical path
produces a nonzero absorption signal that varies with the
étalon length, a phenomenon that can be used to locate the
étalon by deliberately tilting the suspected component. Once
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identified, the parasitic étalon can be eliminated by adjusting
the optical alignment with a goal to minimize the absorption
signal, which, in the current arrangement, is purely from the
étalon effect.

With the birefringence of the EO crystal incorporated,
Eq. (2) is rather general in that it describes signals obtained
from optical components of different types or from atomic or
molecular samples and hence can be employed as an analysis
tool in various detection schemes based on the frequency
modulation technique. In PDH frequency locking F (ω) in
Eq. (2) is the amplitude reflection coefficient Fr (ω) of the
optical cavity. When there are parasitic étalons in the optical
path, F (ω) is the joint response of the optical cavity and the
parasitic étalons.

III. CRYSTAL BIREFRINGENCE

This section analyzes the amount of RAM that arises solely
from the birefringence of the EO crystal and the resultant
frequency instability. Taking the crystal birefringence into con-
sideration and by working with the transfer function of an op-
tical cavity, we first derive the analytical PDH error signal for
a high-finesse optical cavity. Then the birefringence-induced

RAM and the corresponding frequency shift are closely exam-
ined, followed by discussions on several practical measures for
improving the frequency stability. The parasitic étalon and its
combined effect with the crystal birefringence will be added
to the discussion in Sec. IV.

A. PDH signal with the presence of crystal birefringence

In case of a Fabry-Perot cavity interrogated by a phase-
modulated laser beam, the transfer function F (ω) in Eq. (2)
is the amplitude reflection coefficient of the cavity [46–48],
which is given by

Fr (ω) = r1 − r2t
2
1 e

i ω
	νFSR

1 − r1r2e
i ω

	νFSR

, (6)

where ri and ti are, respectively, the reflection and transmission
coefficients of the input (i = 1) and end (i = 2) mirrors; 	νFSR

is the free spectral range (FSR) of the cavity.
When a high-finesse cavity and fast modulation are used, the

reflection coefficient [Eq. (6)] can be approximated to derive
explicit expressions for the PDH signal (see Appendix B). The
corresponding dispersion and absorption signals in Eq. (2) can
be written as

Vdis ≈ − E2
0GoeFroff

⎛
⎝ t2

1 r2√
r1r2(1 − r1r2)

Re(A)

⎡
⎣−2	ω/(πγ )

1+(
	ω
πγ

)2 + (	ω − �)/(πγ )

1 + (
	ω−�

πγ

)2 + (	ω + �)/(πγ )

1+(
	ω+�

πγ

)2

⎤
⎦ + Im(A)

⎧⎨
⎩− t2

1 (1+r1r2)

2r1(1−r1r2)

×
⎡
⎣ 2

1 + (
	ω
πγ

)2 + 1

1 + (
	ω−�

πγ

)2 + 1

1 + (
	ω+�

πγ

)2

⎤
⎦ + 2Froff

⎫⎬
⎭ − 2Froff[abJ1(M) sin 	φ − Im(A)]

⎞
⎠ sin φ mod , (7)

Vabs ≈ E2
0GoeFroff

⎧⎨
⎩

t2
1 (1 + r1r2)

2r1(1 − r1r2)
Re(A)

⎡
⎣ 1

1 + (
	ω−�

πγ

)2 − 1

1 + (
	ω+�

πγ

)2

⎤
⎦

+ t2
1 r2√

r1r2(1 − r1r2)
Im(A)

⎡
⎣ (	ω − �)/(πγ )

1 + (
	ω−�

πγ

)2 − (	ω + �)/(πγ )

1 + (
	ω+�

πγ

)2

⎤
⎦

⎫⎬
⎭ cos φ mod , (8)

where γ = 1−r1r2
π

√
r1r2

	νFSR is the linewidth (full width at half

maximum, FWHM) of the cavity, Froff = r1(1 + t1
2

2r1
2 ) is the

off-resonance reflection coefficient, and 	ω = 2π	ν is the
laser detuning with respect to the cavity resonant frequency
ω0. The first term in the dispersion signal is the standard
PDH error signal [49,50] and the remaining terms arise out
of the birefringence-induced RAM. Being extracted with a
demodulation phase of φ mod = 90◦ (quadrature detection),
the dispersion signal of Eq. (7) is usually used as the error
signal to perform the frequency locking.

B. Birefringence-induced frequency shift

Figure 2 shows the central portion of a typical error signal
used for frequency locking. Close to the zero crossing the
signal can be well approximated by a straight line Verr =
D	ν + VRAM + Voffset, where 	ν is the frequency detuning,
D is the discrimination slope, and VRAM denotes the RAM-
induced voltage offset. Here a voltage offset Voffset introduced

by the locking electronics is also taken into consideration. The
resultant frequency shift is

	νoffset = −Voffset + VRAM

D
. (9)

According to the explicit form of the PDH error signal
[Eq. (7)], the discrimination slope is

D = 4E2
0GoeFroff

t2
1 r2√

r1r2(1 − r1r2)

Re(A)

γ
sin φ mod , (10)

and the intercept of the line with the vertical axis is the locking
offset, which is evaluated as

VRAM = −2E2
0GoeIm(A)Froff

2

[
Fr (ω0)

Froff

+ JM
1

J o
0 J e

1 − J e
0 J o

1

− 1

]
sin φ mod

≈ 2E2
0GoeabJ1(M)FroffFr (ω0) sin 	φ sin φ mod . (11)
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FIG. 2. (Color online) PDH error signal under the influence of the
RAM and locking offset. In the vicinity of the zero crossing the signal
can be approximated as a straight line with an inclination determined
by the PDH discrimination slope. The two intercepts of this line with
the vertical and horizontal axes are the dc shift induced by the RAM
and the resultant frequency shift, respectively. The frequency-locking
system also introduces a voltage offset, which is indicated by the
dash-dot line. The actual locking point is the intersection between the
error signal and the locking offset.

Equation (11) gives the amount of RAM originating
from the crystal birefringence when the interrogated optical
cavity is on resonance. Fr (ω0) in Eq. (11) is the amplitude
reflection coefficient of the resonant cavity and is related
to the cavity contrast C = 1 − Fr

2(ω0). Definitely, using a
cavity with high reflection contrast in the PDH frequency
locking is an effective way to enhance the immunity to the
birefringence-induced RAM.

This derivation [Eq. (11)] also lends strong support to
the active control schemes that rely on an independent
RAM detection before the light enters the optical cavity
[18,19,22,28]. A comparison between Eqs. (5) and (11) shows
that introducing a resonant optical cavity only scales the RAM
right after the EO crystal by a constant of FroffFr (ω0), meaning
that the detection done prior to the optical cavity accurately
maps out the variation of RAM presented in the PDH error
signal, thereby ensuring the effectiveness of the active control.

By using Eqs. (9)–(11), the locking frequency offset
resulting from the birefringence-induced RAM is evaluated
and then closely examined in terms of various experimental
parameters, providing valuable observations that are beneficial
to the improvement of locking stability. Figure 3 summarizes
the results by plotting the variations of the discrimination slope
D, the demodulated birefringent RAM, and the frequency
offset 	νoffset in terms of several experimental parameters.

The variation of RAM as a function of birefringent phase
shift shown in Fig. 3(c) provides guidance for both passive
and active control schemes that operate by stabilizing the
birefringent phase shift. When active control is adopted it is
advantageous to maintain a phase shift of 	φ = nπ (n is
an integer) because of the readily achievable discrimination
signal for RAM control [19]. However, a phase shift of 	f =
(2n + 1)π/2 can be a better choice for passive stabilization.
Despite a maximized dc component, RAM at this phase shift
has the smallest rate of change (the variation of RAM per unit

FIG. 3. (Color online) (a,b) The discrimination slope, (c,d) the
demodulated RAM signal, and (e,f) the frequency offset as functions
of birefringent phase shift 	φ and demodulation phase φ mod . A
quadrature phase detection (φ mod = 90◦, the dispersion term is
detected) is used for birefringent dependences (a,c,e). When the
modulation phase (φ mod ) is adjusted (b,d,f), the birefringence phase
shift 	φ is fixed to 90°. In each graph three curves with different
polarization angles (α and β, values indicated in the graphs) are
plotted. In addition, the effect of adding a locking offset (1% of the
peak-to-peak value of the error signal V pp

err ) is shown in (e,f) with
dashed lines.

change in 	φ), facilitating a reduced sensitivity to external
perturbations such as temperature and alignment fluctuations.

The potential frequency instability due to an imperfect
quadrature detection (φ mod departs from a strict 90◦) is also
investigated. Figures 3(b), 3(d), and 3(f) show the influence of a
varying demodulation phase φ mod on the discrimination slope
D, the RAM, and the locking frequency offset, respectively.
Also added in Fig. 3(f) is the effect of a locking-electronics-
generated voltage offset (1% of the peak-to-peak value of
the error signal V

pp
err ). Under the influence of the electronic

offset, a modest departure from the quadrature detection gives
rise to a rather small and smoothly varying frequency offset,
thereby having negligible influence on the frequency stability.
In the calculation the mixture with the absorption signal is
considered and will be further explained in the following
section (Sec. III C).

C. Mixing with absorption term due to an imperfect
quadrature detection

In practical implementation of PDH frequency locking, the
demodulation phase is unlikely to be adjusted to and then kept
at a strict 90°, resulting in a mixing of the error signal with a
small amount of the absorption signal and potentially the same
stability-degrading effect as that of a RAM. Here we consider
the consequence of an imperfect quadrature detection in the
most relevant case of a high-finesse optical cavity interrogated
in the fast-modulation regime (� � 2πγ ).
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FIG. 4. (Color online) The calculated absorption signal near the
resonance of the cavity. In the calculation, the power reflectance
and transmittance of the cavity are R = 0.99982 and T = 3.2 ppm,
respectively. Polarization angles are α,β = 10◦ and demodulation
phase is φ mod = 0◦. The soild line is the exact solution given
by Eq. (2) and the dash-dot and dashed lines are two different
approximations using Eqs. (8) and (14), respectively.

Firstly, the approximation adopted in the previous section
(Sec. III A) for obtaining the explicit form of the PDH signal
is insufficient for a close inspection of the absorption signal
in the immediate neighborhood of the cavity resonance. In
that derivation the off-resonance reflectance is approximated
as a real constant Froff . The corresponding absorption signal is
given by Eq. (8) and near the cavity resonance it can be further
simplified to

Vabs(|	ω| � �) = − 2E2
0GoeFroffIm(A)

t2
1 r2√

r1r2(1 − r1r2)

× πγ

�
cos φ mod , (12)

which is on the order of Im(A)πγ

�
and independent of the laser

frequency. Figure 4 shows the behavior of this approximated
absorption signal, along with the one numerically calculated
by using the exact formula of Eq. (2). Clearly, there is a large
difference between the approximated and the exact absorption
signals.

For a more precise evaluation of the influence of the
absorption signal on the frequency stability, we also retain an
imaginary part of the off-resonance reflectance to derive the
absorption signal. Here, when 	ω → ±� � 2πγ , instead of
a constant Froff , the reflection coefficient is approximated as
Fr (ω ± �) = Re[Fr (ω ± �)] + Im[Fr (ω ± �)]i with

Re[Fr (ω ± �)] ≈Froff

Im[Fr (ω ± �)] ≈ ∓ t2
1 r2√

r1r2(1 − r1r2)

πγ

�
. (13)

By adding the imaginary part of the off-resonance re-
flectance, the error signal is derived as

Verr =E2
0Goe{2Im[Fr (�)]Im[AFr (ω)] cos φ mod

+ 2Re[Fr (�)]Im[AFr (ω)] sin φ mod + Thigh}. (14)

The first term in Eq. (14) is the newly derived absorption
signal, which is also plotted in Fig. 4. By comparison, near the
cavity resonance the new derivation is a good approximation to
the exact absorption signal. Now it is sufficient to use Eq. (14)
to evaluate the amount of the dispersion component in the error
signal due to an imperfect quadrature detection. The result,
expressed in terms of the dispersion signal, can be written as

Vabs = Vdis
−t2

1 r2

Froff
√

r1r2(1 − r1r2)

πγ

�
cot φ mod . (15)

By only slightly modifying the discrimination slope in the
PDH error signal, the mixture does not change the location of
the zero crossing of the error signal. As a result, the contam-
ination from the absorption signal has a negligible influence
on the frequency stability, as long as the cavity linewidth γ is
kept orders of magnitude below the modulation frequency �

and a fairly good quadrature detection is maintained.

IV. PARASITIC ÉTALON AND ITS INTERPLAY WITH THE
BIREFRINGENCE OF THE EO CRYSTAL

This section discusses the combined effect of the parasitic
étalon and the birefringence of the EO crystal. The quantitative
analysis is made possible by dividing parasitic étalons into
three representative categories, aiming at identifying the most
significant contribution and providing useful guidance for
various RAM-control schemes. We also numerically analyze
a special case where the parasitic étalon is embedded in the
optical cavity and the two can strongly interact.

A. Three categories of a parasitic étalon

In practice, the parasitic étalons distribute across the entire
optical setup and their parameters such as reflectivity and
FSR cover a relatively large range that is usually not well
determined. To simplify the analysis and still retain generality,
we divide the étalons into three representative categories.
Figure 5 shows three typical locations of a parasitic étalon in
the optical path. The possible locations at which the active
RAM control can be implemented are also illustrated in
Figs. 5(a) and 5(b). In case (a) the étalon is outside the
path where the incoming and reflected laser beams coexist.
When the parasitic étalon is located between the PBS and
the quarter-wave plate [case (b)], the light directly reflected
by the étalon (including its front and rear surfaces) does
not enter the photodetector (PD). In case (c) the étalon lies
between the quarter-wave plate and the optical cavity. Now
the reflections from both the parasitic étalon and the optical
cavity are detected, resulting in a mixture of the PDH error
signal and the étalon-generated RAM.

The combined effect of the crystal birefringence and a
parasitic étalon belonging to each of the three cases can be
investigated with the help of Eq. (2) in which F (ω) is the
joint response of the étalon and the optical cavity. Here and
in the next section (Sec. IV B) we assume that the parasitic
étalon does not couple with the frequency-locking cavity (for
the coupled case, see Sec. IV C). Without coupling, the joint
responses for three cases take relatively simple forms, which
are listed in Table I. Appendix C gives the expressions of
RAM for three cases, obtained by substituting F (ω) in Eq. (2)
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FIG. 5. (Color online) Three representative cases of a parasitic
étalon in the PDH optical path. (a) The parasitic étalon is placed
between the EOM and PBS or PBS and PD where the light passes the
étalon only once. (b) The reflection from the parasitic étalon is not
detected due to the polarization mismatch. (c) Reflections from both
the parasitic étalon and the optical cavity are detected. Locations for
implementing active RAM suppression are illustrated in (a,b).

with the corresponding transfer function listed in Table I. The
expressions of RAM obtained up to now are rather general
in that they do not involve the explicit form of the étalon
transfer function, which will be introduced in the next section
(Sec. IV B) to evaluate the resultant frequency instability.

It is worth noting that, by inspecting the general expressions
[Eqs. (C1)–(C5)] of RAM, using an optical cavity with high
reflection contrast boosts the immunity to RAM in cases (a)
and (b), a feature that has already been shown when there is
only birefringence-induced RAM (Sec. III B). However, this
immunity is not available for case (c) because the correspond-
ing RAM has two additional contributions [Eqs. (C4) and (C5)]
that cannot be scaled down by decreasing Fr (ω0).

B. RAM-induced frequency instabilities

Here we make a further approximation on the transfer
function of the parasitic étalon to give an order-of-magnitude
estimation of the frequency instabilities in three cases

TABLE I. The joint transfer function of a parasitic étalon and the
optical cavity.

F (ω)a

Case (a) Fet (ω)Fr (ω)
Case (b) Fet (ω)2Fr (ω)
Case (c) Fer (ω) + Fet (ω)2Fr (ω)

aFer (ω) and Fet (ω) are, respectively, the reflective and transmissive
responses of the parasitic étalon and Fr (ω) is the response of the
cavity for PDH frequency locking. Figure 5 illustrates the locations
of the parasitic étalon in cases (a–c).

FIG. 6. (Color online) (a) Amplitude and (b) phase responses of
a parasitic étalon (a low-finesse optical cavity). When the modulation
frequency � is much smaller than the FSR of the étalon, the frequency
dependence of the responses is approximately linear in the frequency
range spanned by the two sidebands (ω ± �).

discussed in the previous section (Sec. IV A) and make
quantitative comparisons between passive and active RAM-
control schemes.

1. Frequency response of a parasitic étalon

In contrast to a high-finesse cavity used for frequency
locking, a typical parasitic étalon has a low reflectance of below
1%, resulting in slowly varying transmission and reflection
versus optical frequency. In particular, those étalons with
thickness less than ∼10 mm are of more significance in our
analysis because longer ones can be effectively removed by
tilting the associated optical components. Accordingly, we
assume in the following analysis that the modulation frequency
� is much less than the FSR of the parasitic étalon. Figure 6
gives such an example by plotting the response of a low-finesse
cavity, together with the interrogating optical carrier and its
sidebands. As the effective length of the étalon drifts under
the environmental influence, the carrier and its two sidebands
spend most of their time on the same side of a transmission
or reflection crest. It then follows that in the frequency range
defined by the two sidebands the transfer functions Fet (ω)
(transmission) and Fer (ω) (reflection) are approximately linear
and can be written as

Fet (ω0 ± �) ≈ (Fet0 ± εt )e
i(�et0±ξt ),

(16)
Fer (ω0 ± �) ≈ (Fer0 ± εr )ei(�er0±ξr ),

where Fet0 (�et0) and Fer0 (�er0) are the amplitudes (phases)
at the carrier frequency and εt,r (ξt,r ) account for the small
amplitude (phase) differences between the sidebands and the
carrier. In the following discussion these approximated transfer
functions are used to evaluate the amount of RAM produced
by the crystal birefringence and a parasitic étalon in one of the
three cases.

2. Free-running RAM

The RAM-generated voltage offsets in three cases in-
troduced in Sec. IV A are evaluated by using the approxi-
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mated transfer functions [Eq. (16)] and Eqs. (C1)–(C5) in
Appendix C. Note that for the current evaluation the parameter
A defined in Eq. (3) is reduced to A ≈ A0 + iA2 sin 	φ with
A0 = a2J0

oJ1
o + b2J0

eJ1
e and A2 = ab(J0

oJ1
e − J0

eJ1
o).

The evaluated voltage offsets in cases (a) and (b) are given
by

VRAMa ≈ − E2
0Goe sin φ mod FroffFr (ω0)

× 2Fet0
2

(
A2 cos ξt sin 	φ − εt

Fet0
A0 sin ξt

)
(17)

and

VRAMb ≈ −E2
0Goe sin φ mod FroffFr (ω0)

× 2Fet0
4

(
A2 cos 2ξt sin 	φ − 2εt

Fet0
A0 sin 2ξt

)
,

(18)

respectively. The signal in case (c) can be written as

VRAMc ≈ VRAMb + VRAMr + VRAMrt , (19)

where the first term on the right-hand side is the same as the
signal in case (b) and the last two terms are given by

VRAMr ≈ − 2E2
0Goe sin φ mod Fer0

2

×
(

A2 cos ξr sin 	φ − εr

Fer0
A0 sin ξr

)
, (20)

VRAMrt ≈ − 2E2
0Goe sin φ mod Fer0Fet0

2

× {[Froff cos 2ξt − Fr (ω0) cos ξr ] sin 	�rtA0

+ [Froff cos 2ξt + Fr (ω0) cos ξr ]

× cos 	�rtA2 sin 	φ}, (21)

where 	�rt = �er0 − 2�et0.

3. RAM with active control

An active control scheme can be implemented by detecting
RAM in a separate path before light enters the cavity
[18,19,22,28], as illustrated in Fig. 5. The demodulated signal
used for the feedback control is given by

VRAMsep ≈ − 2E2
0Goe sin φ mod FroffFet0

2

×
(

A2 cos ξt sin 	φ − εt

Fet0
A0 sin ξt

)
. (22)

The feedback mechanism forces VRAMsep to zero by adjust-
ing the birefringence phase shift 	φ to satisfy the condition

sin 	φ = tan ξt

A0εt

A2Fet0
. (23)

The RAM in the PDH-locking path, which originates from
both crystal birefringence and parasitic étalons, is completely
suppressed when the parasitic étalon is located between the
EOM and PBS [étalon 1, Fig. 5(a)] because VRAMa [Eq. (17)]
is the same as VRAMsep except for a constant Fr (ω0). For the
étalon outside the path shared by the RAM detection and
frequency locking [étalon 2, Fig. 5(a)], the birefringence phase
shift 	φ is still nulled by the active control. Therefore the

contribution from the crystal birefringence is removed and the
RAM is solely from the étalon effect, which leads to a residual
frequency instability of

	νact
RAMa2 ≈ 1

2

√
r1r2(1 − r1r2)

t2
1 r2

1

J0
eJ1

e A0Fr (ω0)Fet0εt ξtγ .

(24)
To examine the behavior of the active control in cases (b)

and (c), the corresponding frequency instabilities are evaluated
by applying the condition of Eq. (23) to Eqs. (18)–(21),
yielding

	νact
RAMb ≈ 3

2

√
r1r2(1 − r1r2)

t2
1 r2

1

J0
eJ1

e A0Fr (ω0)Fet0
3εt ξtγ,

(25)
and

	νact
RAMc = 	νact

RAMb + 	νact
RAMr + 	νact

RAMrt , (26)

	νact
RAMr ≈ − 1

2

√
r1r2(1 − r1r2)

t2
1 r2

1

Froff

1

J0
eJ1

e A0

× Fer0
2

(
εt

Fet0
cos ξr tan ξt − εr

Fer0
sin ξr

)
γ,

(27)

	νact
RAMrt ≈ −1

2

√
r1r2(1−r1r2)

t2
1 r2

1

J0
eJ1

e A0Fer0Fet0
2

×
{[

cos 2ξt − Fr (ω0)

Froff
cos ξr

]
sin 	�rt

+
[
cos 2ξt+Fr (ω0)

Froff
cos ξr

]
εt

Fet0
tan ξt cos	�rt

}
γ.

(28)

In cases (b) and (c), VRAMsep, the signal detected before light
enters the cavity, no longer fully represents the RAM in the
frequency-locking path, resulting in additional contributions
when the active control is implemented. Next, we use typical
parameters of a parasitic étalon and their variations to
estimate the resultant frequency instabilities and examine the
effectiveness of various RAM-control schemes.

4. Comparison among different stabilization approaches

Table II summarizes our order-of-magnitude estimation of
the frequency instabilities originating from the birefringence
of the EO crystal and a parasitic étalon in one of the three
cases discussed in Sec. IV A. In each case we evaluate the
instabilities for three stabilization approaches. Firstly, the EO
crystal is temperature controlled to stabilize the birefringent
phase shift. Then the active control using a separate detection
path is implemented. Last, without using active control, the
influence of the crystal birefringence is eliminated by using
only one of the two polarization components. Parasitic étalons
with length Le ranging from 1 to 100 mm are considered
in the calculation and for all étalons the coefficients of the
reflectance are fixed to R1 = 0.01 and R2 = 0.02 for the front
and rear surfaces, respectively. We use the maximum possible
variations of the étalon parameters, which are explained below
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TABLE II. RAM-induced frequency instabilities in three cases
with the length of the parasitic étalon in the range of 1–100 mm.a

Without active Active No crystal
controlb control birefringence

Case (a)
Étalon 1
Étalon 2

10−4γ

10−4γ

0
(10−9−10−5)γ

(10−9−10−5)γ
(10−9−10−5)γ

Case (b) 10−4γ (10−8−10−4)γ (10−8−10−4)γ
Case (c) 10−1γ 10−1γ 10−1γ

aReflectance of all étalon surfaces is fixed to R1 = 0.01 and R2 =
0.02. The maximum allowable variations of the étalon parameter
εt are 	εt = 8 × 10−6 and 8 × 10−4 for Le = 1mm and 100 mm,
respectively, and 	�rt takes all possible values from −π to π .
ξt is fixed to 2 × 10−4 rad and 2 × 10−2 rad for Le = 1 mm and
100 mm, respectively. Contributions related to εr and ξr are orders of
magnitude smaller and hence neglected. Other parameters include the
modulation frequency fm = 10 MHz, polarization angles α,β = 3◦,
and birefringent modulation indices δo = −0.4 and δe = −1.1. γ

denotes the linewidth of the high-finesse cavity whose reflection
contrast is 33%[Fr (ω0) = 0.8].
bThe MgO:LiNbO3 (MgLN) crystal is assumed in the calculation.
The temperature dependence of 	φ is 8 rad/K [19], resulting in a
birefringence phase fluctuation of 0.008 rad when the thermal stability
of the EO crystal is 1 mK.

Eqs. (16) and (21) and in Table II, to calculate the frequency
instabilities by using Eqs. (17)–(21) and Eqs. (24)–(28).

In case (a) the active control completely suppresses the
frequency instability when the parasitic étalon is inside the
path shared by the RAM detection and frequency locking
[étalon 1, Fig. 5(a)]. Although limited to only a subset of
parasitic étalons that belong to case (a), in practice this
effectiveness holds great significance. Parasitic étalons in this
subset are usually distributed in a relatively long optical path
in which an increased number and a large variety of the
optical components can be found, restricting the effectiveness
of passive stabilization.

If a parasitic étalon either locates outside the common path
in case (a) or belongs to case (b), then the RAM-induced
frequency instability is also greatly reduced by implementing
active control, provided that only thin étalons with centimeter
to millimeter thickness or thinner are involved. Given the same
reflectance of their surfaces, a thin étalon creates a smaller
amount of RAM compared with a thick one. As a result, the
RAM is primarily caused by the birefringence of the EO crystal
and hence suppressed by the active control, resulting in only
small residual instability introduced by the thin étalon. As
the length of the parasitic étalon is progressively increased to
100 mm and beyond, the active control becomes less effective
and then ceases to function. In practice this limitation poses
no difficulty either because the strength of the interference in
a thicker étalon can be more effectively suppressed by tilting
the étalon, or because a long parasitic étalon is usually formed
by reflecting surfaces in different components and thus can be
removed by making the related components out of alignment.

The étalon effect dominates in case (c) and creates a large
frequency instability. In this case the light registered by the PD
has its origins of two fields that are either directly reflected by
the étalon or from the optical cavity [cf. Fig. 5(c)], the latter

TABLE III. RAM-induced frequency instabilities for three types
of EO crystal with only temperature stabilization.a

LiTaO3 (LT) NH4H2PO4 (ADP) KH2PO4 (KDP)

Case (a) 10−3γ 10−4γ 10−5γ

Case (b) 10−3γ 10−4γ 10−5γ

Case (c) 10−1γ 10−1γ 10−1γ

aThe frequency instabilities are evaluated using the same set of
parameters given in Table II, except for the thermal sensitivities of
the birefringence phase shift 	φ, which are 83 rad/K, 16 rad/K, and
3.5 rad/K for LT, ADP, and KDP crystals, respectively [51,52]. The
residual thermal fluctuation of the EO crystals is assumed to be 1 mK.

consisting of both the reflection at the front surface of the cavity
and a leakage field. The interference between these two fields
results in the largest contribution [Eq. (28)] that is not present
in the RAM sensing path and therefore cannot be removed
by active control. Consequently, the parasitic étalon located
between the quarter-wave plate and the cavity should be
avoided in the first place. One of the potential parasitic étalons
of this category is the optical window on the vacuum chamber
housing the cavity. In addition to antireflection (AR) coatings
and wedged or tilted components, one can also rearrange the
optical layout to bring the offensive optical components out
of the path between the quarter-wave plate and the cavity
[26], converting the unwanted étalons to manageable ones that
belong to case (b).

To examine the contributions solely from the étalon effect,
we set the polarization angles α,β to zero and calculate the
corresponding frequency instabilities, which are given in the
last column of Table II. In cases (b) and (c) the achievable
frequency stabilities are on the same level with those obtained
by implementing the active control scheme, indicating that the
active control has removed the contribution from the crystal
birefringence, leaving only the étalon effect untouched.

Without active control, the RAM-induced frequency insta-
bility depends on the type of the EO crystal. The relevant
result for MgLN crystal can be found in Table II, and Table III
adds corresponding frequency instabilities for LiTaO3 (LT),
NH4H2PO4 (ADP), and KH2PO4 (KDP) crystals, all of which
are assumed to experience a 1-mK thermal fluctuation in the
calculation. Among the four crystals, the frequency instability
with LT is relatively large, whereas KDP contributes the
smallest instability in cases (a) and (b). When the active control
is adopted, the residual RAM is dominated by the étalon
effect and therefore the corresponding frequency instability
(cf. Table II) is the same for different EO crystals.

However, it should be noted that the theoretically predicted
performance may not be fully realized in practice because
the fidelity of the detected RAM can be degraded by several
factors such as the uncorrelated front-end electronic noises in
different feedback control loops, the hidden parasitic étalons
outside the optical path shared by the RAM detection and
frequency locking, and the inhomogeneous spatial RAM
distribution [19,28]. Nevertheless, the effectiveness of the
active control can be improved by optimizing the optical
alignment, reinforcing the mechanical structure, and avoiding
aperture stops in the optical path.
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The above analysis concentrates on three representative
cases of a single étalon. Although not covered in the present
discussion, multiple and distributed parasitic étalons can
be quantitatively analyzed in a similar manner to expedite
the identification and elimination of the most significant
contributions.

C. Parasitic étalons strongly coupling with the
frequency-locking cavity

In the above analysis the parasitic étalons do not couple
with the optical cavity, an assumption that is valid in most
situations where optical components can be deliberately tilted
to misalign the parasitic étalons. However, some special optical
configurations are more prone to a strong coupling. Figure 7
illustrates such an example in which the input and output
surfaces of a high-finesse optical cavity are possible sources
of parasitic étalons that are coaxial with the optical cavity. In
practice, strict parallelism is avoided for the two end surfaces of
the mirror substrate and AR coatings with residual reflectance
below 0.001 are used. Nevertheless, a quantitative analysis for
the strong-coupling case is still desirable in order to not only
evaluate the frequency instability for existing systems but also
assist in designing the ultrastable optical cavities.

To proceed we consider two possible configurations in
which either the input or output surface couples with the
two high-reflecting surfaces in a high-finesse optical cavity
(cf. Fig. 7), forming a three-mirror cavity. Equation (2) can
still be used to calculate the PDH error signal by noting that
the F (ω) is the three-mirror-cavity transfer function, which
is derived by using the method detailed in Ref. [48]. Due to
the increased complexity of the transfer function, numerical
calculations are performed to obtain the worst-case estimation

(r1, t1) (r2, t2)

rin, tin

Min

(1) Incident surface Min couples with the cavity

(2) Output surface Mout couples with the cavity

rout, tout

Mout

M1 M2

FIG. 7. (Color online) Parasitic étalons in a high-finesse optical
cavity. Two possibilities are considered in the main text; i.e., either (a)
the input surface (Min) or (b) the output surface (Mout) couples with
the two high-reflecting surfaces (M1 and M2) to form a three-mirror
cavity. The transfer functions of the resulting three-mirror cavities are
obtained in a recursive manner [47]. First, two neighboring mirrors
are selected to form a cavity, which is then treated as an effective
mirror, using the reflection and transmission of the newly formed
cavity. Then this process is repeated for the effective mirror and the
third mirror to obtain the transfer function of the three-mirror cavity.

TABLE IV. The parameters used in the numerical calculation for
a reflecting surface coupling with the high-finesse cavity.a

Reflectance and transmittance R = 0.999982, T = 3.2 ppm

FSR FSR = 1.5 GHz
Contrast C = 33%
Normalized discrimination slope

D1 = 2.79 × 10−5
[D/4E2

0Goe; see Fig. 4(a)]
Thickness of the mirror substrates Le = 5 mm
Reflectance of the input surface Rin = 0.001

aOther parameters are the laser wavelength of 1064 nm, the
modulation frequency of fm = 10 MHz, the demodulation phase of
φmod = 90◦, and the polarization angles of α,β = 3◦.

of the resultant frequency instability based on a set of
typical experimental parameters, which are listed in Table IV.
Moreover, we separately evaluate the contributions from the
étalon effect and the crystal birefringence by introducing a
1-mK thermal fluctuation on the mirror substrate while keeping
the temperature of the EO crystal constant and vice versa. The
result of the second configuration (the output surface couples
with the cavity) is similar to that of the first one and is omitted
in the following discussion.

Table V gives the frequency instability caused by the
thermal fluctuation of the mirror substrate. In the calculation
the reflectance of the input surface is Rin = 0.001 and the
birefringence phase shift is fixed to 	φ = 2◦. When the laser
is locked to the optical cavity, the RAM-induced frequency
shift exhibits approximately sinusoidal dependence on the
FSR of the parasitic étalon with a maximum slope of 6.86 ×
10−5 Hz/Hz, leading to a worst-case frequency instability on
the order of ∼10−17 mK−1 for both ultra-low expansion glass
(ULE) and fused silica substrates. This frequency instability
is due primarily to the thermal dependence of the refractive
index of the mirror substrate.

The calculation shows that in this coupled case the fre-
quency shift also has an approximately sinusoidal dependence
on the birefringence phase shift 	φ. Table VI gives the
frequency instabilities induced by the change in the phase shift
	φ when the EO crystal (MgLN) experiences a 1-mK thermal
fluctuation. In the calculation the maximum susceptibility
(Table V) to the phase shift 	φ is chosen to obtain the worst-
case estimation, which shows a relatively large frequency
instability of ∼10−16 mK−1 compared with the contribution
from the étalon effect.

The above calculations indicate that in the worst case the
parasitic étalons within a high-finesse optical cavity pose a
potential barrier for obtaining ultrastable lasers with 10−16-
level frequency stability. As a countermeasure and in addition
to high-performance AR coatings, a wedge angle for both the
input and output mirrors may be necessary to further suppress
the interference inside each mirror substrate.

V. CONCLUSION

The RAM originating from the birefringence of the EO
crystal and the parasitic étalon is systematically investigated
to evaluate their impact on ultrastable lasers referenced to
high-finesse optical cavities. By deriving the PDH signal under
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TABLE V. Frequency instability (fractional) caused by the thermal fluctuation of the mirror substrate when a parasitic étalon strongly
couples with the cavity.a

ULE substrate Fused silica substrate

Coefficient of thermal expansion 1 × 10−8 K−1 5 × 10−7 K−1

Refractive index 1.48 1.45
Thermal coefficient of the reflective index 1.1 × 10−5 K−1 9.6 × 10−6 K−1

RAM-induced frequency instability 3.6 × 10−17 mK−1 3.4 × 10−17 mK−1

aThe AR-coated surface (residual reflection Rin = 0.001) of the input mirror couples with the two high-reflecting surfaces of the cavity. The
thickness of the mirror substrate is Le = 5 mm (FSR = 20 GHz). The birefringence phase shift is fixed to 	φ = 2◦.

the influence of the birefringence of the EO crystal, it is
verified that birefringence-induced RAM in the PDH error
signal is the same as what is detected before light enters
the cavity except for a constant scaling factor related to the
reflection contrast of the cavity. The overall effect caused
by the birefringence of the EO crystal and a parasitic étalon
is analyzed by considering three representative locations of
the parasitic étalon in the frequency-locking system. The
corresponding RAMs and resultant frequency instabilities
are evaluated, allowing comparisons among three approaches
of (1) passive stabilization, (2) active RAM control, and
(3) eliminating one of the two birefringent beams. We also
discussed a special case that an étalon strongly couples with
the frequency-locking cavity. When a parasitic étalon with
reflecting surface of R = 0.001 couples with the optical
cavity, the fractional frequency instabilities due to the thermal
fluctuations of the EO crystal and the substrate are evaluated
to be on the orders of 10−16 and 10−17 mK−1, respectively.

Based on the previous and current analyses, a series
of measures can be adopted for coping with the RAM-
related instability. Firstly, improving the contrast of the cavity
reflection will definitely lead to a reduced susceptibility to
RAM [28] and other measurement noises [49]. Furthermore,
in most situations, RAM can be monitored separately before
the light enters the cavity and feedback control can be adopted
to suppress RAM. However, if a parasitic étalon is located
in places between the quarter-wave plate and the cavity, it
induces a relatively large frequency instability that cannot
be suppressed by the active control and therefore the étalon
has to be avoided. In summary, the active control of RAM
using a separate detection path is an effective approach to
suppress RAM with minor modifications to the existing optical

TABLE VI. Frequency instability (fractional) caused by the
birefringence phase fluctuation of the EO crystal (MgLN) when a
parasitic étalon strongly couples with the cavity.a

Polarization angles α,β = 3◦ α,β = 1◦

Temperature dependence
8 rad/K 8 rad/Kof 	φ [19]

Maximum susceptibility
33.4 Hz/rad 3.8 Hz/radto 	φ

RAM-induced
9.5 × 10−16 mK−1 1.1 × 10−16 mK−1

frequency instability

aThe AR-coated surface (residual reflection Rin = 0.001) of the input
mirror couples with the two high-reflecting surfaces of the cavity. The
length of the EO crystal is 35 mm.

layout. To reach its full potential, the differential effects
in the RAM sensing and frequency-locking paths should
be kept as low as possible. It should be also noted that
an alternative method has already been adopted to spatially
separate the two polarization components in the EO crystal
and subsequently use only one component to perform the
frequency locking [34,35]. Nevertheless, in this approach the
effect of the parasitic étalons and the possibility of additional
RAM-inducing process remain to be further analyzed.

The theoretical models developed thus far allow systematic
investigations on RAM-related effects in the development of
ultrastable optical oscillators with 10−17-level stability for
the next-generation optical clocks. Moreover, similar analyses
are beneficial to the performance evaluation and optimization
in many other research areas such as high-precision laser
spectroscopy and laser interferometry in which the frequency
modulation technique is widely adopted.
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APPENDIX A: OUTPUT OF AN OPTICAL COMPONENT
INTERROGATED BY A PHASE-MODULATED LIGHT

WITH IMPRINTS OF THE BIREFRINGENCE
OF THE EO CRYSTAL

When a phase-modulated light described by Eq. (1) is used
to interrogate an optical component, in the time domain the
output field is a convolution of the input field and the response
of the optical component, i.e.,

Eout = EEOM ⊗ f (t). (A1)

The convolution gives, on substituting from Eq. (1),

Eout = EEOM ⊗ f (t) = Eo + Ee

= E0

+∞∑
n=−∞

F (ω + n�)
(
aeiφoJ o

n + beiφeJ e
n

)
ei(ω+n�)t ,

(A2)

where(
Eo

Ee

)
= E0

(
aeiφo

beiφe

) +∞∑
n=−∞

F (ω + n�)

(
J o

n

J e
n

)
ei(ω+n�)t , (A3)

and F (ω) is the Fourier transform of f (t).
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A subsequent photodetection generates a current that is
proportional to the power of the output light, which can be
decomposed to

EoutE
∗
out = EoE

∗
o + EeE

∗
e + EoE

∗
e + E∗

oEe, (A4)

where the first two terms on the right-hand side produce the
standard PDH error signal and the remaining cross terms give
rise to the amount of RAM originating from the birefringence
of the EO crystal. Here, we consider the case that the signal
is demodulated at the fundamental frequency. By using
Eq. (A3), the photocurrent is derived and it consists of a
dc component and a rf signal oscillating at the modulation
frequency, which can be written as

I = Idc + I�
ac, (A5)

Idc = E2
0

+∞∑
n=−∞

[(
aJ o

n

)2 + (
bJ e

n

)2 + 2abJ o
n J e

n cos 	φ
]

× |F (ω + n�)|2, (A6)

I�
ac = 2E2

0

{
Re[AF (ω)F ∗(ω + �) − A∗F ∗(ω)F (ω − �)]

× cos �t+Im[AF (ω)F ∗(ω+�)−A∗F ∗(ω)F (ω−�)]

× sin �t + Thigh}, (A7)

where

A = a2J o
0 J o

1 + b2J e
0 J e

1 + ab
(
J o

0 J e
1 + J e

0 J o
1

)
cos 	φ

− iab
(
J o

0 J e
1 − J e

0 J o
1

)
sin 	φ. (A8)

In arriving at the expressions (A6) and (A7), a unit gain of
the photodetection is assumed.

APPENDIX B: THE SIMPLIFIED PDH SIGNAL FOR A
HIGH-FINESSE CAVITY WITH FAST MODULATION

In contrast to a low-finesse cavity, the transfer function
of a high-finesse cavity varies rapidly only near its resonances
(γ � 	νFSR, where γ and 	νFSR are the linewidth and FSR of

the cavity). When the frequency detuning 	ω is much smaller
than the free spectral range of the cavity (	ω � 2π	νFSR),
the reflectance of the cavity [Eq. (6)] can be approximated as

Fr (ω) ≈ 2r2
1 + t2

1

2r1
− t2

1 (1 + r1r2)

2r1(1 − r1r2)

1

1 + (
	ω
πγ

)2

− i
t2
1 r2√

r1r2(1 − r1r2)

	ω/πγ

1 + (
	ω
πγ

)2 ,

	ω � 2π	νFSR. (B1)

In particular, when the laser frequency is tuned far from the
cavity resonance (	ω � 2πγ ), the reflectance is close to a
constant,

Froff = r1

(
1 + t1

2

2r1
2

)
. (B2)

When a fast modulation of � � 2πγ is considered, except
for the special case of � being the integer multiple of 2π	νFSR,
it is always satisfied that the two sidebands are far from the
cavity resonance as the carrier enters the envelope of the cavity
resonance. In this case the kernel of the generalized PDH signal
[Eq. (2)] can be evaluated using the approximation

AFr (ω)Fr
∗(ω + �) − A∗Fr

∗(ω)Fr (ω − �)

≈ Froff{2Im[AFr (ω)]i − A∗Fr (ω − �)

+ AFr
∗(ω + �) − 2FroffIm[A]i}. (B3)

Inserting Eqs. (B1) and (B3) into Eq. (2), the explicit expres-
sions for the PDH signal are derived and the results are given
by Eqs. (7) and (8) for the dispersion and absorption signals,
respectively. Note that at frequencies far from resonance, the
high-order term Thigh in Eq. (2) can be simplified to

Thigh = 2Froff
2[abJ1(M) sin 	φ − Im(A)] sin φ mod , (B4)

which only contributes to the dispersion term in the PDH
signal.

APPENDIX C: DEMODULATED RAM SIGNALS IN THREE REPRESENTATIVE CASES

To simplify the analysis but still retain their major effects, parasitic étalons in PDH-locking optics can be divided into
three categories according to their locations (cf. Fig. 5). By using Eq. (2) and the joint transfer functions given in Table I, the
RAM-generated signals in three cases can be derived. When the laser frequency is locked to the optical cavity, the signals in
cases (a) and (b) are separately given by

VRAMa ≈ − E0
2Goe sin φ mod FroffFr (ω0)Im[AFet (ω0)Fet

∗(ω0 + �) − A∗Fet
∗(ω0)Fet (ω0 − �)], (C1)

and

VRAMb ≈ − E0
2Goe sin φ mod FroffFr (ω0)Im

[
AFet

2(ω0)Fet
2∗

(ω0 + �) − A∗Fet
2∗

(ω0)Fet
2(ω0 − �)

]
. (C2)

In case (c) the signal consists of three parts:

VRAMc ≈ VRAMb + VRAMr + VRAMrt , (C3)

where the first term on the right-hand side is just the signal obtained in case (b), and the last two terms are given by

VRAMr ≈ − E2
0Goe sin φ mod Im[AFer (ω0)Fer

∗(ω0 + �) − A∗Fer
∗(ω0)Fer (ω0 − �)], (C4)

VRAMrt ≈ − E2
0Goe sin φ mod

{
FroffIm

[
AFer (ω0)Fet

2∗
(ω0 + �) − A∗Fer

∗(ω0)Fet
2(δω0 − �)

]
+ Fr (ω0)Im

[
AFet

2(ω0)Fer
∗(ω0 + �) − A∗Fet

2∗
(ω0)Fer (ω0 − �)

]}
. (C5)
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Here VRAMr is the contribution from the field directly reflected by the parasitic étalon and VRAMrt has its root of the interference
between the two fields that are, respectively, reflected by the parasitic étalon and the optical cavity.

As illustrated in Figs. 5(a) and 5(b), in an active control scheme the RAM is detected before light enters the optical cavity.
The demodulated signal in this separate path is

VRAMsep ≈ − E0
2Goe sin φ mod FroffIm[AFet (ω0)Fet

∗(ω0 + �) − A∗Fet
∗(ω0)Fet (ω0 − �)] = VRAMa/Fr (ω0), (C6)

which is just the signal in case (a) divided by the on-resonance cavity reflectance Fr (ω0).
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