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Relativistic ponderomotive Hamiltonian of a Dirac particle in a vacuum laser field
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We report a point-particle ponderomotive model of a Dirac electron oscillating in a high-frequency field.
Starting from the Dirac Lagrangian density, we derive a reduced phase-space Lagrangian that describes the
relativistic time-averaged dynamics of such a particle in a geometrical-optics laser pulse propagating in vacuum.
The pulse is allowed to have an arbitrarily large amplitude provided that radiation damping and pair production
are negligible. The model captures the Bargmann-Michel-Telegdi (BMT) spin dynamics, the Stern-Gerlach
spin-orbital coupling, the conventional ponderomotive forces, and the interaction with large-scale background
fields (if any). Agreement with the BMT spin precession equation is shown numerically. The commonly known
theory in which ponderomotive effects are incorporated in the particle effective mass is reproduced as a special
case when the spin-orbital coupling is negligible. This model could be useful for studying laser-plasma interactions

in relativistic spin-1/2 plasmas.
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I. INTRODUCTION

In recent years, many works have been focused on incorpo-
rating quantum effects into classical plasma physics [1,2]. In
particular, various models have been proposed to marry spin
equations with classical equations of plasma dynamics. This
includes the early works by Takabayasi [3,4] as well as the most
recent works presented in Refs. [5—13]. Of particular interest
in this regard is the regime wherein particles interact with high-
frequency electromagnetic (EM) radiation. In this regime, it
is possible to introduce a simpler time-averaged description,
in which particles experience effective time-averaged, or
“ponderomotive,” forces [14—16]. It was shown recently that
the inclusion of spin effects yields intriguing corrections to
this time-averaged dynamics [17,18]. However, current “spin-
ponderomotive” theories remain limited to regimes where
(i) the particle de Broglie wavelength is much less than the
radiation wavelength and (ii) the radiation amplitude is small
enough so that it can be treated as a perturbation. These
conditions are far more restrictive than those of spinless
particle theories, where nonperturbative, relativistic pondero-
motive effects can be accommodated within the effectively
modified particle mass [19-23]. One may wonder then: is it
possible to derive a fully relativistic, and yet transparent, theory
accounting also for the spin dynamics and the Stern-Gerlach-
type spin-orbital coupling?

Excitingly, the answer is yes, and the purpose of this paper
is to propose such a description. More specifically, what we
report here is a point-particle ponderomotive model of a Dirac
electron [24]. Starting from the Dirac Lagrangian density, we
derive a phase-space Lagrangian (75) in canonical coordinates
with a Hamiltonian (76) that describes the relativistic time-
averaged dynamics of such particle in a geometrical-optics
(GO) laser pulse propagating in vacuum [25]. The pulse is
allowed to have an arbitrarily large amplitude (as long as
radiation damping and pair production are negligible) and, in
case of nonrelativistic interactions, a wavelength comparable
to the electron de Broglie wavelength. The model captures
the spin dynamics, the spin-orbital coupling, the conventional
ponderomotive forces, and the interaction with large-scale
background fields (if any). Agreement with the Bargmann-
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Michel-Telegdi (BMT) spin precession equation [26] is shown
numerically. The aforementioned “effective-mass” theory for
spinless particles is reproduced as a special case when the spin-
orbital coupling is negligible. Also notably, the point-particle
Lagrangian that we derive has a canonical structure, which
could be helpful in simulating the corresponding dynamics
using symplectic methods [27-29].

This work is organized as follows. In Sec. II the basic
notation is defined. In Sec. III the main assumptions used
throughout the work are presented. To arrive at the point-
particle ponderomotive model, Secs. IV-VII apply succes-
sive approximations and reparametrizations to the Dirac
Lagrangian density. Specifically, in Sec. IV we derive a
ponderomotive Lagrangian density that captures the average
dynamics of a Dirac particle. In Sec. V we obtain a reduced
Lagrangian model that explicitly shows orbital-spin-coupling
effects. In Sec. VI we deduce a “fluid” Lagrangian model
that describes the particle wave-packet dynamics. In Sec. VII
we calculate the point-particle limit of such “fluid” model. In
Sec. VIII the ponderomotive model is numerically compared
to a generalized nonaveraged BMT model. In Sec. IX the main
results are summarized.

II. NOTATION

The following notation is used throughout the paper. The
symbol “=" denotes definitions, “H.c.” denotes ‘“Hermitian
conjugate,” and “c.c.” denotes “complex conjugate.” Unless
indicated otherwise, we use natural units so that the speed
of light and the Plank constant equal unity (¢ = 2 = 1). The
identity N x N matrix is denoted by Iy. The Minkowski
metric is adopted with signature (+, — , — ,—). Greek indices
span from O to 3 and refer to space-time coordinates x" =
(x%,x) with x° corresponding to the time variable 7. Also,
9, = 3/3x" = (3,,V) and d*x = dt d*x. Latin indices span
from 1 to 3 and denote the spatial variables, i.e.,x = (x!,x2,x3)
and 9; = 9/dx’. Summation over repeated indexes is assumed.
In particular, for arbitrary four-vectors a and b, we have
a-b=a*b, =a’" —a-b and a’> =a-a. The Feynman
slash notation is used: ¢ = a,y", where y* = (y°,p) are
the Dirac matrices (see below). The average of an arbitary
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complex-valued function f(X,®) with respect to a phase
©® is denoted by (f). In Euler-Lagrange equations (ELEs),
the notation “Sa :” means that the corresponding equation is
obtained by extremizing the action integral with respect to a.

III. BASIC FORMALISM

As for any quantum particle or nondissipative wave [30],
the dynamics of a Dirac electron [24] is governed by the least
action principle §.A4 = 0, where A is the action integral

A= /£d4x, (1)

and £ is the Lagrangian density given by [31]

o= %[w“wm — @)y Y] — Fg Ay — Fmy. (2)

Here g and m are the particle charge and mass, ¥ is a complex
four-component wave function, and ¥ = vy is its Dirac
conjugate. The Dirac matrices y* satisfy

yiyl vyt = 2", 3)

where g"” is the Minkowski metric tensor. Hence,

db + bd = 2(a - b4, 4)
dd = a’ly, Q)

for any pair of four-vectors a and b. In this work, the standard
representation of the Dirac matrices is used:

0 _ ]12 0 _ 0 o
r=(o ) =50 e

where 0 = (0,,0,,0;) are the 2 x 2 Pauli matrices. Note that
these matrices satisfy

("= yOyryl. (7)

We consider the interaction of an electron with an EM field
such that the four-vector potential A has the form

A(€X,0) = Apg(€X) + Aose(€X, O). 8)

Here Ay (€X) describes a background field (if any) that is slow,
as determined by a small dimensionless parameter €, which is
yet to be specified. The other part of the vector potential,

Agsc(eX,0) = Re[Aosc,c(fx)e[@]’ 9

describes a rapidly oscillating EM wave field, e.g., a laser
pulse. Here Agscc(€X) is a complex four-vector describing
the laser envelope with a slow space-time dependence, and
® is a rapid phase. The EM wave frequency is defined
by w(exX) = —0,0, and the wave vector is k(ex) = V®©.
Accordingly, k* = —0*© = (w,k). We describe Ay within
the GO approximation [32] and assume that the interaction
takes place in vacuum. Then, the four-wavevector K satisfies
the vacuum dispersion relation

kK =0’ —Kk* =0, (10)
which can also be expressed as

k¥ =KL, = 0. (11)
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Furthermore, a Lorentz gauge condition is chosen for the
oscillatory field such that
9, AL, =0. (12)

0sc

In this work, we neglect radiation damping and assume
o' jw. <1, (13)

where @, =m is the Compton frequency and «’ is the
frequency in the electron rest frame. Then, pair production
(and annihilation) can be neglected. We also assume

1 1
= _— 1, 14
€ max(wl_ |k|€> < (14)

where 7 and £ are the characteristic temporal and spatial scales
of K, Apg, and Aggc,c. Using this ordering and the Lagrangian
density (2), we aim to derive a reduced Lagrangian density
that describes the ponderomotive (®-averaged) dynamics of an
electron accurately enough to capture the spin-orbital coupling
effects to the leading order in €. As shown in Refs. [33,34],
this requires that O(€) terms be retained when approximating
the Lagrangian density (2). Such reduced Lagrangian density
is derived as follows.

IV. PONDEROMOTIVE MODEL

In this section, we derive a ponderomotive Lagrangian
density for the four-component Dirac wave function.

A. Wave function parametrization
Consider the following representation for the four-
component wave function:

Y(x) = §ge”’. 15)

Here 6(X) is a fast real phase, and £(eX,®) is a complex four-
component vector slow compared to 6(X). In these variables,
the Lagrangian density (2) is expressed as

o= %[g?y“(aug) ~ (057" E) +E( — ghose —mIpE,  (16)

where

' (ex) = p" — q Ay, 7)
Pul€x) = —8,6. (18)

Itis convenient to parametrize £ in terms of the “semiclassi-
cal” Volkov solution (Appendix A) since the latter becomes the
exact solution of the Dirac equation in the limit of vanishing
€. Specifically, we write

£(ex,0) = Ee'lp. (19)

Here ¢(eX,®) is a near-constant function with an asymptotic
representation of the form

P(ex,0) = > €"g,(ex)e™® (20)

n=—00
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(sothat ¢ — ¢y — constat € — 0), the real phase A(ex,®) is
given by

~ q ©
0(ex,®) = —/ 7T Aosc dO'

2(n o A —(A)ae @D

and has the property (6’~ } = 0, and E(eX,®) is a matrix defined
as follows:

. q
E(ex,0) =14 + ——— . 22
(6 ) 4+ 2(7_[ : k)kAosc ( )
Notice also that the Dirac conjugate of £ is given by
E=(Bep)ly" = e Bl = ey %8H°,  (23)
where
0mf,,0 _.,0 q t 0 0yt 0
y 8y =y [ " k)Aoch vk }y
== 1[4 + LAOSCK' (24)

2(mr - K)
Here we used Egs. (3), (7), and (22).

B. Lagrangian density in the new variables
Inserting Eqs (19) and (23) into Eq. (16) leads to

Yt B —gmy By By —py BTy g Ao B

=£ =£, =£3

£=¢py’E

OHT

%36)Ep

=£s

i
+ E[QOJ/ Yoy E@up) — c.c.] —@y Ely

=2,

+ ~¢ly"8'y’y*(3,E) — He.lp. (25)

N~

=86

Let us explicitly calculate each term in Eq. (25). Substituting
Egs. (22) and (24) into £, leads to

L1 =ay° “TVOJf Eg
= [}14 + Aosck]zf[ k)kAosc}/)
= (/_J|:J,1‘ + ( (Aoqck%f + K Aosc)
q2
+ onscthkAosc}P
Aosc : k Aosc .
:@|:7/t+q//(osc+q ¢_q nk
w-k w-K
28 22
+ q AOSC AOSC _ AOSC ] (26)
-k

where we used Egs. (4), (5), and (l 1). Similarly,
£, =—pmy"Ely"Ee

_ g L4
(/)m []:[4 + 2( ) )Aoick][ 2(7_[ i k)kAOSC}(/)
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- —(pm |:]I4 + (Aosck + k//(osc)i|

2(
_ qusc ° k
=—pm 1+—k @, 27

where we used Eq. (11) to obtain the third line and Eq. (4) to
get the last line. For £3, one obtains

E 14 QAoscu(p

|: QAosck i| A [ q%Aosc i|
osc 2(r - K) %
|:61 AosL K AosckAosc
T kAo d Jw
4(7_[ . k)2 0sc 0sc 0sc
28 202
= _(/_)|:qA0sc + MAOSC - AOSC
K
q3A05C :
+ WAosckAosciI (28)

The terms £4, £5, and £¢ in Eq. (25) involve space-time
derivatives of (6, E,¢), which have slow space-time and rapid
©® dependencies. For convenience, let us write the derivative

operator d,, as follows:
0, f(eX,0) = ed,, f(eX,0) — k, 0 f(eX,0), (29)

where f is an arbitrary function and d,, indicates a derivation
with respect to the first argument of f. In this notation, £4 can
be written as follows:

i
L4 = 5[@08T YOy E@B,p) — cc]

i
= —E[WOETJ/OKE(B@QD) —ccl

081y Oy E(dup) — cc]

+ X
2 oy
_%[g‘;k(a(—)(ﬂ) — (de@)ke]

ie
+ E[WOW'VOV B(d,p) —ccl, (30)

where in the third line, we used Egs. (11), (22), and (24).
Similarly, substituting Eq. (21) into £5 leads to

L5 = —py Ely°(@0)Ep
_ ¢[H4+ quJé ]k(aoe)[h N Gk Aose ](p

2(m 2( - K)
_ qusck qkAosc
- €<P|:H4+ 2 i|(¢[ )[ 2n 'k)i|
—_ _k qAOSC v/ zquc (AgSC>
=¢ ‘p[ Tk 27K 2(n-k)i|
CIAosck q%Aosc
- ew[ﬂ4+ 2 }(d )[ (ﬂ.k)}p- (31)
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Finally, the last term £4 gives

i
Lo = 50ly 081043, E) — H.e.lp

_ le qAOSCk qkAOSC
=2 {[H” <n~k>}‘”[2<n-k>}

C]Aosck qkAosc
) d“[zw ~ kJVﬂ[H“ o k>]}‘”' 2

Substituting Eqgs. (26)—(32) into Eq. (25) leads to

e = —’—[@k(a@w -

(do@)ke]
(A§SC>
|:¢ +k 0 m]I4]g0+f+g, (33)
where
F= %[‘/_’VOETVOVME(duq’) —cc] (34)
and
. | ax a’x
g = (p|:ﬁ(7f —mly) — p— kAosc - ( k)z AosckAosci|
_ QAosck qkAOSC
_eg0|:ﬂ4+ 2 ](d )[ (JT'k)i|¢
€ _ qusck qkAOSC
+?¢’HH4+2( k)]d[zm-k)}
quck qkAosc
[zm k)] [ e k)“” 2

Here we introduced x(eX,®) = K(eX) - Apsc(€X,0). From
Egs. (12) and (29), one has k,de Absc = €d, Absc, SO

®
X =E/ d, AL (ex,0)dO'. (36)

0osc

Hence, it is seen that y = O(¢), s0 G = O(e).

C. Approximate Lagrangian density

The reduced Lagrangian density £ that governs the time-
averaged, or ponderomotive, dynamics can be derived as the
time average of £, as usual [35,36]. In our case, the time
average coincides with the ® average, so

L= (L). (37

Remember that we are interested in calculating £ with
accuracy up to O(e). Using Egs. (11) and (20) and also the
fact that x is shifted in phase from Aqs. by /2 [cf. Eq. (36)],
it can be shown that (G) = O(e?). Therefore, the contribution
of G to L can be neglected. Similarly, we can also neglect the
first term in Eq. (33) since

<¢k(8@<p) — (Do P)kp) = Z ne™ g, kp, = O(e?),

n=—oo

(38)
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where we substituted the asymptotic expansion (20). The
second term in Eq. (33) gives

Fl+ 5% -

[Jf +k (Aﬁsc))

By following similar considerations, we also calculate (F),
namely, as follows. Averaging the first term in F gives

(@oy BNy y*" Ed,p0)

_ g Aosck 17,0
¢O<[H4 o k)]"ﬂ [L‘ tox. k)]>d“¢°

- 2
yh+ 4(7_;1—‘()2 (Aosckyuyvkqusc)}dltwo

r 2
Y+ 1

mh]soo +0(.  (39)

I
bl
S

I
byl
S

4(rr - k)2 (Aosck(Zk“ — kV“)Aosc)]du(po

Il
byl

0 _)/” + Kkt — 3 k)2 (AosckAosc>:| n®o
= gol'"d, 0, (40)

where we used Egs. (3) and (11). We also introduced the
modified Dirac matrices
pe

2(m - k)?
2
2 k)2
2
2(r - k)?

7*(A%)
bt (41)

Gathering the previous results, we obtain the following
reduced Lagrangian density:

FM(EX) = ]/ + kM (AosckAosc>

= yll« + k" Aosc(zx Aosck»

= yﬂ -kt —— (AoscAoscﬂé

T

L= ’—[q‘smam — (0,H)T" ]
7*(A%)
7 - K)

where ¢ = ¢p. Since only slow space-time dependencies
appear in Eq. (42), we dropped the “ed,,” notation for slow
space-time derivatives and returned to the “d,,” notation.

+¢>[¢ + k mH4:|¢> + 0, (42

V. REDUCED MODEL

In this section, the Lagrangian density (42) is further
simplified by considering only positive-kinetic-energy particle
states. The resulting model describes two-component wave
functions instead of four-component wave functions, which
leads to explicit identification of the spin-coupling term.

A. Particle and antiparticle states

First let us briefly review the case when € is vanishingly
small. In this case, 9,¢ can be neglected, so Eq. (42) can be

062124-4



RELATIVISTIC PONDEROMOTIVE HAMILTONIAN OF A ...

approximated as

o 7*(A%)
Lo[0,9,0] =¢[¢+km —mﬂ4]¢, (43)

where ¢, ¢, and 0 can be treated as independent variables.
[The Lagrangian density £, depends on 6 in the sense that
it depends on 7, which is defined through 9,6 (Sec. IV A).]
When varying the action with respect to ¢, the corresponding
ELE is

8¢ (XL —mly)g =0, (44)
where
AM(ex) =t + akt (45)

is a quasi four-momentum [37] and

2/A2
. q <A0%c>
= 1 %% 46
alex) = 520 (46)
The local eigenvalues are obtained by solving
det(X —mly) = 0. (47)

Since the local dispersion relation (47) has the same form as
that of the free-streaming Dirac particle [38], one has

Aoa=mom+qHAL) =m?, 48)

0sC

where we used Eq. (10). Solving for 7 leads to

70 = =80 —qVoy = :I:\/(Vé? —qAn)? +mZy. (49
Here m.y is the “effective mass” [19-21] given by
mZp(eX) = m* — g*(A%.)(€X). (50)

(The minus sign is due to the chosen metric signature.)
Equation (49) is the well known Hamilton-Jacobi equation that
governs the ponderomotive dynamics of a relativistic spinless
particle interacting with an oscillating EM vacuum field and a
slowly varying background EM field [39-42]. The two roots in
Eq. (49) represent solutions for the particle and the antiparticle
states.

B. Eigenmode decomposition

Corresponding to the eigenvalues given by Eq. (49), there
exists four orthonormal eigenvectors h, which are obtained
from Eq. (44) and represent the particle and the antiparticle
states. Since h, form a complete basis, one can write ¢ = h,n?,
where n? are scalar functions. Recall also that pair production
is neglected in our model due to the assumption (13). Let
us hence focus on particle states, merely for clarity, which
correspond to positive Kinetic energies

Eeff = 4/ w2+ mgff (51

in the limit of vanishing €. We will assume that only such
states are actually excited (we call these eigenmodes “active”),
whereas the antiparticle states acquire nonzero amplitudes
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only through the medium inhomogeneities (we call these
eigenmodes “passive”). When designating the active mode
eigenvectors by £, and the passive mode eigenvectors by
h3 4, we have

q=12
q=34

q —

0
{0(6 ) (52)

O(eh),
As shown in Ref. [33], due to the mutual orthogonality of
all h,, the contribution of passive modes to £ is o(¢), so it
can be neglected entirely. In other words, for the purpose of
calculating £, it is sufficient to adopt ¢ ~ hyn' + hon?. It is

convenient to write this active eigenmode decomposition in a
matrix form

P(ex) = W, (53)

where

WY(ex) =

m+210

m+x0 [ I
28eff <A> G

is a 4 x 2 matrix having A and h, as its columns and

- (n'
n(ex) = <n2>' (55)

It is to be noted that ' (eX) and n*(eX) describe wave envelopes
corresponding to the spin-up and spin-down states.

When inserting the eigenmode representation (53) into
Eq. (42), one obtains [33]

L=K-n'(E—Un+oe), (56)
where
K= %[nhy*yor“qz(aﬂn) —cc.l, (57)
E = 0,0 + eetr + g Vig, (58)
U= %[wfyorﬂ(a“\y) —Hecl. (59)

The terms /C and U, which are of order €, represent corrections
to the lowest-order (in €) Lagrangian density. Specifically, for
K one obtains (Appendix B 1)

K= %[nT (d,n) — (dnHn), (60)

where d; = 0, + vq - V is a convective derivative associated to
the zeroth-order velocity field

8eeff T

vo(ex) = = —.
° ap Eeff

(61)

Regarding U/, one obtains the ponderomotive spin-orbit-
coupling Hamiltonian (Appendix B 2)

U=10- Q. (62)
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where
q A x Eg q* (A x K)3,(AZ.) kA x V(AZ )
Qei(exX) = — By — k x V(A2 ) — —
r(€x) Seff( e m+A°> * 2e.ft( - K) x VA m+ A0 m + A0
2/A2 0
q*(A%.) koA 0 A xk o
-k k°qEy, + k x gBypy — (78,)k] — — [k - gEyy — (7/8,)k 63
Seur(r k2 | \m 70 X [k7qEpg 4k x gByg — (179,)k] er)\O[ qEpy — (" 9,)k"] ¢ (63)

and 7 - K = gegr(w — K - vp).
When substituting Egs. (51), (60), and (62) into Eq. (56),
one obtains the following effective Lagrangian density:

L=-n"(3,6+ /7% +mi; + qVe)n
i 1
+ EW (dn) — (dn"nl + EnT 0 Qe (64)

The first line of Eq. (64) represents the zeroth-order Lagrangian
density that would describe a spinless relativistic electron. The
second line, which is of order €, introduces spin-orbit-coupling
effects. Also note that the Lagrangian density (64) is analogous
to that describing circularly-polarized EM waves in isotropic
dielectric media when polarization effects are included [43].

VI. CONTINUOUS-WAVE MODEL

Here we construct a “fluid” description of the Dirac electron
described by Eq. (64). Let us adopt the representation n =
zv/Z, where Z(X) = n'n is a real function (called the action
density) and z(x) is a unit vector such that zfz = 1. (From
now on, we drop € in the function arguments to simplify the
notation, but we will continue to assume that the corresponding
functions are slow.) Since the common phase of the two
components of z can be attributed to 6, we parametrize z
in terms of just two real functions ¢ (X) and 9 (X):

e0/2 cos(;/Z))

/% sin(¢ /2) (©65)

2(9.8) = (

As in the case of the Pauli particle [34], ¢ determines the
relative fraction of “spin-up” and “spin-down” quanta. Note
that, under this reparametrization, the spin vector S(X) is

sin ¢ cos ¥
S = EzTaz = | sin¢sin? |,
cos ¢

(66)

and S = |S| =1/2.
Expressing Eq. (64) in terms of the four independent
variables (8,Z,¢,1) leads to

L10,7,¢,91 = —I[3,6 + m +qVog

— 3(dV)coss — S Regr].  (67)

where one can immediately recognize the first line of Eq. (67)
as Hayes’ representation of the Lagrangian density of a GO
wave [44]. Four ELEs are yielded. The first one is the action
conservation theorem

86: 9T+ V-(IV)=0. (68)

[
The flow velocity is given by V = vy + u, where
a1
u= —%[E(Vo -V9¥)cos¢ + S(¢,0) - ﬂeff:| (69)

is the spin-driven deflection of the electron’s center of mass.
The second ELE is a Hamilton-Jacobi equation

8T: 0 + w2+ mi; + q Vi
— 3(d9)cos¢ — S, 1) - Rer =0, (70)
whose gradient yields the momentum equation
0 + (Vo - V) = gEpg + gvo X Byg

V (Agsc

1
+ )+V —(d;¥)cos + S - Qer |.
2¢&.f 2

(71)

Note that the first line is the well known relativistic momentum
equation. The first term in the second line represents the well
known nonlinear ponderomotive force due to the oscillating
EM field [41], and the last two terms represent the pondero-
motive Stern-Gerlach spin force. Finally, the remaining two
ELEs are

8¢: (diY)sing = 2(0,S) - e, (72)
89: 0,(Z cos¢)+ V- (voZ cos¢) = 2(0pS) - Regr. (73)

These equations describe the phase-averaged electron spin
precession. Together, Eqs. (68)—(73) provide a complete
“fluid” description of the ponderomotive dynamics of a Dirac
electron.

VII. POINT-PARTICLE MODEL
A. Ponderomotive model

The ray equations corresponding to the above field equa-
tions can be obtained as a point-particle limit. In this limit, 7
can be approximated with a delta function,

Z(t,x) = 8[x — X(1)], (74)
where X(#) is the location of the center of the wave packet. As
in Refs. [33,34], the Lagrangian density (67) can be replaced
by a point-particle Lagrangian L = [ L£d 3x, namely,

Le[X,P,Z,Z]
. 10 . .
—P.X+ %(zfz ~ 7'7) - He X.P.2,21), (75)

where the effective Hamiltonian is given by

N h
Hetr(t,X,P,Z,Z") = yerrmc® + q Vg — EZ* 0-QpZ. (76)
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Here P(r) = AV6O(t,X(t)) is the canonical momentum, and
Z(t) = z(¢,X(t)) is a complex two-component vector. For
clarity, we have reintroduced ¢ and h. The effective Lorentz
factor associated with the particle oscillation-center motion is

P Ap. )2
veir(t, X, P) = \/1 +ad+ (— _4 bg) . an

mc  mc?

where

7*(A%)

2 .
apX) = -2

(78)

is positive under the assumed metric. For example, suppose
a standard representation of the laser vector potential is
Aose = Re[A [ (X)e'®], where A -k =0 [39,45,46]. Then,
the Lorentz condition (12) determines the scalar potential
envelope Vysec =i(V - AL)c?/w = O(€). Hence, Eq. (78)
yields

2 2
2.4 |A L]
a

0% Dt 79

where we neglected a term O(e?). Note also that, loosely
speaking, a} is the measure of the particle quiver energy in
units mc?. Accordingly, nonrelativistic interactions correspond
toag < 1.

The effective precession frequency . is given by

Qer(1,X,P) = ) + @ + @3 + O(€?), (80)
where
. q A x Epg
QtX,P) = By, — — |, 81
. ) J/effmC< " mC"‘AO) ®D
mc?
QeXP)=————|kx Va:
2( ) 2y (I - k)|: x Vag
(A xK)d,a5 oA x Va3 ®2)
mc2 4+ A%  mc2+ A% |’
2.2 A
Q(t.X,P) = — %0 @ —k
2yeff(l'l . k)2 mc? + AOc
E k B
5 |:(,()q2bg L KxaBy (H“aﬂ)k]
C C
mcaé II xk k. gE (M43, )]
. — ].
2yer(TL- K2 me+ A0 100 "
(83)
Here IT* = (mcyes,P — qApg/0), k¥ = (w/c.k), 0, =
(¢719,,V), and
m2c2a?
A*t,X,P) = IT* — kH—2. 84
(t.X,P) 2T (84)
Notably, A* — TII* at aqy—0 and A" — IT* —

kfmc?ay /QRw) at ay — +oo. Also, if the spin-orbital
interaction is neglected, the present model yields the spinless
ponderomotive model that was developed in Ref. [42] for a
particle interacting with a laser pulse and a slow background
field simultaneously.

PHYSICAL REVIEW A 92, 062124 (2015)

Treating X(¢), P(t), Z(t), and Z(t) as independent variables
leads to the following ELEs:

SP: X = mc*pyerr — (S - Lerr), (85)
8X: P = —dx(mc Vet + qVog) + 3x(S - Qer),  (86)

szt 7= ’zszeff-az, (87)

52: 71 = —%z"‘szeff o, (88)
where S(7) is the particle spin vector,
h
S(r) = zZT(t)a Z(1), (89)

and S = h/2. Equations (77)—(89) form a complete set of
equations. The first terms on the right-hand side of Egs. (85)
and (86) describe the dynamics of a relativistic spinless
particle in agreement with earlier theories [39—42]. The second
terms describe the ponderomotive spin-orbit coupling. Equa-
tions (87) and (88) also yield the following ponderomotive
equation for spin precession,

S =8 x R, (90)

which can be checked by direct substitution. Equations (75)—
(90) are the main result of this work.

B. Extended BMT model

Let us compare our ponderomotive point-particle
Lagrangian (75) with the complete point-particle Lagrangian
of a Dirac electron [33]

Lxemr[X.P,Z,Z1]

=P X+ %(Z"'Z —2'2) - Hxpur(t,X,P,Z,Z"),  (91)
where the Hamiltonian is given by
Hxpmr(t,X.P,Z,Z") = ymc® +qV — nga - QemrZ (92)
and the BMT precession frequency [26] is

Qv (2, X, P) = i[g — M} (93)
mc|y 1+y
Here vo = II/(ym), and
. \/ < P qA )2
ye ,X,P=,/14+4———]. (94)

mc  mc?

Note that the EM potentials and fields in Eqs. (91)-(94) in-
clude both the rapidly oscillating EM wave and the background
EM field (if any). Obviously, Legr — Lxpmr when Age — 0;
i.e., the two Lagrangians are equivalent in the absence of the
EM wave.
The corresponding ELEs are
§P: X = mc*opy — 9p(S - Qpmr), (95)

§X: P = —dx(mc®y +qV)+ (S - ur),  (96)

szt 7= %SZBMT%)'Z, 97)

5z: 7= —%ZTQBMT-G. (98)
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FIG. 1. (Color online) Motion of a single Dirac electron under the action of a relativistically intense laser pulse (numerical simulation): the
black dashed curves correspond to the ponderomotive model described by the Lagrangian (75); the colored curves correspond to the XBMT
model described by the Lagrangian (91). (a) Schematic of the interaction; yellow and red is the laser field, blue is the particle; arrows denote
the direction of the laser wave vector K, the oscillating vector potential A, the particle canonical momentum P, and the particle spin S. The
unit vectors along the reference axes are denoted by e;. (b)—(f) show the components of the particle canonical momentum P, Lorentz factor y,
velocity V, and spin S. The red, green, and blue lines correspond to projections on the x, y, and z axes, respectively. We consider an electron
initially traveling along the z axis and colliding with a counterpropagating laser pulse. The initial position of the particle is Xy = (£/2)e,,
the initial momentum is Py/(mc) = 20e., and the normalized initial spin vector is Sy/h = 0.14e, + 0.33e, + 0.35e.. The envelope of the
vector potential of the laser pulse is gA./(mc?) = 30sech[(z — 5 + ct)/€] exp [—(x% + y*)/£*]e,, where £ = 20|k|~'. These parameters
correspond to a maximum intensity I >~ 1.23 x 10?! W/cm? for a 1 um laser.

These equations also yield the BMT spin precession equation,
similar to Eq. (90), with . replaced by Rpymr. However, as
opposed to the original BMT model [26,31], Egs. (95)—(98)
also capture the spin-orbital coupling. Because of that, they
represent a generalization of the BMT model, which we call
“extended BMT” (XBMT).

The XBMT model applies, in principle, to arbitrary fields,
provided that (i) the spin-orbital coupling is weak and (ii)
the particle de Broglie wavelength X remains much shorter
than the smallest spatial scale of the EM fields. In application
to the particle motion in a laser field, it can describe
details that the ponderomotive model misses due to phase
averaging. In this sense, the XBMT model is more precise than
the ponderomotive model above. However, the XBMT (and,
similarly, BMT) model is also more complicated for the same
reason and, in application to laser fields, requires Z/A; < 1,
where A, is the laser wavelength. No such assumption was
made to derive the ponderomotive model above. Instead,
Eq. (13) was assumed, which implies

AfAp KL c/vy,

where vy is the particle speed. For nonrelativistic particles
(vp K c¢), this can be satisfied even at A;, < X. In that sense, the
ponderomotive model is, perhaps surprisingly, more general
than XBMT.

99)

VIII. NUMERICAL SIMULATIONS

To test our ponderomotive model, we applied it to simulate
the single-particle motion and compare the results with the
XBMT model in two cases. In the first test case, we consider the

dynamics of a Dirac electron colliding with a counterpropagat-
ing relativistically strong (a¢ >> 1) laser pulse. The simulation
parameters are given in the caption of Fig. 1, and a schematic of
the interaction is presented in Fig. 1(a). From Figs. 1(b)-1(e),
it is seen that the ponderomotive model accurately describes
the mean evolution of the particle momentum, kinetic energy,
and velocity. The main contribution to the variations in V, and
V., is the ponderomotive force caused by spatial gradient of the
effective mass. However, the acceleration on the xz plane is
caused by the Stern-Gerlach force, as shown in Fig. 1(e). Also
notice that the ponderomotive model is extremely accurate
in describing the particle spin precession, as can be seen in
Fig. 1(f).

In the second test case, we consider a Dirac electron
immersed in a background magnetic field along the z axis and
interacting with a laser plane wave traveling along the z axis.
The simulation parameters are given in Fig. 2. As can be seen in
Figs. 2(a)-2(f), the ponderomotive model accurately describes
the particle position, momentum, velocity, and spin. Notably,
these simulations also support the spinless model developed
in Ref. [42] for a particle interacting with a relativistic laser
field and a large-scale background field simultaneously.

IX. CONCLUSIONS

In this paper, we report a point-particle ponderomotive
model of a Dirac electron oscillating in a high-frequency field.
Starting from the first-principle Dirac Lagrangian density,
we derived a reduced phase-space Lagrangian that describes
the relativistic time-averaged dynamics of such particle in a
geometrical-optics laser pulse in vacuum. The pulse is allowed
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FIG. 2. (Color online) Motion of a Dirac electron under the action of an external background field and a relativistically intense laser pulse
(numerical simulation): the black dashed curves correspond to the ponderomotive model described by the Lagrangian (75); the colored curves
correspond to the XBMT model described by the Lagrangian (91). (a)—(c) show the components of the particle canonical momentum P,
velocity V, and spin S. The red, green, and blue lines correspond to projections on the x, y, and z axes, respectively. We consider an electron
initially traveling along the z axis and colliding with a counterpropagating laser pulse. (d)—(f) show the components of the particle position
X. The initial position of the particle is Xy = 0, the initial momentum is Py/(mc) = (—2e, + 3e;), and the normalized initial spin vector is
So/h = 0.14e, + 0.33e, + 0.35¢.. A background magnetic field is added such that gAy/(mc*) = 0.1(—ye, + xe,)/2, which corresponds to
a static homogeneous magnetic field By, >~ 10.7 MG aligned towards the z axis. The envelope of the vector potential of the laser pulse is
assumed to have the form gA.s/(mc?) = 10sech[(z — 8¢ + ct)/{]e,, where £ = 20|k|~'. These parameters correspond to a maximum laser

intensity Ina =~ 1.37 x 10%° W/cm? for a 1 pm laser.

to have an arbitrarily large amplitude (as long as radiation
damping and pair production are negligible) and, in case of
nonrelativistic interactions, a wavelength comparable to the
electron de Broglie wavelength. The model captures the BMT
spin dynamics, the Stern-Gerlach spin-orbital coupling, the
conventional ponderomotive forces, and the interaction with
large-scale background fields (if any). Agreement with the
BMT spin precession equation is shown numerically. Also,
the well known theory in which ponderomotive effects are
incorporated in the particle effective mass is reproduced as a
special case when the spin-orbital coupling is negligible.

As a final note, the underlying essence of this paper is
to illustrate the convenience of using the Lagrangian wave
formalism for deriving reduced point-particle models. To
derive the ponderomotive model above by using the point-
particle equations of motion and spin would have been a
torturous task. However, the bilinear structure of the wave
Lagrangian enabled a straightforward deduction of the reduced
model. Following this reasoning, we believe that the ability to
treat particles and waves on the same footing, i.e. as fields,
may have far-reaching implications, e.g., for plasma theory.
This will be discussed in future publications.
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APPENDIX A: SEMICLASSICAL VOLKOV STATES

Volkov states are eigenstates of the Dirac equation with
a homogeneous EM vacuum field [47-49]. Here we present
a derivation of these states. Consider the second-order Dirac
equation,

(D/LDH + m2 + %CIUWF’W)I// =0, (A1)

where iD,, =id, —qA, is the covariant derivative, 5, =
iy, yv1/2 is twice the (relativistic) spin operator, and F*¥ =
d"AY — 0"A" is the EM tensor. We start with the case
where Ay, is constant and A(®) is strictly periodic. Since
Eq. (A1) is linear, we search for v in the Floquet-Bloch form.
Specifically, we consider ¥ = ue’®, where u is a periodic
four-component function of ® and p, = —9,,0 is constant. It
is also convenient to rewrite « in the form u = ¢’ E¢, where
E(®) is a matrix operator, #(®) is a real scalar function, and
¢ is a constant four-component spinor. This leads to

[7-[2 —m*a 2(m - k)a(.)é —2q(m - Aose) + qugsc] B¢
—2i(m - K) (00 B)p — 1q0,, F*'Ep =0, (A2)

where 7/ = p' — g Ay,
_ Equation (A2) can be satisfied identically if we require that
0 and E satisfy the following equations:
2 2 ; 252
7°—m” 42w - K)deb — 2q(w 'Aosc)+q A

0SC

—=2i(7 - k)00 B) — 3q0,, F*'E = 0.

=0, (A3)
(A4)

The integration constants can be chosen arbitrarily since they
merely redefine ¢. We hence require & — 4 at vanishing
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A, and (f) = 0 (so that § represents a phase shift due to the

oscillating EM field). For &, this gives
e}
E(ex,0) =T JFP (@) de'
(ex,0) exp[4( .k)/ 0 F*(©) ]
= H4 + kAosc((a) (AS)
where we used
owF* =0,,(3"AY — 3" A")
= O (k aOAosc - kua®AgsC)
- _l(ka(‘:‘)AOSC - 8@A0sck)
= _Zika(BAoso (A6)

Here ¥ Aosc + Aosck = 0 since k - Ay = 0 [see Eq. (12)]. We
note that the ordered exponential [denoted by 7 exp(...)]
becomes an ordinary exponential due to
0 F" (©1)05 F*(©2)
= _4k[a®Aosc(®l)]k[a(aAosc(@Z)]
= 4kka®Aosc(®l)Aosc(®2)

PHYSICAL REVIEW A 92, 062124 (2015)

where we substituted Eq. (11). To obtain #, we average
Eq. (A3). This leads to Eq. (47), which serves as a dispersion
relation for ,. Subtracting Eq. (47) from Eq. (A3) and solving
for 6 leads to Eq. (21). Finally, if one substitutes ¢ = Ee'?*?¢p
into the first-order Dirac equation, one finds that constant ¢
indeed satisfies that equation.

The above solution can be extended also to a wave with a
slowly inhomogeneous amplitude; i.e., when the vector poten-
tial has the form A(ex, ®). This can be done by substituting the
ansatz ¥ = Ee'?*?¢ into the Dirac equation with the same E
and @, as before, and requiring that Dy is slow. This will lead
to an equation for ¢ with a perturbation linear in €. Hence, one
can construct a solution for ¢ as an asymptotic power series
in €. The general form of such series is given by Eq. (20), and
finding the coefficients ¢, explicitly is not needed here.

APPENDIX B: AUXILIARY FORMULAS
1. Kinetic term /C
Let us reexpress Eq. (57) as
K= %[nwfyoroxp(a,n) + T wy'T . w(Vy) —ccll.
(B1)
Substituting Eqs. (41), (45), (46), and (54) into Wiyrow

=0, (A7) feads to
J
‘ + 20 P Hz
v 0roy — m I oy 0,0 0
4 2¢eff ( ? mHU) vy - ky k m+AU
A | "O AT
T 26 wio) | L = 7K %0 #ﬁo
m+ 20 (L =) I Koo [ KOI, — D
= 2 —_— —_——
28et m4? mﬁ)iﬂ 7-K\—o - k+k° ma-:i“
=m+AO N x2 B kOOl ko_ 2K - A N 0 A‘Z ]12
26t m+292 7.k m + A0 (m + 20)2
_om+ A0 : ()LO)Z — m2 Koo 20 7k - A 0()»0)2 —m? .
e (m+292 7.k m 420 (m + A0)2 2
where A - A = m? from Eq. (48). Also notice that A - K = 7 - k from Eqs. (10) and (45). Similarly,
N m+ A0 ) ]12
why'rw = (I, mﬂio)(y y— k— °k>
28t m+A0
20 0 o k0 —o-k I
_m + (]Iz 6%\0) _K o ) i
Zseﬁ‘ m+ o 0 T - k —0 - k k m(:_ko
o(o-A 0 (0-k)(o-))
_ m —+ )\,0 (]12 a,xo) #}\0) _ o k ]I Iy
zgeff e o -k\ -0 -k + ko m(r-&-})‘\o
~m+2 o0+ (0L i 32 :
26 m + A0 m+ AO m + 207 |2
A —k
Eeff Eeff
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Hence, notice the following corollary of Egs. (B2) and (B3)
that we will use below:

(W orewys, = ]12(3, + = V) = Ld,

Eeff

(B4)

where d, is the same as defined in Sec. V B. Substituting
Eq. (B4) into Eq. (57) leads to Eq. (60).

2. Expression for U
An alternative representation of U/ in Eq. (59) is
U =—Im[¥iy'T"@3,v)], (B5)

where “Im” is short for the “anti-Hermitian part of.” To
calculate 9, W, let us consider W as a function

PHYSICAL REVIEW A 92, 062124 (2015)

Notice that the contribution to Eq. (BS5) from the partial
derivative with respect to e¢ is zero. This is shown by using
Egs. (54) and (B4):

Im[ Wiy T (3., W) 3 et ]

—m[(¥Ty T )3, In seir]

= —Im(d, In ecrr)
=0 (B7)

since &g is real. Then, U = —P; — P, — Q; — Q,, where

P, = Im[WiyOT03,, W)(3,1)], (B8)
Po = Im[Wiy T3, ) - (V)] (B9)
Q, = Im[¥y°T%@,0w)(3,1%)], (B10)
Q: = Im[WTy T (3,0W) - (VA9)]. (B11)

When substituting Eqgs. (41), (45), (46), and (54) into P,

W(t,x) = \IJ(seff(t,x),ko(t,x),X(t,x)). (B6) we obtain
J
. A0 0
Py = Im[Wly 000 (5, w)(@,1))] = T Im (I Z25)yT a0
i 28eff m+. m
m+ 20 N Ko (K —0-k 0
= I I, Z%55)|04— ——
28ett m{( ? W‘“O)[ YTk <—a -k K° ) —;ﬁ’;o
0 Ko [—(0 -K)o - 3))
= I I _o:_ _ -7
28t m{( ? ’”+AO)|:<G ~8,)»> 7 ~k< o - k%9 )“
1 (0 -0 -r) Ko kKo (o - )0 - k°9,1)
= I -K)(o - 9;A) —
2€effm[ m+ A0 +7r~k((y )o - 3d) -k m+ A0
1 Ax A Ko A x k%9 o 0
= . — k x k70,A |. B12
zgeffo- [m—i—ko m-K m+ A0 -k xR (B12)
The next term, Py, is calculated similarly:
4 + 20 0 o o k° —0-k 0
= Im[ Wiy (5, ) - (VA)] = 2 i (1, o2 B :
7) m[ 14 ( Ai ) ( )] Seff m{( 2 m+)LU) o 0 T k —o - k kO Zl(i;(»))
o (o -V)o -L) a [—(o-K)&k-V)o-Lr)
= () -2 (7%
2&ctt m+ 0 7k Kk -V)o - L)
o Ko (0 -2)(k-V)(o -1)
e m[(a o - X))+ - k(tf ) )o - 1) Tk A0
o Ko A x (k- VA
= I VxA+ —kx((k-V)A— . B13
23effa [ x +n-k x( ) 7-k m+2A0 ] (B13)
Furthermore, the expressions for Q, and Q, are given by
+A0 Ko [ k° -0 -k 0
=m0, )20 = L imf (I, 22) |1, — —
Q= Im[Wiy @)@ A0) = = tm (o 58e) o= —— Ced g
3,A0 N 0 Ko (0 -k)o -1P)
=—1I I o -
286ff(m + )\.0) m{( 2 m+A°) |:<—0' . )\.) -k —kOO' -A
3,A0 (-0 -2 Ko *°2a (o - X)(o - X) k99,10 o
_ _ — K)o - A =— -(k x 1),
2eai(m + 29) [ m+ 20 AL A S ER U om0 7 k° XD
(B14)
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Q, = Im[W'y T(8,0¥) - (VA")]

m—+ A0 0 o o k0 —0-k 0
= I I, <X —k—— .
deff m{( 2 m+k0)|:<a O) T - k(-o‘ . k kO )} <—ﬁVKO

— 1 oa [ (@ - V2o - }) 0. @ [((0-K)(o L)
- 2ecg(m +A0)Im{(H2 m+}‘o)[< 0 ) — (k- Vi )ﬁ< k%0 - 1) )“

S R T LU [PV AL AL
_Zeeﬂmﬂ")m{ (@ V2o = e v )n.k[(" R “
—; . o @ e

" Zealm +20)° [xxw MV )]' (B15)

Substituting Eqs. (B12)—-(B15) leads to

Equation (B16) can be simplified as follows. The first term can be rewritten as
VxA=Vx@+ka)=V x (V0 — gAp, + ka) = —gBy; —k x Va (B17)
since V x k = V x V® = (0. Moreover, we note that afwe = 83/49' Hence,
V30 =V +aVEk® + k°Va >~ —V (8,0 + g Vie) — @dk + k°Va
= —0;(VO — qApg) — q(VVig + 3, Apg) — adk + KVa = -9, + qEy, + K'Va 4 kd,a. (B18)
Similarly, the numerator of the last term simplifies to
KOA x (k3,00 + (k x M)k 8,)2° = A x [K°(k"d,)m — k(k"d,)m°], (B19)
where
(k"3,)k =k"9.k + (k- V)k = k°V3,0 + k'V3;0 = —k°Vk® + k'Vk; = —V[(k°)? —k*]/2 =0 (B20)

and (k*9,)k° = 0. Here we used Eq. (10). By substituting Egs. (B17)~(B19) and explicitly showing the derivatives of «, we
obtain

q A. X Ebg qz 2 (x X k)al‘(Agsc) ko)‘ X V(AgSC>
— . — -k x V(A ) — —
u 25effa ( T 420 ) Aeep (T - k)(7 X VIAL) m —+ A0 m + A0
o koA o g -(A xk)
: -k V(r k) + (k"9 — kK o,)m° —9,(7 -K)]. (B2l
2eefp(m - k)o <m + A0 ) X V@ -0+ (Eg,0m] 2eeie(m - K) m+ A0 (K59, )m - Kl (B2

We can simplify the last two lines of Eq. (B21) with

V(K + (k“3,)m = V(rk" —k - ) + k%9, + (k- V) =~ k°qEpg + 7°VE® + (k- V) — V(K - )
= k"qEpy — V3,0 + (k- V)r —7'V3;0 — k;Vr'
= k'qEpg — 3k — (m - V)k+ (k- V) — k; V' = k°qEpg — (7"9,)k — k x (V x )
= k%G Epg — (1" 3,0k — k X [V X (VO — gAp)] = k°qEpg + k x gByg — (1"8,)k, (B22)

(k"3,)m° — 3,(m - k) =k°9,7° + k- Vi — 8,(7x°%k° — - k) =k - Vx° + 8,( - k) — 7°9,k°
~ K- (=37 + qEpg) + 3,( - k) — 1°9,k° = gk - By — 7°8,k° + 7 - 9,k
=gk -Epy — 73k’ + - 3,VO = gk - Epy — 71°8,k° — (m - V)K* = gk - Epy — ("3,)k°.  (B23)
Hence, we obtain Egs. (62) and (63).
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