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We develop a scattering theory to investigate the multiphoton transmission in a one-dimensional waveguide in
the presence of quantum emitters. It is based on a path integral formalism, uses displacement transformations,
and does not require the Markov approximation. We obtain the full time evolution of the global system, including
the emitters and the photonic field. Our theory allows us to compute the transition amplitude between arbitrary
initial and final states, as well as the S matrix of the asymptotic in and out states. For the case of few incident
photons in the waveguide, we also rederive a generalized master equation in the Markov limit. We compare
the predictions of the developed scattering theory and that with the Markov approximation. We illustrate our
methods with five examples of few-photon scattering: (i) by a two-level emitter, (ii) in the Jaynes-Cummings
model; (iii) by an array of two-level emitters; (iv) by a two-level emitter in the half-end waveguide; and (v) by an
array of atoms coupled to Rydberg levels. In the first two, we show the application of the scattering theory in the
photon scattering by a single emitter, and examine the correctness of our theory with the well-known results. In
the third example, we analyze the condition of the Markov approximation for the photon scattering in the array
of emitters. In the fourth one, we show how a quantum emitter can generate entanglement of outgoing photons.
Finally, we highlight the interplay between the phenomenon of electromagnetic-induced transparency and the
Rydberg interaction, and show how this results in a rich variety of possibilities in the quantum statistics of the

scattering photons.
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I. INTRODUCTION

The exploration of quantum optical systems characterized
by strong photon-photon interactions has inspired a lot of
research and extensive studies recently [1-4]. Those systems
provide us with a versatile platform to investigate the gen-
eration [5] and transport of nonclassical light, as well as the
behavior of single-photon sources [6—8] and switches [3,9-12].
Those are the basic ingredients in quantum-optical [13] and
quantum information devices [14,15].

The manipulation of nonclassical light typically requires
devices displaying either strong nonlinearities [4], or quantum
interference effects [16,17]. Among many other phenomena,
they give rise to peculiar quantum statistical behavior of
the emitted or scattered photons, like antibunching [18] in
the generation of single photons or photon pairs [19,20].
Such devices are being investigated in different incarnations,
including cavity QED [1,2,16,17,21-25], solid state [6,8,26—
29], and circuit QED systems [30,31]. At the many-particle
level, the strong interaction between the nonlinear devices and
the photons results in the generation of many-body states,
which can be studied in terms of dissipative versions of
quantum spin models [32]. In particular, the investigations of
the atomic steady state and the photon transmission properties
reveal a rich variety of quantum phases [33—37] and photon
statistics [38].

In order to characterize how atomic (or any other) nonlinear
devices can be used to create and manipulate photonic states,
one can analyze the transmission spectra and the photon
statistics, for instance, in terms of the second order correlation
function of the photons emitted under the presence of weak
driving light. This analysis is typically addressed through
an input-output theory relating the correlation functions of
the emitted photons to those of the atomic system in steady
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state [18]. Those can be determined using a master equation
approach, based on the Born-Markov approximation. This
approach has proven to be very successful in most of the
experimentally relevant situations. Even though that is a very
good approximation for most models in quantum optics, in the
presence of several emitters [39], or in certain regimes its use
may not be justified.

In order to analyze the transmission properties exactly,
several elegant approaches [21,22,40-49] have been developed
for the few-photon scattering process, where the Born-Markov
approximation is not involved. The exact analysis of single-
and two-photon transmissions was first addressed through
the Bethe ansatz approach [21], which is equivalent to
the Lippmann-Schwinger scattering theory. This approach
establishes the exact scattering matrix (S matrix) between the
in and out asymptotic states of photons, which determines
the transmission spectrum and the second order correlation
function of outgoing photons. It turns out that the Bethe ansatz
approach is very successful in the two-photon scattering by a
single emitter with simple structure, e.g., the two-level emitter;
however, the generalization to the photon transmission by
several emitters is difficult. The approach [40] based on the
input-output theory is able to provide the exact S matrix for
the two-photon scattering by two emitters. Here, since a closed
set of motion equations for emitter operators are required, the
exact S matrix can only be obtained in some very limited cases,
e.g., two emitters with simple structures.

The systematic approach to the exact S matrix in the
multiphoton scattering process is based on quantum field
theory. Through either the Lehmann-Symanzik-Zimmerman
reduction formalism [22] or the input-output theory, the exact
S matrix is related to the time ordered correlation function
of emitter operators, which can be obtained by the functional
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integration of the photonic bath modes. The functional inte-
gration provides an efficient approach to analyze the photon
statistical properties in the multiphoton scattering by emitters
with complicated structures, e.g., the Jaynes-Cummings (JC)
system [23] and the atom-coupled whispering gallery resonator
[25]. However, the exact S matrix is only able to describe the
evolution of photonic bath in the asymptotic limit, thus, it
fails to depict the transient dynamics of emitters, e.g., the
single-photon detection in the superconducting edge sensor
[50-52]. Recently, a generalized input-output theory [42] was
established by the subtle combination of the input-output
theory and the quantum regression theorem, which allowed
us to investigate both the transient dynamics and the photon
statistics in the asymptotic limit. Here, a generalized master
equation is obtained to describe the transient dynamics of
several emitters under the presence of few incident photons.
The generalized input-output theory and master equation
involve the Markov approximation, thus, they are not able to
provide the exact results. The use of the Markov approximation
in the presence of several emitters needs to be justified.

In this paper, based on the path integral formalism, we
develop the scattering theory to characterize the full time
evolution of the global system (including the emitters and the
photonic bath) exactly for the few-photon scattering by several
emitters with complicated structures. Our theory provides the
transition amplitudes from the arbitrary initial state to the
corresponding final state without the Markov approximation,
where both the quantum statistics of scattering photons and the
transient dynamics of emitters can be analyzed exactly. In the
Markovian limit, the exact results from our theory perfectly
agree with those from the quantum regression approach, which
justifies the validity of the Markov approximation. Similarly,
the generalized master equation is reproduced to describe the
dynamics of emitters in the presence of few incident photons.
Here, we emphasize that the generalized master equation
establishes the close relation between the properties of photons
emitted under the presence of weak driving light and those in
the few-photon scattering by the emitters.

Using the two paradigmatic examples, i.e., the few-photon
transmission to the two-level emitter and the JC system,
we examine the correctness of our theory in the photon
scattering by the single emitter. Here, the developed scattering
theory reproduces the well-known results [21-23,53] for
the transmission spectra and the second order correlation
function. For the few-photon scattering by several emitters,
we investigate the condition of the Markov approximation in
detail. In particular, we show that the Markov approximation
is valid under certain conditions relating the bandwidth of the
dynamics and the distance of separation between emitters. In
the non-Markovian regime, the exact results exhibit peculiar
features associated with retardation of pulses between emitters.

By the developed scattering theory, we explore some novel
phenomena in two new situations. For the photon scattering
by a single two-level emitter in the half-end waveguide, we
show how the two-level emitter can generate entanglement of
outgoing photons. For the photon transmission in the array
of atoms under conditions of electromagnetically induced
transparency (EIT) [54] and coupled to Rydberg levels, we
highlight the EIT phenomenon and the Rydberg interaction.
Here, the second order correlation functions of emitted pho-
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tons, the co-propagation of dark polaritons, and the collision of
the counterpropagating polaritons in the transient process are
analyzed, which show a rich variety of the quantum statistics
of photons and Rydberg excitations. The developed scattering
theory is proven to be a very efficient and systematical
approach to investigate the quantum statistics of photons in the
array of the interacting emitters with complicated structures.

The paper is organized as follows. In Sec. II, the five
models are introduced, which are the two-level emitter and
the JC system coupled to the photonic waveguide, the two-
level emitter in the half-end waveguide, and the photon
scattering by an array of two-level atoms and EIT atoms
coupled to Rydberg levels. In Sec. 111, the developed scattering
theory is established, where the exact S matrix relates the
asymptotic incident and final states. For the transient process,
the generalized master equation is derived to characterize
the time evolution of the quantum emitters. In Sec. IV, two
paradigmatic examples, i.e., the photon transmission to the
two-level emitter and the JC system, are used to examine our
theory and illustrate how our method works in the photon
scattering by the single emitter. In Sec. V, we analyze the
validity of the Markov approximation for the photon scattering
by several emitters. In Sec. VI, we show the generation of
entanglement between two scattering photons by a single
two-level emitter in the half-end waveguide. In Sec. VII, the
photon transmission to an array of EIT atoms coupled to
Rdyberg levels is investigated. In Sec. VIII, the results are
summarized with the outlook.

II. SCATTERING MODELS

In this section, we introduce the models we are going to
use in order to investigate the transmission of waveguide
photons interacting with quantum systems. Those could be
single emitters (e.g., a multilevel atom [3,12,21,22,46,55], an
atom coupled to a cavity mode [1,2]), or an array of emitters
coupled, for instance, to Rydberg levels [42,56].

The model Hamiltonian has the form H = Hy, + Hgy +
Hr + Hr, and contains four parts: (a) The free propagation of
photons in the waveguide is described by the Hamiltonian

Hy =Y (ko + k)rir + (ko — OI[L], (1)
k

where ry (r,j) and [ (l,i) are the annihilation (creation)
operators for the right- and left-moving modes with the central
frequency k¢ in the waveguide. (b) The system Hamiltonian
Hgy describes the quantum emitters, and will be explicitly
given later for different examples. (c) The interaction between
the waveguide photons and the emitters is given by the
Hamiltonian

Hr =Y [YTrri () + YTl (x)10; + He.,  (2)

where the left- and right-moving photon fields r(x;) =
S e CH0s T and 1(x;) = 3, L' ®R0% /L couple to
the operator O; of the ith emitter at the position x; with
coupling strengths Frl(/ﬁ ;- In momentum space, the interaction
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FIG. 1. (Color online) Four examples of the problem studied
here: (a) single two-level system coupled to a waveguide; (b) JC
system coupled to a waveguide; (c) single two-level system coupled
to a one-sided waveguide; and (d) an array of atoms coupled to a
waveguide.

Hamiltonian reads

Hr =Y (rlOpy +1[0, )+ He., 3)
k

where the collective operators O+ =
3 VT O 60 1 /T and we focus on the symmetric
coupling case, i.e.,I',; = I';; = I';. Without loss of generality,
we choose the position of the first emitter i = 1 at the origin
x; = 0. (d) Apart from the decay to the waveguide, there
may exist other decay channels to free space (spontaneous
emission outside the waveguide). We describe this through
the Hamiltonian Hr,. Here, each emitter couples to some
system operator O; with a JC-type coupling (2).

We now present some relevant examples for the system
Hamiltonian Hgy,, and which will be analyzed in detail in
the following sections. As shown in Fig. 1(a), the simplest
example consists of a two-level system with the energy level
spacing w, = ko between states |e) and |g). The Hamiltonian
is Hyys = wele){el and O;—1 = O; = O = O = |g){e|.

The second example is the JC system shown in Fig. 1(b).
The Hamiltonian

Hy, = wea'a + wle) (el + gla'lg) (el + He)  (4)

describes a single two-level system, with the energy level
spacing w,, coupled to a cavity mode of frequency w.. The
annihilation operator a corresponds to the cavity mode, and the
coupling constant is g. Here, the cavity mode directly couples
to the waveguide, i.e., O;—; = O = a. The excitations of the
cavity field and the two-level system can decay into free space;
thus, O; would be a and |g)(e|.

We analyze the validity of the Markov approximation and
the retardation effect using the third example. Here, as shown
in Fig. 1(d), the waveguide photons couple to an array of
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two-level emitters with frequency w, = k¢ and lattice spacing
d. The emitter Hamiltonian is

Hys =Y (w0cblbi + 1Uob!blbiby), (5)

1

where the hardcore boson b; is introduced to describe a two-
level emitter, and the hardcore behavior is obtained in the limit
Uy — oco. The waveguide photons couple to the collective
modes Oy + = /T/LY., e~ koip, where the decay rates
Iy, are taken to be the constant I',;); = I'. The excitation
decays into the free space, i.e., 0; = b;.

The fourth example is a single emitter in front of a
mirror, as shown in Fig. 1(c). The system Hamiltonian is
Hgys = Hemitter + wpbth, and the collective operators are

r T,
Okt = | =0 itk 4 [ 2,
ot L°° T

/T ; Iy
0 = _ 0 71(k7k0)x0 _b’
k, 7 e + I

where the boson mode b is introduced to describe the mirror
in the limit I', — oo. The decay of the emitter excitation into
free space is characterized by O; = |g)(e|.

The fifth example is an array of EIT atoms coupled to
Rydberg levels, with lattice spacing d, as is schematically
shown in Fig. 1(d). The emitter Hamiltonian is

(6)

Hgys = Z[a)eeje,- + a)ss;s,» + (Qe‘""”e?si + H.c.)]

l

1
+ Hic + 5 > Uyyslstsys:. (7)
i
Here, we use hardcore bosons e and s to describe a Rydberg-
EIT atom. There are three atomic levels: the ground state
|g), the excited state |e) with frequency w,, and the Rydberg

state |s) with frequency w;. The hardcore behavior is obtained
through

U
Hyc = 7" Xi:(ejei +sisi)elei +slsi — 1) 8)

in the limit Uy — oo, which projects out the states |ee), |es),
and |ss) of each atom with double occupations. The atoms
in the Rydberg state |s) experience long-range interactions,
Uij, [57]. For instance, we can take the van der Waals
interaction U;; = C¢/|x; — X; |6, the dipolar interaction U;; =
Cy/lxi —x j|3, or the uniform interaction U;; = Cy [42]. The
transition between states |e) and |s) is induced by a classical
field of frequency w,; and corresponding Rabi frequency
Q. The waveguide photons couple to the collective modes
Or+ =T Y, e ikFovieg, ) /T where the decay rates I, ;
are taken to be the constant I', ;) ; = I'. The e excitations can
decay into the free space, i.e., 0; =e;.

For convenience, we transform the Hamiltonian in the
rotating frame r; — rre” " and [y — [e=™'. The system
operators are also transformed correspondingly such that the
total Hamiltonian is time independent. As a result, in the
rotating frame, Hy, = ), k(r,Irk — l,ilk), and the frequencies
in the system Hamiltonian are replaced by the detunings. This
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will be used in the five examples presented in the following
sections.

III. GENERAL FORMALISM

In this section, we show the general formalism to study
the full dynamics of the global system during the few-photon
scattering process. In Secs. III A and III B, we briefly review
the results based on the Markov approximation in Ref. [42].
Here, a different method, i.e., the displacement transformation,
is introduced to relate the transition amplitude between
arbitrary initial and final states with the correlators of emitter
operators. Based on the quantum regression theorem, these
correlators are obtained by the effective Hamiltonian of the
emitters, where the quantum regression theorem requires the
Markov approximation. In order to obtain the exact result and
examine the validity of the Markov approximation, in Sec. III C
we use the path integral formalism to derive the exact transition
amplitude, where the non-Markovian effects are taken into
account.

In both approaches, the S matrix of the asymptotic in and
out states and the transition amplitudes in the transient process
are obtained, which agree with each other in the Markov limit.
It turns out that for the single emitter coupled to the photon
with linear dispersion, the Markovian result is proven to be
exact by the path integral approach. For the photon scattering
by several emitters, the validity of the Markov approximation
is analyzed in Sec. V in detail. In the Markov limit, both
approaches give rise to the generalized master equation [42]
governing the dynamics of the emitters during the scattering
process, where the generalized master equation establishes a
close relation between the transient behaviors of emitters in the
presence of few incident photons and the dynamics of emitters
under the weak driving light.

A. S matrix by quantum regression theorem

In this section, based on the quantum regression theorem,
the displacement transformation is used to derive the
transition amplitude between arbitrary initial and final states,
where the quantum regression theorem involves the Markov
approximation.

We introduce the transition amplitude

A(T) = sys (Qoout | <OUt|e_i Hes=1) [in) |‘pin) sys )

from the initial state [in)|@in)sys = 10)free| Yin)w|@in)sys to the
final state |out) |<p0m)sys = |0)free|1//0m>w|<pom)syS during the time
T =ty — t;. At the instant t;, the waveguide photons are in the

state [in)y, and the initial state of the emitters is |@in)gys =

yiTan)Sys, where |G)SyS and yiTn denote the ground state and
some creation operator of the emitters, respectively. Similarly,

at the instant 7, the corresponding final states are [@out)gys =

)/Jm|G)Sys and [Your)y, respectively. Here, we focus on the
transition process without excitations leaking to the free space,
and the initial and final states of the free space are the vacuum
state |0) -
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The initial and final states of waveguide photons can be
generally written as

Windy = Y wm({nm})l"[ ke

nku

Woudw = ) Youl{mia}) H IMia),

{ma'}

(10)

where {ni,} = {ni,a.Mkas--.} and {myy} = {My,q,Miyq,...} are
the number distribution of photons with different momenta k;
in the initial and final states, respectively, and o = r,/ denote
the right- and left-moving modes. We notice that the relation

1 0k
[Jk
A(X—)O \/nka 8 ”lax «
between the Fock state and the unnormalized coherent state

|Jkat) = D, Jit|nka) /~/nie! leads to the coherent represen-
tation of the initial and final states

hbin)w = }-inl{]ka}>v

) (1)

|nk0l) =

12
Woudw = Foul (i), (12)
where
8”/«1
Fn = lim Zwm({nkmﬂ =5
g (1

Fou = lim Zwmqua})ﬂ J_ VA

In terms of Eq. (12), the transition amplitude reads
A(T) = F) FinAs(T), (14)
where the transition amplitude

AN(T) = ys(@outls (ko e T 1{ Tea Dol @in)syss  (15)

and |{Jka 1)y, = 10) free [{Jka }) - The transition amplitude (15) can
be evaluated by either the quantum regression theorem or the
path integral approach.

We first show the result from the quantum regression
theorem, where the Markov approximation is required. In
the interacting picture, the time evolution operator U =
T exp[—z f 7dt H(t)] is determined by the Hamiltonian
H(t) = Hyys + Hr, + Hr(t), where T is the time-ordering

operator and the interaction part Hp(t) = e/ Hre i is

Hr(t) =Y (r[Ox4e™ +1[Op _e™™) + He.  (16)
k

In terms of U, the amplitude (15) reads
Ap(T) = sys (@outlb { Jka,out} |u|{Jka,in}>b|¢in>sySv 17

where Jigin = Jiw€' S, Jrgow = Jra€'®«', the dispersion
relations &, = o4k, and o0,y = £ for the right- and left-
moving modes, respectively.

The  displacement transformation U: |{Jky}) =
eXia el /217 {04}) is introduced to rewrite the amplitude

Aj(T) =exp< D kal?e e )

k,a=rl

X sys{@outlo {0ke U {Oka N |@in) s> (18)
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where the state of the waveguide photon is transformed
to the vacuum state, and the time evolution operator U =

[ : . .
Te ™' Ji dMHO+HO) g determined by H(f) and the driving

term

Ho®) = " [JiuOko,e™ ™ 4 Jp o O], e 77400,

k,a=r,l

19)

It follows from Eq. (14) that the functional derivative of
Aj(T) determines the transition amplitude A(T'), which is
composed of Fourier transforms of time ordered correlators

G(T) = (T youlty)O1(t1) - - O, (L)Y (1))  (20)

on the ground state |{0y })blG)syS. Here, O;(t;) = UT(I)OJU(I)
is given by the emitter operators O; = Oy, + and O;{fj’ 4

By the quantum regression theorem, as shown in Ref. [42],
the bath degree of freedom can be traced out and the correlator

g(T) = sys(GlTyout(tf)Oeff,l(tl) T Oeff,n(tn)yiTn(ti)lG)sys

becomes the average value of emitter operators O, () =
L{fo(t)O jUete(¢) on the ground state |G ). The time-evolution
operator Ueg(t) = exp(—i Hegrt) is given by the non-Hermitian
effective Hamiltonian Hegr = Hgys + Hgecay, Where

Hawoy = =i Y1110} 0; =i Y /T 0] 0,
1 1
: @
and I' ;; is the decay rate to the free space of the emitter at the
position x;.

Based on the quantum regression theorem, each term in
A(T) is related to the correlator of emitter operators O, ; (¢)
governed by the effective Hamiltonian Heg. The resummation
of these terms results in A(T) = F2 FinAs(T) with the
compact form

2 —iegoT
AJ(T) = sys<§00ut|ueff|(/7in>sys€z’<,ﬂ:r,1 |Jk,a| ek s (22)

where Uy = Temi i diHartHo), Equations (14) and (22) es-
tablish the relation between the transition amplitude A(T)
and the time-ordered correlators of emitters governed by the
effective Hamiltonian Heg.

By different choices of yin, Yout> %> tf, Fin, and Foy, the
dynamics of the global system can be fully characterized.
Hereafter, we refer the choice of Yinou), i, 1), and Fincoun
as the boundary condition. For instance, A(7) with the
boundary condition i, = yYou = I (identity operator), t; —
—00, and ¢ty — oo leads to the photonic S matrix. For the
boundary condition yi, =1, Yo # I, t; =0, and 1, =T,
A(T) describes how the incident photons transform to the
emitter excitations and propagate in the transient regime. For
the boundary conditions yin # I, You = I, =0,and ¢, =T,
the behaviors of spontaneous and stimulated emissions can
be investigated by A(T). Using Egs. (14), (21), and (22),
together with different boundary conditions, we shall study
the few-photon scattering process in the five models in
Secs. IV-VIL
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B. Generalized master equation

In order to study the dynamics of emitters during the
scattering, one can either use the transition amplitude (14)
with proper boundary conditions or derive the master equation
of emitter reduced density operator by tracing out the photonic
degree of freedom. In quantum optics, the initial states of the
photonic bath are usually the vacuum state, the thermal state,
and Gaussian states, where the conventional master equation
is obtained based on the Born-Markov approximation.

During the scattering process, the initial state of photons
is dramatically changed. For instance, the single incident
photon resonant with the transition energy of the two-level
emitter is totally reflected, as predicted by the single-photon
scattering theory [3,12,21,22], where the photon in the initial
asymptotic state r,j |0) is totally scattered to the photon in the

outgoing asymptotic state lik|0). However, the conventional
master equation assumes that the initial state of the photonic
bath is unchanged, and the state of the global system is
always the product state of the emitter and the photonic
bath [18]. This assumption contradicts the exact result of
the single-photon scattering theory, thus, the conventional
master equation breaks down. The generalized master equation
is required to investigate the dynamics of emitters in the
few-photon scattering process.

For the initial state of few photons in the waveguide, the
evolution of the system state is described by the reduced
density matrix o5(T) = T roan[Ud p(0)UT], where in terms of
the coherent state |{Jyy})

p0) = ﬁi}—in[psys(o) & |{Jka}>b({-]ka}|]' (23)

The displacement transformation U relates the density matrix
po(T) = F FineXal el o, (1) (24)

to the generating density matrix

ps(T) = TroanlUy poys(0) ® [{O0ka}) ({0} 4] 1. (25)

where U; = UTUU describes the evolution of emitters under
the driving field. In p,;(T), the initial state of photons is
transformed to the vacuum state, thus, the conventional master
equation can be used to describe the time evolution of
p(T). Under the Markov approximation, the master equation
governing the evolution of p,;(7T) reads

arps(T) = —ilHeys, ps(T)] + Lpj(T), (26)

where the initial condition is p;(0) = py(0). The displace-
ment transformation induces the driving term in

Hys = Hyo+ Y /TiT; 0] 0; sin(kolx; — x;1)
ij
+ 20 (Fa Ok + 5O 7). 27)
k,a
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and the Lindblad operator is

Lp,(T) =2 \JTiT;0ips(T)O0} coslko(x; — x,)]

ij

— > JTiT; coslko(xi — x )10} 0;.p,(T)}

ij

+ Y T 1i[20ip,(T)O] = {0 0;.p,(TH).

(28)

The generalized master equations (24) and (26) are the
main results in this section, which lead to some significant
results: (a) In principle, once p,;(7T) is obtained, p,(T) is
determined through Eq. (24), which describes the transient
dynamics of emitters during the scattering processes. In
practice, the evolution of emitters for the few incident photons
can be studied by the perturbative expansion of the classical
sources Ji, and J;f,. For instance, for the single incident
photon, Eq. (24) contains at most the second order derivative
82p,(T)/8J ;a,SJka; the second order perturbative expansion
of Ji o and Ji' , in p,;(T) determines p(T'). Here, the zero order
and second order contributions lead to the emitter reduced
density matrix for the single incident photon. The zero order
contribution psys(0) describes the unchanged emitter state
without interacting with the photon, while the second order
contribution F Finp;(T) describes the dynamics of emitters
responding to the single incident photon. Similarly, for two
incident photons, the reduced density matrix can be determined
by the fourth order expansion of Ji , and Ji' ,.

(b) In quantum optics, we are interested in the transmission
properties of weak probe light to emitters, i.e., the transmission
spectrum and the quantum statistics. We notice that Eq. (26)
just describes the emitters under the classical probe light with
the strength Ji,. If the driving field is weak, we can solve
Eq. (26) by the perturbative expansion of Ji, and J,. As
we discussed above, the second and fourth order perturbative
expansions describe the transient dynamics of emitters in the
single- and two-photon scattering processes. As a result, the
quantum properties of outgoing photons and emitters under the
weak driving light can be studied by the few-photon scattering
theory, where only the time evolution in the forward path is
involved, as shown in Eq. (22). We shall show in Sec. VII
that for the emitters with complicated structures the scattering
theory is still able to provide the analytic results, which
perfectly agree with the numerical results from the master
equation approach. The few-photon scattering theory enables
us to analytically investigate the quantum properties of photons
from emitters under the weak driving field.

(c) If we set the external source to be zero, Eq. (26) agrees
with the master equation [32] for the photonic bath initially in
the ground state.

C. Exact S matrix by path integral approach

Equations (14), (21), and (22) in Sec. III A relate the tran-
sition amplitude to the correlators of emitters governed by the
effective Hamiltonian, where under the Markov approximation
the quantum regression theorem leads to the instantaneous
effective Hamiltonian. In this section, we show the exact result
of the transition amplitude (14), from which the result obtained
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by the quantum regression theorem is proven to be exact for
the single emitter coupled to the waveguide. The validity of
the Markov approximation and some non-Markov effects for
several emitters coupled to the waveguide will be investigated
by the exact transition amplitude in Sec. VI.

Following the procedure of path integral formalism, we
discretize the evolution time 7 by N — oo instants {f; - - - ty}
and insert a coherent state basis at each instant 7;. By integrating
out the free space modes we obtain

A(T) = / DI[system]you(t £ ik (t;)e >

X/D[Olk,a;:]ezk.a Jk*.aak(tf)eis’ (29)

where the action

Iy
S= / dt{Z[r,f(iat — k)i + 10, + k)lk] — Hr
t X

(30)
describes free propagation of the right- and left-moving
photons in the waveguide and the interaction with the emitters,
and [ D[system] is the integral over the emitter field. The
action of the emitter is

Ly
Seys = S0 + i/ dry Ty,;0]0;. (31)
where the first term is the action of emitters, and the second
term describes the decay to the free space.
By 6§/6rf =0 and 8S/8lf =0, the classical motion
equations read
(0 — K)ree — O+ =0,

j (32)
(0 + Blg.at — Ok - =0,
which give the classical paths
t
Frel(t) = J e K0 — if ds Oy 4 (s)e k=),
(33)

t
leat(t) = Jy e — i/ ds Oy _(s)e™ =),

t;

Following the saddle-point method, we expand the photon
fields ry = ryc + 8rr and Iy = Iy o + 8l by the quantum
fluctuation fields ér; and §l; around the classical paths, and
integrate out the fluctuation fields in A;(7T). Due to the
quadratic form of the action (30),

Ay(T) = exp (Z |Jk,a|2e-""u”)

k,o
D[syst S () e
X [system]you(ts)yin(ti)e (34)

is obtained exactly, where the nonlocal effective action S =
Ssys + Sre of emitters is determined by

ty t .
Se =i f dt f ds Y [0f (1) Op ()0
t t; k

+0; _(1)Ox ()™ ™), (35)

and the source terms S; = — ftt’ dt Hy(t).
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Equations (34) and (35) are the central results in this section.
It follows from Eq. (14) that the functional derivatives of
A;(T) lead to the transition amplitude A(7). We also notice
that, apart from the phase factor, A,(T) is the generating
functional [58] of the emitter correlators, namely, the func-
tional derivatives of A, (T) give the correlation functions of
emitter operators. As a result, the transition amplitude A(T)
is determined by the correlation functions of emitter fields,
where the effective action S is generally time nonlocal.

For the single emitter coupled to the waveguide with the
linear dispersion, the action Seg turns out to be time local,
and the effective Hamiltonian H.s is deduced. Here, the
renormalized part (35) has the time-local form

S, = ir/f dt O*(1)0(1), (36)

and effective Hamiltonian
Het = Hys — iT;010 —iT OO (37)

of emitters is obtained. In fact, the functional integral in
Eq. (34) is just the amplitude sys(%m|ueff|¢m)sys in Eq. (22),
thus, the result based on the quantum regression theorem
agrees with the exact result (34).

For several emitters, the renormalization part

ty .
Spe = i/ dty " JTiT;07(1)0;(t — |x; — x;j e’
! ij

i

is time nonlocal. If the wavelength of frequency fluctuations
around kg is much larger than the size Nd of the emitter array,
the time delay effect can be neglected, which leads to the
time-local action

Iy
S =i / dr " JTiT;0;(1)0;ne™l=sl (38)
t; i
and the effective Hamiltonian (21). In this limit, the result (22)
agrees with the exact result (34) for several emitters.

At the end of this section, we briefly summarize the results.
We use two approaches to obtain the transition amplitude
and the generalized master equation for the photon scattering
process, where the derivation of the generalized master
equation (26) from the path integral approach is left in the
Appendix. The relation between the few-photon scattering
by emitters and the emitters under weak driving light is
established. For the single emitter case, the result (22) based
on the quantum regression theorem is proven to be exact. For
several emitters, in the Markovian limit, the result (22) agrees
with the exact result from the path integral approach.

IV. PARADIGMATIC EXAMPLES

In this section, as paradigmatic examples, the few-photon
scattering by the single emitter is studied by the scattering
theory developed in Sec. III. The emitter is chosen to be the
two-level emitter or the JC system, where the decay to the free
space is neglected, i.e., I'y = 0. For the two-level emitter, we
investigate the transmission spectra and the quantum statistics
of outgoing photons for the single and two incident photons.
For the emitter initially in the excited state without the incident
photon, the spontaneous emission of the emitter is studied. The
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transient process, i.e., the response of the two-level emitter in
the ground state to the single-photon wave packet, is analyzed
by the exact transition amplitude of the emitter in the excited
state. For the stimulated emission of the two-level emitter
initially in the excited state, the wave-packet shape of the
single incident photon is designed, such that the probability
of stimulated emission is maximal. For the JC system, we
show the transmission spectra and the quantum statistics of
scattering photons. By these two examples, we examine our
theory by a comparison with the well-known results in Refs.
[21-23,53], which justifies the correctness of the developed
scattering theory.

A. Two-level emitter

For the two-level emitter, O = o~ and the effective
Hamiltonian Hefr = Hgys — iloto~ follows from Eq. (37),
where Hgys vanishes in the rotating frame since the transition
frequency w, = k¢ is resonant with the central frequency of
the waveguide. It follows from Eq. (19) that the external source

term is
r rv N okt —
Sy = —,/—L/; dt E [J7 0 ()e okt

k,a=r,l
+ Jiao T (1)e T, (39)

For the scattering of single right-moving photon with the
momentum k by the emitter in the ground state, the boundary
condition in the asymptotic limit #; - —oo is y;,, = I and
Fin = limyy,308/8Ji,. By the boundary condition y = 1
and Foy = limyy,y08/8J, (1) in the asymptotic limit 7y —
00, Egs. (14) and (34) lead to the reflection and transmission
coefficients

Ryt = ko%rap,_k (40)
and
Tebpi = ks (41)
T ko +iD Y

in the asymptotic limits # — —oo and f; — oo. For the
scattering of two right-moving photons with momenta k; and
k> by the emitter in the ground state, the boundary condition
in the asymptotic limit #; - —o0 is y,, =1 and Fj, =
limg )0 8%/8Jx, 8 Ji,.r- By the boundary condition you = I
and Fou = limyy,)—0 82/81_,,, ,18J_p, 1 in the asymptotic limit
ty — o0, it follows from Egs. (14) and (34) that the S matrix

Sp - FZ /+Oo dt{dtédtldtz eip1t|/+ipzfz/7ik]t17ikzt2
1P2:K1K2 . (27_[)2

x (To~(1))o~(t))o * (1)o ™" (12)) (42)
of two reflected photons with momenta — p; and — p, is given
by the time-ordered correlator of spin operators. Here, the

time evolution o *(t) = o *e*!" governed by Heg determines
the four-point correlator, which leads to the S matrix

Sl’lpz;klkz = Rkl sz (8171/<18P2k2 + 81’11(281’2/(1)

LI Stk ke £ 200)
7 (pr+iD)(py + i)k +iD)(ky + i)
(43)
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The wave function of two reflected photons is obtained
directly from the Fourier transform of Eq. (43) [22] as

1 .
w(xlsXZ) = zfdpldp2elp1X1+lp2xzSP]Pz;klkz
= e'E% Ry, Ry, [cos(kx) — e V/PETIN - (44)

where the total momentum E = k; + k,, the relative mo-
mentum k = (k; — k»)/2, the center-of-mass coordinate x. =
(x1 + x2)/2, and the relative momentum x = x; — x;. The
results (43) and (44) agree with those in Refs. [21,22].

For two photons with the resonant frequency k; = k, = 0,
the reflection coefficients are Ry, = Ry, = 1 and the wave
function

Y(xe,x) =1 —e TR (45)

In Sec. III, we prove that the quantum statistics of outgoing
photons from the emitter under the weak driving light can be
characterized by the two-photon wave function ¥ (x.,x). More
precisely, for the weak driving light with the zero detuning
Ay = wq — we, the second order correlation function g (x) =
|¥ (xc,x)|* of the emitted photons can be obtained by the two-
photon wave function v (x.,x) from the scattering theory. Here,
g@(x) = (1 — e~TW1)?2 display the antibunching behavior.

The spontaneous decay of the two-level emitter in the
excited state can be investigated by the boundary conditions
Yin=0", Fin = 1 and You = 1, Fout = 1irn{Jk}—)O S/SJp.(r,l) at
the initial and the final instants ; = 0 and ¢y = T. Equations
(14) and (34) give the amplitude

r e—iuapT _ e—FT
AD) =\ s ————— (46)
27 oup +il
to detect a single outgoing photon with the momentum p. The
Fourier transform gives the wave function

dp ipx
= | = T
V) /\/Ee AT)
= —iTe "T=099(T — 5,x)0(0,x)  (47)

in the coordinate space for the right- and left-moving photons.
Since the emitter couples to the left- and right-moving modes
symmetrically, the wave packets of the right- and left-moving
photons are symmetric with respect to the origin. As shown
in Fig. 2(a), | (x)|? for the right-moving photon exhibits the
Lorentzian shape with the different widths 1/T".

The reverse process of the spontaneous decay is the
response of the two-level emitter in the ground state to
the single-photon wave packet fi (k). Here, the boundary
conditions are yi, = I, Fiy = limy;,)—0 fdkfin(k)8/8JkJ and
You =0 and Fou =1 at the instants #; =0 and 1, =T,
respectively. Equations (14) and (34) result in the amplitude

T
A(T) = —i,/L/dk fm(k)/ dt e (c™(T)ot (1))
21 0
T e—ikT _ p=TT
=z [tk ot @
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FIG. 2. (Color online) Emission and absorption of a single pho-
ton by a single emitter: (a) The spatial amplitude | (x)> of a
right-propagating single-photon wave packet, produced by an emitter
initially prepared in the excited state at 7 = 0. The wave packet
shown here is after an evolution time 7 = 10/ I". (b) The probability
|A(T)|? of the emitter in the excited state for the incident wave packet
with the width 1/y and localized at x(. Here, the emissionrate I' = 1
into the waveguide is taken to be the unit.

of the emitter in the excited state. For the right-moving photon

wave packet
—ikxo
y e
in(k) = /= 49
fnlk) =/ —+ i (49)

with the width 1/y initially at the position xo < 0, the residue
theorem gives

2yl
=y

AT) = [e7"00FD) — o700t Dg(xg + T).  (50)
In Fig. 2(b), we show |A(T)|? of the emitter in the excited
state for different widths y.

In the stimulated emission, the two-level emitter is initially
prepared in the excited state at the instant ; = 0, and the wave
packet of single right-moving photon is designed to realize the
maximal probability of emitting two right-moving photons in
the asymptotic limit 1 — oo.

With the initial and final boundary conditions yi, =
o, -En = lim{Jk}ﬁOfdk fln(k)S/(S-lk,r and Yout = I, foul =
limgy,)—08%/8J,, 8 p,.r, Eqs. (14) and (34) result in the S
matrix

S —,/F/dkf(k)a t r 1
pipek =\ o W ke T T 21 py 4D
1

1
X
p1—k+i0t pr+py—k+ill

}+ (p1 < p2)

(S

of two right-moving photons with momenta p; and p;. The
Fourier transform of S, ,, x results in the wave function

dpldpz
W(xl,x2)=/—2n Spipo k€

ip1x1+ip2x;

= / dx fin(0)[B(x1,x2;x) + B(x2,x15x)],  (52)
in the coordinate space, where

B(x1,x2;x) = —iv/Te™0(—x2)[8(x — x1)
—Te Po=%9(x, — x)0(x — x1)], (53)
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and
dk

w() = [ —= finlke™ 54
Fulr) fmf()e (54)

describes the incident wave packet in the coordinate space.
We design the shape of the wave packet fi,(x) to maximize
the stimulated emission probability

1
Pu=s f dxrdx [ (e, x) . (55)

The amplitude (52) leads to

Py = / dx dy W) fnl). (56)
where
W(x,y) = /dxldsz*(xl,xz;x)

X [B(x1,x25 y) + B(xa,x15 y)I. (57)
The function (53) gives

W(x,y) = %8@ —x)+ £<3e”’“+” — e TN (—x)0(—y).

The manifest effect of two photons to the system is realized
by the initial wave packet fi,(x) localized at x < 0. The
largest eigenvalue of W(x,y) gives the maximal probability
of stimulated emission, and the corresponding eigenstate
determines the shape of the single-photon wave function
Sin(x).

Fortunately, the eigenequation, i.e., the integral equation

0
/ dy W(x,y) fin(y) = Afin(x) (58)

—00
can be solved exactly. In Eq. (58), the second order derivative
to x leads to the differential equation

A, (59)

37 fin(x) = —
A=3

where the solution is

aru by
fm(x)=< 1) exp[ ll"x:|9(—x). (60)
A—3 VA—E

The eigenvalue A = 2/3 is obtained by the fact that fi,(x) is
the solution of Eq. (58). Finally, we conclude that the largest
probability of stimulated emission in the two-level emitter is
PP* =2/3, and the corresponding incident wave packet is
f(x) = 24/Te20(—x).

We notice that this result agrees with that in Ref. [53],
where two types of the incident wave packets, i.e., the Gaussian
type and the Lorentzian shape are considered. By tuning the
width of the wave packet, the maximal probability 2/3 of
the stimulated emission was found for the initial wave packet
with the Lorentzian shape. Here, we proved the exact result
P{* = 2/3 by solving the integral equation (58) analytically.

B. JC system

In this section, we consider the JC system as the single
emitter coupled to waveguide photons, and apply the scattering

PHYSICAL REVIEW A 92, 053834 (2015)

theory to study the different scattering processes. The emitter
Hamiltonian in the rotating frame reads

Hys = Acala + Acle)(e| +g(a'lg) (el + He),  (61)

where the detunings are A, = w, — kg and A, = w, — kg. For
convenience, we focus on the resonant case A, = A, = 0.
The effective Hamiltonian Her = Hgys — i Ta'a follows from
Eq. (37). The external source term is

r i * —iogk(ty—
S, = _‘/Z /, dt Y [ ga(t)e™ o=

k,a=r,l
+ Jqal (t)eioak=10, (62)

For the single incident photon with the momentum k and
the emitter initially in the ground state, the boundary condition
is yin = I and F, = limyy,;_.0 §/8 Ji, in the asymptotic limit
t; = —oo. By the boundary condition y,y = I and Foy =
limyy,3—.06/8J, (1) in the asymptotic limit z; — oo, Eqgs. (14)
and (34) lead to the reflection and transmission coefficients

ik
Rt = Gk — g
(63)
k2 _ gZ
Tont = G ik — g2t

For the two incident photons with momenta k; and k to the
emitter initially in the ground state, the boundary condition is
Yin = I and F, = limyy,)—08%/8Jk, ,8Ji,., in the asymptotic
limit #; - —oo. By the boundary condition Yo, = I and
limg,)—08%/8J_p,18J_p, in the asymptotic limit ¢, — oo,
Egs. (14) and (34) lead to the S-matrix element

T gidetdedty o o

Splpz;klkz — 1—'2/ 1(23-[)21 2elp|T1+lp212—lk][|—lk2t2
—0oQ

x (Ta(t)a(tha' (t)a' (1)), (64)

of two reflected photons with momenta — p; and — p,. Here,
the correlator for operators a(t) = e’ ge="Her! and af(r) =
et et T o—iHen! Jeads to the S-matrix element

S pi—paikike = Ri, Riy (8 pyki Staps + ok Sty )
T E DS
7 (E+iD)(E + 2iT) — 242
E(E +2iT") — 4g?
[Tii o lki(ki+iT)—g?1[pi(pi +il") — gl
(65)

X

The Fourier transform of Eq. (65) leads to the wave function

1 . )
_ ip1X1+ipaxs
l[,(xcsx) - E E Splpz;klkze PP

pip2
= olbx {Rkl Ry, cos(kx)

F2g4 Zs:i s(E — ZM)ei[(E/Z)—LA]x
A — A (E4il')E+2i) — 2g2

1
Tl kit +i0) — 7] } (66)
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of two photons, where A; is the solution of kK2 +iTk — g2 =0.
As we discussed in Sec. III, under the weak driving light
with frequency w,, the quantum statistics of photons emitting
from the JC system can be described by the second order
correlation function g®(x) = |1p(x(,,x)|2, where ¥ (x.,x) is
the two-photon wave function for the incident photons with
frequency k; = ky = wy — ko. The above results agree with
those in Ref. [23].

As a summary, in this section, we use the single emitter
case as the example to show how our theory works in the
few-photon scattering process. All the results agree with the
previous studies, which justifies the validity of the developed
scattering theory.

V. VALIDITY OF MARKOV APPROXIMATION

In this section, we use the simple example to study
the condition of the Markov approximation in the array
of two-level emitters. As shown in Secs. III and IV, the
dynamics of the single emitter coupled to the waveguide
with the linear dispersion can be exactly described by the
effective Hamiltonian (37) and the generalized master equation
(26). For the array of emitters, the dynamics is exactly
characterized by the effective time-nonlocal action Seg, where
the effective Hamiltonian (37) and the generalized master
equation (26) only describe the emitter evolution under the
Markov approximation.

In order to justify the validity of Markov approximation, we
compare the exact result given by the path integral approach
and the approximate result based on the quantum regression
theorem. This comparison shows that the exact result and
Markovian limit coincide when the bandwidth of the dynamics
is sufficiently small compared to the distance between emitters.

We focus on the single- and two-photon scattering pro-
cesses, where the effective action

Sett = /da)zbj(w)[wl — Ho(@));jb;(®)

ij

U, )
_70 / dszj.(t)b}(r)bj(t)bj(t) (67)
J

of emitters is given by the matrix with elements
[Ho(w)]ij = —iT ;8;; — iTe!ko+@li=xl " The driving action
S;=—["dt Hy(t) is given by Eq. (19) with Oy, =
VI/LY; e~ iktocko); p . Bquations (14) and (34) lead to the
exact results of the transmission spectrum and the second
order correlation function by the effective action Sei and S;.
Under the Markov approximation, Eqs. (14) and (34) give
approximate results by the effective Hamiltonian Hy(w) ~
Ho(0) = HY' and Oy 5, ~ Op -

A. Single-photon processes

For the single incident photon with the momentum k and the
emitters initially in the ground state, the boundary condition
is yin = I and F, = limyy,;—.0 §/8 Ji, in the asymptotic limit
t; — —oo. It follows from Eqs. (14) and (34) that the reflection
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FIG. 3. (Color online) (a) Single incident photon reflection spec-
tra in a two-emitter system, where the distance between emitters is d.
(b) Excitation probability of second emitter |A(2,T)|? as a function
of time 7 in a two-emitter system, when the second (first) emitter is
initially prepared in the ground (excited) state. Here, 'y =0 and I"
is taken as the unit. The Markovian results are also given by the solid
(blue) curves.

coefficient

R = =il Y "[G(k)]; e/t ot (68)
ij

of the photon with momentum p = —k is determined by the
boundary condition y,, = I and Fou = limgy,,08/8J,; in
the asymptotic limit #; — oo, where the Green’s function
matrix G (k) = [k — Ho(k)]™'. In the Markovian limit, the
reflection coefficient

RY' = =il Y [GM(k)];e o). (69)

ij

is determined by the approximate Green function GM(k) =
[k — Ho(0)] "

The difference in Eqgs. (68) and (69) is that the phase
factor ¢'® in Hy(k) is neglected in GM(k), which results in
the condition kNd < 1 of the Markov approximation in the
single-photon scattering. In Fig. 3(a), we show the reflection
probabilities | R|* and |R,1(\"|2 of the scattering photon by two
atoms with lattice spacing d, where kod = 27rn and n is an
integer. The approximate result |R,1(V[|2 does not depend on d,
which agrees with the exact result |R|* very well for small
kd < 1. In the non-Markovian regime kd > 1, the dotted
(black) curve (d = 1) shows that the reflection probability
has the peaks localized around ngm/d and ng is an integer.
The positions of these peaks are the resonant frequencies of
eigenmodes in the “cavity” formed by the two emitters.

The behavior of single excitation propagation in the
emitter array can also be analyzed by Eqs. (14) and (34),
where the exact result gives the condition of the Markov
approximation. For the first emitter initially in the excited state
and the rest of the emitters in the ground state, the boundary
conditions are F;, = I and y;, = b at the initial instant ¢; = 0.
The propagation of single excitation in the emitter array is
described by the boundary condition Fou = I and you = b;
at the final instant #, = 7. Equations (14) and (34) lead to the
amplitude

A(j,T):i/d—‘”[ !

—} e*ia)T (70)
27 | w — Ho(w) il
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of detecting the excitation at the jth emitter. The single photon
emitted by the excitation of the first emitter is described by the
amplitude

Ay (x,T) = —ix/FZe_i”“kOX"B[Ga(x —x;)]
J

X O[T — 0(x — x)IA(,T — 04(x — x}))
(71)

of detecting a single photon at the position x in the waveguide,
where o denotes the right- and left-moving modes, and the
boundary condition is Foy = limyj,}—06/8 Ji, -1y and You = 1
at the final instant fy = T. In the Markovian limit, the
amplitudes become

AM(j,T)zi/d—w[ !

—iwT
27 Lo - HO(O)] n 72

and

AN, T) = —ivT Y e " 05h oy (x — x;)]
J

x O[T — o(x — x NIAM(, T — 04(x — x))).
(73)

To investigate the non-Markovian effects and justify the
validity of the Markov approximation, we compare the exact
results and the approximate results. It follows from the residue
theorem that the poles &, and the corresponding residues Z;
of {1/[w — Ho(w)]} ;; determine the time evolution A(j,T) ~
>, Zie T, Similarly, AM(G,T)~ Y, Z%’[e”'f?w is given
by the poles €M and the corresponding residues ZM of
{1/[w — 7-[0(0)]}1-l . Under the condition éiv[Nd « 1, the phase

factor e/ %~ ~ 1, and Si‘/l and Zk/l are approximately
the pole &, and the corresponding residue Z;, of the exact
propagator {1/[w — Ho(®)]};;. As a result, the condition of
the Markov approximation is & iVIN d < 1.

To understand this condition, we consider two emitters in
the waveguide, where the first emitter is placed at the origin,
and the effective action is determined by the 2 x 2 matrix

—i Fei(koJra))d
. 74
—iT; —il 7

—il"f —1ir
—iTeikotw)yd

Ho(w) = (
It follows from Eqgs. (70) and (71) that the exact amplitudes
are
A T) = 37 THDTCU(T) + C(T)],
(75)
AQR.T) = 3¢ T DTC(T) = C(T)],
and
Au(x,T) = —iT{0(0,0)0(T — 04 ) A, T — G4x)
+e7i%kdg g, (x — d)O[T — ou(x — d)]

x AR, T — oux + o,d)}, (76)
where
[e%e} 1 )
C(T) = Z —’[:I:Fe’k”‘”(rf*”d (T — nd)]"0(T — nd).
n=0 n:
77
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The amplitude AM(x, T) under the Markov approximation has
the same form of Eq. (76), where A(j,T) is approximated by

AM(1,T) = cosh(DTet*od)e=Cr+DT

i (78)
AM©2,T) = — sinh(I'Te'*o?)e~ T 0T,

The agreement between Eq. (78) and the exact result (75)
is verified in the Markovian limit (I'y +T')d < 1, where
Ci(T) ~ e:tl"Te”‘Od.

The time evolution of the two emitters exhibits two non-
Markovian effects. The first is the retardation effect. The
amplitude AM(2,T) shows that once T > 0 the second emitter
has the probability in the excited state. However, this is an
artificial effect of the instantaneous effective Hamiltonian Heg
under the Markov approximation. In fact, the single-photon
wave packet emitted by the first emitter takes the time 7' = d
to arrive at the second emitter. Hence, the second emitter has to
stay at the ground state for T < d, i.e., A(2,T < d) = 0. This
retardation effect is fully characterized by the exact result (75)
and CL(T). We show the probability AR, 7)) in Fig. 3(b)
forI'y = 0 and kod = 2mn, where the dotted (black) curve for
d =1 displays the retardation effect explicitly. In the small
d limit, i.e., I'd/c <« 1, the Markovian result agrees with the
exact result very well, as shown by the solid (blue) and dashed
(red) curves in Fig. 3(b), where the speed of light c is taken to
be the unit.

The second effect is the formation of the entangle state
(leg) — |ge))/~/2inthelimit T — oo. For the vanishing I'y=
0, both the exact and Markovian results show that in the steady
state T — oo the emitters have the probability P, to form the
entangle state. Under the Markov approximation, the proba-
bility P, = 1/2 is determined by AM(1,00) = —AM(2,00) =
1/2. The exact result A(1,00) = —A(2,00) = 1/(2 + 2I'd)
gives the probability P, = 1/[2(1 + I'd)*] to form the entangle
state. In the limit I'd < 1, the Markov approximation works
perfectly, i.e., A(j,00) ~ AM(j,00) = 1/2.

During the formation of the entangled state, the dynamics
of the waveguide photon is described by the amplitudes
A, ;(x,T). In Fig. 4, we show the propagation of the right- and
left-moving wave packets by A, ;(x,T) for the distance d = 1.
In the steady state T — oo, the entangle state is established,
where the standing wave in the regime 0 < x < d forms to
mediate the interaction of two emitters.

B. Two-photon processes

In this section, we study the scattering process of two
incident photons with momenta k; and k,. By comparing
the exact result and the approximate result, we investigate
the condition of the Markov approximation in the two-photon
processes.

The initial boundary condition is y;,, =1 and Fi, =
limyj,08%/8Ji, »8Ji,.» in the asymptotic limit ; — —oo. It
follows from Egs. (14) and (34) that the S matrix

S[’l[’zqklkz = Rkl sz (8[71/615[72/@ + 5[72/618[71/62)

I? _ _
i 8 py 4 pa ki +ho E Gi(p1,p) T (E)G j(ky,k2)
ij

(79)
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FIG. 4. (Color online) The solid (blue) and the dashed (red)
curves show the wave functions of the right- and left-moving photons
after the evolution time 7', where the first (second) emitter is initially
prepared in the excited (ground) state. Here, I'y = 0 and I is taken
as the unit, and the green dots denote the two emitters.

of two reflected photons with momenta —p; and —p, are
determined by the boundary condition y,y = I and Foy =
limg )0 8%/8J_,,18J_p,; in the asymptotic limit 7, — oco.
Here,

Gi(pl,pZ) — Z Gili(pl)Gizi(pz)ei(pl‘H(o)Xil ei(P2+k0)Xi2 ,
ihiy
(80)
and the T matrix T(E) = —I1"'(E) is given by the Dyson
expansion with the bubble

[ dw
Hij(E)=l/§Gij(w)Gij(E—w) (81)

and £ = ki + k».
Under the Markov approximation, S, ;, k,k, i given by the
same form of Eq. (79), where R, ~ R}:[,

Gi(p1.p2) ~ Y GYi(pn)GYi(pa)e™uta) — (82)

i1is

and the bubble (81) are determined by the approximate Green’s
function GM(w) ~ [w — Ho(0)] . The exact result shows that
the Markov approximation is valid in the limits k; Nd, p; Nd,
and 'Nd < 1.

In order to understand the condition, we investigate the
two-photon scattering processes explicitly by considering the
photon scattering by two emitters, where kod = 2mn. We
first compare the exact 7 matrix T(E) with the T matrix
TM(E) under the Markov approximation, where the ele-
ments TIM(E) = MYN(E) = TM(E) + NI)(E) and TIM(E) =

PHYSICAL REVIEW A 92, 053834 (2015)

— Exact

Markov

© (d)

FIG. 5. (Color online) (a),(b) The exact and Markovian 7-matrix
elements for E = 1. (c),(d) The second order correlation functions of
outgoing photons: In (¢) T = 0, in (d) E = 0, and Markovian results
are shown by the solid (blue) curves. Here, I'y = 0 and I is taken as
the unit.

MY (E) = IM(E) — IM(E) are given by
1

ME) = - —,
a (E) 4021E+2irf+2ir(1+oelkud)

(83)
1 1

m(E) = —— .
2E+2iT;+2iT

The absolute values of the exact T-matrix elements are shown
in Figs. 5(a) and 5(b) for kod = 2mn, which illustrate the
perfect agreement between the Markovian result 7M(E) and
the exact result in the limit Ed,I'd < 1.

The Fourier transformation of S matrix leads to the wave
function

1 ip1X1+ipax;
¥ (xe,x) = z/dpldPZSP1P2qk1kzelp1M+pz : (84)

of two reflected photons, where the center-of-mass coordinate
X. = (x1 + x2)/2 and the relative coordinate x = x; — x,. For
two incident photons with the same momentum k| = k, =
k, the photon statistics is characterized by the second order
correlation function

1Y (xe, D)
IR(|*

In Figs. 5(c) and 5(d), we show g®(0) as the function of
E = 2k and g®(1) for the resonant frequency k = 0, where
the Markovian results perfectly agree with the exact result in
the small kd and I'd limit. When d is increasing, e.g.,'d = 0.1
and 1, the Markovian result deviates from the exact one.

As the summary in this section, we use the exact result to
study the non-Markovian effects and examine the condition
of the Markov approximation. We conclude that in the limit
'Nd,kNd <« 1, the Markov approximation works perfectly.
For the large ' Nd and kNd, some non-Markovian effects
emerge, e.g., the retardation effect. In the following sections,

g9 = (85)
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we assume the system length Nd is small enough and the
Markov approximation is always valid.

VI. ENTANGLED PHOTON PAIRS BY SINGLE EMITTER

In this section, we use the scattering theory to study the
generation of entangled photons in the scattering process.
In order to realize the deterministic generation of reflected
photons, the two-level emitter is placed at the left-hand side of
a perfect mirror, i.e., in the half-end waveguide, as shown in
Fig. 1(c). Here, the mirror is put at the origin, and the position
of the emitter is xo < 0.

It follows from Eq. (35) that the effective action is

Setr = Ssys+i/dt FeT(t)e(t)—i—i/dt bef(t)b(t)
+i/TT, / dt bl (t)e(t + xq)eHox0

+iyTTy / dt e'(1)b(t + xg)e 0%, (86)

where the emitter action Sy is determined by the Hamiltonian
Hgys = Hemiger- By the creation (annihilation) operator el (e),
the hardcore boson is introduced to describe the two-level
emitter, where the energy level spacing is w. = ko and
Hemiver = Upelelee/2 in the limit Uy — oco. The external
source term S; = —ftff dt Hy(t) is given by Egs. (19) and
(6) with the jump operator O = e.

A. Single- and two-photon scattering

For the single incident photon with the momentum k and
the emitter initially in the ground state, the boundary condition
is yin = I and F, = limyy,;_,0 §/8 Ji, in the asymptotic limit
t; = —oo. By the boundary condition Yo, = I and Foy =
limg,306/8J,,; in the asymptotic limit ¢, — oo, Egs. (14)
and (34) result in the reflection coefficient

Ridp i = —i8p k[T Gee(k)e™ “H O 4T, Gy (k)
+2{/TT,Gop (ke *Hh0] (87)

where the Green’s functions Gy(k) = —i [ dt e/ (s(t)s'T)
with s,s" = e,b. The effective action determines the single
particle Green’s functions

Gee(k)  Gep(k)
Gre(k)  Gpp(k)
k+il i TTyeitkothxoy !
i yTTyeithothm k+iT, ’
(88)
which give the reflection coefficient
k — i 4+ i[ e~ 2itk+ko)lxol
Ribp,—k = 8p.—k (89)

"k 4+l — iTe2ito+Rlxol

and |R;| = 1 in the limit ', — oo. The phase shift arg(Ry) is
shown in Fig. 6(a) for d = 10™*, where 6y = ko|xo|.

For two incident photons with momenta k; and k, and the
emitter initially in the ground state, the boundary condition

PHYSICAL REVIEW A 92, 053834 (2015)
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FIG. 6. (Color online) (a) The phase shift of the single photon. (b)
The von Neumann entropy of the reflective photons. Here, d = 1074,
and I" is taken as the unit.

iS yin = 1 and Fi, = limyy,)0 52/81k1,,8jk2,, in the asymp-
totic limit #; - —oo. By the boundary condition o, = I
and Fou = limyy,—0 82/8J_p1,,8J_p2,1 in the asymptotic limit
t; — —o0, the S-matrix element
S*Pl*Pz;klkz
= Rkl sz (8171/(181721(2 + 8171](28[717(2)
.16,
—1 ;F 8P1+P2,k1+sz(E)

sin[(k; + ko)|xol] sin[(p; + ko)lxol]
[k;+iT —iTe2itkotklxol [ p;+i T — i eZitkotpilxl]

i=1,2
(90)
of two reflected photons with momenta p; and p; is given by

Eqgs. (14) and (34) in the asymptotic limit #; — oo. Here, the
T -matrix element

1
T(E)= ————— 91)
(£) Uy' — TI(E) (
is determined by the vacuum bubble
d
M(E) = i / = Ger(@)G o E — ) 92)
T

andE=k1+k2=p1—|—p2.

B. Entangled photon pairs

Forthe state ) 3, . f (k1) f (kz)r,I] r,l'z |0)/+/2 of two indepen-
dent incident photons, the S matrix (90) leads to the asymptotic
state

L
V2

of two reflected photons, where the wave function is

YoulP1,02) = F(P1) f(PD)Ry, Ry, — 16iT*T(E)F>(E)
sin[(p; + ko)lxol]
pi + il — iTe2itkotplxol’

Wou) = —= > Youlpr.p)IL 10 ,10) (93)

Pip2

94)
i=12

and the integral
Fy(E) = / dk I f(5 +ok)sin[(5 +ok+ ko)lxol]_
2w

L 4 ok +il — i[eX G okl
(95)

o=%1
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The von Neumann entropy Syn = —tr(p;lnp;) is
given by the single-photon reduced density matrix p; =
tro (| Wour) (Wout|), where the degree of freedom for the other
photon is traced out. The von Neumann entropy Syn =
— ", A?In A% can be obtained by the singular value decompo-
sition of You(p1,p2) = Y, &.(P1)AZA(p2). Here, the singular
values A measure the entanglement of two photons in different
modes g; and g,. For the single-photon wave packet

k—\/7 ! 96
N 96)

we show Syn in Fig. 6(b) for d = 10~4, which displays the
generation of entangled photons by the two-level emitter.

VII. RYDBERG-EIT SYSTEM

In this section, we consider the application of the scattering
theory in the photon transmission in the EIT atoms coupled to
the Rydberg level. We shall show that the developed scattering
theory is an efficient approach to the photon transmission in the
array of interacting emitters with complicated structures. Here,
we highlight the interplay between the EIT phenomenon and
the Rydberg interaction, and show a rich variety of quantum
statistics of the scattering photons and polariton exitations.

In the rotating frame, the Hamiltonian (7) becomes

Hgys = Z[Aeefe,- + ASS,Ts,- + (ersi +H.c)]

L

+ Hyc + % > Uiyslstssi. 97)
ij

where A, = w, — ko, Ay = ws — ko + wy, and we focus on the
two-photon resonance case A; = 0. The waveguide photons
couple to the N atoms collectively through the operator Oy + =
VI YN | emitkFhoxie, / /T and the free space modes couple
to the atom operator e; locally, which induces the decay of the
excited state e. The effective action

Serr = f dz:Z[eI (O+T pei(t) +|s] (r)iats,-a)]—Hsys}

+ Sre (98)

of EIT atoms is given by

Sre = il"/dtZe:‘(t)ej(t — |x — xj|)eik°|xi—xf|, (99)

ij

The source term S; = — fttf dt Hy(t) is determined by
Eq. (19). Here, the lattice spacing d satisfies kod = (2n +
1/2)m.

Based on the general results (14) and (34), we first study the
single- and two-photon scatterings, and show the transmission
spectrum and the second order correlation function of outgoing
photons. In the second part, we investigate the transient
processes and show how the wave packets of single and two
incident photons transfer to the atom excitations, propagate
in the Rydberg-EIT atom array, and finally emit back to the
waveguide. For the single incident photon, we show the free
propagation of the dark polariton. For two incident photons,
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we show the counterpropagation and copropagation of two
polaritons.

A. Single- and two-photon scatterings

For the single incident photon with the momentum k and
the atoms initially in the ground state, the boundary condition
is yin = I and F, = limyy,;_.0 §/8Ji, in the asymptotic limit
t; — —oo. By the boundary conditions y,, = I and Foy =
limy,3-.06/8J, (1) in the asymptotic limit #; — oo, Eqgs. (14)
and (34) lead to the reflection and transmission coefficients

RS,k = —iT8, 4 Z[Go(k)]l?fei(k+k0)(xi+xj)’

ij

(100)
Tidpk = 8pq 1 =il Y [Go(k)]ffe " Hhorms)
ij
of the photon with momentum p.
The free Green’s function
1
Go(w) = (101)

® — Ho(w)
of atoms is determined by the block form
(A, —iTp)8;; — iTelbotoli=xl  QF,.

Q8;; AgS; j>
(102)

Ho(w) = (

in the basis |e;) and |s;), where each matrix element is the
N-dimensional matrix in the coordinate basis. In the notation
[Go(k) f’j" o(0’) = e,s denotes the different “spin” blocks
and 7, j denote the coordinate in the block. In the Markov limit
wd K 1, Hy(w) is approximated by the frequency independent

effective Hamiltonian

A, —iT )8 — iTetkoli—l Qs
py = (e T 0 —ile 7). 03)
Qs ALSy;

In Fig. 7, the exact transmission probability is compared
with that under the Markov approximation. As shown in
Figs. 7(a) and 7(b), for the small lattice spacing d = 1074, the
Markov approximation works very well, which leads to the
same result as that from Eq. (102). When the lattice spacing
d = 1072 is larger, Fig. 7(c) shows the difference between the
results under the Markov approximation (103) and the exact
result (102). In the realistic case, the small length of the array
justifies the validity of the Markov approximation. Henceforth,
we focus on the Markov limit. In Figs. 7(b) and 7(d), we
have taken into account the decay of the excited state |e;) to
the free space, i.e., I'y # 0. The single-photon transmission
shows the EIT nature of atoms, where the total transmission
appears at the resonant frequency k = 0 in the EIT window.
The reason for the total transmission is that the resonant photon
transforms to the free-propagating dark polariton excitation,
which is only the superposition of states rZI gi) and |s;). As
a result, the free space decay I'; of the state |e;) does not
affect the total transmission of the resonant dark polariton
with k = 0.

For the two incident photons with momenta k; and k, and
the atoms initially in the ground state, the initial boundary
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FIG. 7. (Color online) The single-photon transmission spectra,
whereI" = 1, A, = 0, = 1, and the atom numberis 20. (a) 'y = 0
andd =10"% () I'y =1landd =107%(c) 'y =0andd = 107%;
(dTr;=1andd =102

condition is yi, = I and F, = limgj,08%/8J, ,8Ji,, in
the asymptotic limit #; — —oo. By the boundary condition
of the final state y,, = I and Fo, = limyy)0 SZ/SJPIE,SJPZ,,
in the asymptotic limit and ¢y — o0, Egs. (14) and (34) lead
to the two-photon S matrix

Splpz;klkz = Tkl Tkz (5p1k1 szkz + 8P1k28P2k1)

Z e Koy +xjy =iy —xiy)

iriz, j1j2

x Gleleljejljz(pl » D25 kl 1k2)

(2 )?
(104)

for two transmitted photons with momenta p; and p,. Here,
the Green’s function

1117 Jij2

ee ee (pl p2,k1 kz) — /dtidtédtldtzeiplt{-kipzfé—iklrl—ikzlz

x(Tei, (t)ei,t)e], (t)el (12),
(105)

is the Fourier transformation of the four-point connected
Green’s function.
The Dyson expansion in terms of the two-body interaction

HHC+Z,, Uijs j Tsjs,'/ZIeads to

2
(©)

Spipakiks = Sppyikik

-1 Eal’lJerylirkz

x 3 i pl TN
iji’j’

Lono!
0101020)

x [w(kl,kzn‘”"z + (p1 < p2), (106)
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FIG. 8. (Color online) Bunching and antibunching behaviors of
transmitted photons, where ' = 1, 'y =1, A, =0, Q =1, kod =
7/2, Up = 102, and the atom number is 20: (a) the Feynman diagram
for the T matrix; (b) the second order correlation functions g (x) for
C =C3 =Cg=1,E =0,and k = 0; (c) the second order correlation
functions In g®(0) for the uniform case C = 0.46, where the relative
momentum k = 0, and the inset shows g®(x) for the frequency
E /2 = 0.2 of each photon; (d) the schematic for the generation of the
bunched and antibunched photons, where the incident photons have
different frequencies. s’ is the shifted energy level due to the Rydberg
interaction.

. : (0)
where we define the 1ndepen.dent scattering part S, ., =
Tk, Tk23p1k15p2k2, and the function

[wik k175 =D e @ [Gokn)7 [Golka)5,-

Jij2

(107)
The T matrix, depicted by the ladder diagram in Fig. 8(a),
satisfies the Lippmann-Schwinger equation

I, ’
010,020,
ijsi'j'

_ ol
=U,;; "8ii8j8610,00/0;

[T(E)]

+UTT Y E T ENE, (108)
i jism iy

where the vacuum bubble is
[H(E)]Za, ,W = /—[Go(w)]g”[Go(E - w)]” (109)

In the matrix form, the Lippmann-Schwinger equation is
formally solved as

1

T(E) = m,

(110)

where the vacuum bubble ITy(E) = (E — H,)~! is given by
Ho = HY' ® Ly + Ly ® HY!, and the interaction matrix U
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has the diagonal element U/ = Uj’ = U = Uy — 00 and
Ul-sjs = U,'j in the b?lSiS {|€i€j), |€,’Sj), |S,‘€j), |S,‘Sj>}.
The wave function

Y(xe,x)

_ dpldp2 ip1xi+ipaxs
= SPlelekze
2

eiEx(. ) ,
o {ZT(E/2)+kT<E/2)k cos(kx) — il Z [FOI
ijil '
oo’

oo’ E E e
X [T(E)]ij;i,j, w E —i—k,E —k B

vy

(111)

of two transmitted photons is the Fourier transform of
Spi paikikr» Where

, ) e_ikl)xc.lz ) )
[F(x)]fj” = -1 Z m Z xi(ire)xr(ize)
iyip 174
X %GR (o )le PO (x)
+ e MER=alx g ) + (x > —x) (112)

is determined by x.1» = x;, + x;, and the eigenstates |yx;)
(%)) of Hg’l (’HOMT) with the corresponding eigenenergies ¢&;
(¢). Here, (io|x;) = xu(io) and (io|5;) = xi(io).

By the wave function (111), we show the normalized
second order correlation function g® (x) = |7y (x.,x)/ T2 7 |2
of outgoing photons for the two incident photons with the
same momentum k; = ky = E/2 in Figs. 8(b) and 8(c). For
the resonant case £ = 0, Fig. 8(b) shows the second order
correlation functions for the uniform interaction Uisjs = C, the
van der Waals interaction U;} = Ce/|i — j %, and the dipolar
interaction U;}’ = C3/[i — 713, which exhibit the antibunching
behavior of outgoing photons.

It can be understood in the following way. As shown in the
left panel of Fig. 8(d), if two Rydberg excitations are close to
each other, the Rydberg state is shifted by the strong Rydberg
interaction, such that the classical light is off-resonant with
respect to the transition between |e;) and [s;). As a result, the
photon with k = 0 is resonant with the transition |g;) — |e;)
and reflected. For two transmitted photons, to maintain that
the frequency k = 0 of the photon is in the EIT transmission
window, they repulse each other and show the antibunching
behavior such that the Rydberg state is not shifted.

For the incident photons with frequency E/2 larger than
some critical value, the transmitted photons can also display
bunching behavior, as shown in Fig. 8(c). The mechanism of
the generation of bunched photons is illustrated in the right
panel of Fig. 8(d). For two Rydberg excitations close to each
other, the Rydberg energy levels |s;) are shifted. The photons
with finite momentum E /2 realize the two-photon resonance
with the shifted energy level |s;), and can be transmitted. In
order to achieve the transmission of photons by the shifted
Rydberg levels |s;), the two Rydberg excitations prefer to stay
next to each other, which induces the bunching behavior of the
transmitted photons.

As discussed in Sec. 111, the second order correlation func-
tion g»(x) obtained by the scattering theory can characterize
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the quantum statistics of photons emitted by the Rydberg-EIT
atoms under the weak driving field. In Ref. [42], the result
from the scattering theory and the numerical solution of the
master equation for the effective spin model under the weak
driving light are compared, where the two results agree with
each other perfectly.

B. Propagations of single and two excitations

In this section, we investigate how the single and two
incident photons transform to the excitations of the Rdyberg
atoms, and the propagation of excitations.

For the single incident photon with the wave packet f (k)
and the atoms initially in the ground state, the boundary
condition is Yin = I and ]:in = Zk f(r,l)(k) lim{]k}_,() 8/3 Jk,(r,l)
at the instant #; = 0, where the wave packets of the right- and
left-moving photons are

— =]
ﬂ@—ﬁ@—J;kHy

—ikxy
f®=ﬁ®=/ze.,
Tk—iy

with the width 1/y. By the final boundary conditions Foy = 1
and you = i = e;,s; at the instant 7y = T', Eqs. (14) and (34)
lead to the amplitude

ASNT) = iogy/2yT Y e R90(T, — 0ux;)
1j

(113)

and

(114)

% Xz(iu«))?,f(je) [e_ym,—m,x,-)
& +1iy

_ e—is;(Ta —aax,-)]

(115)

of the excitation u = e,s at the position i, where T, = T — z4
and z, =0, z; = xy. For this situation, the dark polariton
forms, where the probability of the occupation in the excited
state |e;) is quite small, ~10~*. In Fig. 9, we show the dark
polariton propagation for the single right-moving incident
photon. In order to show the slow propagation of the dark
polariton, we choose the small ratio 2/ T" = 0.1.

For the wave packet of two incident photons and the atoms
initially in the ground state, we consider both the copropaga-
tion and counterpropagation cases. For the copropagation, the

g (b)
g ——T=600 free
@ —
o ---T=1200 A(T) = > .
g PR e 7 Propagation
e
>
24 EN
S \ 2N
5 N o polariton
o \ I .
B N \‘\ I scattering
= \ \ T

S b

e

15 20

atom index i

FIG. 9. (Color online) (a) Probability of Rydberg states for the
single incident photon wave packet, where ' =1, I'y =0, A =0,
Q=0.1,d =10, y = 0.01, and the atom number is 20. (b) The
Feynman diagram for the two excitation propagation.
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initial boundary condition at the instant ¢;, = 0 is y;, = I and

2

in — rk rk 1 ~ o5
Fn= 2 Stk fitha) Jim o=

kiks

(116)

while for the counterpropagation, the initial boundary condi-
tion at the instant ; = 0 is y;, = [ and

2

Fin =2 Stk filk) fim so o

kiks
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By the boundary condition Foy = 1 and you = 1.4, M2.i,

(11,2 = e,s) at the instant t; = T, Egs. (14) and (34) result in
the amplitude

(r,0)
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of two excitations p and p, at the positions i and i, for the
copropagation & = r and the counterpropagation o = [ case,
where the operator P;,,,,.i,,., symmetrizes the wave function
under the interchange i p; <— izts.

In the first row of Fig. 10, we show the propagation of two
dark polaritons for two counterpropagating incident photons.

x1072 x107? x107?
2.520,

2

©

110 )

200 11 10
(e (®

FIG. 10. (Color online) Probabilities in the state |s) for two
counter- and copropagating polaritons with the dipolar case C3 = 1,
where ' =1, T; =0, A, =0, d = 107*, and the atom number is
20. (a)—(c) show the probabilities at the instants 7' = 600, 1200,
and 1800 for the counterpropagation case: 2 = 0.1 and y = 0.01;
(d)—(f) show the probabilities at the instants 7 = 12, 20, and 28 for
the copropagation case: 2 = 1 and y = 0.1.
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Here, we choose 2/ I = 0.1 to show the collision of two slow
polaritons. When the two excitations approach each other, the
states |s;) are shifted by the Rydberg interaction, which results
in the off-resonance with the transition from |e;) to |s;) induced
by the classical light. As a result, the photon is resonant with
the excited state |e;) and reflected. After the collision of two
excitations, they propagate away from each other, and the
interaction gradually vanishes, which results in the reformation
of two free propagating dark polaritons.

In the second row of Fig. 10, the propagation of two dark
polaritons for the copropagation incident photons is shown.
When the first photon transforms into the dark polariton
in the atom array, it blocks the transmission of the second
photon. This blockade occurs over a characteristic distance
rp ~ (C3T"/ 22)!/3. For an incoming two-photon wave packet
whose size is larger than r;, the blockade manifests itself as
a suppression of the probability of two photons to overlap
with each other as they propagate through the medium [see
Figs. 10(d)-10(f)]. During the propagation in the Rydberg-EIT
atoms, the two polaritons keep away from each other such
that the energy levels |s;) are not shifted, which results in the
transmission of two antibunched dark polaritons.

VIII. CONCLUSION

We summarize our results in this section. We developed
the scattering theory to investigate propagation of photons
through an array of quantum emitters using the path integral
approach. The exact transition amplitude for arbitrary initial
and final states is obtained to describe the quantum statistics
of scattering photons and the dynamics of emitters in the
transient process. The exact result justifies the correctness
of the Markov approximation for the single emitter coupled
to the waveguide photons with linear dispersion. The exact
and Markovian results coincide when the bandwidth of the
dynamics is sufficiently small compared to the distance
between emitters. Here, the generalized master equation for
the few-photon scattering process is obtained to describe
the transient dynamics of emitters. The generalized master
equation establishes the relation between two equivalent
systems, i.e., few photon scattering by the emitters and the
emitters under weak driving light.

For the single emitter case, two paradigmatic examples,

e., the two-level emitter and the JC system, are used to
show the correctness of our theory by comparison with the
well-known results. For an array of emitters, the validity of
the Markov approximation is examined in the system with
two-level emitters coupled to waveguide photons. Here, the
dynamical evolution of emitters show some non-Markovian
effects, i.e., the retardation effect.

The generation of entangled photons by the single emitter
in front of the mirror is also analyzed by the exact result from
our theory. Finally, the photon transmission in an array of
EIT atoms coupled to the Rydberg level is investigated by
the scattering theory. We highlight the interplay between the
EIT phenomenon and the Rydberg interaction, and show how
this results in the bunching and antibunching behaviors of the
scattering photons and the dark polaritons propagating in the
array.
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The scattering theory also provides a way to explore some
non-Markovian effects of emitters coupled to the waveguide
with nonlinear spectrum, where the multiphoton bound states
[59,60] may form. The general result of the transition ampli-
tude and the generalized master equation enable us to study
the photon transmission in more complicated quantum optics
systems and the dissipative many-body systems.
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APPENDIX: GENERALIZED MASTER EQUATION
BY PATH INTEGRAL

In this Appendix, we derive the generalized master equation
(26) by the path integral approach. To simplify the notation,
we neglect the term Hr, describing the independent decay of
each emitter to the free space, and the derivation including
the free space mode follows the same procedure. In the end,
we show the result by considering the effect of the free space
decay.

Here, we need to introduce the emitter field explicitly.
In quantum optics systems, the emitter operators are usu-
ally the annihilation (creation) operators of bosonic modes
and the ladder operators. If one use the hardcore boson
to describe the emitters, all the operators are bosonic
operators (b;), where [ denotes the different modes of
the emitters. In the coherent basis, the reduced density
operator ps(T) = Troanle " #7 p(0)e!T] becomes p (T) =
T FinpeXre oo p (T):

in,—

ps(T) = / B outs B+ o)1 Br ot B — o)

- JE o Jka .
X e Lk hoa, =k ’erl(ﬁ;j_;.,outugl,—,outv T)

X {Br.+.0uh) ({Br.— out} | (A)

where o = r,l denotes the right- and left-moving photon
modes,

M

1
Foz= | in = (A2
+ {Jkggo{z}w({nkab]:[ =y A2
Nia o aadd

the measure for the unnormalized coherent state |{3;}) is
du(B.B) = ]_[l(e_w”zdzﬁ,/n), and the element

'Oj(ﬁ;j—&-,out’ﬂl,—,oul; T)
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is given by the propagator
Zj(ﬁ[f+70ut’ﬂl,7,out; ,31,+,invﬂ;f,,in; T)
= [ a1

X kot D) Uk~ N UBr—in e T B - out) ke })
(A3)

in the closed time path. Here, we define po(ﬁl’f“n,ﬂ;,_,m) =

({B1.+.in} osys OV {Br,—in})-
The propagator (A3) is obtained by the saddle-point method

shown in Sec. III C, which is

Zj(ﬁ;;goupﬁl,f,out; ﬁl,Jr,inv/g[*,,’in; T)

=e'% / dp(Jeas Jiy)

X exp{ Z /L Jza,jk,aeiaakT]}

k,a=r,l

X / D[system]e! St 1 Setr - FS7.+=i8] - (A4)

Here,iS, =), B/ 1 ouBi(T) + B (T)B,— oul is the boundary
term for the emitters, and Ses + are the effective actions in
the forward and backward time-evolution paths, which are
given by substituting the fields §; 1 for the emitter fields in the
effective action Se¢r. The external source term is

T
Sj’i = —/ dt Z [Jk*,a Ok,ga,i([)eiig”k(Tit)
0

k,a
+ JeatOf o, (D)%), (A5)

Finally, the Gaussian integral over Jk,a,J,j’a leads to the
propagator

ZJ(IB:.»,.,Oma,Bl.—,out; ﬂl,-}—,inaﬂl*,_.in; T)
— eZM [/ / D[System]ei(Sd.+_sd.—+sjump)

X exp {Z[ﬂz’i+,omﬂz<T>+ﬂ,*<T)ﬂ1,_,0m]}, (A6)

1

where

T
Sa,+ = Setf,+ — / dt Z [Jzia,,ok,oaar(l)em“kl
0 k,a

+ Tt Of 4, 1 (D% ], (A7)
T .
Sa— = Sk _ — f dt Y I Ok, (D)€"
0 k,a
+ Jias OF 4, ()], (A8)

and the jump term

Siump = —i / dt dr’ Zemk(f—”) Ok 0, +(D)OF . _(1).
k,a
(A9)
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Under the Markov approximation, the actions read

14

ty
Seff,:t = Ssys,:t + l/ dt Z \ FZF]
ij

x 07 (1)0; 1 (t)e* =] (A10)
and
T
Siump = —2i /0 dt Y " JTiT; coslko(x; — x))]
ij
x 0; ()0} _(1). (A11)
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By taking the time derivative of Eq. (A1) and using Eq. (A6),
we obtain the motion equation

drps(T) = —i[Hys(T),p,(T)] + Lo, (T)

for the generating density matrix p,;(7) with the initial
condition p;(0) = psy(0), where the Lindblad term is

Loy(T) = 22 [T inJ(T)0; cos[ko(x; — x;)]
ij

— Y VTl coslko(x; — x)){0} 0;.p,(T)}.

ij

(A12)

(A13)

Finally, by adding the Lindblad term describing the free
space decay, we reproduce the results (26), (27), and (28).
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