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We investigate multiqubit permutation-symmetric states with maximal entropy of entanglement. Such states
can be viewed as particular spin states, namely anticoherent spin states. Using the Majorana representation of
spin states in terms of points on the unit sphere, we analyze the consequences of a point-group symmetry in their
arrangement on the quantum properties of the corresponding state. We focus on the identification of anticoherent
states (for which all reduced density matrices in the symmetric subspace are maximally mixed) associated
with point-group-symmetric sets of points. We provide three different characterizations of anticoherence and
establish a link between point symmetries, anticoherence, and classes of states equivalent through stochastic
local operations with classical communication. We then investigate in detail the case of small numbers of qubits
and construct infinite families of anticoherent states with point-group symmetry of their Majorana points, showing

that anticoherent states do exist to arbitrary order.
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I. INTRODUCTION

Geometrical representations in science have a long history.
They give further insight in many different contexts, ranging
from classical mechanics to graph theory and quantum
information [1]. One such representation is the Bloch sphere
picture for spin—% states, which has been widely used in the
latter context. Several geometrical generalizations of the Bloch
representation to higher spin systems have been proposed
[2-6]. In his seminal paper [2], Majorana introduced a
particularly convenient way of visualizing pure spin-j states
as a set of 2j points on the Bloch sphere. This representation
has been used in various contexts, such as in the study of
spinor Bose gases [7-9] or entanglement quantification and
classification in multiqubit systems [10-13]. It can be used
to highlight symmetries of spinor wave functions and to
determine the inert states of spin systems, which are stationary
for generic energy functionals [9,14], and also to study the
Berry phase acquired during a cyclic evolution of a spin
system [15].

Spin-j coherent states |n) take a very simple form in the
Majorana representation. These states are defined as the pure
states verifying (n|J|n) = jn for some unit vector n (% is set
to 1), where J = (Jx,Jy,J;) is the spin angular momentum
operator associated with a spin-j system. In the Majorana
representation, they are depicted by a single point (2j-fold
degenerated) on the Bloch sphere and are, in this sense, highly
directional. For this reason, spin-coherent states are also called
polarized states. By contrast, pure spin-j states |1/ ;) that depart
the most from coherent states could be defined as the states
which do not display any directional properties. However,
for any finite j, the moments ((J - n)*) = (¥, |(J - n)*|v;) of
the spin components, from a certain order, depend on n. At
best, one can ask for the absence of directionality in the
moments up to a given order. This motivates the following
definition [16]: A spin-j state |v;) is said to be anticoherent
to order ¢ (or f-anticoherent) if ((J - n)*) is independent of the
unit vector n for k = 1, ...,r. For example, 1-anticoherence
means that the expectation value of the spin operator J
vanishes.

1050-2947/2015/92(5)/052333(13)

052333-1

PACS number(s): 03.67.Mn, 03.65.Ud, 03.65.Aa

The problem of identifying anticoherent states can be
tackled from a quantum information perspective. Quantum
information mainly deals with the manipulation of information
stored on a set of two-level quantum systems, or qubits. It is
possible to rephrase the above definition of anticoherence in
the qubit language. The key element is the one-to-one mapping
between the Hilbert space of a single spin-j (of dimension
2j 4+ 1) and the symmetric subspace of the Hilbert space
associated with a system of N qubits (of dimension N + 1)
when N = 2j. In this picture, spin-coherent states are fully
separable, whereas symmetric N-qubit f-anticoherent states
are characterized by the fact that their 7-qubit reduced density
matrices correspond to the maximally mixed state [6,17]. As
a consequence, f-anticoherent states are the most entangled
symmetric states, in the sense that for any (k, N — k) bipartition
with k£ = 1, ...t the entanglement entropy is maximal. Note
that the maximization of the entropy of entanglement over the
whole Hilbert space for all possible bipartitions is not reached
for symmetric states [18] and thus the states that realize this
maximum are not z-anticoherent; however, states maximizing
the entanglement entropy for (1,N — 1) bipartitions can
be symmetric and thus 1-anticoherent. These states, with
maximally mixed one-qubit reductions, have been the subject
of much research [19-26], notably due to their importance
in two-party communication tasks. Similarly, the notion of
nonclassicality of spin states based on the Glauber-Sudarshan
P representation [27,28] has been translated to multiqubit
symmetric states in [29], where it has been shown to imply
entanglement.

The aim of this paper is to investigate anticoherence from a
geometrical point of view, using the Majorana representation.
As previously mentioned, for coherent states, Majorana points
all lie at the same place. By contrast, states whose Majorana
points are spread out as far away as possible on the sphere have
been shown to be highly entangled [10,11,30]. For instance,
it was found that states obtained by considering Majorana
points with a configuration identical to that of electric charges
at equilibrium on a sphere maximize the geometric measure
of entanglement for certain spin values. Such geometric
arrangements are known to display point-group symmetries.
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We can therefore expect that arrangements of Majorana points
with a certain point-group symmetry lead to highly entangled
states. In this paper, we investigate along those lines the
consequences of point-group symmetries on anticoherence
properties of spin states. As we will see, this allows us to
construct states with high order of anticoherence.

The paper is organized as follows. In Sec II, we present
various characterizations of anticoherence, both from a spin
and a multiqubit perspective. In particular, we derive a set
of equalities that the components of a permutation-symmetric
state must satisfy in order to be ¢-anticoherent. In Sec. III, we
establish the consequences of the symmetries of Majorana
points on the components of the corresponding state and
determine which symmetries lead to anticoherence. In Sec. 1V,
we show that any state displaying cyclic symmetry can be
transformed under stochastic local operations and classical
communications (SLOCC) to an anticoherent state, and es-
tablish a link between symmetries, anticoherence and SLOCC
classes. We also identify all anticoherent states with cyclic
symmetry for five qubits. In Sec. V, we present a systematic
method allowing us to find #-anticoherent states and identify
infinite families of anticoherent states with cyclic group
symmetry. In Sec. VI, we prove that there exists anticoherent
states to all orders.

II. DEFINITION AND CHARACTERIZATIONS
OF ANTICOHERENCE

A. Correspondence between spin-j states and multiqubit
symmetric states

In this section we formalize the correspondence between
single spin- j states and multiqubit symmetric states and trans-
pose the definition of anticoherence given in the introduction
to multiqubit symmetric states. We first describe spin-j states,
then N-qubit symmetric states, and finally their one-to-one

mapping.

1. Single spin-j states

Any pure spin-j state |i/;) can be expanded in the
standard angular momentum basis {|j,m) : —j < m < j} of
joint eigenstates of J? and J, as

J
W)= culim), (1)

m=—j

with ¢,, complex coefficients such that ) lcm|? = 1. Coher-
ent states are eigenstates of J.n with eigenvalue j, where
n = (sin6 cos ¢, sin B sin g, cos @) is the unit vector pointing
along the direction specified by the angles (6,¢) on the unit
sphere. For spin—%, their general expression reads

ON|1 1\ . (0 |1 1
[n) = cos (E)’§,§>+sm (E)e“’ - ——>. 2)

27 2

More generally, a spin-j coherent state |n) has expansion

i j+m o
) =) W[COS (g)]] [sin (g)ei‘”]] |j.m),

m=—j
(3)

where Céj_m is a binomial coefficient.
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The Husimi function of |v;), defined by

0(0,9) = Iy, “)

is the probability of finding the spin in the coherent state
pointing along the direction (6,¢) [31].

2. N-qubit symmetric states

Any pure symmetric state |g) of N qubits can be expressed
as

N
Ws) =Y di| DY), %)
k=0

with dj complex coefficients such that ), |de|> =1 and
{|D§\l,{)) :0 < k < N} the (orthonormal) symmetric Dicke
states defined in the computational basis as

1
(k)\ __
|DN)_\/TZ|O...01...1),
Cy o N—k &k
where k =0, ...,N is the number of 1’s and the sum runs

over all permutations of the qubits. In the particular case of a
symmetric separable state |®g) = |¢)®V, where

|¢) = «]0) + B[1) (6)

is a single-qubit state with «,8 € C, the expansion (5) takes
the form

N
@5) = 37/ Ch o B4 DY), )
k=0

The probability of finding the pure symmetric state |/g) in
the separable state |®g) is given by

O(a,B) = [(@s|¥s) . (8)

3. One-to-one mapping

A one-to-one correspondence between Egs. (1)-(4) and
(5)—(8) can be made by setting k =j —m, N =2j, o =
cos(%), and g = sin(%)ei“’, and allows a formal equivalence
between the standard basis and the Dicke basis,

N N
DY) < ‘?5 - >

A )

jm) < DY),

The spin-j angular momentum operator J is formally equiva-
lent to the collective spin operator S = (S,,Sy,S;) associated
with the N-qubit system. Here we define §; = 1 >N, cf,(’) (=
x,y,z) and Gl(l)=]1®~~~®11®61®]l®--~®]l, where o;
are the Pauli operators o, = |0)(1| + [1)(0], o, = i(|1)(0] —
|0)(1]), and o, = |0)(0] — |1)(1] and appear as the ith factor
in the tensor product. More precisely, the matrix elements
(j.m|J|j.m’) and (DP|S|DY) are equal for k = j —m,
k' = j —m’,and N = 2. Spin-coherent states coincide with
symmetric separable states, |[n) <> |®g), in the sense that the
spin-j coherent state given by Eq. (3) can be seen as the 2 j-fold
tensor product of the spin-% coherent state (2).
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B. General conditions of anticoherence

A t-anticoherent pure spin-j state |1;) is defined by the
fact that ((J-m)*) is independent of the unit vector n for
k=1, ...,t. A criterion for anticoherence has been given by
Bannai and Tagami [32] for any j in terms of correlators
of Jy, Jy, and J; and their powers. In particular, it was
found as a corollary that a state is 1-anticoherent if and only
if (Jy) = (Jy) =(J;) =0. It is 2-anticoherent if and only
if it is 1-anticoherent and fulfills the additional conditions
(J2) = (12) = (J2) and (JiJ;) =0 for k, € {x,y,z} and
k # I, meaning that both the expectation value and the variance
of the spin components are equal in all directions. For larger
order of anticoherence f, these conditions quickly become
cumbersome.

This definition of anticoherence can be naturally translated
to the multiqubit setting. The mapping of the previous subsec-
tion leads to the following definition: A multiqubit symmetric
state |1/g) is ¢-anticoherent if ((S - m)*) is independent of n for
k=1,....t

A simple characterization has been given in [6,17]. Let p; be
the (r + 1) x (¢ + 1) reduced density matrix of p = |{rg) (V5]
obtained by tracing over N — ¢ qubits and expressed in
the Dicke basis {|D,(k>) 1k =0,...,t} spanning the 7-qubit
symmetric subspace. Note that since symmetric states are by
definition invariant under permutation of the qubits, the #-qubit
reduced states do not depend on the choice of the 7 qubits. A
state is f-anticoherent if and only if p, is proportional to the
identity matrix, namely

1t
=TT (10)
where 1,4, is the (f 4+ 1) x (r + 1) identity matrix. This
implies that 7-anticoherent states maximize the entanglement
entropy S = —tr(p, log p;) among symmetric states for any
bipartition (¢, N — t) of the N qubits.

In this section we derive three different characterizations
of anticoherence to any order ¢. The first one is in terms
of expectation values of convenient combinations of spin
operators, the second is in terms of Dicke coefficients of a
state, and the third is based on the multipolar expansion of the
Husimi function associated with a state.

1. In terms of expectation value of spin operators

Let A(g) be the real numbers defined by

1 /N q
Ag) = N+1 (?_k) (11)

for integers g. For ¢ = 2, we have A(2) = ﬁN(N +2) and
forg =4, A4) = 2i0[3N(N + 2) — 4]A(2). Note that for all
odd g, A(g) = 0. We now show that a symmetric state |{g) is

t-anticoherent if and only if expectation values of the operators
S8 with S = S, + S, verify

(WsISL ST Ys) = (S’ S9) = A(q) 80 (12)

forr =0,...,tandg =0, . — r, with §,¢ the Kronecker
symbol. ThlS set of equahtles is much more compact than
similar conditions found in [32]. They are equivalent to the fact
that the 7-qubit reduced density matrix p, is maximally mixed
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for z-anticoherent states: Eq. (12) expresses equality of the
diagonal entries of p; (r = 0) and vanishing of all off-diagonal
entries (r # 0).

To show this, we write each entry of the reduced density
matrix p, as [17]

t—r

(P)eisr = Y CL(S759), (13)

9=0

where C”) for r = 0, ...t are invertible square matrices of
dimension ¢ + 1 — r, which do not depend on the state |ys).
Equation (13) follows from three facts: (i) Any operator which
is a linear combination of |D§\],(+r)) (DE\],()| fork=0,...,N—r
canbe expressed as a linear combination of the operators S’, S7
withg =0, . — r (see Appendix B of [17]); (ii) any entry
(P)e,e+r can be expressed as the expectation value (0;)¢, ¢4 =
(1//5|0@ t+r|¥s) of an operator O, t+r Which is a linear com-
bination of the operators |D§\If“) )(Dg\l,“)l fork=0,....N—r
(see Appendix C of [17]); and (iii) the decomposition of OAg, Otr
into operators SjrS?, which, according to point (i), involves
powers of spin operators such that ¢ < N — r, in fact, only
involves terms with ¢ <t —r. Since C is invertible, it
follows from Eq. (13) that the vanishing of (SQSZ) for all
g =0,...t —r is equivalent to the vanishing of (o/)¢ ¢4+
Thus, Eq. (12) for r #£ 0 is equivalent to the fact that p; is
diagonal.

According to Eq. (13) for r = 0, diagonal entries of p, are
all equal to 1/(¢ + 1) if and only if the vector of components
(S?y (with ¢ =0,...,t) is given by the constant vector
[CO1 (1, ...,1DT /(t 4 1). It remains to show that this vector
is equal to the vector [A(0), . .., A(#)]. We do this by evaluating
(Y&1(S-m)?|yd) for an arbitrary anticoherent state |yd).
For any state |1/s), one has (¥s|S - m) |rg) = tr[pUp SY U,I] =
tr[Us pUnS?1, where Uy = u®V, with uy, = exp(—ifn-a/2)
the rotation operator of angle # around the n axis. For a
t-anticoherent state |1ﬂ§‘) with density matrix p4, the latter
expression does not depend on the unit vector n for g =
0, ...,t, and thus we can replace it with its average over all n,
so that

(WS -ny|yd) = ;/tr[U*pAUn,sq]d . (14
Using the completeness relation for coherent states, it is
easy to show that for any density matrix p, we have
(DW| [ Ul pUndn| D) = 47 84 /(N +1) [1]. Thus, for
any unit vector n and any 7-anticoherent state |1ﬁ§‘) t =2 q),
we have

tr[Sg
N+1

[E—

(v&|S-n)|ye) = = A(g), (15)

which completes the proof.

2. In terms of Dicke coefficients

The conditions for anticoherence of a state in terms of its
Dicke coefficients d; [see Eq. (5)] are obtained by expressing
gs. (12) in the Dicke basis. This gives the “diagonal”
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conditions (r = 0)

> (3 - k) > = Alq) (16)
k=0
forg =0, ...,t and the “off-diagonal” conditions
N—r N q
> B(k,r)(E - k) didi, =0 (17)
k=0
forr=1,...,tandg =0, ...,t —r, where

B(k.r) = (D[} DY)

= i"V/(k + Dk = N)(r = Do = Dicewv1,

with  (x), =x(x+1)---(x+n—1) the
symbol.

For instance, Egs. (16) and (17) yield, for 1-anticoherence,
the conditions

Pochhammer

N
D (N =2k dil* =0, (18)
k=0

N—1
Y VIV =k + D didigr =0, (19)
k=0

which were first derived in [17]. For 2-anticoherence, in
addition to Egs. (18) and (19), the following conditions must
be fulfilled:

(N k 2d 2N N +2 20
Z<5—>|k|—5(+), (20)
k=0
N-—1 N
> (; - k)ﬂN —k)k + Ddfdy =0, (1)
N-2 =
VN k)N — k — 1)k + (k4 2)didrsr = 0. (22)
k=0

More generally, conditions of anticoherence to order ¢ are
obtained by adding to those of order + — 1 a set of # + 1
equations, one given by (16) with ¢ =t and the ¢ other
equations given by (17) with g 4+ r = t. So the total number
of (real) equations for f-anticoherence is (t + 1)> — 1, as
expected from condition (10).

3. Based on Q and P functions

This characterization of anticoherence provides a more
direct physical insight. The density matrix p of a spin-j state
can always be expanded into state multipole operators 7"
[31] as

N L
p=>_> cwml]" (23)

=0 m=—¢

It can be further described in terms of its Husimi function
Q(@@,¢) = (n|p[n), or in terms of its Glauber-Sudarshan P
function defined by

pZ/P(G,w)In)(nldn- (24)
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Both O and P functions can be expanded over spherical
harmonics Y;"(6,¢) with coefficients Q, and Py, propor-
tional to cg,, see, e.g2., [31]. As shown in [6], a state is
t-anticoherent if and only cy, vanishes for all ¢,m with
0< €<t and —¢ <m < £. From the proportionality of
expansion coefficients of Q and P with c,,, we deduce that for
a r-anticoherent state all spherical multipole moments Q,, and
Py, of order £ with O < £ < ¢t of the Husimi and P functions
vanish. As the Husimi function is the probability of finding the
state in a coherent state with a specific direction, and as the
spherical harmonics Y;"(6,¢) are more and more oscillating as
¢ increases, directionality of a z-anticoherent state is less and
less pronounced as t increases because the Husimi function is
more and more uniform on the sphere.

III. POINT GROUPS FOR MAJORANA POINTS
A. Majorana representation

A particularly convenient way of visualizing pure spin-
J states or N-qubit symmetric states is the Majorana or
stellar representation [2]. Any pure symmetric state |{g)
can be represented by a set of N = 2j points with angles
{6;,9:),i =1,...,N} on the Bloch sphere. These N points

are associated with N pure single-qubit states |¢1), ..., |¢n),
where |¢;) = cos (£)]0) + ¢'¢ sin (%£)]1), such that
Ws) =N I¢ot) - - - bow))- (29)

where the sum runs over all permutations o € Sy (the
permutation group of N elements) and N is a normalization
constant. Let ng and N — ny be, respectively, the first and the
last indices of nonvanishing Dicke coefficients dj, for a state of
the form (5). The Majorana representation [2] of such a state
is obtained by finding the roots of the polynomial

N—ny

P()= ) (=1)/C did". (26)

k=n5
This polynomial can be put in the form

N—ny—ng

P(2) = (=D [C\dy 2" H(Z_Zk)a 27)
k=1

where z; are the nonzero roots of P(z). Applying the (inverse)
stereographic projection from the complex plane onto the
Bloch sphere to the zeros of P(z) through the relation z,, =
cot(,,/2)e" %" yields N — ng — ny points (8,,,¢,), and ng
points at the South pole of the Bloch sphere (corresponding to
the roots located at z = 0). Adding ny points at the North pole
of the Bloch sphere yields the Majorana representation of |rg)
as N points on the sphere, called Majorana points. For instance,
for a Dicke state |D§(,‘)>, the Majorana representation is given
by N — k points at the North pole and k points at the South
pole of the Bloch sphere. For a spin-coherent (or symmetric
separable N-qubit) state |n) [see Eq. (3)], the Majorana points
are N points located at (6,¢).

One of the advantages of the Majorana representation
is its behavior under local unitary transformations (LUs).
Symmetric LUs are transformations of the form U ®N where
U is a unitary operator acting on a single qubit. It corresponds,
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FIG. 1. (Color online) Husimi function of the 12-qubit 5-
anticoherent state |ys) = X [D\Y) + YL D{Y) — <7 |D}"). The
Majorana points, depicted by white points on the sphere, display
an icosahedral symmetry. The color code is chosen so as to highlight
the contour lines of the Husimi function.

up to a global phase, to a rigid rotation of the Bloch sphere, and
thus of the Majorana points, thereby preserving the symmetries
of their arrangement.

B. Majorana points for anticoherent states

From its definition, anticoherence of a state |yg) is
preserved by symmetric LU. In particular, this means that it is
only a feature of the relative arrangement of Majorana points.
We expect Majorana points of an anticoherent state to be spread
out over the sphere as evenly as possible. Indeed, anticoherent
states should be as different as possible from any directional
(polarized) state and thus have a Majorana representation as
distinct as possible from N points located at the same place.

As shown in Sec. II B 3, anticoherence is related to the
vanishing of multipole moments of lower order and thus to the
uniformity of the Husimi function over the sphere. A natural
way of constructing states with vanishing multipole moments
is to consider Majorana points arranged symmetrically on the
sphere, as the zeros of the Husimi function are diametrically
opposite to the Majorana points on the Bloch sphere. For
example, 12 points taken at the vertices of an icosahedron
yield a 12-qubit state which is 5-anticoherent. Its Husimi
function is depicted in Fig. 1. In the next section, we consider
arrangements of points with symmetries belonging to the seven
infinite point-group families. Note that anticoherent states with
symmetries corresponding to the exceptional point groups can
also be constructed, as the example just mentioned shows.

As a consequence of these geometrical features, one may
expect the barycenter of the Majorana points to coincide with
the center of the Bloch sphere. In fact, this is not the case
[17]. The distance from the barycenter to the center (which
can serve to define an entanglement measure [33]) can be
surprisingly large, as we show in the following example. States
of the form |ys) = N(v/N —2|D\" "2y 1 DY) for
odd N > 3 have a Majorana representation corresponding to
(N — 1)/2 points at the south pole, 1 point at the north pole
and (N — 1)/2 points arranged in a regular polygon parallel to
the equatorial plane (a similar family can be found for even N).
They are 1-anticoherent, as can be checked from Egs. (18) and
(19); however, for large N, the barycenter of their Majorana
points goes in norm to 1/5.

C. Point-group-symmetric states

Point groups are discrete subgroups of O(3). There are
seven infinite families of axial groups indexed by an integer

PHYSICAL REVIEW A 92, 052333 (2015)

n and seven exceptional point groups. The seven infinite
point-group families are generated by rotations and reflections.
We can always bring by LU any point configuration with axial
rotation symmetry to a configuration where the symmetry
axis is the z axis. We denote by r, the rotation with axis
Oz and angle 2 /n. Similarly, we can always bring a point
configuration with reflection symmetry with respect to a plane
containing the z axis to a configuration where this plane is the
plane Oxz containing both the x and the z axes. We denote by
o, the reflection with respect to this “vertical” plane and by
oy, the reflection with respect to the “horizontal” plane Oxy.
Additional symmetry planes, traditionally denoted by o, are
obtained by rotating o, by an angle 7 /n around Oz.

The most fundamental family is that of cyclic groups C,.
The group C, is generated by the rotation r,; i.e., its elements
are the r,f with 0 < k < n — 1. The other groups can be
described as follows (see, e.g., [34]): C,;, generated by r,
and oy,; C,,, generated by r, and o, for odd n and by r,, o,,
and oy for even n; Sy,, generated by the product r,,0y; D,,
dihedral group, generated by r,, and by a rotation of angle &
around the x axis which can be expressed as the product o},0,;
D,,, generated by D, and o3,; D,4, generated by D, and S»,,
or equivalently, by r,,0, and o,.

A given symmetry of the Majorana points of the state (5)
reflects on its Dicke coefficients d; € C. We first determine the
consequences of a symmetry on the roots z; of the polynomial
(27). We recall that the mapping between the complex plane
and the Bloch sphere is chosen as z = cot(6/2)e'¢. If the
Majorana representation of a state is invariant under a symme-
try, then the product z" H,?Z]"ans(z — zx) in (27) must be left
unchanged, and thus the polynomial (26) remains unchanged
up to a multiplicative constant. This induces relations between
the Dicke coefficients.

A rotation r, transforms z into zexp(—2im/n). Points at
the poles are not affected by a rotation r,,. If a configuration of
points is invariant under r,,, then

N—nN—ng N—nN—ng )
l_[ (Z _ Zk) — 1_[ (Z _ Zke—2l7'r/l’l)
k=1 k=1
” N—ny—ng ”
= e_lT”(N_”N—"S) 1_[ (Ze% — Zk)'
k=1
(28)
From Eq. (27) we then get
P(z) = e w NP (ze™). (29)

Using the expansion Eq. (26) and identifying the coefficients
in the polynomials on both sides of Eq. (29) we get that for all
kwithng <k <N —ny

di = = NG, (30)

unless k = N —ny + gn. In particular, for all k, we have
that d; = O unless k = ny + gn with g € N. Because of the
symmetry, N — ny — ng has to be a multiple of n, so that the
latter condition is equivalent to k = ng (mod n).

A similar approach can be followed for all other symmetry
operations (see the Appendix). The results are summarized in
Table I.
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TABLE 1. Constraints on the Dicke coefficients of a state |v)
invariant under a certain symmetry operation on its Majorana points.

Symmetry operation Constraints on Dicke coefficients

n dy =0 Vk#ng(modn)

oy, ny =ng,and3& e R :
dyy =edf Yk

oy, deR Vk

o4 di = £ldile ™ Yk

0,0, dN—k = dk Vk, or
dek = —dk Vk

Sn ny =ng,and3& e R :

dy =0 VY k # ng(modn)
dy_y = (—=1)7ed; otherwise

D. Canonical form of point-group-symmetric states

From the results of Table I, we obtain a canonical form
for the Dicke coefficients of a state whose Majorana points
display a certain symmetry. That is, all states with point-group-
symmetric Majorana point arrangements can be brought to one
of the forms (31)—(40), depending on the symmetry.

1. Cyclic groups

A state with C,, symmetry is characterized by an arrange-
ment of Majorana points invariant under r,,. From Table I, we
obtain for the vector of Dicke coefficients (dy,d;, .. .,dy) the
canonical form

dC,l = (Onsvdngsonfl7dﬂ5+n10n*17dn5+2n7 ... 70n/v)7 (31)

where 0,, stands for a string of m zeros. The consequences
of this symmetry are particularly interesting. Indeed, due to
the particular form of the Dicke coefficients in Eq. (31), the
t-qubit reduced density matrix is a diagonal matrix for t < n
since all off-diagonal conditions (17) are satisfied. As all the
symmetry groups described in Sec. III C have C,, as a subgroup,
t-anticoherence with ¢ < n for point-group-symmetric states
only requires the additional diagonal conditions (16) for
q=0,...,t.

For a state with C,;, symmetry, the arrangement of points
is additionally invariant under oy,. The form (31) together with
the condition of invariance under o}, in Table I leads to the
canonical form

an/, = (Ong’dng’on—] 7dl‘15+l‘l’0ﬂ—l 7dng+2n7 o
A 90}’1—] ’d* eiéaon—l 7d* eiévons)v (32)

ns+n ns
with & € R. Forn > 2, states of the form (32) satisfy Egs. (18)
and (19) and are thus all 1-anticoherent.

For a state with C,,, symmetry, the conditions of invariance
under o, given in Table I and the form (31) lead to the canonical
form

dC,”, = (0}15 vdng ,0,,,1 adnern s

0n717dn5+2n7~-10nN), dk € R' (33)
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2. Rotation-reflection group

As C, is a subgroup of S,,, any state with Majorana points
displaying S, symmetry is of the form (31). The more general
condition is that of invariance under s,,, which can be expressed
asng = ny, N = 2ng + mn with m even (for odd m, there is
no way to achieve S,, symmetry); see Table I. The canonical
form is thus

dS2n = (ons 7d}15 70n—1’dng+n70n—l,dng+2n, ce
.. ’On—ly - d:S+neiEson—lvd:seig’ong)’ (34)

with & € R. Forn > 2, states of the form (34) satisfy Egs. (18)
and (19) and are thus all 1-anticoherent.

3. Dihedral groups

Because C, is a subgroup of D,, the Dicke coefficients of
a configuration with symmetry group D, are of the form (31),
with the additional invariance under oj0, given in Table I.
These conditions give the canonical forms

dp, = (Ongadngaon—l’dn5+n7011—1adn5+2na .
el 20, Op 1 g On— 1, 0,g)  (35)
or
dp, = (05.dns.0u—1.dngn.0n—1,dnsiom, - -
o =y, 051, — dngin, 001, — dig,045). (36)

For n > 2, states of the form (36) satisfy Eqs. (18) and (19)
and are thus all 1-anticoherent.

The D,; symmetry additionally imposes invariance under
oy, given in Table I, which leads to the canonical forms

dD,,/, = (Ongadngaon—l ’dng-&-naon—l 7dn5+2na o

e sdn5+2n70nfl7dn5+n70n717dn5 70}15)7 dk € Rv

(37)
or
anh = (Olls’dns’on—l7dns+n,0n—lvdng+2n7 cees
- n3+2n70n—la - dils-‘ril’on—l’ - dnS’OnS)’ dk e R.
(38)

The 5-anticoherent states that will be given in Eq. (51) are
examples of states displaying D, symmetry.

The D,,; symmetry imposes the form (34) together with the
invariance under o; given in Table I, which implies the general
condition that the d; be real and dy_; = (—1)?d, for indices
k = ng + gn, that is, the forms

dD,,d = (Ons 7di15 »011—1’dng+n»0n—l,dns+2n’ ce
On—la - dn3+n70il—1’dn590n5)7 dk € R’ (39)

7dn5+2n9

or

dD,,d = (Onsvdﬂs aonflvdn5+n70n71adn5+2na sy

- ns+2ns0n717dng+ns0n717 - dn510n5)7 dk e R.
(40)

The 7-anticoherent state presented in Fig. 5 is an example of a
state displaying D7, symmetry.
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To summarize, C,,-symmetric states, all have a diagonal z-
qubit reduced density matrix for ¢t < n, but are not necessarily
1-anticoherent, whereas C;-, S»,-, and D,-symmetric states
are always a least 1-anticoherent. This includes states with
Majorana points invariant under inversion (which transforms
a point into its symmetric with respect to the center of the
sphere), which corresponds to the symmetry group S;.

IV. ANTICOHERENT STATES IN SLOCC CLASSES

Local unitaries are a special case of more general transfor-
mations used in the context of quantum information theory,
namely stochastic local operation with classical communi-
cation (SLOCC). By definition, two states |W) and |®) are
equivalent under SLOCC if there exists a local protocol with
classical communication which transforms one state into the
other with a finite probability of success. Mathematically, this
corresponds to the requirement that these two states can be
related by an invertible local operation (ILO) A; ® --- ® Ay
with A invertible operators [35]. This defines an equivalence
relation which partitions the Hilbert space into different
SLOCC classes. For symmetric states, the A; can be chosen
equal [36], so that two symmetric states |®g) and | W) belong
to the same SLOCC class if and only if there exists an invertible
operator A acting on a single qubit such that |Wg) = A®V|dy).
Each SLOCC class contains, at most, one state (up to LU) with
a maximally mixed one-qubit reduced density matrix [37].
Thus, each SLOCC class contains, at most, one anticoherent
state. The unicity (up to LU) of 1-anticoherent states within
their SLOCC class makes them natural representatives of
SLOCC classes [21]. As a corollary, it follows that two
anticoherent states which are not LU-equivalent necessarily
belong to different SLOCC classes. Moreover, the union of
SLOCC classes containing a 1-anticoherent state is dense in
Hilbert space [21].

The various SLOCC classes of symmetric states can be
gathered into families denoted by Dy, m,....m, [38], which are
defined by their diversity degree d (the number of distinct
Majorana points on the Bloch sphere), and by their degen-
eracy configuration mi,m,, ...,my (the degeneracy of each
Majorana points). For instance, the family D;; ; contains
SLOCC classes with states such that all Majorana points are
nondegenerate and the family Dy contains a single SLOCC
class (that of separable symmetric states). All families with a
diversity degree d < 3 contain a single SLOCC class, since any
set of three distinct points can be transformed into any other
set of three distinct points by SLOCC transformation [11,38].

A. C, symmetry, 1-anticoherence, and SLOCC classes

We now provide a way of finding, given a C,-symmetric
state, its SLOCC-equivalent 1-anticoherent state (when it
exists). Our result provides a clear link between symmetry
and entanglement classes. We show that any SLOCC class
belonging to a family D,,, m,....m, With all m; < N/2 and
containing states with C,, symmetry possesses a 1-anticoherent
state of C,, symmetry. Moreover, any SLOCC class belonging
to afamily with atleastonem; > N/2(k =1, ...,d) does not
contain any anticoherent state, except for the family Dy 5 y/2,

for which |D5\1,V/ 2)) is 1-anticoherent (but not 2-anticoherent)
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[17]. This statement has the following corollary: If a SLOCC
class contains a 1-anticoherent state which does not display C,,
symmetry, then the class does not contain any state displaying
C, symmetry (as anticoherent states are unique up to LU within
their SLOCC class). Note that the possibility of a connection
between symmetry and types of entanglement has been pointed
outin [12].

A state displaying C,, symmetry can always be brought by
LU to the canonical form (31). This state can be converted
via a diagonal ILO A®Y with A = diag(y,1) to a SLOCC-
equivalent state

aCn =N(01’15 7d113 aon—l ,dn5+n y%, On—l adns+2n yn, v 7011N)
(41)

with the same C, symmetry (throughout this work, A/ will
denote a normalization constant). The state (41) can at least
be made 1-anticoherent. It suffices to take y equal to the only
strictly positive root of the polynomial

N
D (N = 2k)|di | . (42)
k=0

The existence and unicity of the root follows from Descartes’
rule of signs: If the degeneracy of Majorana points is smaller
than N /2, we are ensured that at least one di and one di,n /2
for k =0,...,N/2 are nonzero, so that there is exactly one
change of sign in the coefficients of the polynomial (42).

Thus, from any C,-symmetric state belonging to a
family Dy, m,....m, With all m; < N/2, our procedure al-
lows us to construct the SLOCC-equivalent C,-symmetric
1-anticoherent state. This is particularly useful since 1-
anticoherence is a requirement for ¢-anticoherence. Moreover,
it provides a practical way of determining whether two states
displaying cyclic symmetries in their Majorana points (with
degeneracies my < N /2) belong to the same SLOCC class. It
suffices to determine the point arrangements of their SLOCC-
equivalent anticoherent states (41) and check whether they are
identical up to rigid rotation of the sphere.

B. Illustrations
1. Case N <4

All anticoherent states of up to N = 4 qubits have been
identified in [17]. Remarkably, they all display C,, symmetry,
and coincide with anticoherent states found using the method
presented in the preceding section. For 2 and 3 qubits, the only
1-anticoherent states (up to LU) are the C,-symmetric Bell
statedc, = ﬁ( 1,0,1) and the C3-symmetric GHZ state d¢, =
\/LE (1,0,0,1). The case of four qubits is more interesting as there
is an infinite number of SLOCC-inequivalent 1-anticoherent
states of the form d¢, = N'(1,0,7,0,1), with T € C [17]. Their
Majorana representation displays a dihedral D, symmetry. Our
method allows us to recover these states starting from the
general form (31) of a four-qubit C,-symmetric state, d¢, =
N(@1,0,,0,v) with v > 0 [39], and then using the SLOCC-
equivalent state (41), with y = 1/,/v the only positive root of
the polynomial (42).
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FIG. 2. (Color online) Majorana representation of five-qubit 1-anticoherent states displaying C,, symmetry. The small and large points on
the spheres correspond to nondegenerate and twice-degenerate Majorana points, respectively. The corresponding states are those given in the

main text (see Sec. [V B 2).

2. Case N =5

We consider here exhaustively the case of five-qubit states
with any possible C,, symmetry. As discussed in Sec. IV A,
classes belonging to families characterized by points with
multiplicity m > N /2 do not contain any anticoherent states.
On the other hand, all other classes belonging to the three
families D; 1111, D2.1.1.1, and D, and containing C,-
symmetric states have exactly one (up to LU) anticoherent
state. We now consider all SLOCC classes containing a
C,-symmetric state for some order n and explicitly construct
the related 1-anticoherent state. It can be checked that none of
these states is 2-anticoherent.

C, symmetry. If the C,-symmetric state belongs to the
family D 11,11, all points are nondegenerate, which implies,
in particular, that exactly one point must lie at a pole in order
to fulfill the symmetry requirement. If we choose this point to
lie at the north pole, Eq. (31) reduces to

de, = N (1,0,1,0,v,0), (43)

where u > Oand v € C [39]. From Eq. (41) the 1-anticoherent
state which is SLOCC-equivalent to (43) is of the form

dc, = N(1,0,1 y,0,v y2,0), (44)

with

1
y= m\/lt2+vu4+60|l)|2 45

the only positive root of the polynomial (42). The Majorana
representation of this state is shown in Fig. 2 for © = 2 and
v =10i.

The most general state with symmetry C, in the family
D;.1.1.1 takes (up to LU) the form d = N(0,0,1,0,x,0) with
w = 0, as the degenerate point is necessarily at a pole, which
can be chosen as the south pole. As follows from Eq. (41)
with y = 1/(+/311) the positive root of Eq. (42), it can be
brought to the 1-anticoherent state d¢, = (0,0,ﬁ,O,l,O)/Z,
whose Majorana representation is shown in Fig. 2. Thus, states
with C, symmetry in the family D, ; ; ; all belong to the same
SLOCC class.

The family D; > contains states which have five Majorana
points, two of which are doubly degenerate, leaving only three
distinct points. Therefore, there is only one SLOCC class in
the family D, (see Sec. IV), which contains (up to LU)
a 1-anticoherent state displaying C, symmetry, namely d¢, =

N(1,0,14,0,v,0), with ¢ = / 2(1 +2/19) and v = (/5 +

2\/9_5). Indeed, it is easy to check that this state is of the form
(31) and verifies Egs. (18) and (19) (see Fig. 2).

C3 symmetry. For the family D; ; |, there is no way to sat-
isfy the C3 symmetry. Any Cs-symmetric state belonging to the
family Dj ;11,1 has to be of the form d¢, = N(0,1,0,0,1,0),
with one point at the north pole and one point at the south
pole. Using Eq. (41), the SLOCC-equivalent 1-anticoherent
state is given by d¢, = %(0,1,0,0,1,0), actually displaying
D5, symmetry by virtue of Eq. (37) (see Fig. 2).

Similarly, one can show that C3-symmetric states belonging
to the family D,;,;,; are SLOCC equivalent to the 1-
anticoherent state d¢, = #5(1,0,0,«/5,0,0) (see Fig. 2).

Cy4 symmetry. The only family with states having Cy
symmetry is Dj 1,1 and their most general canonical
form reads d¢, = N(1,0,0,0,,0), which can be brought by
SLOCC to the 1-anticoherent state d¢, = \/lg(\/g,0,0,0,\/g,O)
(see Fig. 2).

Cs symmetry. The only family with states having Cs
symmetry is Dj 1,1 and their most general canonical
form reads d¢, = N(1,0,0,0,0,1), which can be brought by
SLOCC to the l-anticoherent state d¢, = \%(1,0,0,0,0,1),
actually displaying Ds; symmetry as follows from Eq. (37)
(see Fig. 2).

3. Example for N = 6

The case of six qubits can be treated in the same way as the
five-qubit case. As for N = 5, families with fourfold or higher
degeneracy of Majorana points do not contain any anticoherent
state. Family Ds 3 contains a single SLOCC class, in which
|D(()3)) is the only (up to LU) l-anticoherent state. All other
classes containing a C,,-symmetric state, belonging to the four
aunique (up to LU) 1-anticoherent state. Moreover, for N = 6,
itis possible to find higher-order anticoherent states, as we now
show as an example.

C3 symmetry. We consider a state of the form d¢, =
N(1,0,0,14,0,0,v) which is SLOCC-equivalent to the 1-
anticoherent state d¢c, = N (1,0,0,1 y*/2,0,0,v y3), with y =
1/|v|'/3. For the state to be 2-anticoherent, it must additionally

verify Eq. (20), i.e., u = /3 |v|, which leads to

de, = 1(+/2,0,0,4/5,0,0,v/2¢'%). (46)

The only parameter left is ¢,, resulting in a one-parameter
family of SLOCC-inequivalent 2-anticoherent states
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(the SLOCC-inequivalence is a consequence of the
LU-inequivalence which can be checked from the relative
positions of the Majorana points). Among these states, the
one with ¢, = 7 is the only 3-anticoherent state [it verifies
the additional off-diagonal conditions (17) for t = 3]. It
corresponds to an octahedral arrangement of Majorana points.

C4 symmetry. A C4-symmetric state of six qubits can
be constructed by putting one Majorana point at the north
pole and another at the south pole. The Dicke coefficients
are then of the form d¢, = N (0,1,0,0,0,1,0), with u > 0.
This state is SLOCC equivalent to the 1-anticoherent state
de, = %(0,1,0,0,0,1,0) [obtained by using y = 1/,/1 the
positive root of Eq. (42)]. This state is 3-anticoherent, as can
be easily checked through Eqs. (16) and (17). It corresponds to
an octahedral arrangement of Majorana points and is thus LU
equivalent to state (46), with ¢, = 7. Note that this state has
both C; and C4 symmetry and coincides with both the most
quantum spin-3 state [40] and the most entangled six-qubit
symmetric state with respect to the geometric measure of
entanglement [10].

V. INFINITE FAMILIES OF HIGHER-ORDER
ANTICOHERENT STATES WITH C, SYMMETRY

A natural question is to ask whether there exist -
anticoherent states for arbitrary number of qubits N and order
t. For larger numbers of qubits, it becomes difficult to find
analytical solutions to Eqgs. (16) and (17). It is, however,
possible to construct infinite families of anticoherent states.
An example was already given in Sec. III A. Another family
of 1-anticoherent states was proposed in [17] and reads

1 ) (N=1)
—m(x/zv —2[DP)+VN[IDY ). @D
A family of 2-anticoherent states was proposed in [16] for even
N with N > 6,

N +2 N1
v <|D§3)) +2) v DY) + |D§§V>)>. (48)

The states (48) are, in fact, 3-anticoherent for N > 8§, as can
be checked from Eq. (16), given that Eq. (12) for £ 0 is
automatically satisfied because of the C/, symmetry.

We now present a systematic method which allows us, for
a given order ¢ of anticoherence, to find N-qubit anticoherent
states displaying C, symmetry with n > ¢t when they exist.
As shown in Sec. IIID, C, symmetry ensures that the off-
diagonal equations (17) are satisfied for + < n. The remaining
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set of diagonal equations (16) can be reformulated as a linear
system of equations in the variables |d;|> with an additional
positivity constraint on the solutions. Such a system can be
solved analytically using linear programming.

More specifically, for an N-qubit state with C,, symmetry,
the (normalized) vector of Dicke coefficients takes the form
(31). Equation (16) becomes

r N q
2 (— ~kn~ ”S) dussial® = Al@), (49)

2
k=0

where r = (N —ng —ny)/n is the number of free Dicke
coefficients, ng and ny are the number of points at the south
and north poles, respectively, and A(g) is given by Eq. (11).
By setting x; = |d,,5+kn|2 and u; = % — kn — ng, the set of
equations becomes

1 r - 1 1 X0 A(0)
Uuo u s Up_q U, X1 A(l)
uj ui u>_, u? X2 AQ2)
PP Sotl | A B DGR
7 u} u o oul Xy A(t)
(50)

with x; > 0. This system of -+ 1 equations and r + 1
unknowns can be solved with linear programming, which
guarantees to either find an analytic expression of a feasible
solution or prove that there is no solution.

For fixed order of anticoherence t = 1, ...,20, we applied
this method systematically for each N = 1, ...,500, with all
possible numbers of points ng and ny at the poles, and for
all values of n suchthatt +1 < n< Nandr =(N —ng —
ny)/n be an integer. For a fixed order of anticoherence f,
we found that a positive solution to Eq. (50) exists only for N
larger than a certain value N;. Examples of states with N = N,
are represented in Fig. 3 fort = 2, ...,7 through their Husimi
function, showing that it becomes more and more uniform as
t increases.

Figure 4 displays all pairs (¢, N) for which z-anticoherent
states of N qubits with C,, symmetry, n > ¢, are found to exist.
As mentioned, no ¢-anticoherent states are found whenever N
is smaller than the threshold value N;. As the figure indicates,
the value of N, goes as ¢2; this is to be expected since an
N-qubit state has N + 1 complex Dicke coefficients, which
have to satisfy (¢ + 1)*> — 1 conditions for z-anticoherence.
Above this minimal value N, r-anticoherent states can be
found for almost all values of N. We stress that the bound

max

FIG. 3. (Color online) Husimi function of C,-symmetric states corresponding to the smallest possible number N, of qubits for order of
anticoherence ¢ = 2, ...,7, with n > ¢. From left to right: 2-anticoherent state of 4 qubits (tetrahedron, C5 symmetry), 3-anticoherent state
of 6 qubits (octahedron, C4 symmetry), 4-anticoherent state of 12 qubits (Cs symmetry), 5-anticoherent state of 24 qubits (Cs symmetry),
6-anticoherent state of 42 qubits (C; symmetry), 7-anticoherent state of 75 qubits (Cg symmetry).
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FIG. 4. (Color online) Each bar corresponds to a couple (¢,N)
for which a C,-symmetric N-qubit 7-anticoherent state with ¢t < n
exists. In particular, the minimum number of qubits N, for which
such a state exists is given by the position of the first bar on each line.
This value N; is well fitted by N, = t(at + b), with a = 1.52 and
b = —3.93 (dashed line). Color (grayness) represents the number
r =(N —ng—ny)/n of free Dicke coefficients (all others being
zero) on which the linear optimisation is realized.

N, is for states with C,, symmetry such that n > ¢, ensuring
that Eqs. (12) for r # 0 are trivially satisfied. These equations
may, however, be satisfied in a nontrivial way when n < t.
For instance, for t = 7 we found a 42-qubit state with D7,
symmetry, displayed in Fig. 5.

This approach enables us to identify infinite families of
t-anticoherent states for higher values of 7. For instance, a
solution to (50) fort = 5 and N = 4(m + 1) with integer m >
5 is given by the D,,; »,-symmetric states

dDmHﬁ = N(d070madN/470mst/290m 7d3N/410m 7dN)7 (51)

with

do=dy = /(24 N)4+ N)IN —4),
dyjs = dsnjs = 424/ (N = 2)(N — 1)(N +2),

(52)
dya =233/ (N — 1)(N? + 16).
We identified similar families for higher values of 7.
0
FIG. 5. (Color online) Husimi  function of the 42-qubit

7-anticoherent state |s)=(~/7062| DY) ++/29315| D)) +3+/451
IDSY) + /36777 DY) —34/451| DY) +4/29315| D) —+/7062

|Dféz))) /343. This state displays D7, symmetry; hence,n =t = 7.

PHYSICAL REVIEW A 92, 052333 (2015)

VI. ANTICOHERENCE AT ALL ORDERS

It is, in fact, possible, using the approach presented
in this paper, to prove the existence of z-anticoherent
states for arbitrary ¢. As we show here, one can con-
struct t-anticoherent states with at most ¢ 4 1 nonzero
components. Let us consider a quantum state whose Dicke
coefficients are zero for k #£k;,0 <i <t. We set x; =
|di, |, so that the vector of Dicke coefficients takes the
form (0, ...,0,x0,0,...,0,x,0,...,0,x,,0,...,0). The off-
diagonal equations (17) are fulfilled as soon as there are
t or more zeros between each x;. Defining the functions
gs(u) = (% — u)?, we can rewrite Eq. (16) as

! ki JR— k
;xi gq(ﬁ> = Vi1 ;&(ﬁ)- (53)

We want to find values of k; and x; > 0 such that (53) holds,
that is, sample points k; and positive weights x; such that
the sum on the right-hand side, which runs from k = 0 to N,
can be evaluated by calculating the function g, at only ¢ + 1
points. As the right-hand side of Eq. (53) is a Riemann sum,
which converges to the integral of g, over [0,1] at large N, the
problem almost appears like a quadrature problem.

The well-known Gauss-Legendre integration method [41]
states that the integral of an arbitrary function g which is
continuous over [—1, 1] can be approximated by evaluating g at
a finite number of points with a certain weight. The quadrature
at order ¢ reads

! 1
D wiglu) ~ f gy, (54)
i=0 -

where the u;, 0 < i < ¢, are the ¢ 4+ 1 roots of the Legendre
polynomial P;;(u), and weights are given by
2

= : . (55)
(t+ DP () Pr(u;)

w;

The Gauss-Legendre quadrature has the property that the
approximation (54) becomes an exact equality when g is a
polynomial of degree < 2¢ + 1. For functions defined over
[0,1] and for polynomials g, defined above, which are of
degree less than ¢, the quadrature can be expressed, after a
simple change of variables, as

w1+ :
Z%&;( - ) = /0 go(w)du. (56)

i=0

As the weights (55) are such that Z;zo w; = 2, the weights
w; /2 in (56) sum up to 1. The right-hand side of Eq. (56) is
exactly the N — oo limit of the right-hand side of Eq. (53).
Thus, choosing k; /N as close as possible to the roots (1 +
u;)/2 should make it possible to solve (53).

To prove this, let us rewrite the system of equations (53)
in matrix form. In order to make the N-dependance clear we
denote X™ = (xq, ...,x,), BY =[A(0),...,A(t)]/NY, and
define the matrix

ki

(N) .
Mql. = gq(ﬁ)’ 0<gq,i <t 567
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Positions k; are chosen as

ki=IN(+u)/2], 0<i<t, (58)
with |-] the floor function. Equation (53) reduces
to MMX™M = BN Similarly, we can set X =

(w0/27 ""wt/z)’

1 1
B — (/ go(u)du,...,/ gt(u)du>, (59
0 0
and

I +u; i\’
M;j@:g,,(%):(—“—), 0<qi<t (60

so that Eq. (56) for ¢ =0, ...,t can be reexpressed in
matrix form as M©)X©) = B The matrix M is
invertible since it is the Vandermonde matrix of the —u;/2,
which are all distinct, and thus X = (M©)~1 B(®)_Since
ki/N — (1 +u;)/2 for N - oo, we have M®™) — M,
and thus for sufficiently large N, the matrix M™) is also
invertible (note that the size t# + 1 of the matrix is fixed
independently of N). Thus, for k; given by (58) the system
(53) has a unique solution given by X¥) = (M¥))~1BW) In
order to solve the diagonal equations (16), it suffices to show
that this solution is such that x; > 0. However, for N — oo
we have XV = (M)~ BWN) 5 (pg())=1 B(oo) = x (%) o
equivalently, component by component, x; — w; /2. Since the
weights (55) of the Gauss-Legendre quadrature are all strictly
positive, then for sufficiently large N all x; will be positive.

The off-diagonal equations (17) are fulfilled as soon as
there are ¢ or more zeros between each x;. Since ¢, and thus the
positions of the zeros of P;(u), are fixed, then for sufficiently
large N, indices defined by (58) will be such that min; |k;+; —
ki| = t + 1. Thus, a ¢-anticoherent state exists for any ¢.

Note that Gauss-Legendre quadrature with 7 4+ 1 points
is exact for any polynomial of degree less than or equal to
2t 4 1. Thus, the solution we construct is, in fact, (2t + 1)-
anticoherent. This means that we do not need to impose
t + 1 positions: Only half of them would suffice. We can
thus look for a solution with D,; symmetry, i.e., such that
the k; verify k; = k;—; and x; = x;_;. Since the equations for
odd ¢ are automatically fulfilled, there remains a set of (for ¢
even)t/2 + 1 equations and #/2 + 1 variables xo, . .. ,x;/2. The
systems then corresponds to a quadrature to order ¢/2, which
is exact for polynomials up to degree ¢ + 1. It is thus possible
to obtain D,,-symmetric f-anticoherent states for any 7.

The proof above only states the existence of some
N sufficiently large such that a t-anticoherent state ex-
ists. We were able to find solutions using N = #(t +
1)t +2)/6 up to t =120. More specifically, using lin-
ear programming, we looked for solutions of the form
©,...,0,x,0,...,0,x1,0,...,0,x:,0,...,0) with x; = x,_;
and k; = k,_;, taking k; asin (58) for 0 < i < #/2. We checked
that for + > 30 the conditions min; |k;y; — k;| > ¢t 4+ 1 [and
thus the off-diagonal equations (17)] are always fulfilled; for
even ¢ up to t = 120, linear programming found an analytical
solution satisfying all diagonal equations forg =0, . .. ,z.
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VII. CONCLUSION

In this paper, the problem of identifying z-anticoherent
states of a spin-j system (or equivalently 2j-qubit
permutation-symmetric states with maximally mixed 7-qubit
reductions in the symmetric subspace) has been tackled from
a geometric point of view. We have provided three different
characterizations of f-anticoherence. A first one is given in
terms of a finite number of expectation values of spin operators
and is independent of any basis, a second one in terms of Dicke
coefficients taking the form of a set of ¢(¢ 4 2) real equations,
and a third one in terms of spherical multipole moments of the
Husimi and Glauber-Sudarshan functions. Using the Majorana
representation of a spin-j state in terms of points on the sphere,
we analyzed the consequence of a point-group symmetry of
the Majorana points on the coefficients of the quantum state,
for the seven infinite families of point-group symmetries. Our
results are summarized in Table I. A consequence is that
states with C,j, Sy, or D, symmetry are always at least
1-anticoherent, in contrast to C,-symmetric states which are
not necessarily 1-anticoherent. However, we were able to
show that any SLOCC class containing C,-symmetric states
does contain a C,-symmetric anticoherent state (provided the
maximal degeneracy of its Majorana points is not too high).
Because a SLOCC class contains, at most, one anticoherent
state (up to LU), our results provide a clear link between
symmetry and SLOCC classes. This approach allowed us
to identify all anticoherent states with C, symmetry for
N = 5 qubits and to construct families of C,-symmetric states
with higher order of anticoherence. We discussed a method
based on linear programming allowing us to obtain N-qubit
C,-symmetric f-anticoherent states with ¢ < n, when they
exist. Finally, we constructed explicitly z-anticoherent states
with arbitrary order ¢, proving that such states exist at all order.
Note that our results about anticoherence of spin states are of
interest in the context of quantum information as the states we
identified are maximally entanglement symmetric states with
respect to the entanglement entropy.
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APPENDIX: CONSEQUENCES OF SYMMETRIES
OF THE SET OF MAJORANA POINTS
ON THE DICKE COEFFICIENTS

Reflection o},

The reflection oy, transforms z into 1/z* and exchanges
the north and south poles, so that a configuration of points
invariant under o must be such that ny = ng and

N—ny—ns N-2ny 1
[ c-w=1]] (z——*). (A1)
k=1 k=1 k
We have
N—2ny N—2ny N—2ny
D) e 0 (E-9)
[T (c-=) == [T (i-%) @2
k=1 ( 2 k=1 2% k=g \F
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The coefficient of the lowest-order term in z in Egs. (26) and
(27) yields (for ng = ny) the identity

N—-2ny
z (A3)
l_[ L= dN nN
so that Eq. (A1) can be rewritten as
-V 1 1
COvp(1) 2 Lp) (Ad)
d:;N < dN*nN

(here P* is the polynomial whose coefficients are the complex
conjugates of those of P). Identifying the coefficients of
zF in the expansion yields that for all k with ny <k <
N —n N

dny

*
dN —ny

dyi = " d. (AS)
In particular, taking k = ny yields |dy_,|* = |d,, |*. If we
let dy_p, /d,fN = exp(i&), then dy_; = e”Ed,f. The condition
of invariance under o}, is thus that ny = ng and that there
exists £ € R such thatdy_; = e'*d} V k.

a. Reflection o,

The reflection o, transforms z into z*. A configuration of
points invariant under o, must be such that

N—ny—ng N—ny—ng
[ G-w= [] @-2. (A6)
k=1 k=1

Following the same lines as above, this yields the condition

P*(2) =

P(2), (AT)

d*

N—ny N-ny

which by identification of the coefficients gives that there
exists & € R such that forall k withng < k < N — ny one has
d; = exp(i&)dy. In particular, this implies (iterating twice the
condition) that ¢ = 0 or 7, independently of k. One can further
remove the overall sign of the dy, leading to the conditions
given in Table I.

b. Reflection o,

The reflection o, transforms z into z* exp(—ix/n). Equa-
tion (29) becomes

in

ix d
P(5) = ¢~ (VT pr (07

A8
& (A8)

so that

in dn—
dp = e~ T N=nv—k ENZnw EN=ny g

. (A9)
dN —ny
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for all k with ng < k < N —ny. If we let e=nNV""¥dy _, /

dy_,, = €*, then Eq. (A9) yields

d = e d. (A10)

This imposes for the phase 6, of di that 6y = £/2 4+ km/n +
g7 for some integer ¢;. Removing the overall constant phase,
the d; can be taken as

di = %|dsle™ . (A11)

¢. Rotation o0,

This is a rotation of 7 around the x axis. It transforms z
into 1/z. Invariance under o;,0, implies that ny = ng and

N—ny—ng N-2ny 1
[] c-z0= ] (z——). (A12)
2k
k=1 k=1
Following the same steps as for o, we get the condition
d
dy—i = —2—dj (A13)
denN

forallk withny < k < N — ny. Taking this expression atk =
ny we have d,f = djzv ny? so that d,, /dy—n, = %1, leading
to the conditions given in Table I.

d. Transformation s, = ry,0},

Such an operation transforms z into Zl*exp (=im/n). A

configuration of points invariant under s, must be such that
ny =ns and

N—ny—ng

N—ny—ng 1 .
H (z—z1) = H (z — Z—*em/n)
k=1

k=1 k

(Al4)

The identity that corresponds to this case can be derived as
above and gives, forall k, ny < k < N — ny,

d* im(N—k— nN)/n

Ay = 75— (Al5)

Ty
Applying this condition to k = ny, we get that N —2ny =0
mod n. Iterating twice condition (A15) we get that d, =0
unless k = ny mod n, which is the condition of invariance
under r,,. This is to be expected as one has precisely s = r,,.
If k = ny + gn for some integer n, and if we letdy_,,, /d;fN =
exp(i&), then (A15) becomes dy_ = (—1)? exp(i§)d; .

[1] I. Bengtsson and K. Zyczkowski, Geometry of Quantum States:
An Introduction to Quantum Entanglement, 2nd ed. (Cambridge
University Press, Cambridge, UK, 2008).

[2] E. Majorana, Nuovo Cimento 9, 43 (1932).

[3] H. Makela and A. Messina, Phys. Scr.
(2010).

T140, 014054

[4] S. K. Goyal, B. N. Simon, R. Singh, and S. Simon,
arXiv:1111.4427.

[5] A.Mandilara, T. Coudreau, A. Keller, and P. Milman, Phys. Rev.
A 90, 050302 (2014).

[6] O.Giraud, D. Braun, D. Baguette, T. Bastin, and J. Martin, Phys.
Rev. Lett. 114, 080401 (2015).

052333-12


http://dx.doi.org/10.1007/BF02960953
http://dx.doi.org/10.1007/BF02960953
http://dx.doi.org/10.1007/BF02960953
http://dx.doi.org/10.1007/BF02960953
http://dx.doi.org/10.1088/0031-8949/2010/T140/014054
http://dx.doi.org/10.1088/0031-8949/2010/T140/014054
http://dx.doi.org/10.1088/0031-8949/2010/T140/014054
http://dx.doi.org/10.1088/0031-8949/2010/T140/014054
http://arxiv.org/abs/arXiv:1111.4427
http://dx.doi.org/10.1103/PhysRevA.90.050302
http://dx.doi.org/10.1103/PhysRevA.90.050302
http://dx.doi.org/10.1103/PhysRevA.90.050302
http://dx.doi.org/10.1103/PhysRevA.90.050302
http://dx.doi.org/10.1103/PhysRevLett.114.080401
http://dx.doi.org/10.1103/PhysRevLett.114.080401
http://dx.doi.org/10.1103/PhysRevLett.114.080401
http://dx.doi.org/10.1103/PhysRevLett.114.080401

ANTICOHERENCE OF SPIN STATES WITH POINT-GROUP ...

[7] R. Barnett, A. Turner, and E. Demler, Phys. Rev. Lett. 97, 180412
(20006).

[8] D. M. Stamper-Kurn and M. Ueda, Rev. Mod. Phys. 85, 1191
(2013).

[9] H. Makela and K.-A. Suominen, Phys. Rev. Lett. 99, 190408
(2007).

[10] J. Martin, O. Giraud, P. A. Braun, D. Braun, and T. Bastin, Phys.
Rev. A 81, 062347 (2010).

[11] M. Aulbach, D. Markham, and M. Murao, New J. Phys. 12,
073025 (2010).

[12] D. J. H. Markham, Phys. Rev. A 83, 042332 (2011).

[13] P. Ribeiro and R. Mosseri, Phys. Rev. Lett. 106, 180502 (2011).

[14] M. Fizia and K. Sacha, J. Phys. A 45, 045103 (2012).

[15] J. H. Hannay, J. Phys. A 31, L53 (1998); P. Bruno, Phys. Rev.
Lett. 108, 240402 (2012); H. D. Liu and L. B. Fu, ibid. 113,
240403 (2014); C. Yang, H. Guo, L.-B. Fu, and S. Chen, Phys.
Rev. B 91, 125132 (2015).

[16] J. Zimba, Electron. J. Theor. Phys. 3, 143 (2006).

[17] D. Baguette, T. Bastin, and J. Martin, Phys. Rev. A 90, 032314
(2014).

[18] P. Facchi, Rend. Lincei Mat. Appl. 20, 25 (2009); W. Helwig,
W. Cui, J. L. Latorre, A. Riera, and H.-K. Lo, Phys. Rev. A 86,
052335 (2012); D. Goyeneche, D. Alsina, J. I. Latorre, A. Riera
and K. Zyczkowski, ibid. 92, 032316 (2015).

[19] N. Gisin and H. Bechmann-Pasquinucci, Phys. Lett. A 246, 1
(1998).

[20] A.J. Scott, Phys. Rev. A 69, 052330 (2004).

[21] G. Gour and N. Wallach, N. J. Phys. 13, 073013 (2011).

[22] 1. D. K. Brown, S. Stepney, A. Sudbery, and S. L. Braunstein,
J. Phys. A 38, 1119 (2005).

[23] L. Arnaud and N. J. Cerf, Phys. Rev. A 87, 012319 (2013).

[24] D. Goyeneche and K. Zyczkowski, Phys. Rev. A 90, 022316
(2014).

PHYSICAL REVIEW A 92, 052333 (2015)

[25] T. Maciazek and A. Sawicki, J. Phys. A 48, 045305 (2015).

[26] A. Sawicki, M. Oszmaniec, and M. Kus, Rev. Math. Phys. 26,
1450004 (2014).

[27] O. Giraud, P. Braun, and D. Braun, Phys. Rev. A 78, 042112
(2008).

[28] A. Luis and A. Rivas, Phys. Rev. A 84, 042111 (2011).

[29] A. R. Usha Devi, A. K. Rajagopal, Sudha, H. S. Karthik, and J.
Prabhu Tej, Quantum Inf. Process. 12, 3717 (2013).

[30] J. Crann, R. Pereira, and D. W. Kribs, J. Phys. A 43, 255307
(2010).

[31] G. S. Agarwal, Phys. Rev. A 24, 2889 (1981).

[32] E. Bannai and M. Tagami, J. Phys. A 44, 342002 (2011).

[33] W. Ganczarek, M. Kus, and K. Zyczkowski, Phys. Rev. A 85,
032314 (2012).

[34] E. A. Cotton, Chemical Applications of Group Theory, 3rd ed.
(Wiley, New York, 1990).

[35] W. Diir, G. Vidal, and J. I. Cirac, Phys. Rev. A 62, 062314
(2000).

[36] P. Mathonet, S. Krins, M. Godefroid, L. Lamata, E. Solano, and
T. Bastin, Phys. Rev. A 81, 052315 (2010).

[37] E. Verstraete, J. Dehaene, and B. De Moor, Phys. Rev. A 68,
012103 (2003).

[38] T. Bastin, S. Krins, P. Mathonet, M. Godefroid, L. Lamata, and
E. Solano, Phys. Rev. Lett. 103, 070503 (2009).

[39] Two arbitrary nonzero Dicke coefficients of a state can always
be chosen to be real and positive by applying a diagonal local
unitary U®Y with U = diag(e’®, 1) to remove the relative phase
between these two coefficients and subsequently removing a
global phase from the state.

[40] O. Giraud, P. Braun, and D. Braun, New J. Phys. 12, 063005
(2010).

[41] E. B. Hildebrand, Introduction to Numerical Analysis, 2nd ed.
(Dover, New York, 1987).

052333-13


http://dx.doi.org/10.1103/PhysRevLett.97.180412
http://dx.doi.org/10.1103/PhysRevLett.97.180412
http://dx.doi.org/10.1103/PhysRevLett.97.180412
http://dx.doi.org/10.1103/PhysRevLett.97.180412
http://dx.doi.org/10.1103/RevModPhys.85.1191
http://dx.doi.org/10.1103/RevModPhys.85.1191
http://dx.doi.org/10.1103/RevModPhys.85.1191
http://dx.doi.org/10.1103/RevModPhys.85.1191
http://dx.doi.org/10.1103/PhysRevLett.99.190408
http://dx.doi.org/10.1103/PhysRevLett.99.190408
http://dx.doi.org/10.1103/PhysRevLett.99.190408
http://dx.doi.org/10.1103/PhysRevLett.99.190408
http://dx.doi.org/10.1103/PhysRevA.81.062347
http://dx.doi.org/10.1103/PhysRevA.81.062347
http://dx.doi.org/10.1103/PhysRevA.81.062347
http://dx.doi.org/10.1103/PhysRevA.81.062347
http://dx.doi.org/10.1088/1367-2630/12/7/073025
http://dx.doi.org/10.1088/1367-2630/12/7/073025
http://dx.doi.org/10.1088/1367-2630/12/7/073025
http://dx.doi.org/10.1088/1367-2630/12/7/073025
http://dx.doi.org/10.1103/PhysRevA.83.042332
http://dx.doi.org/10.1103/PhysRevA.83.042332
http://dx.doi.org/10.1103/PhysRevA.83.042332
http://dx.doi.org/10.1103/PhysRevA.83.042332
http://dx.doi.org/10.1103/PhysRevLett.106.180502
http://dx.doi.org/10.1103/PhysRevLett.106.180502
http://dx.doi.org/10.1103/PhysRevLett.106.180502
http://dx.doi.org/10.1103/PhysRevLett.106.180502
http://dx.doi.org/10.1088/1751-8113/45/4/045103
http://dx.doi.org/10.1088/1751-8113/45/4/045103
http://dx.doi.org/10.1088/1751-8113/45/4/045103
http://dx.doi.org/10.1088/1751-8113/45/4/045103
http://dx.doi.org/10.1088/0305-4470/31/2/002
http://dx.doi.org/10.1088/0305-4470/31/2/002
http://dx.doi.org/10.1088/0305-4470/31/2/002
http://dx.doi.org/10.1088/0305-4470/31/2/002
http://dx.doi.org/10.1103/PhysRevLett.108.240402
http://dx.doi.org/10.1103/PhysRevLett.108.240402
http://dx.doi.org/10.1103/PhysRevLett.108.240402
http://dx.doi.org/10.1103/PhysRevLett.108.240402
http://dx.doi.org/10.1103/PhysRevLett.113.240403
http://dx.doi.org/10.1103/PhysRevLett.113.240403
http://dx.doi.org/10.1103/PhysRevLett.113.240403
http://dx.doi.org/10.1103/PhysRevLett.113.240403
http://dx.doi.org/10.1103/PhysRevB.91.125132
http://dx.doi.org/10.1103/PhysRevB.91.125132
http://dx.doi.org/10.1103/PhysRevB.91.125132
http://dx.doi.org/10.1103/PhysRevB.91.125132
http://dx.doi.org/10.1103/PhysRevA.90.032314
http://dx.doi.org/10.1103/PhysRevA.90.032314
http://dx.doi.org/10.1103/PhysRevA.90.032314
http://dx.doi.org/10.1103/PhysRevA.90.032314
http://dx.doi.org/10.1103/PhysRevA.86.052335
http://dx.doi.org/10.1103/PhysRevA.86.052335
http://dx.doi.org/10.1103/PhysRevA.86.052335
http://dx.doi.org/10.1103/PhysRevA.86.052335
http://dx.doi.org/10.1103/PhysRevA.92.032316
http://dx.doi.org/10.1103/PhysRevA.92.032316
http://dx.doi.org/10.1103/PhysRevA.92.032316
http://dx.doi.org/10.1103/PhysRevA.92.032316
http://dx.doi.org/10.1016/S0375-9601(98)00516-7
http://dx.doi.org/10.1016/S0375-9601(98)00516-7
http://dx.doi.org/10.1016/S0375-9601(98)00516-7
http://dx.doi.org/10.1016/S0375-9601(98)00516-7
http://dx.doi.org/10.1103/PhysRevA.69.052330
http://dx.doi.org/10.1103/PhysRevA.69.052330
http://dx.doi.org/10.1103/PhysRevA.69.052330
http://dx.doi.org/10.1103/PhysRevA.69.052330
http://dx.doi.org/10.1088/1367-2630/13/7/073013
http://dx.doi.org/10.1088/1367-2630/13/7/073013
http://dx.doi.org/10.1088/1367-2630/13/7/073013
http://dx.doi.org/10.1088/1367-2630/13/7/073013
http://dx.doi.org/10.1088/0305-4470/38/5/013
http://dx.doi.org/10.1088/0305-4470/38/5/013
http://dx.doi.org/10.1088/0305-4470/38/5/013
http://dx.doi.org/10.1088/0305-4470/38/5/013
http://dx.doi.org/10.1103/PhysRevA.87.012319
http://dx.doi.org/10.1103/PhysRevA.87.012319
http://dx.doi.org/10.1103/PhysRevA.87.012319
http://dx.doi.org/10.1103/PhysRevA.87.012319
http://dx.doi.org/10.1103/PhysRevA.90.022316
http://dx.doi.org/10.1103/PhysRevA.90.022316
http://dx.doi.org/10.1103/PhysRevA.90.022316
http://dx.doi.org/10.1103/PhysRevA.90.022316
http://dx.doi.org/10.1088/1751-8113/48/4/045305
http://dx.doi.org/10.1088/1751-8113/48/4/045305
http://dx.doi.org/10.1088/1751-8113/48/4/045305
http://dx.doi.org/10.1088/1751-8113/48/4/045305
http://dx.doi.org/10.1142/S0129055X14500044
http://dx.doi.org/10.1142/S0129055X14500044
http://dx.doi.org/10.1142/S0129055X14500044
http://dx.doi.org/10.1142/S0129055X14500044
http://dx.doi.org/10.1103/PhysRevA.78.042112
http://dx.doi.org/10.1103/PhysRevA.78.042112
http://dx.doi.org/10.1103/PhysRevA.78.042112
http://dx.doi.org/10.1103/PhysRevA.78.042112
http://dx.doi.org/10.1103/PhysRevA.84.042111
http://dx.doi.org/10.1103/PhysRevA.84.042111
http://dx.doi.org/10.1103/PhysRevA.84.042111
http://dx.doi.org/10.1103/PhysRevA.84.042111
http://dx.doi.org/10.1007/s11128-013-0627-4
http://dx.doi.org/10.1007/s11128-013-0627-4
http://dx.doi.org/10.1007/s11128-013-0627-4
http://dx.doi.org/10.1007/s11128-013-0627-4
http://dx.doi.org/10.1088/1751-8113/43/25/255307
http://dx.doi.org/10.1088/1751-8113/43/25/255307
http://dx.doi.org/10.1088/1751-8113/43/25/255307
http://dx.doi.org/10.1088/1751-8113/43/25/255307
http://dx.doi.org/10.1103/PhysRevA.24.2889
http://dx.doi.org/10.1103/PhysRevA.24.2889
http://dx.doi.org/10.1103/PhysRevA.24.2889
http://dx.doi.org/10.1103/PhysRevA.24.2889
http://dx.doi.org/10.1088/1751-8113/44/34/342002
http://dx.doi.org/10.1088/1751-8113/44/34/342002
http://dx.doi.org/10.1088/1751-8113/44/34/342002
http://dx.doi.org/10.1088/1751-8113/44/34/342002
http://dx.doi.org/10.1103/PhysRevA.85.032314
http://dx.doi.org/10.1103/PhysRevA.85.032314
http://dx.doi.org/10.1103/PhysRevA.85.032314
http://dx.doi.org/10.1103/PhysRevA.85.032314
http://dx.doi.org/10.1103/PhysRevA.62.062314
http://dx.doi.org/10.1103/PhysRevA.62.062314
http://dx.doi.org/10.1103/PhysRevA.62.062314
http://dx.doi.org/10.1103/PhysRevA.62.062314
http://dx.doi.org/10.1103/PhysRevA.81.052315
http://dx.doi.org/10.1103/PhysRevA.81.052315
http://dx.doi.org/10.1103/PhysRevA.81.052315
http://dx.doi.org/10.1103/PhysRevA.81.052315
http://dx.doi.org/10.1103/PhysRevA.68.012103
http://dx.doi.org/10.1103/PhysRevA.68.012103
http://dx.doi.org/10.1103/PhysRevA.68.012103
http://dx.doi.org/10.1103/PhysRevA.68.012103
http://dx.doi.org/10.1103/PhysRevLett.103.070503
http://dx.doi.org/10.1103/PhysRevLett.103.070503
http://dx.doi.org/10.1103/PhysRevLett.103.070503
http://dx.doi.org/10.1103/PhysRevLett.103.070503
http://dx.doi.org/10.1088/1367-2630/12/6/063005
http://dx.doi.org/10.1088/1367-2630/12/6/063005
http://dx.doi.org/10.1088/1367-2630/12/6/063005
http://dx.doi.org/10.1088/1367-2630/12/6/063005



