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Quantum entanglement is analyzed thoroughly in the case of the ground and lowest states of two-electron axially
symmetric quantum dots under a perpendicular magnetic field. The individual-particle and the center-of-mass
representations are used to study the entanglement variation at the transition from interacting to noninteracting
particle regimes. The mechanism of symmetry breaking due to the interaction, which results in the states
with symmetries related to the latter representation only being entangled even at the vanishing interaction, is
discussed. The analytical expression for the entanglement measure based on the linear entropy is derived in the
limit of noninteracting electrons. It reproduces remarkably well the numerical results for the lowest states with the
magnetic quantum number M � 2 in the interacting regime. It is found that the entanglement of the ground state is
a discontinuous function of the field strength. A method to estimate the entanglement of the ground state, character-
ized by the quantum number M , with the aid of the magnetic-field dependence of the addition energy is proposed.
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I. INTRODUCTION

Quantum entanglement and its implications such as quan-
tum teleportation, quantum cryptography, and quantum com-
putation, to name just a few (for a review see [1–3]), have
been the subject of intense research effort in recent years.
Apart from possible practical applications, these research
lines provide a deeper understanding of the fundamental
aspects of quantum correlations in many-body systems. This
issue is currently the focus of increasing research activity,
establishing new connections between quantum information
theory and quantum correlations in atomic, molecular, and
condensed-matter physics [4,5].

Among suitable systems capable of demonstrating a
relationship between quantum entanglement and quantum
correlations are quantum dots (QDs). They offer a prospective
experimental platform for quantum communications in solid-
state environment [6] and allow the study of various aspects
of quantum correlations with a high accuracy [7–9]. Indeed,
control of QD spectra by gates and an external magnetic field
provides an efficient way to create a single-electron ground-
state manifold with well-defined spin states. Spin degrees of
freedom in QDs are generally considered promising candidates
for quantum information processing (see, e.g., [10,11]). At
the same time, quantum communication research considers
photons as flying qubits that carry quantum information over
long distances. Quantum dots appear as remarkable candidates
to realize the interface between stationary qubits and flying
photonic qubits. The optical excitation spectra of QDs exhibit
strong correlations between the initial electron state and light
polarization. This leads to the possibility to explore QD
spin-photon entanglement, which nowadays emerges in the
fast developing field of coherent optical manipulation of spin
states in a solid-state environment (for a review see [12]).

To operate efficiently using stationary qubits it is necessary
to deepen our understanding of various aspects of quantum
correlations brought about by the electron-electron interaction,
an effective confining potential, external fields, and the degree
of entanglement in QDs. Besides computational problems for

many-body quantum systems, one has to address the problem
of measuring entanglement for indistinguishable particles.
In other words, one has to discriminate entanglement from
correlations due to the statistics of indistinguishable parti-
cles [13–15]. In spite of this difficulty, bipartite entanglement
has been investigated in a number of systems of physical
interest with the aid of various numerical approaches at
zero magnetic field. In particular, the connection between
entanglement and correlation energy has been studied in the
context of a two-electron artificial atom [16]. The amount
of entanglement of the ground state and of the first few
excited states of helium was assessed by using high-quality
state-of-the-art wave functions [17]. Benenti et al. [18] used
a configuration-interaction variational method to compute the
von Neumann and the linear entropy for several low-energy
singlet and triplet eigenstates of helium. Lin et al. [19]
computed the spatial quantum entanglement of heliumlike
ions by means of spline techniques. Various types of wave
functions have been used to increase the numerical accuracy
of the entanglement measures of heliumlike atoms with a
few electrons [20–22]. Also, the entanglement properties of
bound states in the two-electron Moshinsky model [23] and a
solvable model of two-electron parabolic quantum dots [24]
were investigated.

Two-electron QDs being realistic nontrivial systems are
particularly attractive for a detailed analysis of quantum
correlations (for a review see [25]). In contrast to many-
electron QDs, their eigenstates can be obtained very accurately,
or in some cases exactly. The same conveniences also hold
while calculating appropriate entanglement measures. The
spatial entanglement measures have been used to test the
validity of approximations of the density-functional theory
for Hooke’s atom [26], which represents a possible model for
describing two electrons trapped in a quantum dot. Further, it
was found that the entanglement of the singlet state increases
with the increase of the dimension of Hooke’s system [27].
It was shown that the anisotropy of the confining potential of
two-dimensional two-electron QDs drastically influences the
entanglement properties in a strong correlation regime [28].
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The entanglement (linear entropy) has been calculated to trace
the transition from bound to continuum states in two-electron
QDs [29]. The study of a two-electron QD by means of
entanglement witness provided new aspects in the ongoing
discussion about the origin of Hund’s rules in atoms [30]. It
was shown that the presence of the donor impurity has little
impact on the entanglement in two-electron QDs in the regime
of formation of the Wigner molecule [31].

We recall that all these studies mostly focus on the
interconnection between quantum correlations and various
measures of entanglement at zero magnetic field, with a
different degree of numerical accuracy. In this paper we
analyze this relationship in the lowest states of two-electron
QDs, which are evolving to the ground states in different
intervals of magnetic field strength. To this aim we present
numerical and analytical approaches that describe remarkably
well the numerical results. Special attention is paid to
the study of quantum correlations and the entanglement in
the limiting case of noninteracting electrons in order to
elucidate the impact of the electron-electron interaction and/or
the magnetic field. Preliminary results of our analysis have
been presented in [32,33], where the influence of the magnetic
field on the entanglement of the singlet m = 0 states only has
been investigated.

The structure of the paper is as follows. In Sec. II we set
up the model for axially symmetric two-electron QDs in a
magnetic field directed along the symmetry axis, analyze inte-
grals of motion and symmetries in the cases with and without
the electron-electron VC interaction, and introduce appropriate
basis sets. We also consider here entanglement measures for
two-electron states. In Secs. III and IV we analyze the orbital
properties of the lowest eigenstates in the limit VC → 0, in
the individual-particle and the center-of-mass representations,
respectively. In Sec. IV we consider also the dependence
of the entanglement of QD lowest states on the strength of
the Coulomb interaction between electrons as well as on
the magnetic field. Section V establishes the transformation
of one representation to another. The entanglement of the
ground state, particularly in light of the so-called singlet-triplet
transitions, is analyzed in Sec. VI. In Sec. VII we describe
how to estimate the entanglement at different field strengths
by means of experimental observations. Main conclusions are
summarized in Sec. VIII. In Appendixes A–E we present some
technical details of our analysis.

II. MODEL

A. Hamiltonian

Our analysis is based on the Hamiltonian

Htot =
2∑

i=1

Hi + VC + HS = H + HS, (1)

where

Hi = 1

2m∗ (pi − eAi)
2 + U (ri). (2)

The term VC = λ/|r1 − r2| with λ = e2/4πε0εr describes the
Coulomb interaction between electrons. The constants m∗,
e, ε0, and εr are the effective electron mass, unit charge,

vacuum, and relative dielectric constants of a semiconductor,
respectively. In the expressions above ri and pi (i = 1,2) are
the positions and momenta of the electrons, respectively, and
U (ri) is the ith electron confining potential. The orbital and
spin degrees of freedom [the terms H and HS in Eq. (1)] are
fully decoupled in our model, since we neglect the spin-orbit
interaction.

The influence of the magnetic field (we set the z axis
along the vector B) on the electron orbital motion is intro-
duced through the vector potential with gauge A = 1

2 B × r =
1
2B(−y,x,0). The term HS = g∗μBBSz/� in (1) describes the
interaction of the (total) spin S = s1 + s2 with the magnetic
field. Here Sz is the z projection of the total spin, g∗ is
the effective Landé factor, and μB = |e|�/2me is the Bohr
magneton.

For axially symmetric QDs (with z-symmetry axis) the
confining potential is quite well approximated by the parabolic
model [25]. We consider the form U (r) = 1

2m∗u(ω0; r), where

u(ω0; r) = ω2
0(x2 + y2) + ω2

zz
2. (3)

Here �ω0 and �ωz are the energy scales of the confinement
in the xy plane (lateral confinement) and in the z direction
(vertical confinement), respectively. We also introduce the
characteristic lengths of the lateral and vertical confinements
�0 = √

�/m∗ω0 and �z = √
�/m∗ωz, respectively. In the

extremely anisotropic case ωz � ω0 one has 〈z2〉 � 〈x2 + y2〉
and the Coulomb term VC reduces to the form λ/[(x1 −
x2)2 + (y1 − y2)2]1/2. As a consequence, the motions in the
xy plane and along the z axis are practically decoupled (see
the discussion in [34]). In this case the two-dimensional (2D)
(planar) model is a good approximation. This is due to the fact
that electrons perform only fast harmonic oscillations in the z

direction. As a result, only the states with the lowest energy of
the z component (2�ωz/2) are occupied.

Applying the above-given gauge condition, we have for the
single-electron Hamiltonians

Hi = p2
i

2m∗ + 1

2
m∗u(�; ri) − ωLl(i)

z , (4)

where ωL = eB/2m∗ is the Larmor frequency and � =
(ω2

0 + ω2
L)1/2 is the effective lateral confinement frequency that

depends, through the frequency ωL, on the magnetic field. The
operator l(i)

z is the z projection of the angular momentum of the
ith electron. Evidently, in the approximation of noninteracting
electrons (VC = 0) the single-electron energies and orbital
momenta are integrals of motion. At VC 	= 0 only the quantities
related to the electron collective dynamics are conserved (see
below).

By introducing the center of mass (c.m.) R = 1
2 (r1 + r2)

and relative r12 = r1 − r2 coordinates, the orbital part of
Hamiltonian (1) separates into the c.m. and relative-motion
terms H = Hc.m. + Hrel (see details in [25]), in agreement
with the Kohn theorem [35]. The c.m. term has the form

Hc.m. = P2

2M + 1

2
Mu(�; R) − ωLl(c.m.)

z , (5)

where M = 2m∗ is the total mass and l(c.m.)
z is the z projection

of the c.m. angular momentum. The relative motion term
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includes the Coulomb interaction between electrons

Hrel = p2
12

2μ
+ 1

2
μu(�; r12) − ωLl(rel)

z + λ

r12
= H

(0)
rel + VC.

(6)
Here μ = m∗/2 is the reduced mass and l(rel)

z is the z projection
of the angular momentum for the relative motion. Both
projections l(c.m.)

z and l(rel)
z are integrals of motion due to the

axial symmetry of the system.
Finally, it should be mentioned that the Hamiltonian H and

the corresponding equations of motion are invariant under the
scaling transformations ri → ri/�0, pi → pi�0/�, and E →
E/�ω0. As a consequence, the Hamiltonian H expressed in
scaled variables is invariant under the simultaneous variations
of the QD parameters that keep constant the ratio ωz/ω0 and
the scaled strength of the Coulomb interaction λ/�ω0�0 ≡
�0/a

∗ = RW (the so-called Wigner parameter). Here a∗ =
�

2/λm∗ is the effective Bohr radius. In other words, the whole
class of axially symmetric QDs can be covered by varying only
these two parameters, and the additional parameter ωL/ω0 if
B 	= 0. In particular, we will use the value RW = 2, which
corresponds to a typical GaAs QD (m∗ = 0.067me, εr ≈ 12,
and �ω0 = 3.165 meV).

B. Integrals of motion and symmetries

As discussed above, the orbital and the spin degrees
of freedom are decoupled in our system. As a result, the
eigenstates of Hamiltonian (1) take the form

� = ψ(r1,r2)χ (σ1,σ2), (7)

where ψ and χ are the orbital and spin parts, respectively.
The spins of individual electrons and their z projections as
well as the total spin and its z projection are the integrals of
motion. We have two alternative sets of spin quantum numbers:
{s1,s2,ms1,ms2} and {s1,s2,S,MS}. Here we choose the second
set, which provides a definite exchange symmetry of two-
electron states.

The orbital motion is characterized by several integrals of
motion. The corresponding operators Hc.m., l(c.m.)

z , Hrel, and
l(rel)
z (and H (c.m.)

z in the 3D case) commute with H and also
mutually. Since in the 2D case there are four independent
integrals of motion that are in involution, the 2D model
(which has four orbital degrees of freedom) is fully integrable.
Therefore, these four operators define a complete set of
commuting observables (CSCO). In the 3D case the system is,
however, generally nonintegrable at VC 	= 0, excluding some
special cases [36–38]. Evidently, we have to use as basis states
those that are defined at VC = 0.

For noninteracting electrons there are two
appropriate sets of independent and commuting
observables: (i) {H1,l

(1)
z ,(H (1)

z ),H2,l
(2)
z ,(H (2)

z )} and (ii)
{Hc.m.,l

(c.m.)
z ,(H (c.m.)

z ),H (0)
rel ,l

(rel)
z ,(H (rel)

z(0) )}. Simultaneously, all
these observables commute with H at VC = 0. Note, however,
that the observables from different sets do not commute. For
example,[

l(1)
z ,l(c.m.)

z

] = −[
l(2)
z ,l(c.m.)

z

]
= i�

4

(
x1p

(2)
x + y1p

(2)
y − x2p

(1)
x − y2p

(1)
y

)
, (8)

etc. It appears that sets (i) and (ii) are two alternative
CSCOs.

We recall a well-known theorem: If there are two conserved
physical quantities whose operators do not commute, then the
energy levels of the system are in general degenerate (see Sec.
10 in Ref. [39]). Evidently, the existence of two sets at VC = 0
yields the degeneracy of the eigenenergies in our system. This
degeneracy is easy to understand, taking into account two
decompositions

H0 ≡ H (VC = 0) =
{

H1 + H2

Hc.m. + H
(0)
rel .

(9)

The choice of the first or the second decomposition defines the
use of set (i) or set (ii), respectively.

The interaction VC breaks the symmetries of the noninter-
acting model related to set (i). As a consequence, it removes the
degeneracy existing in the noninteracting case. Note that the
symmetries of set (ii), however, are preserved. Below we will
see that these states are generally entangled, even at VC → 0;
the removal of the degeneracy by the interparticle interaction
is the key point to understanding this feature.

C. Representations

At VC = 0 the integrals of motion suggest two appro-
priate basis sets for the orbital eigenfunctions ψ(r1,r2):
the individual-particle (IP) basis with the eigenstates of the
CSCO (i) and the center-of-mass relative-motion basis with
the eigenstates of the CSCO (ii). Hereafter, for the sake
of convenience we name the center-of-mass relative-motion
basis/representaion as the CM basis/representation.

The IP basis consists of products of eigenstates of the
Hamiltonians H1 and H2. In the 2D model the eigen-
states of Hi and l(i)

z (i = 1,2) are the Fock-Darwin states
�ni,mi

(ri) [40]. In the 3D model the elements of the IP basis are
�n1,m1 (ρ1,ϕ1)φnz1 (z1)�n2,m2 (ρ2,ϕ2)φnz2 (z2) (see Appendix A).

In the IP representation the quantum number M = m1 + m2

is a z projection of the total angular momentum. Since M is a
good quantum number, the orbital wave function ψ(r1,r2) is
expanded in the IP basis with elements that are subject to the
condition m1 + m2 = M . In the 2D model we have

ψ(r1,r2) =
∑
n1,n2

M∑
m2=0

a(M)
n1,n2,m2

�n1,M−m2 (r1)�n2,m2 (r2). (10)

The coefficients a(M)
n1,n2,m2

, as well as the corresponding
eigenenergies, can be determined by diagonalizing the Hamil-
tonian matrix H in the IP (2D) basis. The interaction matrix
elements 〈n1,m1,n2,m2|VC |n′

1,m
′
1,n

′
2,m

′
2〉 can be evaluated

using, for example, the expressions from Sec. 2.5.1. in
Ref. [41]. Of course, in numerical calculations the basis must
be restricted to a finite set (n1,n2 = 0, . . . ,nmax) whose size is
determined by the required accuracy of results. In the 3D case
the expansion goes over the IP basis elements, which includes
the additional summation over the indices nz1 and nz2. Since
the Hamiltonian H commutes with the parity operator, the
orbital functions have a definite parity.

For our analysis, it is convenient to use symmetric and
antisymmetric counterparts of the IP basis in the orbital space.
In the 2D case the corresponding basis elements are the
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(anti)symmetrized products of the Fock-Darwin states, which
we will denote by {�n1,m1 (r1),�n2,m2 (r2)}± [see Eq. (A5)
in Appendix A]. Symmetric (+) and antisymmetric (−)
eigenfunctions of the Hamiltonian H are expanded as

ψ (±)(r1,r2) =
∑
n1,n2

[M/2]∑
m2=0

C(M,±)
n1,n2,m2

×{�n1,M−m2 (r1),�n2,m2 (r2)}±, (11)

where [M/2] is the integer part of M/2. This expression
can be readily generalized for the 3D model. In this case
we use the (anti)symmetrized products of the functions
�n1,m1 (ρ1,ϕ1)φnz1 (z1) and �n2,m2 (ρ2,ϕ2)φnz2 (z2) and perform
the additional summation in Eq. (11) over the indices nz1

and nz2.
The CM basis consists of the products of eigenstates of

the Hamiltonians Hc.m. and H
(0)
rel . These eigenfunctions are

the Fock-Darwin states, but with the values M = 2m∗ and
μ = m∗/2, respectively, instead of the effective electron mass
m∗ (see Appendix B).

The expansion of the orbital function ψ(r1,r2) in the CM
basis goes only over the relative-motion quantum number(s) n

(and nz in the 3D model). This is a consequence of the fact that
the c.m. motion is fully separable in cylindrical coordinates and
the quantum numbers nc.m., mc.m. (and nc.m.

z ), and m = M −
mc.m. are good quantum numbers. Thus, in this representation
the eigenfunctions of the Hamiltonian H are factorized as

ψ(r1,r2) = ψc.m.(R)ψrel(r12). (12)

Here ψc.m. = �(c.m.)
nc.m.,mc.m.

(ρc.m.,ϕc.m.)φ
(c.m.)
nc.m.

z
(Z) are the eigen-

functions of the Hamiltonian Hc.m. and

ψrel =
∑
n,nz

b(m)
n,nz

�(rel)
n,m(ρ12,ϕ12)φ(rel)

nz
(z12) (13)

are the eigenfunctions of the Hamiltonian Hrel. In the 2D model
the φ functions and the summation over nz are removed. In
contrast to the IP basis, the CM basis functions have a definite
exchange symmetry by construction (see Appendix B).

It seems likely that the CM representation is more con-
venient for calculations. However, the physical essence of
quantum electron correlations is more transparent if the
eigenfunctions are expanded in the IP basis.

D. Entanglement measures

The entanglement of a pure state of a bipartite quantum
system can be quantified uniquely by the entropy of one of its
subsystems. Namely, if the global pure state � is entangled,
i.e., it cannot be factorized into individual pure states of the
subsystems, each of the subsystems (1 and 2) is in a mixed
state. The degree of mixing can be determined by means
of the von Neumann entropy −Tr(ρ1 ln ρ1) = −Tr(ρ2 ln ρ2).
Here ρ1 = Tr2|�〉〈�| and ρ2 = Tr1|�〉〈�| are the reduced
density matrices, describing the mixed states of subsystems 1
and 2, respectively. Alternatively, one can calculate the linear
entropy E = 1 − Trρ2

1 = 1 − Trρ2
2 that can be obtained from

the von Neumann entropy by expanding the logarithm of the
reduced density matrix and retaining the leading term. Both
entropies meet the necessary requirements for an entanglement

measure. The linear entropy, however, is more convenient to
compute and we will use this measure.

For the systems consisting of two identical fermions
(electrons) the measure must be modified in order to exclude
the contribution related to the antisymmetric character of
fermionic states. The correlations due to the Pauli principle
do not contribute to the state’s entanglement. For instance, a
two-fermion state of a Slater rank 1 (i.e., a state represented by
one Slater determinant) must be regarded as nonentangled and
its measure has to be zero. In order to satisfy this requirement,
the entanglement measure based on the linear entropy in
the case of two identical fermions has the form (see, for
example, [14,15,23])

E = 1 − 2Trρ2
r . (14)

Here ρr is the reduced single-particle density matrix obtained
by tracing the two-particle density matrix ρ = |�〉〈�| (de-
scribing the pure state �) over one of the two particles. As a
result, the measure (14) transforms to the following form for
a factorized wave function (7):

E = 1 − 2 Tr
[
ρ(orb)

r

2]
Tr

[
ρ(spin)

r

2]
, (15)

where ρ(orb)
r and ρ

(spin)
r are the reduced single-particle density

matrices in the orbital and spin spaces, respectively. In
principle, the trace of ρ(orb)

r

2
has to be calculated in some

single-particle basis. It is convenient, however, to calculate
this trace by means of the formula

Tr
[
ρ(orb)

r

2] =
∫

dr1dr′
1dr2dr′

2ψ(r1,r2)ψ∗(r′
1,r2)

×ψ∗(r1,r′
2)ψ(r′

1,r
′
2). (16)

The trace of ρ
(spin)
r

2
in the two-electron spin states with a

definite symmetry χS,MS
has values 1/2 if MS = 0 (antiparallel

spins of two electrons) and 1 if MS = ±1 (parallel spins), i.e.,

Tr
[
ρ(spin)

r

2] = 1
2 (1 + |MS |). (17)

III. LOWEST STATES: INDIVIDUAL-PARTICLE
DESCRIPTION

In this section, using the individual-particle picture, we
consider the lowest states of two-electron QDs in the magnetic
field, which are characterized by different values of the
quantum number M . These states represent the ground state of
the system in different intervals of the magnetic-field strength
(see singlet-triplet transitions in Sec. VI). We study here the
behavior of these states in the limit of VC → 0.

A. Lowest energy levels and states

At VC = 0, by ignoring temporary the spin term HS ,
the two-electron energy levels are defined by the sum of
single-electron energies En1,m1,nz1 + En2,m2,nz2 [see Eqs. (A2)
and (A4)]. The related (unsymmetrized) eigenstates are the
products �n1,m1 (ρ1,ϕ1)φnz1 (z1)�n2,m2 (ρ2,ϕ2)φnz2 (z2) (i.e., the
IP basis; see Appendix A). The lowest levels are characterized
by n1 = n2 = nz1 = nz2 = 0 and m1,m2 � 0 and are defined
as

E
(0)
M = E0,m1,0 + E0,m2,0

= ��(M + 2) − �ωLM + �ωz, (18)
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FIG. 1. (Color online) Lowest energy levels (in �ω0 units) of an
axially symmetric two-electron QD with ωz � ω0 for (a) noninter-
acting electrons (λ = 0) and (b) λ = 2 (in �ω0�0 units). In order to
get a better resolution the energy is defined with respect to the E

(0)
0

level. The Zeeman splitting is taken into account: The effective Landé
factor g∗ = −0.44. Closed circles mark the M = 2 and MS = 0 levels
at the field strength ωL/ω0 = 1.65. At this value the lower level E<

corresponds to the ground-state energy (thick gray line).

where M = m1 + m2 is the quantum number of the z

projection of the total angular momentum. The levels (18)
are M + 1 times degenerate (orbital degeneracy). Thus,
all linear combinations of the IP basis states with
n1 = n2 = nz1 = nz2 = 0 and m1 + m2 = M , or their
(anti)symmetrized counterparts, are different eigenstates of the
same level E

(0)
M . Here, since all two-electron states must have a

definite exchange symmetry, it is more convenient to use linear
combinations with the (anti)symmetrized basis functions.

For noninteracting electrons the Zeeman splitting
yields three different levels E

(0)
M + �EMS

, where �EMS
=

g∗μBBMS [see Fig. 1(a)]. Obviously, for g∗ < 0 (g∗ = −0.44
for GaAs) the lowest triplet level corresponds to MS = 1 and
we will further focus on the states with MS = S.

Evidently, at VC 	= 0, the orbital eigenfunctions are decom-
posed in the IP basis in the form (10), or in the form (11), where
the relation m1 + m2 = M must be fulfilled for different values
of n1, n2, nz1, and nz2. The corresponding energy levels are
obtained by diagonalizing the Hamiltonian H in the chosen
basis. One would expect that the lowest levels, characterized

by different values of M (EM ), should converge to the levels
E

(0)
M given by Eq. (18) in the limit VC → 0. The lowest levels

(including the Zeeman splitting) for M = 0,1,2 as functions of
the magnetic field for a typical axially symmetric two-electron
QD are shown in Fig. 1(b).

B. Limit of noninteracting electrons

As discussed above, at the limit VC → 0 it is natural to
expect that the lowest levels EM converge to the levels E

(0)
M .

The same must be true for the corresponding eigenstates.
This means that the expansion (11) and its 3D counterpart
are reduced to the sum of contributions of the basis elements
with n1 = n2 = nz1 = nz2 = 0 and different values of m2 =
M − m1 only. In this case the z component of the wave
function is simply the product φ0(z1)φ0(z2) that is decoupled
from the lateral degrees of freedom. Consequently, quantum
correlations appear strictly due to coupling of functions (A5)
with n1 = n2 = 0. In the rest of this section, for the sake of
simplicity, we will drop the z component of the wave function
and, without loss of generality, consider the 2D description.

As a result, the expansion (11) is reduced to the sum

ψ (M,±)(r1,r2) =
d±∑
k=1

c
(M,±)
k u

(M,±)
k (r1,r2), (19)

where the index k = m2 + 1 counts the basis states (A5) of a
given symmetry (±) with n1 = n2 = 0 and a given M , i.e.,

u
(M,±)
k (r1,r2) = {�0,M−k+1(r1),�0,k−1(r2)}±. (20)

Here

c
(M,±)
k = lim

VC→0
C

(M,±)
0,0,m2

(21)

are the limiting values of the nonvanishing coefficients.
Occasionally, the notation M in the superscript (M,±) will
be dropped, when we deal with a fixed value of the quantum
number M . The explicit expressions for basis states (20) for
M = 0,1,2,3 are given in Table I. The sum (19) has d± =
[M/2] + 1 terms, except the antisymmetric case with an even
M , when d− = [M/2] [because {�0,m1 (r1),�0,m2 (r2)}− = 0
when m1 = m2]. In general, one can write d± = [M/2] +
1/2 + (±1)M+1/2. These numbers can be treated as partial
degeneracies of the level E(0)

M , which take into account only the
states of a given exchange symmetry (d+ + d− = M + 1). The
coefficients in the expansion (19) can be determined exactly
by diagonalizing the Hamiltonian H (in the same limit) in the

TABLE I. Basis states u
(M,±)
k [Eq. (20)] for M = 0,1,2,3.

M Basis function

0 u
(0,+)
1 (r1,r2) = �0,0(r1)�0,0(r2)

1 u
(1,±)
1 (r1,r2) = 1√

2
[�0,1(r1)�0,0(r2) ± �0,0(r1)�0,1(r2)]

2 u
(2,±)
1 (r1,r2) = 1√

2
[�0,2(r1)�0,0(r2) ± �0,0(r1)�0,2(r2)]

u
(2,+)
2 (r1,r2) = �0,1(r1)�0,1(r2)

3 u
(3,±)
1 (r1,r2) = 1√

2
[�0,3(r1)�0,0(r2) ± �0,0(r1)�0,3(r2)]

u
(3,±)
2 (r1,r2) = 1√

2
[�0,2(r1)�0,1(r2) ± �0,1(r1)�0,2(r2)]

052332-5
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finite set (k = 1, . . . ,d±) of states (20). In fact, in the limit
VC → 0 the full diagonalization procedure is reduced to the
first-order degenerate perturbation approach. Below we study
the lowest states with M = 0,1,2,3 in the limit VC → 0.

1. Lowest M = 0 state

At M = 0 the magnetic quantum numbers of individual
electrons are m1 = m2 = 0. The orbital degeneracy at VC =
0 is 1 (d+ = 1 and d− = 0) and the only basis state in the
expansion (19) is u

(+)
1 (see Table I). Therefore, the lowest

M = 0 eigenstate of H in the limit VC → 0 is

ψ (+)(r1,r2) = u
(+)
1 (r1,r2) ≡ �0,0(r1)�0,0(r2). (22)

Due to the Pauli principle, the related spin state is a singlet (S =
MS = 0). Since it is antisymmetric, the total wave function has
the form of the Slater determinant and the entanglement of the
lowest state with M = 0 must be zero.

2. Lowest M = 1 states

At M = 1, one has m1 = 1 and m2 = 0 or m1 = 0 and
m2 = 1. Thus, the orbital degeneracy is 2 (d+ = d− = 1). We
have two basis states u

(+)
1 and u

(−)
1 (see Table I) that may appear

in the expansion (19). However, due to different symmetries,
these states cannot create a superposition. As a result, the
lowest M = 1 eigenstate is one of them, depending on the
initially chosen symmetry, i.e.,

ψ (±)(r1,r2) = u
(±)
1 (r1,r2)

≡ 1√
2

[�0,1(r1)�0,0(r2) ± �0,0(r1)�0,1(r2)].

(23)

For u
(+)
1 the related spin state is the singlet, whereas for u

(−)
1

we have the triplet state. Here we choose the triplet state
(S = MS = 1), which is lower. Since this spin state is the
product of individual electron spin states with ms = +1/2,
the total wave function of the lowest M = 1 state is a Slater
determinant and its entanglement is again zero.

3. Lowest M = 2 states

At M = 2 one has m1 = 2 and m2 = 0, m1 = 1 and m2 =
1, or m1 = 0 and m2 = 2. The orbital degeneracy is 3 (d+ =
2 and d− = 1). As a result, we have three basis states: two
symmetric (u(+)

1 and u
(+)
2 ) and one antisymmetric (u(−)

1 ) (see
Table I). The related spin states are singlet, singlet, and triplet,
respectively. At VC = 0 the triplet state (due to the Zeeman
splitting) produces a lower energy [see Fig. 1(a)]. However,
at VC 	= 0 and typical values of the effective Landé factor the
lowest energy level with M = 2 corresponds to the singlet
state [see Fig. 1(b)]. Due to this fact, at M = 2, we will focus
on the orbital symmetric states and study their behavior in the
limit VC → 0.

At VC = 0 the lowest (M = 2 and S = 0) level is doubly
degenerate (d+ = 2). As a result, the orbital wave function
may be any superposition of the states u

(+)
1 and u

(+)
2 , i.e.,

ψ (+)(r1,r2) = c1u
(+)
1 (r1,r2) + c2u

(+)
2 (r1,r2). (24)

FIG. 2. (Color online) (a) Full range of (real) values of the
coefficients c1 and c2 in the superposition (24) that represents the
lowest symmetric orbital states ψ (+) with M = 2 at λ = 0 (green
circular line) and in the limit λ → 0 (red 
’s). The values, marked
by (blue) open circles, correspond to the uncorrelated basis states
±u

(+)
1 and ±u

(+)
2 . (b) Lowest ψ (+) states with M = 2 and the related

eigenenergies (in �ω0 units) are shown in the θ−Etot diagram, where
θ = arctan(c2/c1), for λ = 0 (green line) and λ = 2 (red closed
circles) (in �ω0�0 units). The full θ domain θ ∈ (−π,π ), which
corresponds to λ = 0 (degenerate level E

(0)
2 ), is reduced to two

discrete values θ ≈ ±π/4 as soon as the interaction is switched
on. The eigenenergies are calculated for ωL/ω0 = 1.65 [at λ = 2
the state at θ ≈ −π/4 is the ground state; see Fig. 1(b)]. (c) The
θ−Etot diagram (the energy is in �ω0 units) showing the transition of
the lowest (orbital symmetric) states at λ = 2 to the states ψ

(+)
≷ [see

Eq. (30)], obtained by reducing gradually the interaction. The states
remain entangled at any λ 	= 0 (θ ≈ ±π/4), even in the limit λ → 0
(then θ = ±π/4).

Here the coefficients c1 and c2 are arbitrary complex numbers
that are subject to the condition |c1|2 + |c2|2 = 1 [green
circular line in Fig. 2(a)]. In this case it is always possible to
choose a set of eigenstates exhibiting zero entanglement, e.g.,
ψ

(+)
1 = u

(+)
1 and ψ

(+)
2 = u

(+)
2 [blue open circles in Fig. 2(a)].

The nonzero interaction between the electrons couples not
only the functions u

(+)
1 and u

(+)
2 , but also the symmetric

functions (A5) with m1 + m2 = M and n1,n2 > 0. They will
contribute to a given state with specific values of the expansion
coefficients in (11). For the lowest states, however, the terms
with n1 = n2 = 0 are dominant, even at VC 	= 0. As a result,
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the corresponding coefficients (here C
(2,+)
0,0,m2

, with m2 = 0,1)
practically determine the states [red closed circles in Fig. 2(b)].

By treating VC = λ/r12 as a small perturbation, the coeffi-
cients c1 and c2 can be determined exactly in the limit λ → 0,
using the first-order degenerate perturbation theory. We obtain
the set of linear equations

(λV11 − �E)c1 + λV12c2 = 0,
(25)

λV21c1 + (λV22 − �E)c2 = 0,

where Vij = 〈u(+)
i |r−1

12 |u(+)
j 〉 and �E = E − E

(0)
2 . The correc-

tion to the energy �E follows from the requirement that the
determinant of this system must be equal to zero (a secular
equation). As a result, we have

�E≷ = λ

2
[V11 + V22 ±

√
(V11 − V22)2 + 4V12V21]. (26)

Using one of Eqs. (25) and the condition |c1|2 + |c2|2 = 1, we
obtain

c1 = V12√
(V11 − �E/λ)2 + V 2

12

, (27)

c2 = − V11 − �E/λ√
(V11 − �E/λ)2 + V 2

12

. (28)

The interaction matrix elements Vij can be numerically
evaluated exactly (by means of the analytical expression for
the matrix elements 〈m1,m2|r−1

12 |m′
1,m

′
2〉 given in Ref. [41]).

For M = 2 we have V11 = V22 = 0.861 65 and V12 = V21 =
0.391 66. As a result, we obtain

�E≷ = λ(V11 ± V12) (29)

and c1 = ±c2 = 1/
√

2. Thus, the related states are

ψ
(+)
≷ (r1,r2) = 1√

2
[u(+)

1 (r1,r2) ± u
(+)
2 (r1,r2)]

≡ 1

2
�0,2(r1)�0,0(r2)

± 1√
2
�0,1(r1)�0,1(r2)

+ 1

2
�0,0(r1)�0,2(r2). (30)

In the diagrams in Fig. 2 these states are marked by the
symbol 
. Note that both solutions correspond to the energy
E

(0)
2 (�E≷ → 0 in the limit λ → 0). However, if we start

from the lowest (M = 2 and S = 0) state of interacting
electrons, the system approaches the state ψ (+)

< = (u(+)
1 −

u
(+)
2 )/

√
2 in the limit λ → 0.

Thus, in the limit VC → 0 the lowest (M = 2 and S = 0)
states will converge to the states (24) with the specific
values of the coefficients c1 and c2 [the states (30)]. In
contrast, at VC = 0 these coefficients could be chosen to be
arbitrary. The interaction removes the degeneracy present in
the noninteracting case and leads the system (even in the limit
VC → 0) to a uniquely determined entangled state. Indeed,
it cannot be reduced to a single Slater determinant. This is

essentially the same mechanism, discussed in a qualitative
manner in Ref. [42].

4. Lowest M = 3 states

At M = 3 we have m1 = 3 and m2 = 0, m1 = 2 and m2 =
1, m1 = 1 and m2 = 2, or m1 = 0 and m2 = 3. The orbital
degeneracy is 4 (d+ = d− = 2). As a result, we have four basis
states, two symmetric and two antisymmetric: u

(±)
1 and u

(±)
2

(see Table I). The orbital functions u
(+)
i and u

(−)
i correspond to

the singlet and triplet spin states, respectively. For odd M the
lowest energy level, for both noninteracting and interacting
electrons, corresponds to the triplet state with MS = 1 (not
shown in Fig. 1). Therefore, we consider the antisymmetric
orbital states.

For noninteracting electrons the lowest level (M = 3 and
S = MS = 1) is doubly degenerate (d− = 2). Therefore, the
orbital wave function may be any superposition of the states
u

(−)
1 and u

(−)
2 with arbitrary coefficients c1 and c2 that are

subject to the condition |c1|2 + |c2|2 = 1. Again, due to the
degeneracy, it is possible to choose the set of eigenstates
exhibiting a zero entanglement. For interacting electrons,
however, this state will converge to the state ψ (−) = c1u

(−)
1 +

c2u
(−)
2 with specific values of the coefficients c1 and c2 in the

limit VC → 0.
Indeed, applying the first-order degenerate perturbation

theory, by means of Eqs. (26)–(28), and the correspond-
ing values of the interaction matrix elements for M = 3
[V11 = 0.567 91, V22 = 0.450 41, and V12 = V21 = √

3(V11 −
V22)/2 = 0.101 76], we obtain

�E≷ = λ

2
[(V11 + V22) ± 2(V11 − V22)]. (31)

For �E< we have c1 = 1/2 and c2 = −√
3/2 and for �E>

we have c1 = √
3/2 and c2 = 1/2. Thus, the related states are

ψ (−)
< (r1,r2) = 1

2
[u(−)

1 (r1,r2) −
√

3u
(−)
2 (r1,r2)]

≡ 1

2
√

2
[�0,3(r1)�0,0(r2) −

√
3�0,2(r1)�0,1(r2)

+
√

3�0,1(r1)�0,2(r2) − �0,0(r1)�0,3(r2)],

(32)

ψ (−)
> (r1,r2) = 1

2
[
√

3u
(−)
1 (r1,r2) + u

(−)
2 (r1,r2)]

≡ 1

2
√

2
[
√

3�0,3(r1)�0,0(r2)

+�0,2(r1)�0,1(r2) − �0,1(r1)�0,2(r2)

−
√

3�0,0(r1)�0,3(r2)]. (33)

Note that both solutions correspond to the energy E
(0)
3 .

However, if we start from the lowest (M = 3 and S = MS = 1)
state of interacting electrons, the system in the limit λ → 0
approaches the state ψ (−)

< = (u(−)
1 − √

3u
(−)
2 )/2. As in the

previous case, the lowest M = 3 state is entangled because
it cannot be reduced to a single Slater determinant.
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C. Entanglement of the lowest states in the limit VC → 0

In the general case (within the 2D model) the lowest
eigenstates with M = 0,1,2,3 of the Hamiltonian H in the
IP basis can be written in the form

ψ (±)(r1,r2) =
M∑

m2=0

a(±)
m2

�0,M−m2 (r1)�0,m2 (r2), (34)

where the coefficients a(±)
m2

can be expressed in terms of the

coefficients c
(±)
k in the expansion (19). The reduced density

matrix of the state (10), calculated in the single-particle Fock-
Darwin basis, will be a sum consisting of M + 1 terms. For
example,

ρ
(orb)
1 = Tr2|ψ〉〈ψ | =

M∑
m2=0

2〈m2|ψ〉〈ψ |m2〉2, (35)

where 2〈m2|ψ〉 denotes the (partial) scalar product between
the Fock-Darwin state �0,m2 (r2) and the orbital state ψ(r1,r2).
For the state (34) we have 2〈m2|ψ (±)〉 = a(±)

m2
|M − m2〉1 =

a(±)
m2

|m1〉1, where m1 = M − m2. Here the Dirac ket |m1〉1

corresponds to the Fock-Darwin state �0,m1 (r1). Thus, we have

ρ
(orb)
1 =

M∑
m2=0

∣∣a(±)
m2

∣∣2|M − m2〉1 1〈M − m2|

=
M∑

m1=0

∣∣a(±)
M−m1

∣∣2|m1〉1 1〈m1|. (36)

In fact, the reduced density matrix is diagonal in the Fock-
Darwin basis. One obtains readily its square

ρ
(orb)
1

2 =
M∑

m1=0

∣∣a(±)
M−m1

∣∣4|m1〉1 1〈m1| (37)

and the trace

Tr
[
ρ(orb)

r

2] =
M∑

m1=0

∣∣a(±)
M−m1

∣∣4 =
M∑

m2=0

∣∣a(±)
m2

∣∣4
. (38)

Finally, the entanglement measure E can be obtained by means
of Eqs. (15), (17), and (38).

The results for M = 0,1,2,3 are shown in Table II.
One can see that, in agreement with the analysis from the
previous subsection, in the case of vanishing electron-electron
interaction (VC → 0) the lowest states with M = 0,1 are not
entangled (E = 0), while those with M = 2,3 are entangled
(E > 0).

TABLE II. Entanglement measure based on the linear entropy E
and the corresponding orbital and spin factors (traces) for the lowest
states with M = 0,1,2,3 in the limit of noninteracting electrons.

M S(MS) Tr[ρ(orb)
r

2] Tr[ρ(spin)
r

2] E

0 0 1 1/2 0
1 1 1/2 1 0
2 0 3/8 1/2 5/8
3 1 5/16 1 3/8

We would like to point out that the coefficients a(±)
m2

determine solely the trace (38), i.e., the entanglement measure
E . In appears that the decomposition (34) in terms of the
Fock-Darwin states is similar to the Schmidt decomposition
for a helium atom (see, e.g., Refs. [20,21]).

IV. LOWEST STATES IN THE CM REPRESENTATION

A. Classification of the lowest states

In the CM basis the determination of the wave function
ψ(r1,r2) is reduced to the calculation of ψrel(r12) in the form
of the expansion (13). In this representation each state is
characterized by the c.m. quantum numbers nc.m., mc.m., and
(in the 3D model) nc.m.

z , as well as by the magnetic quantum
number for the relative motion m. The total quantum numbers
M , S, and MS (and the related exchange symmetry and parity)
are good quantum numbers as well in the IP representation.

The quantum numbers mc.m., m, and M , however, are not
independent (M = mc.m. + m) and for labeling the states it is
sufficient to use two of them. Moreover, in the lowest states
also the values of the spin quantum numbers S and MS depend
on m. Namely, for these states the parity of the wave function
ψrel is (−1)m. This rule holds even in the 3D model, since the
leading term in the expansion (13) is �

(rel)
0,mφ

(rel)
0 and thus all nz

must be even. As a result, due to the Pauli principle, the total
spin is determined by the expression S = 1

2 [1 − (−1)m].
The quantum number MS , on the other hand, is not directly

determined by the parity. For even m we have S = 0 and thus
MS = 0. If m is odd, we have S = 1 and MS can be −1, 0,
or 1. At nonzero magnetic field the Zeeman splitting (g∗ < 0)
will lower the energy of the MS = 1 component of the triplet
states, while leaving the singlet states unchanged. Therefore,
the lowest states are characterized by

MS = S = 1 − (−1)m

2
. (39)

Consequently, the lowest states (by considering various values
of M) can be uniquely labeled by the pair of quantum numbers
(M,m) or by the pair (mc.m.,m) (here nc.m. = nc.m.

z = 0).
At VC = 0 the quantum numbers mc.m. and m play sym-

metric roles [analogously to the quantum numbers m1 and m2

in Eq. (18)]. As a result, we obtain that the energy levels E
(0)
M

(here constructed as Ec.m. + E
(0)
rel ) are M + 1 times degenerate.

However, at VC 	= 0 the spectra of the Hamiltonians Hc.m. and
Hrel are different and the degeneracy is removed. In this case
the lowest states correspond to m = M (i.e., mc.m. = 0), as one
can see from the example shown in Fig. 1(b). This feature can
be explained by the fact that the energy contribution due to
the Coulomb interaction �E(c) in Erel (Erel = E

(0)
rel + �E(c))

decreases if m increases. In other words, a rotational motion
of electrons attenuates the interaction. Thus, for a given M the
total energy EM,m = E

(0)
M + �E(c)

m is minimal at m = M .

B. Calculation of the measure E
In a general case it is convenient to calculate the entan-

glement measure (15) by evaluating the integral (16) and the
expression (17). Combining the latter with Eq. (39), we obtain
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for the lowest states the expression for the spin contribution

Tr
[
ρ(spin)

r

2] = 3 − (−1)m

4
. (40)

The orbital contribution (16) of the lowest c.m. eigenstate
(nc.m. = mc.m. = nc.m.

z = 0), applying the factorization (12)
and the expansion (13), takes the form

Tr
[
ρ(orb)

r

2] =
nmax∑
n1=0

nmax∑
n2=0

nmax∑
n3=0

nmax∑
n4=0

nmax
z∑

nz1 =0

nmax
z∑

nz2 =0

nmax
z∑

nz3 =0

nmax
z∑

nz4 =0

× b(m)
n1,nz1

b(m)
n2,nz2

b(m)
n3,nz3

b(m)
n4,nz4

I (n1,n2,n3,n4; m)

× J (nz1 ,nz2 ,nz3 ,nz4 ), (41)

where I and J are multiple integrals of the products of
four functions �(c.m.)

n,m and φ(c.m.)
nz

with different values of the
indices n and nz, respectively. Their explicit forms are given
in Appendix C.

In the 2D model the trace (41) is reduced to the form with
four sums via ni (i = 1,2,3,4). Formally it follows if we set
nmax

z = 0 and drop the J integrals [because J (0,0,0,0) = 1].
The values of I and J integrals can be determined

analytically. In particular, for n1 = n2 = n3 = n4 = 0 we have

I (0,0,0,0; m) = (2|m|)!
(2|m||m|!)2

. (42)

Generally, the I and J integrals do not depend on the QD
parameters (e.g., � and ωz; see Appendix C). Thus the
variation of the entanglement E(�) is brought about by the
expansion coefficients in (13) that depend on the interaction
and the magnetic-field strengths. Some properties of the I and
J integrals are given in Appendix C.

C. Dependence of the measure E on the electron-electron
interaction strength

The measure E as a function of λ for the lowest states
is obtained by calculating the trace (41) with nmax = 4 and
nmax

z = 0 (the 2D model) and nmax
z = 4 (the 3D model) (see

Fig. 3). This basis size is found to be sufficient for the lowest
states.

In the limit λ → 0 the measure E vanishes for m = 0
and m = 1 and converges to nonzero values for m � 2,
independently of the magnetic-field strength. This result is in
agreement with the results of Sec. III (see Table II). With the
increase of the interaction strength λ the measure E increases,
since the interaction introduces additional correlations. How-
ever, for the states with larger values of m this change is slow.
It appears that for typical QDs (λ ∼ 2�ω0l0) the measure E
for m � 2 can be approximated by its value obtained in the
noninteracting case.

The entanglement of the lowest states depends on the ratio
ωz/ω0. This dependence is very weak for the states with large
m (see Fig. 3). This means that for typical QDs the 2D model
is good enough if we calculate the entanglement of the lowest
states with m � 2. On the other hand, for the lowest states with
m = 0 and m = 1 this model may be insufficient.

At B = 0 the entanglement decreases if the ratio ωz/ω0

decreases from ∞ (the 2D model) to 1 (the spherically
symmetric 3D model); see Fig. 3(a) and Fig. 4 at ωL/ω0 = 0.

FIG. 3. (Color online) Entanglement measure E of the lowest
states with different m as a function of the electron-electron
interaction strength (the parameter λ in �ω0�0 units) for (a) ωL = 0
and (b) ωL/ω0 = 2.5. The dashed, dash-dotted, and solid lines
correspond to the (3D) QDs with ωz/ω0 = 2 and ωz/ω0 = 5 and to the
2D model of QDs, respectively. The red and blue values correspond
to the symmetric and antisymmetric orbital states [i.e., even and odd
ψrel(r12) functions], respectively.

This effect can be explained by introducing the effective charge
λeff [34,36]. As pointed out in Ref. [36], in a 3D dot the
electrons can avoid each other more effectively than in the
corresponding 2D one. As a result, the Coulomb interaction
has a smaller effect on the 3D spectrum than on the 2D one.
The ratio λeff/λ as a function of �/ωz for different m is shown

FIG. 4. Entanglement of the lowest state with m = 0 of axially
symmetric two-electron QDs with λ = 2 (in �ω0�0 units) and different
ratios ωz/ω0 as a function of the parameter ωL/ω0. The closed circles
denote the values of ωL/ω0 when the dots with the given ratios ωz/ω0

become spherically symmetric.
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in Fig. 2 in Ref. [34]. The maximal repulsion at �/ωz = 0
corresponds, with ωz → ∞, to the 2D case and decreases
monotonically as �/ωz increases. Thus, a reduction of the
ratio ωz/ω0 has an effect analogous to the reduction of the
electron-electron interaction.

If B 	= 0, the entanglement measure E is not necessarily
a monotonic function of the ratio ωz/ω0. In contrast to
the zero-magnetic-field case, for example, at ωL/ω0 = 2.5
[see Fig. 3(b)] the lowest states are more entangled for
the ratio ωz/ω0 = 2 (dashed lines) in comparison with the
ratio ωz/ω0 = 5 (dash-dotted lines). This behavior can be
understood by analyzing the dependence of the entanglement
of the lowest states on the magnetic field (see the next
subsection). Regarding the latest example, Fig. 4 shows how
the values of E for ωz/ω0 = 2 and 5 exchange the order
between ωL/ω0 = 0 and 2.5 (the case m = 0 is shown).

D. Dependence of the measure E on the magnetic-field strength

For extremely thin QDs (described with the aid of the
2D model), the entanglement of the lowest states decreases
monotonically by increasing the magnetic-field strength (see
Fig. 4). Evidently, the effective confinement � increases
with the magnetic field and the contribution of the constant
electron-electron interaction becomes weaker. Formally, if we
introduce the characteristic length of the effective confinement
�� = √

�/m∗�, the parameter λ� = ��/a∗ (RW at B = 0)
determines the relative strength of the Coulomb interaction at
a given effective confinement [43]. This parameter decreases
with an increase of the magnetic-field strength. It tends to zero
at B → ∞, since the Coulomb interaction becomes negligible
compared to the effective confinement.

In 3D cases, however, with an increase of the magnetic field
the entanglement decreases until the parameter ωL reaches
the value ω

sph
L = (ω2

z − ω2
0)1/2. At this value the QD has a

spherical symmetry (�/ωz = 1). After this value the measure
starts to increase with an increase of the magnetic field (see
Fig. 4). This behavior can be explained by the influence of
the magnetic field on the effective strength λ�. It is twofold:
The magnetic field, besides the effective confinement, affects
the effective charge too. In fact, the entanglement indicates a
geometrical crossover in two-electron QDs. In particular, the
lateral electron density distribution transforms to the vertical
one for a state with a given value of the magnetic quantum
number m. A detailed analysis of this phenomenon for m = 0
state is presented in Refs. [32,33]. Note that the effect of the
magnetic field on the measure E for states with large quantum
number m is less pronounced than for the m = 0 state [see
Fig. 6(b) for the 2D case and Fig. 7 for 3D case].

E. Limit of noninteracting electrons

At VC = 0 the lowest eigenstates of the Hamiltonian Hrel

converge to the lowest eigenstates of the Hamiltonian H
(0)
rel and

the orbital wave functions (12) take the form

ψ = �
(c.m.)
0,0 φ

(c.m.)
0 �

(rel)
0,mφ

(rel)
0 . (43)

In this limit all coefficients in the expansion (13) tend to zero,
except the first one (b(m)

0,0 ), which tends to one. As a result,

FIG. 5. (Color online) Measure of entanglement E of the lowest
states (nc.m. = n(c.m.)

z = mc.m. = 0, n = nz = 0) for various m in the
limit of noninteracting electrons.

Eq. (41) is reduced to a single term

Tr
[
ρ(orb)

r

2] = I (0,0,0,0; m) (44)

[here we used J (0,0,0,0) = 1]. By means of Eqs. (15),
(42), (44), and (40), we obtain the result

E = 1 − 3 − (−1)m

2

(2m)!

(2mm!)2
, (45)

which exactly reproduces the results given in Table II (here
M = m). The formula (45) is valid for the 2D and 3D models
of QDs.

The entanglement increases differently for even and odd
values of m (see Fig. 5). This staggering is due to the spin
contribution (40), whereas the orbital part is responsible for
the growth of E with m. Finally, since I (0,0,0,0; m) → 0 when
m → ∞, both series converge to 1, i.e.,

lim
m→∞ E = 1. (46)

V. CONNECTION BETWEEN REPRESENTATIONS

As already mentioned, due to the separation (12), the eigen-
states of the Hamiltonian H have a simpler form in the CM
representation than in the IP one. However, the simplicity of
this form holds back information on the inherent correlations of
the two-electron orbital eigenfunctions ψ(r1,r2). To illuminate
this structure, one has to employ the IP representation.

The transition to the IP representation can be done by means
of the expansion that holds for mc.m., m � 0 (see Appendix D),

�
(c.m.)
0,mc.m.

(R)�(rel)
0,m (r12)

=
mc.m.∑
j=0

m∑
k=0

A
mc.m.,m
j,k �0,M−j−k(r1)�0,j+k(r2), (47)

where M = mc.m. + m and

A
mc.m.,m
j,k = (−1)k

(
mc.m.

j

)(
m

k

)√
(M − j − k)!(j + k)!

2Mmc.m.!m!
,

(48)
combined with the identity φ

(c.m.)
0 (Z)φ(rel)

0 (z12) = φ0(z1)φ0(z2)
(in the 3D case). Evidently, at nc.m.

z = nz = 0 the z component
of the orbital function does not contribute to the entanglement
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of the full state. Therefore, without loss of generality, we can
use the 2D model.

If we set mc.m. = 0 in Eqs. (47) and (48) (which implies
that j = 0 and m = M), the following result is obtained for
the states (43) (the 2D model) in the IP representation:

ψ(r1,r2) = �
(c.m.)
0,0 (R)�(rel)

0,m (r12)

=
m∑

k=0

A
0,m
0,k �0,m−k(r1)�0,k(r2). (49)

At m = 0, we have ψ(r1,r2) = �0,0(r1)�0,0(r2), i.e., the
orbital wave function can be written in the form of the product
of wave functions for individual electrons. Since the corre-
sponding spin state (S = MS = 0) is antisymmetric, the total
wave function has the form of the Slater determinant. Thus,
the entanglement of the lowest state with m = 0 must be zero.

At m = 1, by means of Eq. (49) we obtain the antisymmetric
function

ψ(r1,r2) = 1√
2

[�0,1(r1)�0,0(r2) − �0,0(r1)�0,1(r2)]. (50)

The corresponding spin state (S = MS = 1) is the product of
individual electron spin states with ms = +1/2. Evidently,
the total wave function is the Slater determinant and its
entanglement is zero.

At m � 2 the expansion (49) contains more than two terms.
The two-electron orbital states are nontrivially correlated, i.e.,
cannot be reduced to the Slater determinant.

The increase of the magnetic quantum number m increases
the number of states in the decomposition (49). Evidently,
it leads to more entangled states. Finally, the entanglement
becomes maximal (E → 1) in the limit m → ∞.

The transformation formula (47) demonstrates that all
eigenstates of the Hamiltonian H (including those with
mc.m. > 0), which in the limit VC → 0 converge to the eigen-
states of the noninteracting Hamiltonian H0 with n1 = n2 = 0,
can be written in the form of the product �

(c.m.)
0,mc.m.

(R)�(rel)
0,m (r12)

in the same limit (see Table III). Since j + k = m2 (and

M − m2 = m1) we have

�
(c.m.)
0,mc.m.

(R)�(rel)
0,m (r12)

=
mc.m.∑
j=0

j+m∑
m2=j

A
mc.m.,m
j,m2−j�0,M−m2 (r1)�0,m2 (r2). (51)

By changing the summation order, we obtain

�
(c.m.)
0,mc.m.

(R)�(rel)
0,m (r12)

=
M∑

m2=0

min(m2,mc.m.)∑
j=max(0,m2−m)

A
mc.m.,m
j,m2−j�0,M−m2 (r1)�0,m2 (r2). (52)

Comparing this latest relation with Eq. (34), we obtain

a(−1)m
m2

=
min(m2,mc.m.)∑

j=max(0,m2−m)

A
mc.m.,m
j,m2−j . (53)

With the aid of this relation and Eqs. (48) and (38), we
determine the trace of the square of the reduced density matrix
(orbital part) and the measure E for any mc.m.,m � 0. Results
for mc.m., m = 0,1,2,3, are shown in Table III. In particular,
for mc.m. = 0 (then j = 0, k = m2, and M = m) we have
a(−1)m

m2
= A

0,m
0,m2

and

Tr
[
ρ(orb)

r

2] =
m∑

k=0

∣∣A0,m
0,k

∣∣4 =
m∑

k=0

(
m

k

)4[ (m − k)!k!

2mm!

]2

= (2m)!

(2mm!)2
. (54)

This expression and Eq. (40) lead to the formula (45) for the
lowest states with mc.m. = 0 and a given m.

The transition from the IP to the CM representation can be
done by the inverse transformation of Eq. (47). For n1 =n2 =0

TABLE III. Individual-particle and CM representations of the orbital parts of lowest states (including those with mc.m. > 0) of axially
symmetric two-electron QDs (in the magnetic field) in the limit of noninteracting electrons (VC → 0) for M = 0,1,2,3, the related spin states
(S,MS), the traces of squares of the corresponding reduced density matrices, and the values of the entanglement measure E . The state that is
the lowest for a given M corresponds to mc.m. = 0 (shown on the top of each M manifold) and MS = S. The related values of E (highlighted)
coincide with those given in Table II.

M Orbital state Individual-particle representation CM representation Tr[ρ(orb)
r

2] S MS Tr[ρ(spin)
r

2] E

0 ψ (0,+) u
(0,+)
1 (r1,r2) �

(c.m.)
0,0 (R)�(rel)

0,0 (r12) 1 0 0 1/2 0

1 ψ (1,−) u
(1,−)
1 (r1,r2) �

(c.m.)
0,0 (R)�(rel)

0,1 (r12) 1/2 1 0, ± 1 1/2,1 1/2,0

ψ (1,+) u
(1,+)
1 (r1,r2) �

(c.m.)
0,1 (R)�(rel)

0,0 (r12) 1/2 0 0 1/2 1/2

2 ψ (2,+)
<

1√
2
[u(2,+)

1 (r1,r2) − u
(2,+)
2 (r1,r2)] �

(c.m.)
0,0 (R)�(rel)

0,2 (r12) 3/8 0 0 1/2 5/8

ψ (2,−) u
(2,−)
1 (r1,r2) �

(c.m.)
0,1 (R)�(rel)

0,1 (r12) 1/2 1 0, ± 1 1/2,1 1/2,0

ψ (2,+)
>

1√
2
[u(2,+)

1 (r1,r2) + u
(2,+)
2 (r1,r2)] �

(c.m.)
0,2 (R)�(rel)

0,0 (r12) 3/8 0 0 1/2 5/8

3 ψ (3,−)
<

1
2 [u(3,−)

1 (r1,r2) − √
3u

(3,−)
2 (r1,r2)] �

(c.m.)
0,0 (R)�(rel)

0,3 (r12) 5/16 1 0, ± 1 1/2,1 11/16,3/8

ψ (3,+)
<

1
2 [

√
3u

(3,+)
1 (r1,r2) − u

(3,+)
2 (r1,r2)] �

(c.m.)
0,1 (R)�(rel)

0,2 (r12) 5/16 0 0 1/2 11/16

ψ (3,−)
>

1
2 [

√
3u

(3,−)
1 (r1,r2) + u

(3,−)
2 (r1,r2)] �

(c.m.)
0,2 (R)�(rel)

0,1 (r12) 5/16 1 0, ± 1 1/2,1 11/16,3/8

ψ (3,+)
>

1
2 [u(3,+)

1 (r1,r2) + √
3u

(3,+)
2 (r1,r2)] �

(c.m.)
0,3 (R)�(rel)

0,0 (r12) 5/16 0 0 1/2 11/16
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and m1,m2 � 0 one has (see Appendix D)

�0,m1 (r1)�0,m2 (r2)

=
m1∑
j=0

m2∑
k=0

A
m1,m2
j,k �

(c.m.)
0,M−j−k(R)�(rel)

0,j+k(r12), (55)

where the coefficients A
m1,m2
j,k are given by Eq. (48), after

replacing mc.m. → m1 and m → m2. For example, at m1 =
m2 = 1 one obtains

u
(2,+)
2 (r1,r2)

≡ �0,1(r1)�0,1(r2)

= 1√
2

[
�

(c.m.)
0,2 (R)�(rel)

0,0 (r12) − �
(c.m.)
0,0 (R)�(rel)

0,2 (r12)
]
. (56)

This expansion clearly demonstrates that, although the CM
basis functions formally include correlations between particles
(in contrast to the IP basis functions), nonentangled (as well as
entangled) states (such as u

(2,+)
2 ) can be regularly represented

in this basis.
Regarding the last remarks, we point out that an analysis,

if performed strictly in the CM representation, may lead
in some cases to incorrect conclusions. An example is the
analysis of the role of the interparticle interaction in preparing
entangled states. Namely, the form of the lowest states in the
IP representation is nontrivially determined by the electron-
electron interaction VC = λ/r12, even in the limit λ → 0. In
this limit the values of coefficients in the superposition (19)
are specified (see Sec. III). Since the coefficients are not
arbitrary (in contrast to the case of the exact λ = 0), the
states are entangled (see Table III). In the CM representation,
however, the same states are simply the eigenstates of H0

with specified (c.m.) symmetries. These symmetries exist
regardless of whether the interaction VC is present or not
(due to decoupling of the c.m. and relative motions). Thus, in
this representation the eigenstates of H (in the limit VC → 0)
and H0 are the same. One might conclude that the interaction
VC is not necessary to prepare an entangled state. Thus, we
have obtained two opposite conclusions by analyzing the same
effect in different representations.

The solution of this paradox lies in the fact that in the limit
VC → 0 the form of interaction VC is not crucial; the only
requirement is that it must be a function of the relative distance
r12 only (i.e., it must be independent of R) in order to keep
the c.m. and relative motions decoupled. Then the interaction
breaks only the symmetries of the noninteracting system,
which are related to the integrals of motion of individual
particles. This symmetry breaking removes the degeneracy
(see the last paragraph in Sec. II B). It reduces the set of all
eigenstates of H0 to the subset of those that have symmetries
related to the c.m. integrals of motion. Consequently, just this
subset of eigenstates of H0 is the complete set of eigenstates
of H in the limit VC → 0. These states, although being the
CM basis states, have the form of certain linear combinations
of the IP basis states, i.e., they are entangled. The interparticle
interaction selects the eigenstates of a proper symmetry at the
limit λ → 0.

VI. ENTANGLEMENT OF THE GROUND STATE
IN THE MAGNETIC FIELD

At VC = 0 the ground-state orbital wave function with
m = 0 is the product

ψ (0)
gr = �

(c.m.)
0,0 φ

(c.m.)
0 �

(rel)
0,0 φ

(rel)
0 (57)

(or �
(c.m.)
0,0 �

(rel)
0,0 within the 2D model). Among the states (43),

it has the lowest energy at all values of the magnetic
field.

The electron-electron interaction does not affect the c.m.
motion. Therefore, even at VC 	= 0, the ground state is
characterized by mc.m. = 0 for all values of the magnetic
field B and the electron-electron interaction strength λ. The
interaction leads, however, to the coupling (13) in ψrel. This
results in the crossings of the energy levels (as functions of B)
with different values of the quantum number m [see Fig. 6(a)].
In addition, if we take into account the Zeeman splitting,
for a negative Landé factor g∗ < 0 the ground-state spin
quantum number of the mth segment is determined by Eq. (39).
According to this formula, the total spin S = 1

2 [1 − (−1)m]
alternates between 0 and 1. This effect leads to the well-known
spin oscillations or singlet-triplet (ST) transitions in the ground
state (see Refs. [8,25] for a review).

As an example, the evolution of the ground-state energy
for two values of the Landé factor is shown on Fig. 6(a). A
typical effect due to the Zeeman splitting is the dilation of the
triplet state segments (S = MS = 1) at the cost of the singlet
ones (S = 0) with an increase of the magnetic field. The levels
that correspond to the singlet states do not depend on g∗. The
triplet states are lower for g∗ = −0.44 than for g∗ = 0. As a
consequence, in the case g∗ = −0.44 the segments (m,S) =
(0,0) and especially (2,0) are reduced and for m > 2 the singlet
ground states are fully suppressed.

The measure E , calculated for each ground-state segment
[Fig. 6(a)] separately, yields a discontinues function Egr(B) of
the magnetic field [see Fig. 6(b)]. As we have seen in Fig. 5,
the entanglement of the lowest state with m = 0 decreases by
increasing the magnetic field. For the magnetic number m � 2
this dependence is, however, very weak [see Fig. 6(b)]. In fact,
for these states the measure E can be approximated by constant
values that are close to the values (45) for the noninteracting
case.

The Zeeman splitting does not affect the orbital wave
function and therefore the measure. However, different values
of the Landé factor determine the position and length of (m,S)
segments [see Fig. 6(a)]. As a result, the variation of the
measure Egr(B) will be different for different values of g∗
[see Fig. 6(b)].

By increasing the magnetic field, the ST transitions occur
periodically at g∗ = 0. Then Egr(B) is the combination [see

Eq. (15)] of a square-wave function Tr[ρ(spin)
r

2
] and a step

function Tr[ρ(orb)
r

2
]. On the other hand, for g∗ = −0.44 the

ST transitions appear only a few times at lower values of the
field. Finally, the system settles down in the triplet ground
state with the quantum numbers S = MS = 1. Consequently,
the function Egr(B) performs only a few oscillations in this
case and after that it has the step function form.
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FIG. 6. (Color online) (a) Lowest energy levels (thin red and blue
lines) and the ground-state energy (thick lines) of axially symmetric
two-electron QDs with λ = 2 (in �ω0�0 units) for ωz/ω0 � 1.
In order to get better resolution, the energies are defined with
respect to the E

(0)
0 level (all energies are defined in �ω0 units). The

results for g∗ = 0 and −0.44 are represented by dotted and solid
lines, respectively. The numbers in parentheses are the values of
quantum numbers (m,S) that characterize the corresponding states.
(b) Entanglement of the states corresponding to the levels shown in
(a). Thick dotted and solid (orange) lines represent the entanglement
of the ground state at g∗ = 0 and −0.44, respectively. Dash-dotted
lines show the entanglement measure of the lowest levels with M = 0
and 1 obtained within the first-order approximation [see Eqs. (58)
and (63)].

Figure 7 shows the measure E(B) of the lowest states that
contribute to the ground state, as well as Egr(B), for two
different values of the ratio ωz/ω0 and for g∗ = −0.44. For
larger values of the ratio ωz/ω0 the function Egr(B) is similar
to that obtained in the limit ωz/ω0 → ∞ [shown in Fig. 6(b)].
By decreasing ωz/ω0, the width of the peak related to the state
(2,0) becomes smaller and the positions of discontinuities are
shifted to higher values of the magnetic field (see the results for
ωz/ω0 = 5 in Fig. 7). At a sufficiently small value of the ratio
ωz/ω0 the peak (2,0) disappears (see the case ωz/ω0 = 2 in
Fig. 7). The function Egr(B) has the step function form, except
at the beginning [the segment (0,0)]. Evidently, the variation
of this form with the change of the ratio ωz/ω0 is due to the
shift of the ST-transition points [36], since for a given m the
function E(B) does not change significantly.

FIG. 7. (Color online) Entanglement of the lowest states with
different m (thin red and blue lines) of axially symmetric two-electron
QDs with λ = 2 (in �ω0�0 units), g∗ = −0.44, and two values of
the ratio ωz/ω0 equal 2 (dashed lines) and 5 (solid lines). The
numbers in parentheses are the values of quantum numbers (m,S) that
characterize the corresponding states. Entanglement of the ground
state for these two cases is represented by the thick green line (dashed
and solid, respectively).

VII. ESTIMATION OF THE ENTANGLEMENT
FROM MEASURABLE QUANTITIES

From our analysis (Sec. IV) it follows that the entanglement
of the lowest states with m � 2 depends only weakly on the
strength of the Coulomb interaction λ (see Fig. 3). It is also
found that the entanglement of these states is weakly dependent
on the ratio ωz/ω0 and on the magnetic-field strength (see
Fig. 4). These results suggest that Eq. (45), which determines
(exactly) the entanglement measure E of the lowest states in
the limit λ → 0, can be used as the zeroth-order approximation
in the general case. In other words, formula (45) enables us
to estimate the entanglement of the ground state of a QD
with interacting electrons at the values of the magnetic field
when m � 2. The only information required is just the value
of the quantum number m (or M , because mc.m. = 0). This
feature is a consequence of the chosen (parabolic and axially
symmetric) form of the confining potential. The magnetic
quantum number M can be determined easily from the
magnetic-field dependence of the ground-state energy and
positions of the singlet-triplet transitions.

The zeroth-order approximation fails, however, if M = 0 or
1, since for these two values Eq. (45) gives E = 0. The valuable
results can be obtained within the first-order approximation if
we set nmax = 1 (and nmax

z = 0) in the expansion (41). As a
result, we have

E = 1 − 3 − (−1)m

2

[
I0b

4
0 + I1

(
4b2

0 + b2
1

)
b2

1

]
. (58)

Here, for the sake of convenience, we introduce the notation
I0 = I (0,0,0,0; m), I1 = I (0,0,1,1; m) ≡ I (1,1,1,1; m), and
bn = b

(m)
n,0 . The values of I0 are defined by Eq. (42), whereas

052332-13
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I1 = 1/4, 3/16, 5/32, and 35/256 for m = 0, 1, 2, and 3,
respectively. To apply formula (58), in addition to the quantum
number m, one needs to know also the coefficients b0 and b1.
These coefficients depend on the QD parameters and on the
strength of the magnetic field (ω0, λ, and ωL). Below we
suggest how to estimate the coefficients b0 and b1 from the
magnetic-field dependence of the QD ground-state energy.

Starting from the Hamiltonian for the relative motion (6)
and applying the Hellmann-Feynman theorem, we obtain

∂Erel

∂ωL

= μ ωL

〈
ρ2

12

〉 − 〈
lrel
z

〉
. (59)

Since we consider the QD in the ground state (with a given
M = m), we have

〈
lrel
z

〉 = �m, (60)

〈
ρ2

12

〉 ≈ �

μ�

(
m + 1 − 2b0b1

√
m + 1 + 2b2

1

)
, (61)

where

b0 ≈ (
1 − b2

1

)1/2
(62)

(see Appendix E). As a result, Eq. (59) transforms to the form

∂Erel

∂ωL

≈ �
ωL

�

[
m + 1 − 2

√
m + 1

√
b2

1

(
1 − b2

1

) + 2b2
1

] − �m.

(63)
By means of elementary algebraic transformations, we obtain

(m + 2)b4
1 + (F − m − 1)b2

1 + F 2/4 = 0, (64)

where

F (ωL) = 1 +
(

1 − �

ωL

)
m − �

ωL

1

�

∂Erel

∂ωL

. (65)

If at a given magnetic-field strength B (∼ωL) the values of the
magnetic quantum number m and ∂Erel/∂ωL are known, we
can evaluate the expansion coefficients b1 and b0 with the aid of
Eqs. (64) and (62). By virtue of Eq. (58) it is straightforward
to determine approximately the entanglement of the ground
state of the QD at a given value of the magnetic field.

To illustrate the proposal we calculate the measure E for
the ground-state energy as a function of the magnetic field,
shown in Fig. 6(a). The obtained values of the measure E for
M = 0 and 1 reproduce qualitatively the exact dependence
of the measure E(ωL), shown in Fig. 6(b) (the deviation
is less than 30%). The results for the states M � 2 are in
remarkable agreement with exact values [in Fig. 6(b) they
practically coincide]. For example, at the value ωL/ω0 = 1.65
the ground state is characterized by M = 2 and S = MS = 0.
This value belongs to the narrow segment between the second
and third ST transitions shown in Fig. 6. [This state is also
marked in Figs. 1(b), 2(b), and 2(c) by a red closed circle
(the lower one).] Its entanglement measure is E = 0.6265
(the exact value), whereas the values within the zeroth- and
first-order approximations areE (0) = 0.625 andE (1) = 0.6261,
respectively.

We point out that the relation (63) is crucial [together with
Eq. (58)] for estimation of the entanglement of the QD ground
state from experimental data. In fact, one has to know only the

addition energy Ea for two-electron QDs

Ea = μ(2) − μ(1) = Etot(2) − 2Etot(1) (66)

as a function of the magnetic field. Here μ(N ) = Etot(N ) −
Etot(N − 1) and Etot(N ) are the chemical potential and the total
ground-state energy of the QD with N electrons, respectively.
Thus, one has for one and two electrons

Etot(1) = �� + �ωz

2
+ g∗μBBms, (67)

Etot(2) = Erel + Ec.m. + g∗μBBMs, (68)

where Ec.m. = �� + �ωz/2. Assuming that in the one-electron
ground state the spin projection ms = −1/2 and applying the
relation μBB = (m∗/me)�ωL, we obtain

Ea = Erel −
(

�� + �ωz

2

)
+ g∗ m∗

me

�ωL(Ms + 1). (69)

As a result, the function F (ωL) is expressed in terms of the
derivative ∂Ea/∂ωL,

F =
(

1 − �

ωL

)
m + �

ωL

[
g∗ m∗

me

(MS + 1) − 1

�

∂Ea

∂ωL

]
. (70)

If one knows the evolution of the addition energy Ea in the
magnetic field, it becomes possible to evaluate ∂Ea/∂ωL at
different values of ωL and determine the function F (ωL).
Evidently, it will be a discontinuous function at those values
of ωL, where the ground state changes the m and MS values
(singlet-triplet transitions). However, since F (ωL) usually
changes slowly in intervals between two transition points, it
is sufficient to determine the value of F at an arbitrary point
in each interval. It is particularly convenient if Ea has a local
minimum at an ωL value inside the interval. At this point
∂Ea/∂ωL = 0 and one needs to know only the corresponding
value of ωL (or B) and the magnetic quantum number m to
evaluate Eq. (70).

The proposed method is founded on the assumption that
axially symmetric two-electron QDs can be approximated
by the parabolic model. The ground-state energy of the
dot is calculated assuming that the dot is isolated. This
approximation is well justified when the tunneling between
the QD and an external source and drain is relatively weak. We
do not take into account the effect of finite temperature; this is
appropriate for experiments that are performed at temperatures
kBT � �ω0, with �ω0 ∼ 2–5 meV being the mean level
spacing. Note that for these experiments a typical temperature
is estimated to be below 100 mK (0.008 meV) [44,45].

The analysis of numerous experimental data confirms
that an effective trapping potential in small QDs with a
few electrons is quite well approximated by a parabolic
confinement [7,9,25]. Indeed, the validity of this approx-
imation has been proven by the observation of the shell
structure of a parabolic potential in small vertical quantum
dots [44,45], which was predicted theoretically in a number of
publications [46–48]. Furthermore, good agreement between
experimental data and theoretical calculations of the addition
energy has been demonstrated within the parabolic model as
well (for a review see [25]). Taking into account the rapid
development of the nanosized technology and measurement
techniques in the past decade, we are very optimistic that our
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method could be useful to trace the entanglement properties in
two-electron quantum dots in the magnetic field.

VIII. SUMMARY

We have considered a QD model that consists of two inter-
acting electrons, confined in the axially symmetric parabolic
potential, in the external magnetic field. Within this model
we have investigated in detail the connection between orbital
correlations and the entanglement of the lowest two-electron
states. These states compose a set of ground states at various
values of the magnetic field.

We have analyzed integrals of motion and symmetries
at zero and nonzero electron-electron interaction VC . This
analysis enabled us to introduce two appropriate basis sets:
(i) the IP basis, the elements of which are common eigenstates
of the orbital part of the Hamiltonian with noninteracting
electrons H0 and of the integrals of motion of individual
electrons, and (ii) the CM basis, the elements of which are
common eigenstates of the Hamiltonian H0 and of the integrals
of the c.m. and relative motions. To quantify the entanglement
of two-electron states we have used the measure based on
the linear entropy. With the aid of these representations we
investigated how the orbital entanglement evolves at tuning
of the interaction and the magnetic-field strengths. For this
purpose we have developed an analytical approach that enables
us to calculate the entanglement measure for interacting and
noninteracting electrons.

We have established the connection between the IP and
CM representations of two-electron states, which allows us
to readily illuminate quantum correlations. For example, in
the limit of noninteracting electrons (VC → 0) in the CM
representation the correlations between individual particles
are hidden. Therefore, it is not quite evident whether a given
state is entangled or not. To determine the entanglement one
has either to calculate the entanglement measure or to make
a transition to the IP representation. We have shown that the
elements of the CM basis are formally entangled (i.e., include
interparticle correlations), even at zero interaction. This fact,
however, does not imply that the stationary states of two
noninteracting electrons are entangled. Due to the degeneracy
of the energy levels at VC = 0, one can always choose a set
of eigenstates that exhibits a zero entanglement. Such a set is
here the IP basis.

By means of our findings, we have studied the entanglement
of the ground states of two-electron QDs in the magnetic field.
It was demonstrated that at the magnetic quantum number
M � 2 of the ground state the entanglement measure is re-
markably well reproduced by means of analytical expressions
obtained in the limit of noninteracting electrons VC → 0.
Our analysis predicts a nonhomogeneous behavior of the
entanglement as a function of the magnetic field. This feature
arises due to singlet-triplet transitions. As soon as the singlet
states are suppressed by the magnetic field, the entanglement
grows as a step function with an increase of the magnetic
quantum number M .

By virtue of our analysis, we have proposed a practical
approach to trace the evolution of the entanglement with the
aid of the addition energy of two-electron QDs in the magnetic
field. We hope that this approach could provide a practical

method to measure the entangled states of QDs in the magnetic
field.
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APPENDIX A: INDIVIDUAL PARTICLE BASIS

The IP basis elements are products of eigenstates of the
Hamiltonians H1 and H2. A favorable set of eigenstates
of the single-electron Hamiltonians Hi (i = 1,2) within the
2D model are the Fock-Darwin states �ni,mi

(ri), where
ni = 0,1,2, . . . and mi = 0, ± 1, ± 2, . . . are the radial and
magnetic quantum numbers of the electrons. The IP ba-
sis elements in the 2D model are therefore the products
�n1,m1 (r1)�n2,m2 (r2).

The Fock-Darwin states are stationary states of a charged
particle, confined in an axially symmetric 2D parabolic
potential, in a perpendicular magnetic field. Their explicit form
is [40]

�ni,mi
(ρi,ϕi) =

√
�̄

π

√
ni!

(ni + |mi |)!
(√

�̄ρi

)|mi |

×e− 1
2 �̄ρ2

i L|mi |
ni

(
�̄ρ2

i

)
eimiϕi , (A1)

where ρi = (x2
i + y2

i )1/2, ϕi = arctan(yi/xi), �̄ = m∗�/� =
(�/ω0)/�2

0, and L|mi |
ni

are the Laguerre polynomials. These
states are simultaneously the eigenstates of l(i)

z . The parity
of the states is (−1)mi and the corresponding (Fock-Darwin)
energies are

Eni,mi
= ��(2ni + |mi | + 1) − �ωLmi. (A2)

A set of eigenstates of the single-electron Hamilto-
nians Hi (i = 1,2) in the 3D model are the products
�ni,mi

(ρi,ϕi)φnzi
(zi), where

φnzi
(zi) = (ω̄z/π )1/4

√
2nzi nzi!

e− 1
2 ω̄zz

2
i Hnzi

(
√

ω̄zzi) (A3)

are the eigenfunctions of the harmonic oscillator in the
z direction. Here ω̄z = m∗ωz/� = 1/�2

z and Hnzi
are the

Hermite polynomials (nzi = 0,1,2, . . .). The parity of the
states �ni,mi

(ρi,ϕi)φnzi
(zi) is (−1)mi+nzi . The related energy

levels are

Eni,mi ,nzi
= Eni,mi

+ �ωz

(
nzi + 1

2

)
. (A4)

Therefore, the IP basis elements in the 3D model are the
products �n1,m1 (r1)φnz1 (z1)�n2,m2 (r2)φnz2 (z2).

The (anti)symmetrized products of the Fock-Darwin states
are defined as

{�n1,m1 (r1),�n2,m2 (r2)}±
≡ A

[
�n1,m1 (r1)�n2,m2 (r2) ± �n2,m2 (r1)�n1,m1 (r2)

]
,

(A5)
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where A = 1/2 if n1 = n2 and m1 = m2; otherwise A =
1/

√
2. Note that {�n1,m1 (r1),�n2,m2 (r2)}− = 0 if n1 = n2

and m1 = m2. The states (A5) are the elements of the
(anti)symmetric counterparts of the IP basis in the 2D model.
As the unsymmetrized states (A1), they are related to the
eigenenergies (A2).

APPENDIX B: THE CENTER-OF-MASS BASIS

The CM basis elements are products of eigenstates of Hc.m.

and H
(0)
rel . These states have the same form as the single-

electron states, but with the values M = 2m∗ and μ = m∗/2,
respectively, instead of the effective electron mass m∗.

Therefore, the CM basis elements in the 2D model are the
products �(c.m.)

nc.m.,mc.m.
(R)�(rel)

n,m(r12), where

�(c.m.)
nc.m.,mc.m.

(ρc.m.,ϕc.m.)

=
√

2�̄

π

√
nc.m.!

(nc.m. + |mc.m.|)!
× (

√
2�̄ρc.m.)

|mc.m.|e−�̄ρ2
c.m.L|mc.m.|

nc.m.

(
2�̄ρ2

c.m.

)
eimc.m.ϕc.m.

(B1)

and

�(rel)
n,m(ρ,ϕ) =

√
�̄

2π

√
n!

(n + |m|)!
(√

�̄

2
ρ

)|m|

× e− 1
4 �̄ρ2

L|m|
n (�̄ρ2/2)eimϕ. (B2)

Here ρc.m. = (X2 + Y 2)1/2, ϕc.m. = arctan(Y/X), ρ = (x2 +
y2)1/2, and ϕ = arctan(y/x). The labels nc.m., n = 0,1,2, . . .,
and mc.m., m = 0,±1,±2, . . ., are the radial and magnetic
quantum number of the c.m. and the relative-motion degree
of freedom, respectively. The states (B1) and (B2) are
simultaneously the eigenstates of l(c.m.)

z and l(rel)
z , respectively.

The parities of these states are (−1)mc.m. and (−1)m, whereas

the corresponding (Fock-Darwin) energies are

Enc.m.,mc.m. = ��(2nc.m. + |mc.m.| + 1) − �ωLmc.m., (B3)

En,m = ��(2n + |m| + 1) − �ωLm. (B4)

The CM basis elements in the 3D model are
�(c.m.)

nc.m.,mc.m.
(ρc.m.,ϕc.m.)φ

(c.m.)
nc.m.

z
(Z)�(rel)

n,m(ρ12,ϕ12)φ(rel)
nz

(z12), where

φ
(c.m.)
nc.m.

z
(zc.m.) = (2ω̄z/π )1/4√

2nc.m.
z nc.m.

z !
e−ω̄zz

2
c.m.Hnc.m.

z
(
√

2ω̄zzc.m.) (B5)

and

φ(rel)
nz

(z) = (ω̄z/2π )1/4

√
2nznz!

e− 1
4 ω̄zz

2
Hnz

(
√

ω̄z/2z) (B6)

(nc.m.
z , nz = 0,1,2, . . .). The parities of the states

�(c.m.)
nc.m.,mc.m.

(ρc.m.,ϕc.m.)φ
(c.m.)
nc.m.

z
(Z) and �(rel)

n,m(ρ,ϕ)φ(rel)
nz

(z)

are (−1)mc.m.+nc.m.
z and (−1)m+nz , respectively. The related

eigenenergies are

Enc.m.,mc.m.,nc.m.
z

= Enc.m.,mc.m. + �ωz

(
nc.m.

z + 1
2

)
, (B7)

En,m,nz
= En,m + �ωz

(
nz + 1

2

)
. (B8)

The CM basis functions have a definite exchange symmetry
by construction. Indeed, the exchange of particles 1 and 2 is
equivalent to the transformation r12 → −r12 and the exchange
symmetry of ψ(r1,r2) is directly determined by the parity
of ψrel(r12) and vice versa. Thus, the orbital wave function
is symmetric (antisymmetric) if ψrel(r12) is even (odd). The
c.m. coordinate R is not affected by this transformation. As
a result, the wave function ψc.m. does not change the sign by
exchanging the particles. Therefore, if we construct the orbital
wave function as the product (12), where the relative wave
function is defined by (13) (with a fixed parity of the index
nz in the 3D case), the Pauli principle will be encountered
automatically.

APPENDIX C: THE I AND J INTEGRALS

The I and J integrals appearing in the expansion (41) are

I (n1,n2,n3,n4; m) =
∫

· · ·
∫

dr1dr′
1dr2dr′

2�
(c.m.)
0,0

(
r1 + r2

2

)
�

(c.m.)
0,0

∗
(

r′
1 + r2

2

)
�

(c.m.)
0,0

∗
(

r1 + r′
2

2

)
�

(c.m.)
0,0

(
r′

1 + r′
2

2

)

×�(rel)
n1,m

(r1 − r2)�(rel)
n2,m

∗
(r′

1 − r2)�(rel)
n3,m

∗
(r1 − r′

2)�(rel)
n4,m

(r′
1 − r′

2) (C1)

(here ri are vectors in the xy plane) and

J
(
nz1 ,nz2 ,nz3 ,nz4

) =
∫

· · ·
∫

dz1dz′
1dz2dz′

2φ
(c.m.)
0

(
z1 + z2

2

)
φ

(c.m.)
0

∗
(

z′
1 + z2

2

)
φ

(c.m.)
0

∗
(

z1 + z′
2

2

)

×φ
(c.m.)
0

(
z′

1 + z′
2

2

)
φ(rel)

nz1
(z1 − z2)φ(rel)

nz2

∗
(z′

1 − z2)φ(rel)
nz3

∗
(z1 − z′

2)φ(rel)
nz4

(z′
1 − z′

2). (C2)

Using the expressions for the functions �(c.m.)
n,m and φ(rel)

nz
[Eqs. (A1) and (A3), where the parameters �̄ and ω̄z are replaced,

respectively, by 2�̄ and 2ω̄z for the c.m. states and by �̄/2 and ω̄z/2 for the relative-motion states], one obtains the following
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explicit forms for these integrals:

I (n1,n2,n3,n4; m) = 1

π44|m|

√
n1!n2!n3!n4!

(n1 + |m|)!(n2 + |m|)!(n3 + |m|)!(n4 + |m|)!
∫

· · ·
∫

dx1dy1dx ′
1dy ′

1dx2dy2dx ′
2dy ′

2

×e−(x2
1 +y2

1 +x ′2
1 +y ′2

1 +x2
2 +y2

2 +x ′2
2 +y ′2

2 )[(x1 − x2) + i(y1 − y2)]|m|[(x ′
1 − x2) − i(y ′

1 − y2)]|m|

×[(x1 − x ′
2) − i(y1 − y ′

2)]|m|[(x ′
1 − x ′

2) + i(y ′
1 − y ′

2)]|m|

×L|m|
n1

(
(x1 − x2)2 + (y1 − y2)2

2

)
L|m|

n2

(
(x ′

1 − x2)2 + (y ′
1 − y2)2

2

)

×L|m|
n3

(
(x1 − x ′

2)2 + (y1 − y ′
2)2

2

)
L|m|

n4

(
(x ′

1 − x ′
2)2 + (y ′

1 − y ′
2)2

2

)
, (C3)

J (nz1 ,nz2 ,nz3 ,nz4 ) = 1

π2
√

2nz1 +nz2 +nz3 +nz4 nz1 !nz2 !nz3 !nz4

∫
· · ·

∫
dz1dz′

1dz2dz′
2e

−(z2
1+z′2

1 +z2
2+z′2

2 )

×Hnz1

(
z1 − z2√

2

)
Hnz2

(
z′

1 − z2√
2

)
Hnz3

(
z1 − z′

2√
2

)
Hnz4

(
z′

1 − z′
2√

2

)
. (C4)

Evidently, the I and J integrals do not depend on the
parameters �̄ and ω̄z. The following are properties of the I

and J integrals: (i) I (n1,n2,n3,n4; m) = 0 when n1 + n4 	=
n2 + n3; (ii) if (n′

1,n
′
2,n

′
3,n

′
4) is a permutation of indices

(n1,n2,n3,n4) such that n1 + n4 = n2 + n3 and n′
1 + n′

4 =
n′

2 + n′
3, then I (n′

1,n
′
2,n

′
3,n

′
4; m) = I (n1,n2,n3,n4; m); and

(iii) I (n1,n2,n3,n4; 0) = J 2(n1,n2,n3,n4).

APPENDIX D: RELATIONS BETWEEN
THE IP AND CM BASIS ELEMENTS

At nc.m. = n = 0 and mc.m.,m � 0, the product of the
Fock-Darwin states for the c.m. and relative motions [given
by Eqs. (B1) and (B2)] is

�
(c.m.)
0,mc.m.

(R)�(rel)
0,m (r12) =

√
(2�̄)mc.m.+1

πmc.m.!
Rmc.m.e−�̄R2

eimc.m.ϕc.m.

×
√

(�̄/2)m+1

πm!
rm

12e
− 1

4 �̄r2
12eimϕ12

= �̄

π

√
2mc.m.−m�̄M

m!mc.m.!
e−�̄(R2+r2

12/4)

×(Reiϕc.m. )mc.m. (r12e
iϕ12 )m, (D1)

where M = m1 + m2 = mc.m. + m. After the transition to the
individual particle coordinates, applying the relation 2R2 +
r2

12/2 = r2
1 + r2

2 and the binomial expansions

(Reiϕc.m. )mc.m. =
(

r1e
iϕ1 + r2e

iϕ2

2

)mc.m.

= 1

2mc.m.

mc.m.∑
j=0

(
mc.m.

j

)
r

mc.m.−j

1 r
j

2 ei(mc.m.−j )ϕ1eijϕ2 ,

(D2)

and taking into account

(r12e
iϕ12 )m = (r1e

iϕ1 − r2e
iϕ2 )m

=
m∑

k=0

(
m

k

)
rm−k

1 rk
2 ei(m−k)ϕ2eikϕ2 , (D3)

the product (D1) transforms to

�
(c.m.)
0,mc.m.

(R)�(rel)
0,m (r12)

= �̄

π

�̄M/2√
2Mmc.m.!m!

e− 1
2 �̄(r2

1 +r2
2 )

=
mc.m.∑
j=0

m∑
k=0

(−1)k
(

mc.m.

j

)(
m

k

)
r

M−j−k

1 r
j+k

2

×ei(M−j−k)ϕ1ei(j+k)ϕ2 . (D4)

Applying, finally, the expression (A1) for the Fock-Darwin
states, now for the individual particles, the product (D1) takes
the form

�
(c.m.)
0,mc.m.

(R)�(rel)
0,m (r12)

=
mc.m.∑
j=0

m∑
k=0

(−1)k
(

mc.m.

j

)(
m

k

)√
(M − j − k)!(j + k)!

2Mmc.m.!m!

×�0,M−j−k(r1)�0,j+k(r2). (D5)

Analogously, we derive the inverse transformation

�0,m1 (r1)�0,m2 (r2)

=
m1∑
j=0

m2∑
k=0

(−1)k
(

m1

j

)(
m2

k

)√
(M − j − k)!(j + k)!

2Mm1!m2!

×�
(c.m.)
0,M−j−k(R)�(rel)

0,j+k(r12). (D6)
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N. S. SIMONOVIĆ AND R. G. NAZMITDINOV PHYSICAL REVIEW A 92, 052332 (2015)

APPENDIX E: APPROXIMATE EXPRESSION
FOR 〈ρ2

12〉 IN THE GROUND STATE

The mean value of ρ2
12 in an arbitrary state ψrel, given in the

form of expansion (17), is

〈ρ2
12〉 =

∑
n,n′

∑
nz

b(m)
n,nz

∗
b

(m)
n′,nz

〈n,m|ρ2
12|n′,m〉. (E1)

Here the matrix elements

〈n,m|ρ2
12|n′,m〉 = �

μ�
[(2n + m + 1)δn,n′

−
√

n(n + m)δn−1,n′

−
√

(n + 1)(n + m + 1)δn+1,n′ ] (E2)

are calculated between the Fock-Darwin states �(rel)
n,m . The

Kronecker symbols cancel the sum via n′ and as result we

have 〈
ρ2

12

〉 = �

μ�

∑
n,nz

[∣∣b(m)
n,nz

∣∣2
(2n + m + 1)

− (
b

(m)
n+1,nz

∗
b(m)

n,nz
+ b(m)

n,nz

∗
b

(m)
n+1,nz

)
×

√
(n + 1)(n + m + 1)

]
. (E3)

For a typical two-electron QD in the ground state, the re-
lation |b(m)

0,0 | � |b(m)
1,0 | � |b(m)

0,1 |,|b(m)
2,0 |, . . . holds. Keeping only

the terms with b
(m)
0,0 and b

(m)
1,0 and assuming that |b(m)

0,0 |2 +
|b(m)

1,0 |2 ≈ 1, the general expression (E3) is reduced to the form

〈ρ2
12〉 = �

μ�

[
m + 1 + 2

∣∣b(m)
1,0

∣∣2

− (
b

(m)
1,0

∗
b

(m)
0,0 + b

(m)
0,0

∗
b

(m)
1,0

)√
m + 1

]
. (E4)

Finally, since the b coefficients in the expansion of ψrel with a
fixed value of m can always be chosen to be real, one obtains

〈
ρ2

12

〉 = �

μ�

[
m + 1 − 2b

(m)
0,0 b

(m)
1,0

√
m + 1 + 2b

(m)
1,0

2]
. (E5)
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[31] P. Kościk, Phys. Lett. A 377, 2393 (2013).
[32] R. G. Nazmitdinov, N. S. Simonović, A. R. Plastino, and A. V.
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