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We investigate non-Markovianity measure using two-time correlation functions for open quantum systems.
We define non-Markovianity measure as the difference between the exact two-time correlation function and
the one obtained from quantum regression theorem in the Born-Markov approximation. Such non-Markovianity
can easily be measured in experiments. We found that the non-Markovianity dynamics in different time scale
crucially depends on the system-environment coupling strength and other physical parameters such as the initial
temperature of the environment and the initial state of the system. In particular, we obtain the short-time and
long-time behaviors of non-Markovianity for different spectral densities. We find that the thermal fluctuation
always reduce the non-Markovian memory effect. Also, the non-Markovianity measure shows nontrivial initial

state dependence in different time scales.
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I. INTRODUCTION

Born-Markov approximation [1-4], which ignores the
memory effects between the system and its environments, is
widely used in the study of open quantum systems. However,
in quantum information processing, many quantum devices
exhibit non-Markovian (memory) behaviors which prohibits
the use of the Born-Markov approximation. In particular,
non-Markovian memory effects are typically significant for
structured environments at low temperature in the strong
system-environment coupling regime. Various concepts of
non-Markovianity were introduced recently to define the
border between Markovian and non-Markovian quantum
evolution, although the very definition of non-Markovianity
is still a debated issue. Many different measures of non-
Markovianity have been proposed in the literature to quantify
memory effects in open systems, based on, for example, the
divisibility of the dynamical map [5-8], the distinguishability
of states [9-12], quantum entanglement [13—17], quantum
Fisher information [18-21], mutual information [22-25],
geometrical characterization [8,26], and the decay rate of
the master equation itself [27,28]. Predominately, almost all
these measures of non-Markovianity are introduced in terms
of mathematical quantities. Most of them do not directly
relate to physically measurable observables, although some
of them are experimentally measured through reconstruction
of the output state in terms of density matrix, using quantum
state tomography [11,29]. Also, some of these measures even
quantitatively diverge from each other [25,30,31].

Recently, a general theory of non-Markovian dynamics is
developed for open quantum systems of bosons (fermions)
interacting with a general bosonic (fermionic) environment
through particle-tunneling processes [32], where exact dy-
namics of open quantum systems is explored through the
nonequilibrium Green’s functions which account for all the in-
formation of non-Markovian back-action memory effects. The
relation between the exact master equation and the nonequilib-
rium Green’s functions manifests the fundamental importance
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of correlation functions in the description of the non-Markov
dynamics for open systems. Therefore, non-Markovianity
measure extracted from correlation functions in time domain
has a special significance. In particular, two-time correlation
functions are experimentally measurable. For example, the
two-time correlation functions of the electromagnetic field
emitted by an atom can be measured through fluorescence
spectrum [33]; the two-time correlation functions of the
number of emitted photons give the information about the
photon statistics and describe the behavior of photon bunching
and antibunching [34,35]; the two-time correlation functions
have also been measured in optical measurements [36—38] and
light-harvesting photosynthesis for testing the non-Markovian
memory effects [39]; and the two-time correlation functions
of the electric current through nanostructure devices are
used in quantum transport to study the current fluctuations
and noise spectrum [40—44]. Intuitively, two-time correlation
functions correlating a past event with its future provide
useful information about the system-environment back-action
processes revealing the non-Markovian memory effects.

In this paper we introduce a non-Markovianity measure us-
ing two-time correlation functions. In open quantum systems,
when the Born-Markov approximation [ 1-4] is valid, two-time
correlation functions can be calculated using quantum regres-
sion theorem where the memory effect is totally ignored. Our
non-Markovianity measure in terms of two-time correlation
functions is defined as the departure of the exact dynamics
of the two-time correlation function from the one obtained
through quantum regression theorem within the Born-Markov
approximations. Our definition of non-Markovianity measure
is valid for arbitrary finite temperature of the environment. We
also show that the non-Markovianity defined in this way is a
function of time and therefore the non-Markovianity measure
is a dynamical quantity, which is physically expected. Such a
non-Markovianity definition also depends crucially on various
systems and environment parameters and on the nature of
system-environment coupling. As a specific example, we take
an open system described by the famous Fano-Anderson model
[45,46]. Then the two-time correlation function we used to
define the non-Markovianity measure is just the first-order
coherence function in quantum optics, which can be easily
measured in experiments [1—4].
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The rest of the paper is organized as follows. In Sec. ITA
we consider the open system described by the Fano-Anderson
model, where we show that the exact two-time correlation
functions of system operators can be obtained through the
exact master equation associated with the nonequilibrium
Green’s functions [32]. In Sec. IIB we calculate the two-
time correlation function under Born-Markov approximation
using the quantum regression theorem. We define our non-
Markovianity measure in Sec. I C using two-time correlation
functions, where we also include a relative discussion of
our definition with other relevant non-Markovianity mea-
sure. In Sec. [ID we present the numerical results of the
dynamics of the non-Markovianity measure for different
system-environment coupling, different initial temperature of
the environment, and different initial states of the system.
Our results also show nontrivial interesting non-Markovian
features on the dependence of the system and environmental
parameters, in particular, the existence of both the short-time
and long-time behavior of the non-Markovianity. In Sec. III
we extend our definition of non-Markovianity measure to
general open quantum systems. A comparative study of the
non-Markovianity measure with other approaches is given in
Sec. III B. Finally, a conclusion is presented in Sec. IV.

II. THE NON-MARKOVIANITY MEASURE BASED ON
TWO-TIME CORRELATION FUNCTION

A. Two-time correlation function obtained from the exact
master equation

We consider an open system described by the famous Fano-
Anderson Hamiltonian [45,46]

H = hwya'a + Z hwkb,ibk + Z RVi(a by + ab,i), (1)
k k

where a' and a are the creation and annihilation operators of
a single frequency mode. A general non-Markovian environ-
ment is modeled as a collection of infinite modes, and b,i and
by are the corresponding creation and annihilation operators
of the kth mode with frequency wy. The parameter V; is the
tunneling amplitude between the system and its environment.
The model Hamiltonian (1) has wide applications in atomic,
photonic, and condensed matter physics [47,48].

We consider initially the environment be at thermal equilib-
rium. Tracing over all the environmental degrees of freedom
using the influence functional approach [49,50] in the coherent
state representation [51], the exact master equation of such
open systems has been derived [52-54]:

d o . i
E,O(t) =—iwyH)a'a,p(t)]

+ y(®)[2ap(t)a’ — a'ap(t) — p(t)a'al

+Plap(t)a’ + a'p(t)a — a'ap(t) — p(t)aa'l.
)

The time-dependent coefficients in the master equation are
fully determined by the nonequilibrium Green’s functions
u(t,ty) and v(¢,t), which satisfy the following equation of mo-
tion and the nonequilibrium fluctuation-dissipation theorem
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[32], respectively:

u(t,ty) + iwou(t,ty) + / drg(t,t)u(t,ty) =0, 3)

fo

t t+t
v(t,t+1) = f dn/ dnu(t,t)g(t,)u’( + 1,1).
to 0

4)

The integral kernels in Eqs. (3) and (4) characterize all the non-
Markovian back-action between the system and the reservoir,
and can be determined by the spectral density J(w) of the
reservoir through the relations g(#,7) = [, dwJ (w)e "¢~
and §(11,12) = [y dwJ(w)ii(w,T)e "=, where the spec-
tral density is defined by J(w)=)", |Vi|?8(w — wy), and
n(w,T) = m is the particle number distribution of the
bosonic reservoir.

The functions u(z,ty) and v(¢,f + t) are indeed related
to the two-time correlation functions ([a(r),a’(f)]) and
(at(t + v)a@)), respectively, which are the two basic nonequi-
librium Green’s functions in the Schwinger-Keldysh theory
[32]. These two-time correlation functions can also be calcu-
lated directly from the equation of motion approach [55,56].
In fact, all two-time correlation functions of system operators
can be constructed in terms of the above nonequilibrium
Green’s functions. For example, as we have shown in our
previous works [53,57], the exact two-time correlation func-
tion (af(f)a(t + 7)) can be expressed in terms of u(t,fy) and
v(z,t + 1) as follows:

(@'ha(t + ) =u*(t,t)nto)u(t + t,0)+v*(t,t + 7). (5)

The exact analytic solution of the
equation (3) is recently given in [32],

integrodifferential

J(w)e iet=10)
[0 — @y — A + yH @)’
(6)
where A(w) =P fooo dw’i%), is a principal-value integral and
y(w) = 7w J(w), which are the real and imaginary parts of the

self-energy correction to the system induced by the system-
environment coupling,

. [e ]
u(t,tg) = Ze"‘“b(’_"))—f—/ dw
0

= Alw) F iy (o).

(7

The first term in Eq. (6) is the contribution of the dissipa-
tionless localized mode. The localized mode frequency wy, is
determined by the pole condition w, — wy — A(wp) = 0, and
Z=[1- E/(a)b)]*1 corresponds to the residue at the pole,
which gives the amplitude of the localized mode. Thus, the
two-time correlation functions can be exactly calculated from
the exact solution of Eq. (6) through Eq. (4).

oo J /
S(w £i0%) =/ dw’—(w).
0 w—o il

B. Two-time correlation functions in Born-Markov
approximation using quantum regression theorem

Two-time correlation functions can also be calculated
through the quantum regression theorem [2] in the Born-
Markov approximation, if one ignores the back-action or

062306-2



NON-MARKOVIANITY MEASURE USING TWO-TIME ...

memory effect. Quantum regression theorem states that
evolution equations of the two-time correlation functions of
system observables is the same as the evolution equation for
single-time expectation values of the observables, which is
usually valid within the Born-Markov approximation [2]. The
single time expectation values of a complete set of system
operators O; can be calculated using the Born-Markovian
(BM) approximated master equation

A A a A
5, 00i0) = Trs [Oi(o)gp(t)} = Xi:Mij(t)(Oj(t»a ®)

where the evolution matrix elements M;; are determined from
the BM approximated master equation (for more detailed
derivation, see Appendix A or Ref. [2]).

According to quantum regression theorem, the evolution
equation (8) for single-time expectation values is also valid
for the two-time correlation functions

0 A N ~ N
5(01(1)01‘0 +1) = ;Mij(f)(ol(t)oj(t +). 9

The operator O; can be any system operator, not necessarily
one of the {Oi }, and M;;(7) is the same matrix given in Eq. (8).

The BM approximated master equation for the open system
of Eq. (1) is well known in the literature [2] and it has the
same form as the exact master equation (2) for the system
considered in Sec. II A. Thus, the coefficients in the BM
master equation can also be derived from the exact master
equation (2) using a perturbation expansion up to the second
order [52]. The result is

y(@) — y@) = ftdr/oodwf(w) cos[(w — wo)(t — 7)1,
S (10)
V() — y()
~ 2 f dr / " de0J (@), T) cosl(@ — wo)t — )],
S (11)

wy(t) = wy(t)
~ wo—/dI/ dwJ(w)sin[(w — wy)(t — 1)], (12)
0 0

which is consistent with the results in Ref. [2]. Using the BM
approximated master equation, one can obtain the evolution
matrix M;;(tr) in the complete set of system operators
(a,at, ata, 1):

B(r) 0 0 0
o @ 0 0

MO=106 o 20 7of
0 0 0 0

where B(t) = —[y(t) + iw;(1)]. Hence, the particle number
(a'(t)a(t)) calculated from the BM master equation satisfies
the following equation:

d
Ew (Oa®))pm = =2y ) {a'(Oa))pm + 7). (14)
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By choosing the operator O; = a' in Eq. (9), the evolution
equation for the two-time correlation function (a'(t)a(t + 1))
based on quantum regression theorem is given by

0
a—<aT (a(t + 7))pm
T

= —ly(®) +ioy@la'Oat + D)em,  (15)

which can be solved explicitly with the solution
(@!(alt + D))pm = (@l (Da(D)gue 7 EOHAEMT - (16)

In the next subsection we will use the exact two-time
correlation function and the one obtained in the BM
approximation to define the non-Markovianity measure.

C. Definition of non-Markovianity and its measure

Our definition of the non-Markovianity measure quantifies
the departure of the exact dynamics of two-time correlation
function from the one obtained in the BM approximation.
Thus, non-Markovianity measure in terms of two-time corre-
lation functions is given by

N(t,7) = |C(t,7) — Cpm(t, 7], 7)

where C(t,7) and Cgp(f,7) are the first order coherence
functions in terms of two-time correlation functions for the
exact and BM dynamics, respectively,
f(t)a(t
Cltr) = {(a'(t)a(t + 1)) (18)
Viaian)(ai(t + )a(t + 1)

and
(a'(Ha(t + 7))m

Cpm(t,7) = = .19
Viat@a@))pmla’(t + t)alt + v))pum

Here (af(t)a(t)) and (a'(t)a(t))sm can be calculated simply
from Egs. (5) and (16) by setting T = 0. In other words, we
take Cpwm(f,7) as a reference point to account for the non-
Markovianity of the open system dynamics.

Based on this definition (17), it is clear that such a non-
Markovianity can be directly measured in experiments through
the measurement of the exact two-time correlation function
or more precisely the first order coherence function C(¢,7).
Meantime, the two-time correlation functions are given for
arbitrary finite temperature of the environment. Hence the non-
Markovianity measure defined in Eq. (17) takes into account
the proper temperature dependence, which will be explicitly
described in Sec. II D. Our non-Markovianity measure is also
an explicit function of time. Physically, this must be the case
because non-Markovianity characterizes the memory effect
which must be time dependent in general. It is also clear from
the analytical expression (17) through Eq. (5) that this non-
Markovianity measure N (¢,7) depends on the initial state of
the system. This initial state dependence is indeed expected as
a typical non-Markovian memory effect.

Here we should also point out that a relative relation
between non-Markovianity and quantum regression theorem
has been recently discussed by Guarnieri et al. [31], with
applications to pure dephasing models. In their work, the pos-
sible connection between non-Markovianity and the validity
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of quantum regression theorem is explored through a relative
error defined by

7 — |1 - fA@)BE))g 20)

(A(ZZ)B(II»exc '

where (A(t2)B(t())qr is the two-time correlation function
calculated from quantum regression theorem using the exact
master equation, and (A(#)B(f))exc 1S the exact two-time
correlation function. Notice that the two-time correlation
function (A(#;) B(t1))qn obtained from the exact master equa-
tion through the quantum regression theorem is in general
inadequate. This is because quantum regression theorem is
based on a crucial assumption that the total density operator of
the system plus environment must be approximately factorized
and the environment must always remain in the initial state at
an arbitrary time, namely

Prot(1) = p(1) & pe(to). 2L

The detail derivation of this condition is given in Appendix A
(also see Ref. [2]). For non-Markov evolution based on the
exact master equation, the condition of Eq. (21) cannot be
satisfied in general and therefore the two-time correlation
functions calculated from such a naive quantum regression
theorem is often inadequate.

To show this inadequacy explicitly, let us apply the
inadequate quantum regression theorem used in Ref. [31] to
our exact master equation (2). It is straightforward to show
(see Appendix B) that the two-time correlation function based
on such a quantum regression theorem is given by

(@' ()alt + 1))gn = u*(t,to)n(to)ult, to)u(t,to)
+ v(t,)u(t,tp). (22)

This result is different from Eq. (5) which is exact, it is also
different from Eq. (16) which is the two-time correlation func-
tion in the BM approximation. Thus, the two-time correlation
function of Eq. (22), if it is applicable, may contain partial non-
Markovianity, and therefore cannot be used as a reference point
for non-Markovianity measure. We consider the two-time
correlation calculated in the BM approximation through the
quantum regression theorem because the Born-approximation
ensures that quantum regression theorem is valid, while the
Markov approximation ensures that the obtained two-time
correlation function contains no memory effect.

D. Results and discussion

In order to evaluate explicitly the two-time correlation
functions and the non-Markovianity measure N (¢,7), we need
to specify the spectral density J(w) of the environment. In the
following we consider the Ohmic-type spectral density which
can simulate a large class of thermal bath [58]

s—1
J(w) = na)(3> el (23)
We
where n is the coupling strength between the system and
the environment, and . is the frequency cutoff of the
environmental spectra. When s = 1, <1, and >1, the corre-
sponding environments are called as Ohmic, sub-Ohmic, and
super-Ohmic in the literature, respectively. With the spectral
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FIG. 1. (Color online) The non-Markovianity measure N(¢,7) is
plotted as a function of v with # = 0 at a fixed temperature (T =
1 K) for different system-environment coupling strengths: n = 0.1,
(black dotted line), n = 0.5, (blue dashed line), n = 1.0n. (dashed
double-dotted red line), n = 1.2n,. (dashed dotted violet line), and
n = 1.5n, (solid green line). Four different spectral densities are
considered (a) sub-Ohmic (s = 1/2) (b) Ohmic (s = 1), (c) super-
Ohmic (s = 2), and (d) super-Ohmic (s = 3) for the bosonic reservoir.
The other parameters are taken as wy = 10 GHz, w. = 5wy, and
n(ty) = 1.

density specified, the Green’s function u(t,f) and v(z,t + 1)
are determined by Egs. (3) and (4). The non-Markovianity
measure can then be calculated from Eq. (17) through the
two-time correlation functions of Egs. (5) and (16).

In Fig. 1 we plot the non-Markovianity measure N (¢,T)
as a function of time t for different system-environment
coupling strengths 7 at a fixed initial temperature 7 = 1 K. For
simplicity, we also set t = 0. The non-Markovianity measure
is examined for different spectral densities with s = 1/2
[Fig. 1(a) for sub-Ohmic], s =1 [Fig. 1(b) for Ohmic],
s = 2 [Fig. 1(c) for super-Ohmic], and s = 3 [Fig. 1(d) for
super-Ohmic]. Different curves represent different coupling
strengths, namely n = 0.1n,. (black dotted line), n = 0.57,
(blue dashed line), n = 1.0n. (dashed double-dotted red line),
n = 1.2n, (dashed dotted violet line), and n = 1.5, (solid
green line). Here 1, is the critical coupling strength [32]
for the occurrence of the localized mode given in Eq. (6),
with frequency w, located in w <O when the coupling
strength exceeds the critical value 1, = wo/[w.I'(s)], where
') = fooo dxx*~'e™* is the gamma function. Notice that
the renormalized frequency wj, of the open system in strong
coupling regime is negative, but the total energy remains
positive definite within our exact master equation formalism.
We observed that for spectral densities with s < 2 and
when the coupling strength is below the critical value [see
black-dotted and blue-dashed curves in Figs. 1(a)-1(c) for
n < n.], the non-Markovianity measure increases very fast and
approaches a maximum value in a very short time scale, and
then decays asymptotically to zero. This indicates that when
the system-environment coupling is weak (n < 7.), the non-
Markovianity dynamics only shows a short-time behavior, as
was pointed out by Caldeira and Leggett in quantum Brownian
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motion [50]. For stronger coupling strengths (n > n.), the
non-Markovianity dynamics is significantly different, and we
find that the non-Markovianity measure tends to approach
a saturated value in the long-time limit after a few slow
oscillations [see dashed-dotted-violet and solid-green lines in
Figs. 1(a)-1(c)]. This behavior of non-Markovianity dynamics
is contributed from the localized mode given by the first term
in Eq. (6). This corresponds to the localized-mode-induced
dissipationless dynamics discovered recently in [32], as a
long-time non-Markovian behavior.

For super-Ohmic case with s > 2, the above short-time and
long-time behavior of non-Markovianity dynamics is slightly
changed. In this case, for weak coupling n < 7., the decay
rate of the non-Markovianity measure becomes very slow [see
Fig. 1(d)], where the non-Markovianity measure is calculated
up to wot ~ a few thousands. This result is quite different
from the case of s < 2 where the non-Markovianity measure
already decays to zero at wyt ~ few hundreds or less. This
slow decay for s > 2 was discussed long time ago in Ref. [59],
but in Ref. [59] such a delayed damping was interpreted as an
undamped process and that the system would never go to its
equilibrium for s > 2. This interpretation is not fully correct.
As we can see from the black-dotted curve and the blue-dashed
curve in Fig. 1(d), it shows that the non-Markovianity measure
damps very very slowly but will eventually decay to zero, so
that the system will approach equilibrium after a very long
time. However, the system will not approach equilibrium only
in the strong-coupling regime (n > 7n.) when the localized
mode has significant contribution [32,60-62]. In this case,
the non-Markovianity dynamics will show the true long-time
behavior, namely the memory effect will be kept forever.
This is given by the dashed-dotted-violet curve (n = 1.2n.)
and solid-green curve (n = 1.57n.) of Fig. 1(d), where the
non-Markovianity measure reaches a finite saturated value
in the long-time limit. To sum up, in Fig. 1 we show the
existence of both the short-time and long-time features of
non-Markovianity dynamics for different system-environment
coupling strength.

In Fig. 2 we discuss the temperature dependence of
the non-Markovianity dynamics using two different type of
coupling strengths: a weak coupling n = 0.57, [see Figs. 2(a),
2(c), 2(e), and 2(g)] and a strong coupling n = 1.5n, [see
Figs. 2(b), 2(d), 2(f), and 2(h)]. The temperature dependence
of the non-Markovianity originates from the particle number
distribution 7(w,T) and nonequilibrium thermal fluctuation
v(t,t + 1) involved in the two-time correlation functions of
Eq. (5). We plot again the non-Markovianity measure for
different spectral densities with s = 1/2 [Figs. 2(a) and 2(b)
for sub-Ohmic], s = 1 [Figs. 2(c) and 2(d) for Ohmic], s = 2
[Figs. 2(e) and 2(f) for super-Ohmic], and s = 3 [Figs. 2(g) and
2(h) for super-Ohmic], where the temperature dependence of
non-Markovianity is given for T = 1 K (solid blue line), T =
5 K (red dashed line), and T = 50 K (green dotted line). When
the coupling strength is weak (n < n.), non-Markovianity
dynamics still shows a short-time behavior as expected but
it takes longer time to decay to zero at low temperature [see
solid blue curves in Figs. 2(a), 2(c), and 2(e) for T = 1 K].
For a higher temperature, the magnitude of non-Markovianity
decays much faster [see green-dotted curves in Figs. 2(a), 2(c),
and 2(e) for T = 50 K]. This indicates that the non-Markovian
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FIG. 2. (Color online) Temperature dependence of
non-Markovianity measure is shown as a function of t at
three different temperatures: 7 = 1 K (solid blue line), T =5 K
(red dashed line), and T = 50 K (dotted green line) with two type of
coupling strengths: (a), (c), (e), and (g) weak coupling (n = 0.5n.)
and (b), (d), (f), and (h) strong coupling (n = 1.57.). Four different
spectral densities for the bosonic environment are considered: (a)
and (b) sub-Ohmic (s = 1/2), (c) and (d) Ohmic (s = 1), (e) and
(f) super-Ohmic (s =2), and (g) and (h) super-Ohmic (s = 3).
The other parameters are taken as wy = 10 GHz, w. = 5wy, and
n(ty) = 1, with a fixed value of t = 0.

memory effect is lost faster when temperature is higher. In
stronger coupling regime (1 > 7.), non-Markovianity measure
also tends to approach a steady value in the long-time limit
due to the localized mode contribution but the magnitude
of this stationary values of non-Markovianity become higher
for lower temperature of the environment [see Figs. 2(b) and
2(d)]. This shows that in both the weak and strong coupling
regimes, thermal fluctuation always reduce the non-Markovian
degree. It may be worth pointing out that in the calculation
of the two-time correlation function including the thermal
particle fluctuation, one should take a sufficient value of the
environment temperature 7 such that the environment contains
at least one more particle. Otherwise, the thermal fluctuation
contribution is not so meaningful.
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FIG. 3. (Color online) Initial state dependence of non-
Markovianity measure is shown as a function of 7 for three different
n(ty): n(tg) =1 (solid blue line), n(ty) = 10 (red dashed line),
and n(t)) =50 (green dotted line) with two type of coupling
strengths: (a), (c), (e), and (g) weak coupling (n = 0.5n.) and
(b), (d), (f), and (h) strong coupling (n = 1.5n.). Four different
spectral densities for the bosonic environment is investigated: (a)
and (b) sub-Ohmic (s = 1/2), (c) and (d) Ohmic (s = 1), (e) and
(f) super-Ohmic (s =2), and (g) and (h) super-Ohmic (s = 3).
The other parameters are taken as wy = 10 GHz, v, = 5wy, and
T = 1K, with a fixed value of t = 0.

In Fig. 3 we show the initial state dependence of non-
Markovianity measure. Here the different initial state is
characterized by different initial particle number n(#;). We
take n(tp) = 1 (solid blue line), n(#y) = 10 (red dashed line),
and n(ty) = 50 (green dotted line) in Fig. 3, with a fixed
temperature (7 = 1 K) of the environment for weak coupling
n = 0.5n, [see Figs. 3(a), 3(c), 3(e), and 3(g)] and strong
coupling n = 1.5n, [see Figs. 3(b), 3(d), 3(f), and 3(h)].
The non-Markovianity dynamics shows an explicit n(t)
dependence. We find that the magnitude of non-Markovianity
is enhanced as the initial particle number n(#) is increased
in the weak coupling regime (n < 5.), although the decay
time scale of the non-Markovianity looks similar for different
n(ty) [see Figs. 3(a), 3(c), and 3(e) for spectral densities with
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s < 2]. But this initial state dependence is only a short-time
behavior in the weak system-environment coupling regime.
However, for strong coupling ( > n.) with s < 2, we find that
the non-Markovianity shows an explicit long-time dependence
of the initial state, due to the existence of the localized
modes in the strong coupling regime [see Figs. 3(b) and 3(d)
for n = 1.55.]. Thus, the magnitude of non-Markovianity
measure increases in general, as the initial particle number
n(tp) increases. On the other hand, for a super-Ohmic case with
s > 2 in the weak coupling regime 1 < 1., a very slow decay
of the n(ty)-dependent non-Markovianity degree is observed
[see Fig. 3(g)]. In strong coupling regime, short-time dynamics
of non-Markovianity shows strong oscillations which is n(y)
dependent [see Fig. 3(h)]. Whereas the long-time steady value
of non-Markovianity does not significantly depend on n(tp).

III. EXTENSION TO GENERAL OPEN
QUANTUM SYSTEMS
A. Non-Markovianity measure for arbitrary open systems

We now extend the above definition of non-Markovianity
measure, based on two-time correlation function, to general
open quantum systems

(A(t1)B(t2))
J{A(t)B(1))) (A(t2) B(12))
(A(t1)B(12))BMm

— , (24
V(A1) B(t1))sm(A(t2) B(t2))Bm 9

N(Ilvh) =

where A and B are two physical observables of the system.
The exact two-time correlation function (A(#)B(#;)) can
be obtained from the experiment. For example, two-time
current-current correlation (i(#))i(#;)) in nanoelectronic sys-
tems is experimentally measured [44]. The two-time particle
number correlation (n(¢)n(f,)) for photonic systems is also
experimentally measured through photon bunching and anti-
bunching experiments [34,35]. In addition, two-time intensity
correlation functions have been experimentally measured
in optical measurements [36-38]. The two-time correlation
function (A(#)B(t;))gpm can be evaluated through the BM
master equation. Explicitly, for general open systems with the
system-environment coupling given by

Hy =Y (VaL:E| + V;,LIEy), (25)
ik

where Vj; is the arbitrary system-reservoir coupling, and L;
and E; are operators of the system and its environment,
respectively. Using BM approximation, one can derive the
Lindblad form of the memoryless master equation, as given in
standard textbook [63]

d - vij (1) .
() = —ilHg.p(O] + ; 5 2Lip(L]

—LILip(t) = p()LI L;1. (26)

Here Hy is the modified system Hamiltonian including the
Lamb shift, the decay rates y;;(¢) are obtained from the Fourier
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transform of the reservoir correlation functions:
o0
i) = / dwe™ (EJ(HE;(0)), @7)
0

where E;(t) =Y, Vire's' Exe="H5!. The BM approxima-
tion of two-time correlation function (A(#;)B(t;))gm can be
calculated using the quantum regression theorem based on
above master equation (26). Combining the experimental
measurement of the two-time correlation functions which is
regarded as the exact one with the theoretical calculation of
BM approximation of the corresponding two-time correlation
functions, one can finally obtain the non-Markovianity mea-
sure given by Eq. (24).

B. A comparative study of the non-Markovianity measure

Here we apply our definition of non-Markovianity measure
(24) for a two-level system coupled to a non-Markovian
dephasing environment, and compare our results with other
proposals of the non-Markovianity measure in the literature, in
particular, the non-Markovianity measure in terms of the trace
distance of a pair of quantum states [9,10] and divisibility of
the dynamical map [7,13]. The two-level dephasing model is
described by the Hamiltonian [63]

1
H = So00: +)_oxbibe+ ) o:(giby + giby).  (28)
k k

where w is the energy difference between ground state |0) and
excited state |1) of the two-level system. The time evolution
of the reduced density matrix of the two-level system is given
by the exact master equation in the Schrodinger picture [64]

d oy () .
Ep(t) = —T[UZ,PU)] + T[Uzp(t)az —p®], 29
where
T() = 4 / ” dod (@) coth <ﬁ—w) sin@n) 3
0 2 w

with J(w) =), |gk|28(w — wyr)and B = 1/kpT. We consider
the following Ohmic-type spectral density for this model

J(w) = nwe ™. (31)

The non-Markovianity measure based on the trace distance
[9-12] is given by D(pi,p2) = (1/2) Tr|p; — p2| (distin-
guishability between a pair of quantum states p; and p, of
the system). Markov processes try to continuously reduce the
distinguishability of physical states indicating a flow of infor-
mation from the open system to its environment. An increase
of D(p;(t),p2(t)) under a quantum process is interpreted as
a reversed flow of information from the environment back to
the open system, owing to the non-Markovian memory effect.
The time evolution of the trace distance between two states
for the above dephasing model is given by [65,66]

D(p1(1),p2(t)) = Va*> + |G(1)]*b]?, (32)

wherea = p!'(0) — p;'(0)is the difference of the excited state
populations and b = p[°(0) — p}°(0) is the difference of the
coherences of the two initial states. The function G (¢) is related
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FIG. 4. (Color online) We show 1 dependence of the trace dis-
tance D(p;(t),p2(t)) and dimensionless decay rate I'(#)/(2wp) in
(a;) and (ap), respectively, with a fixed temperature of the reservoir
kpT = 0.1wy. Different curves in (a;) and (a,) represent different
coupling strengths, namely n = 0.02 (blue dashed line), n = 0.05 (red
dashed dotted line), and n = 0.10 (solid green line). The temperature
dependence of the same quantities D(p,(t),0,(?)) and dimensionless
I'(t)/(2wy) are shown in (b;) and (by), respectively, with a fixed
coupling strength n = 0.1. Different curves in (b;) and (b,) represent
different temperatures, namely kz7T = 0.1wy (dashed violet line),
kpT = 0.2w, (dashed dotted black line), and kzT = 0.5w, (solid
cyan line). The cutoff frequency w. = Swy.

to the decoherence through the relation

G(t):exp{—iwot—fo drF(t)}. 33)

One can calculate the trace distance for a pair of initial states
witha = Oand |b| = 1 for which the growth of trace distance is
maximal [65]. In this case, it gives D(p;(¢),02(t)) = |G(t)|, as
shown from Eq. (32). Hence, the absolute value of the decoher-
ence function is equal to the trace distance D(p(z),02(t)) for
this model. Considering an Ohmic spectral density of Eq. (31)
with s = 1, the characteristic feature of the trace distance
dynamics is illustrated in Figs. 4(a;) and 4(b;). In Fig. 4(a;)
we show the dynamics of trace distance D(p;(t),p2(t)) with
varying coupling strengths. The trace distance (or the absolute
value of the decoherence function) decreases monotonically
and the rate of decay increases with the increase of coupling
strength 7 for a fixed value of temperature 7. The temperature
dependence of the trace distance is shown in Fig. 4(b;), where
an enhanced decay rate of the trace distance is observed for
increasing temperatures. For this Ohmic spectrum, one never
sees an increase of trace distance in any given time interval,
even if the coupling strength is increased or in a regime where
the reservoir temperature is very low. The non-Markovianity is
always zero according to the concept of trace distance [9—12].

Another widely used concept of non-Markovianity is
based on the divisibility condition [7,13], according to which
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the quantum evolution is Markovian if the corresponding
dynamical map is CP divisible (where CP stands for complete
positivity). The dynamical map &(¢,0) is defined to be divisible
if for all 7,7 > 0 the CP map ®(¢ + t,0) can be decomposed
by the two CP maps ®(¢ + t,t) and ®(¢,0) as follows:

Ot +1,0) = Ot + 7,0)D(1,0). (34)

Now, for this model, the exact dynamical map & given by the
time-local master equation (29) is divisible when the decay
rate I'(¢) is positive definite [9,66]. The negative decay rate
at any given time interval will imply a breakdown of the
divisibility condition. The quantum evolution will then become
non-Markovian according to this criterion. In Fig. 4(a;) we plot
the decay rate [I"(#)/2] for this dephasing model with varying
coupling strengths, while Fig. 4(b,) shows the temperature
dependence of the decay rate dynamics. Figures 4(a;) and
4(b,) indicate that the decay rate I'(#) remains positive for
varying coupling strengths and temperatures. Thus, for this
Ohmic spectral density (31), the dynamical map given by
the master equation (29) is always completely positive and
hence non-Markovian character of the dynamics never shows
up according to the divisibility criterion [7,13].

Now, we calculate the non-Markovianity measure using
our definition (24) based on two-time correlation function as
follows:

(o4 (H)o-(t + 7))
Voo (1) (ot + T)o_(t + 1))
{(o4(H)o_(t + T))BMm
V(o (o) pmu (o (t + T)o_(t + 7))BMm

N(l‘,l’) =

(35)

For =0, the exact two-time correlation function
(o4(t)o_(t + 1)) for this dephasing model [64] is given by

(o ()o_(t + 1)) = exp {—ia)ot —/tdt/r‘(t/)}(mra).
0
(36)

Note that although the physical origin of the two concepts of
non-Markovianity (in terms of trace distance and the two-time
correlation function) are very different, the mathematical
form of trace distance (33) and the two-time correlation
function (36) is exactly the same. Interestingly, for this
dephasing model, the exact master equation (29) is the same
as the BM master equation. Hence, one can apply quantum
regression theorem to this master equation (29) to obtain
the two-time correlation function (o (¢)o_(¢ + 7))pm under
BM approximation, which comes out to be same as the
exact two-time correlation function (o (t)o_(t + 7)) given by
Eq. (36). As aresult, the non-Markovianity vanishes according
to our definition (35). This agrees with the conclusion obtained
from Fig. 4 for other two approaches that there is no
non-Markovianity for the pure dephasing model in Ohmic
environment. In this case, the result also agrees with the result
in Ref. [31].

IV. CONCLUSION

To summarize, we have introduced a new definition of
non-Markovianity measure using two-time correlation func-
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tions. Our non-Markovianity measure quantifies the difference
between the exact two-time correlation function and the
one obtained in the Born-Markov approximation through the
quantum regression theorem. The Born-Markov dynamics
of the two-time correlation function completely ignores the
memory effect and therefore can be taken as a reference point
for measuring non-Markovianity. Such a definition of non-
Markovianity also takes into account the proper temperature
dependence given explicitly in two-time correlation functions,
and can be measured directly in experiments. We also find
that the degree of non-Markovianity is reduced in general
due to thermal fluctuations for hotter environments. Also, our
non-Markovianity measure is an explicit function of time. We
discover that, in general, non-Markovianity shows both the
short-time and long-time behavior, which crucially depends
on the system-environment coupling. The long-time memory
effect is the significant contribution of the localized mode
induced by the strong system-environment coupling. The
non-Markovianity measure also depends on the initial state
of the open system in different time scales, as a nontrivial
non-Markovian memory effect. Our approach of quantifying
non-Markovianity is applicable to the more general class of
open quantum systems interacting with a general environment.
Further experimental investigations are required to explore
these nontrivial dynamics of the non-Markovianity through
the measurement of two-time correlation functions.
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APPENDIX A: GENERALIZED QUANTUM REGRESSION
THEOREM UNDER BORN APPROXIMATION

Here we present a generalized quantum regression theorem
(also see Ref. [2]). The total density operator of the system plus
environment is governed by the quantum Liouville equation
in the Schrodinger picture

0 1
— Pwt(T) = = [H, por(T)], (A1)
0T ih
with a formal solution
prot(T) = €T pioy(0)e 71T (A2)

Consider an initial state py(0) of the total system to be
uncorrelated and the reservoir to be in a thermal equilibrium
state, that is,
—BHg
Pt(0) = p(0) ® pe(0),  pe(0) = ———7,  (A3)
TreBH:

where Hg = Zk hwkb}:bk and B8 = 1/kgT is the initial tem-
perature of the reservoir. In this case, if no nonlinear dynamics
is involved, tracing over all the environmental degrees of
freedom is easily carried out to obtain a time-local master
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equation in terms of the reduced density operator

9
8—,0(T) = L(1)p(7), (A4)
T

where p(t) = Trg[pwi(t)]. One can then calgulate the mean
values of a complete set of system operators O;, i = 1;2, e,
using Eq. (A4). The expectation value of an operator O; obey
the relation

(0i(0)L(T)p().  (AS)

0 A
—(0i(1)) = (0:(0)p(7)) =

ot

For each O; one can define

(0i0)L(T)p(D) =Y Myj(1)(0;(7)). (A6)
j

Then Eq. (AS) becomes

(0i(0)) = ZMU(T) (0j(1)). (AT)

ot

On the other hand, given two system operators O; and
0,, their two-time correlation function is defined more
conveniently in the Heisenberg picture,

(O (1) 03 (12)) = Trsgr [pf OF (1) OF ()] (A8)

Then going back to the Schrodinger picture through the
transformations

AH iHy oA iHG

O/ (1)) =e ™ Ore 7, (A9)

08 () =™ Ore T, (A10)
H iHt _iHt

Pt =€ " Prot()e™ 7, (A1)

alsotaking t; = t and f, = t + 7, and using the cyclic property
of trace, we obtain

A il A il
= Trsgr [O2e” 7 poi(t)Ore 7 |
= Trsek [OAszt,Ol(tvf)]v (A12)

(0f () 0F (t + 1))

where we have used the fact that the state of the total system
Prot(t) in the Schrodinger picture acted by the operator Oy
becomes a new state denoted by o 4, (£,0) = piot(t) Oy such

that
Pron6y(1.T) = €7 pig 5, (1. 0)e . (A13)
Now, if pi(7) is factorized as
Prot(t) = p(1) & pe(0), (Al4)
then
Priot,0,(t,0) = p, (1,0) ® p£(0), (Al5)

where pg, (¢,0) = p(t)él is the state of the system acted by
01 at time ¢. Thus, Eq. (A12) can be reduced to

(Of ()O3 (t + 1)) = Trs[ 02 Tre{pyg, 6, (1. 7))
= Trs[02p0,(1.7)].

with pg (£,7) = Tre{py, 0, T)}-

(A16)
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As one can see, Eq. (A15) for p 4,(7,0) obeys the same
initially factorized condition of Eq. (A3) for py(0), and the
formal solution (A13) for py ¢, (t,7) has the same form of
Eq. (A2) for pii(7). Thus, the master equation for py (7,7)
with respect to T must be the same as that for p(t), namely

9
=00, (1, T) = L(T)pp, (1,7). (A17)

ot
This gives

3, A A A
07007t + 1)) = (0:L(D)pg, (1,7). (A1B)
For O, we choose a complete set of system operators 0; so
that for each O;,

(0:(0)L(T)pp,(1.1)) = Y Mij(1)(0;p, (1.7). (A19)
J

Thus we reach

Z{O1 00/ 1 + 1) = Z My (0|0 007 (¢ + 1),

(A20)

This is the generalized quantum regression theorem, namely
the form of the evolution equation (A7) for single-time
expectation values is the same as that for the two-time
correlation functions (A20). Notice that Eq. (A15) is the well-
known Born approximation in the derivation of the perturbative
master equation up to the second order for system-environment
coupling. Thus, the above generalized quantum regression
theorem is only valid under Born approximation.

APPENDIX B: CALCULATING (a'(f)a(t + 7)) qut

Using the exact master equation (2), one can obtain the
evolution matrix M;;(t) of Eq. (A7) by calculating the single-
time expectation values of a complete set of system operators
(a,a’, n, and 1), where n = (a'a):

(1) 0 0 0
Mo =| ¢ ¥® 0 0 B1)
B 0 -2y 7o
0 0 0 0

where a(t) = —[y(7) + iwy(7)]. The time-dependent coeffi-
cients in the exact master equation (2) are explicitly given

by
, _ bl('(,[())
_ I/'l(‘[,t())
r@ = Re[u(r,ro)}’ )
Y(t) = 0(z,7) 4 20(z,7)y (7). (B4)

Now, naively applying generalized quantum regression the-
orem as done in Ref. [31] (this is indeed incorrect because
the exact master equation does not involve the Born approx-
imation), the evolution equation for the two-time correlation
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function (af(t)a(t + 7)) is given by

d .,
EW @®a(t + T))gn

= —[y() +ioym)Na'(at + 7)) gn

. u(t,tp) +
= ) (a'(®)at + 7))gn- (BS)

The exact solution of this equation is

(a®)a(t + 0)gn = n(O)u(z,10), (B6)

PHYSICAL REVIEW A 92, 062306 (2015)

where n(t) = (a'(t)a(t)), which is given by [52]
n(t) = v(t,t) + u*(t,t0)n(to)u(t, ). (B7)

Thus, the two-time correlation function naively using the
generalized quantum regression theorem is given by

(a'Oa(t + 0))gn = w1, t0)n(t0)u(t 10)u(r, )
+ v, 0)u(z, o). (B8)
This solution is not the exact two-time correlation function
given by Eq. (5) nor the result of two-time correlation

function obtained under the Born-Markov approximation, i.e.,
Eq. (16).
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