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Influence of wavelength on nonadiabatic effects in circularly polarized strong-field ionization
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The influence of wavelength on nonadiabatic effects in an intensive, circularly polarized laser field has been
studied by solving the time-dependent Schrödinger equation of a single active electron of the argon atom in a
three-dimensional spherical coordinate system. The nonadiabatic process considering the nonzero initial velocity
of the electron is very vital to reproducing the experimental observation. Our calculated photoelectron angular
distribution in the directions perpendicular to the polarization plane shows nonadiabatic effects in strong laser
ionization. The analysis of angular distribution on the “fast” time scale corresponding to wavelength indicates
that as the wavelength gets shorter, the nonadiabatic effects get stronger. While the analysis on the “slow” time
scale corresponding to the pulse envelope shows that the short pulse duration comes to play an important role
for the nonadiabatic effects. When the pulse duration is more than 15 cycles, the influence of pulse duration on
nonadiabatic effects fades away and the effects approach stabilization.
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I. INTRODUCTION

In atomic and molecular physics, strong laser field ion-
ization under certain conditions is described by a tunneling
process which is one of the primary manifestations of quantum
mechanics departing from classical physics. In this process,
the laser field bends the binding Coulomb potential of an atom
or molecule forming a barrier through which the electron may
tunnel out without gaining any energy [1]. When the laser field
is weak enough, multiphoton absorption may occur, where the
electron escapes from the bound state by absorbing multiple
photons [2]. The two regimes are usually distinguished
by the Keldysh parameter γ = ω

√
2Iion(ε2 + 1)/F0, where

Iion is the ionization potential, F0 is the peak intensity of
the laser electric field, ε is the ellipticity, and ω is the
laser angular frequency [3]. Unless otherwise stated, atomic
units are utilized. In the tunneling regime where γ � 1, the
above-threshold ionization (ATI) photoelectron distribution is
consistent with the classical theory in which the photoelectron
is forced only by the laser field after tunneling ionization [4],
and the adiabatic condition applies [5]. In the multiphoton
regime where γ � 1, the photoelectron spectrum (PES)
consists of individual ATI peaks spaced by the energy of
one photon [6,7]. In this regime, nonadiabatic effects will
arise [1]. However, the mechanism of ionization is not clear
around γ ≈ 1 [8], which is the value of γ corresponding
to most present experiments. In this region, the tunneling
and multiphoton ionizations occur simultaneously, resulting
in special characteristics. One of the most significant is
nonadiabatic effects [9,10], meaning that the initial velocity
offset of the electron at the tunnel exit is nonzero. In some
certain special condition, the effects dominate the nonadiabatic
tunneling and change the ionization rate. Nevertheless, many
experiments interpret their results based on adiabatic theory;
that is, the initial velocity of the ionized electron is zero. Is
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it justified to neglect nonadiabatic effects? This issue has no
conclusive results at present [11–13]. In this work, we describe
the effects by analyzing the initial velocity of the ionized
electron.

Based on the pioneering Keldysh theory [5], which is known
as strong-field approximation (SFA) [7,14], Perelomov, Popov,
and Terent’ev (PPT) developed a method to obtain the ioniza-
tion rate and momentum distribution [15]. Then Ammosov,
Delone, and Krainov (ADK) [16] further summarized the
PPT theory in the adiabatic tunneling limit in which electron
tunneling is described as an adiabatic process.

Many previous experimental and theoretical works have
been undertaken to investigate the nonadiabatic effects, and
some contradictory conclusions were demonstrated. Arissian
et al. [12] confirmed the validity of the adiabatic approxi-
mation by simulating the experimentally measured transverse
momentum using an advanced ADK formula. In this condition,
no photons are absorbed from the laser field and the initial
velocity of the ionized electron is zero. Then Boge et al. [11]
reported that the adiabatic theory is veracious to describe
the experimental trends when γ � 2.5 by analyzing the
deflection angle of the final momentum in laser field with
different intensity. On the contrary, Shafir et al. [13] found
that the initial velocity offset of the electron at the tunnel
exit was nonzero, which contradicts the adiabatic theory. In
addition, experiments [17] with a near-circularly-polarized
laser have revealed ionization statistics incompatible with the
adiabatic picture. Recently Mauger et al. [18] investigated
the nonadiabatic effects through analyzing ionization rates
and yields, and reported that nonadiabatic manifestations get
stronger with increasing laser frequency.

In a linearly polarized laser pulse, the ionization process
is complicated by the recollision process. The nonadiabatic
effects are overwhelmed by other effects in rescattering, such
as Coulomb focus [19]. However, in circularly polarized light,
the ionized electron does not reencounter its parent ion and thus
leads to a cleaner ionization signal. A circularly polarized laser
pulse, which has now been introduced as a new powerful tool
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for investigating electron dynamics [20], has advantages for
studying the ionization process. Some new phenomena, such as
angular shifts in photoelectron momentum distributions [21],
have also shown up in the circularly polarized laser field and
have been investigated deeply [22,23].

In this work, we discuss the influence of wavelength
on nonadiabatic effects in circularly polarized strong-field
ionization by investigating the lateral angular distribution of
PES, which is similar to the lateral momentum distribution
studied in Refs. [12,24]. In addition, we integrate the angular
distribution in a special range of the polar angle for clearly
indicating nonadiabatic effects. We choose argon as the target
atom exposed to circularly polarized pulses, because ionization
of argon has been well documented in short-wavelength laser
fields [25,26], which provides a benchmark for the present
investigation. Here, we use the full quantum method based
on solving the time-dependent Schrödinger equation (TDSE)
in the length regime [27–29]. Hence, the PES can be easily
obtained by simply projecting the electronic wave function
onto the eigenstates of the field-free Hamiltonian at the end of
the laser pulse.

II. THEORETICAL METHOD

The theoretical method has bean described in detail in
our previous work [30] and here only a brief introduction
is reviewed. We adopt the single-active-electron model to
describe the dynamics of the argon atom in a strong laser field.
In the model, the active electron is described by the TDSE as

i
∂

∂t
ψ(r,t) =

[
−∇2

2
+ V (a)(r) + V (F)(r,t)

]
ψ(r,t), (1)

where V (a)(r) represents the spherically symmetric three-
dimensional potential of the atomic system and V (F)(r,t) = r ·
F(t) is the laser-atom interaction under dipole approximation.

To solve the equation, we expand the time-dependent wave
function in spherical coordinate r = (r,θ,φ) as [31]

ψ(r,t) =
lmax∑
l=0

l∑
m=−l

1

r
χl,m(r,t)Yl,m(θ,φ), (2)

where the reduced radial wave function χl,m(r,t) is represented
in the sine-type discrete variable representation (sine-DVR)

basis [32], and Yl,m(θ,φ) is the spherical harmonic. Based on
this representation, we can benefit from angular momentum
theory when dealing with the angular degrees of freedom.

We define the coordinate axis z parallel to the polarization
vector of a linearly polarized electric field and then a set of
coupled partial differential equations can be obtained,

i
∂

∂t
χl,m(r,t) =

[
−1

2

∂2

∂r2
+ l(l + 1)

2r2
+ V (a)(r)

]
χl,m(r,t)

+ rF (t)alχl+1,m(r,t) + rF (t)al−1χl−1,m(r,t),

(3)

with al =
√

(l + 1)2/(2l + 1)(2l + 3). In this case, the az-
imuthal quantum number m is a conserved quantity. There is
no transferred population among different m states. However,
for the case in a circularly polarized field, m is not a conserved
quantity any longer, and we introduce the Wigner rotation
technique for solving the m-mixing problem so that the
circularly polarized light is deemed to the rotation of linearly
polarized light. In this way, we can treat the interaction
of the electron with the nuclei and the field separately at
each step of the time propagation. At the starting point in
one propagation step, we represent the wave function in
the atomic frame and calculate the action of electron-nuclei
interaction operators, − 1

2
∂2

∂r2 , l(l+1)
2r2 , and V (a)(r). Secondly,

we transform the updated wave function to the laboratory
fixed frame, where the polarization vector of the electric field
is parallel to the z axis, with the Wigner rotation matrix
D(β) by χ ′(ri,t)=D(β)χ (ri,t), and then apply the obtained
wave function to the electron-field interaction operator V (F ).
Finally, we transform the electronic wave function back by
inverse rotation again to act on the electron-nuclei interaction
operators. These operations make up a complete step of the
time propagation. It should be noted that the Wigner rotation
matrix is block diagonal with respect to l, allowing to perform
the calculations very efficiently.

In the time propagation, the second-order split-operator
scheme is employed, which is accurate and has been used
widely [33–35]. In this scheme, one step of propagation is
expressed as

χl,m(t + δt) = e
δt
2

1
2

∂2

∂r2 e
−i δt

2
l(l+1)

2r2 e−i δt
2 V (a)(r)e−iδtV (F )

e−i δt
2 V (a)(r)e

−i δt
2

l(l+1)
2r2 e

i δt
2

1
2

∂2

∂r2 χl,m(t) + O(δt3). (4)

An exponential absorption potential is introduced in the propagation. Then through wave-packet propagation, the final reduced
radial wave functions χl,m(r,t = T ) can be obtained.

The PES is extracted by projecting the final wave function ψ(r,t = T ) onto the field-free wave function ψE(r,θ,φ) =∑lmax
l=0

∑l
m=−l (1/r)χE,l(r)Yl,m(θ,φ), which is an eigenstate of the time-independent Hamiltonian at the energy E. A series of

reduced radial eigenfunctions χE,l(r) are obtained by solving the time-independent Schrödinger equation by diagonalizing the
field-free Hamiltonian. Therefore, the PES, which is a probability density, can be defined as follows [36]:

P (E) =
∣∣∣∣
∫ rmax

rmin

∫ π

0

∫ 2π

0
ψ∗

E(r,θ,φ)ψ(r,θ,φ,t = T )r2 sin θdrdθdφ

∣∣∣∣
2

=
lmax∑
l=0

l∑
m=−l

∣∣∣∣
∫ rmax

rmin

χ∗
E,l(r)χl,m(r,t = T )dr

∣∣∣∣
2

. (5)
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FIG. 1. (Color online) Schematic diagram of a circularly polar-
ized laser pulse in a Cartesian coordinate system. The electric field
oscillates in the xz plane (φ = 0 or π in the spherical coordinate
system) and the pulse propagates along the y axis.

Furthermore, the two-dimensional PES as a function of the
kinetic energy and the polar angle at a constant azimuthal angle
φ = φ0 can be calculated as follows:

P (E,θ ) =
∣∣∣∣
∫ rmax

rmin

ψ∗
E(r,θ,φ0)ψ(r,θ,φ0,t = T )dr

∣∣∣∣
2

. (6)

Muller and Kooiman [37] and Tong and Lin [38] have given
the three-dimensional atomic potential for the target argon
atom, and both of the forms are accurate and used widely
[39–41]. In our calculation, equidistant grids with 1509 points
are used in the spatial r range of 0.0–400 a.u. The ground
electronic state, corresponding to the ionization potential of
15.7 eV, is one of the eigenstates of the Hamiltonian in free
field. Its corresponding wave function can also be obtained
by the diagonalization mentioned above. We do not consider
the influence of different magnetic quantum states, and the
initial state is chosen to be the one of m = 0. The expansion
in spherical harmonics is truncated at l � lmax (lmax = 50
for wavelength � 600 nm, and lmax = 55 for wavelength =
800 nm). The convergent results can be obtained by checking
the final PES for different truncations. A propagation time step
of 0.02 a.u. is used. In this investigation, we choose the electric
field with the form

F (t) = F0f (t)

⎛
⎝(ε/

√
ε2 + 1) cos(ωt + ϕ)

(1/
√

ε2 + 1) sin(ωt + ϕ)
0

⎞
⎠, (7)

where ϕ denotes the carrier-envelope phase; ε = 1 for the
circular polarized pulse in this work; and the envelope f (t) =
sin2(ωt/2N ), with N the number of optical cycles. Here, we
assume the pulse propagates along the y axis and the circularly
polarized laser pulse oscillates in the xz plane in the Cartesian
coordinate system as shown in Fig. 1; that is, θ = 0 or π and
ϕ = 0 or π in the spherical coordinate system.

III. RESULTS AND DISCUSSION

Figure 2 shows the temporal shape of the strong laser elec-
tric field applied [Fig. 2(a)] and the corresponding calculated
results on the final photoelectron distribution [Figs. 2(b)–2(d)].
Here, the wavelength of the circularly polarized laser pulse
equals 600 nm, the pulse duration is 7 cycles, and the peak

top intensity equals 1.8 × 1014 W/cm2. There is a main peak
around the ponderomotive energy Up = 6.05eV in the PES in
Fig. 2(c), which means the ionization occurs in the tunneling
regime [Up = F 2

0 /(2ω)2]. In addition, there are three small
peaks (marked by the arrows), and the interval of these peaks
is equal to the photon energy. Hence, there are tunneling and
multiphoton ionizations simultaneously in this condition with
the Keldysh parameter γ = 1.61. In order to image more
clearly, the two-dimensional PES as a function of both the
energy and polar angle is displayed in the plane (yz plane)
perpendicular to the polarization plane, as shown in Fig. 2(b).
There are obvious lateral distributions in the two-dimensional
PES. In the directions at θ = 0 and π , the two main peaks
mean that the dominant ionization occurs in the tunneling
regime when the adiabatic condition applies [5]. However, in
the lateral distribution where the polar angle deviates away
from the polarization plane, there are obvious multiphoton
stripes which represent multiphoton ionization which occurs
in the regime with γ � 1, and the nonadiabatic effects arise
[1]. It is well known that the direction of final momentum
of photoelectron is dependent on the polarization direction of
laser field. However, the initial velocity direction of the ionized
electron related to the nonadiabatic effects is isotropous. As
the electric field vanishes in the lateral orientation (out of the
xz plane or φ 	= 0 and π ) and there are no recollision electrons,
any ionized electron which deviates from the polarization plane
has lateral velocity. Thus, we can discuss the nonadiabatic
effects by analyzing lateral distribution of photoelectrons.
We integrated the two-dimensional PES over energy and
analyzed the resulting one-dimensional angular distribution,
as shown in Fig. 2(d). It clearly shows the lateral distribution
of photoelectrons dependent on the polar angle.

We can compare the angular distribution of PES under
different wavelength and laser intensity to understand the
nonadiabatic effects. In Fig. 3, we plot the two-dimensional
PES and the corresponding angular distribution in circularly
polarized laser pulse with duration of 7 cycles and wavelength
of 800 nm. In Figs. 3(a) and 3(b), the peak top intensity is
the same as that used in Fig. 2 but the wavelength is longer.
It is obvious that the lateral distribution of two-dimensional
PES for 800-nm wavelength is weaker than that for 600-nm
wavelength shown in Fig. 2(b), and the angular distribution is
narrower than that in Fig. 2(d). In order to compare clearly,
we define a special quantity, that is, the average lateral angle,
which is defined as

θ̄ =
∫ π/2

0 θP (θ )dθ∫ π/2
0 P (θ )dθ

. (8)

On account of the symmetry of the angular distribution on
the z and y axes, as shown in Fig. 1, we integrate the angular
distribution function in the range of [0, π/2]. The average
lateral angles are equal to 19.25◦ and 27.6◦, corresponding
to the laser pulses of 800 and 600 nm, respectively. Thus,
the influence of the nonadiabatic effect is important in
the ionization process and nonadiabatic manifestations get
stronger as the laser wavelength gets shorter.

The nonadiabatic effect is also influenced by field intensity.
When the field intensity is reduced from 1.8 × 1014 to 1.0 ×
1014 W/cm2, the angular distribution gets broader, as shown
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FIG. 2. (Color online) The electric-field envelope of circularly polarized laser (a) and the corresponding calculated results (b–d). The
wavelength, pulse duration, and intensity are 600 nm, 7 cycles, and 1.8 × 1014 W/cm2, respectively, corresponding to γ = 1.61.

FIG. 3. (Color online) The two-dimensional PES and the corresponding angular distribution. The wavelength and pulse duration are
800 nm and 7 cycles, respectively. The laser intensities are 1.8 × 1014 W/cm2 (γ = 1.21) (a,b) and 1.0 × 1014 W/cm2 (γ = 1.62) (c,d).
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FIG. 4. (Color online) The curves of the average lateral angle
as a function of wavelength. The circularly polarized laser pulses
are taken as a duration of 9 cycles but with different intensities,
3.0 × 1014 W/cm2 (upper), 2.0 × 1014 W/cm2 (middle), and 1.0 ×
1014 W/cm2 (lower).

in Figs. 3(c) and 3(d). Here the average lateral angle equals
23.87◦, larger than the value of 19.25◦ obtained from Fig. 3(b).
The phenomenon that the nonadiabatic effects increase in
comparatively weaker laser fields can be explained with the
time consumed in the ionization process. According to Keldysh
time, �t = √

2Iion/F [5], the ionization time is inversely
proportional to the field intensity. This formally agrees with
the well-known Büttiker-Landauer traversal time [42], which
is a general definition that it would take for a photoelectron
tunneling through the potential barrier with width of Iion/F .
Thus, the ionization process needs more time in weaker
fields.

In the region with large values of γ , the nonadiabatic effects
are obvious, so we can study the influence of wavelength
or intensity on the effects clearly. In Fig. 4, we plot the
variation curve of the average lateral angle as a function of
wavelength in a circularly polarized laser pulse with different
intensities. The field intensities are taken to be 1.0 × 1014,
2.0 × 1014, and 3.0 × 1014 W/cm2, respectively. The shortest
and longest wavelengths are 200 and 500 nm, respectively.
Thus, for these conditions, we can have the minimum value
of Keldysh parameter of 1.50, where the ionization mainly
occurs in the multiphoton regime. As is shown, the average
lateral angle monotonically reduces with the wavelength
increasing. It indicates that the nonadiabatic effects weaken
in long wavelength. This is in accordance with the conclusion
of Mauger and Bandrauk that nonadiabatic manifestations

FIG. 5. (Color online) The curves of the average lateral angle as
a function of duration in a 600-nm circularly polarized laser. The field
intensity is 1.0 × 1014 W/cm2 and the duration varies from 3 to 18
cycles.

get stronger with increasing laser frequency [18]. Thus, the
nonadiabatic effects are dominated by the time of the target
atom exposed in the laser field. As is known, there are two
time scales for a pulse, that is, a “slow” time scale related
to the pulse envelope and a “fast” time scale corresponding
to laser frequency or wavelength. In the calculation, all the
laser pulses are chosen as the same value of 9 cycles; thus, the
durations are unequal when the wavelength is different. Since
both of the “slow” and “fast” time are changed, which is the
real domination reason?

In Fig. 5, we calculate the average lateral angle in a
circularly polarized laser pulse with the same wavelength
but different durations. The wavelength and intensity take the
same values, 600 nm and 1.0 × 1014 W/cm2, respectively, and
the range of the duration is 3–18 cycles. In these cases, the
influence of wavelength vanishes and there is only a “slow”
time scale effect. It is obvious that, as the number of cycles
increases, the average lateral angle increases monotonically.
This indicates that the nonadiabatic effects strengthen in
a longer-duration laser pulse. In addition, there is another
characteristic—that the increasing rate of the average lateral
angle decreases with the increase of the laser pulse duration.
That is, the increase of the average lateral angle is drastic in
the range of short duration, whereas when the laser pulse is
long enough, namely, more than 15 cycles in the calculation,
the change of the average lateral angle almost disappears. That
reminds us that the influence of altered pulse duration on the
nonadiabatic effects is more obvious in a short-duration laser
pulse than in a longer pulse. However, the nonadiabatic effects
are stronger in a long-duration pulse, and the effects approach
stabilization in a longer laser pulse. From the analysis of Fig. 4,
we conclude that the “slow” time scale affects the nonadiabatic
effects faintly, and when the time scale is “slow” enough (that
is, the laser pulse is long enough), the nonadiabatic effects
are invariant. Thus, the “fast” time dominates the nonadiabatic
effects, and nonadiabatic effects will be stronger in a laser
pulse with shorter wavelength.
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IV. CONCLUSION

We have investigated the influence of wavelength on
nonadiabatic effects in an intensive, circularly polarized
laser field by solving TDSE of a single active electron in
a three-dimensional spherical coordinate system. The two-
dimensional PES as a function of both the energy and polar
angle, and the corresponding angular distribution by integrat-
ing the two-dimensional PES over energy are calculated in
the directions perpendicular to the polarization plane. Thus,
the nonadiabatic effects can be manifested by the angular
distribution. In order to study the nonadiabatic effects in laser
pulses with different wavelengths, we calculate the average
lateral angle by integrating the angular distribution function in
the range of [0, π/2].

In conclusion, in circularly polarized strong-field ionization
when γ ≈ 1, multiphoton ionization occurs in the lateral
direction mainly where the nonadiabatic effects are expected
to appear. By comparing the average lateral angles, we have

shown that nonadiabatic effects are mostly dominated by the
pulse wavelength and the effects get stronger for shorter
wavelengths. In addition, the pulse duration also plays an
important role on the nonadiabatic effects, but the influence
on the nonadiabatic effects appears only in short pulses. When
the duration is more than 15 cycles, the influence fades away
and the nonadiabatic effects approach stabilization.
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