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Cooling of macroscopic mechanical resonators in hybrid atom-optomechanical systems
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Cooling macroscopic objects is of importance for both fundamental and applied physics. Here we study the
optomechanical cooling in a hybrid system which consists of a cloud of atoms coupled to a cavity optomechanical

system. On one hand, the asymmetric Fano or electromagnetically induced transparency resonance is explored and
the steady-state cooling limits of resonators with frequency wy, are analytically obtained, permitting ground-state
cooling of massive low-frequency resonators beyond the resolved sideband limit. On the other hand, due to the
excitation-saturation effect, the validity of cooling requires the number of atoms to be much larger than the

number of steady-state excitations, which is proportional to w_2. Thus, this limitation plays a minor role in
cooling higher-frequency resonators, but becomes important for macroscopic lower-frequency resonators. Under
such limitation on the number of atoms, the optimal parameters are quantified. Our study can be a guideline for
both theoretical and experimental study of cooling macroscopic objects in atom-optomechanical hybrid systems.
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I. INTRODUCTION

In cavity optomechanics [1-6], mechanical resonators can
be cooled to the level of the quantum ground state [7—-10],
which promises important applications in information pro-
cessing [11-17], precision control and measurement [18-23],
and testing of the quantum-classical boundary [24-27]. In
some real-world devices, such as the Laser Interferometer
Gravitational-Wave Observatory (LIGO), the resonators to be
cooled are macroscopic and of low mechanical frequency.
However, the general dispersive ground-state cooling schemes
require the resolved sideband limit [28-32], i.e., the cavity de-
cay rate smaller than the mechanical frequency, which prevents
ground-state cooling of massive mechanical resonators.

In recent years, a few efforts have been made on op-
tomechanical cooling beyond the resolved sideband limit,
such as cooling with dissipative coupling [33—-37], optome-
chanically induced transparency [38,39], coupled-cavity con-
figurations [40—42], and atom-optomechanical systems [43—
52]. Among these schemes, atom-optomechanical systems
are of particular interest due to the narrow linewidth of
atoms for cooling in the highly unresolved sideband regime,
and the experiment feasibility of coupling atoms to cavity
photons [46,52-54]. However, the limitations, for example,
the minimum mechanical frequency for ground-state cooling,
remain unknown. In this work, we analytically study the
cooling properties of the hybrid atom-optomechanical systems
[Fig. 1(a)]. By analyzing the optical force spectrum, the
Fano-like and the electromagnetically induced transparency
(EIT)-like optical force spectrum can be observed depending
on different system parameters, and the case with the EIT-
like spectrum leads to more effective cooling for a weak
atom-cavity coupling strength. In this case, we obtain explicit
steady-state cooling limits of mechanical resonators with
frequency wp, by solving the covariance equations of the master
equation. In particular, to make the cooling model valid, the
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excitation-saturation effect leads to a “collective excitation
number” (Ny), which is closely related to the number of atoms
required. Since Ny o« w2, Ny can be rather small in cooling
of high-frequency resonators, but becomes larger for cooling
macroscopic lower-frequency resonators. Finally, we derive
the full expressions of the optimal parameters.

II. SYSTEM MODEL

A hybrid atom-optomechanical system is presented in
Fig. 1(a). An optical cavity mode a (with frequency w,
and decay rate «) is coupled to a mechanical mode b (with
frequency wy, and damping rate y,) by optical force, and
N identical ground-state two-level atoms (with transition
frequency . and linewidth y.) are trapped in the cavity,
interacting with the light field. The cavity is driven by an
input laser with frequency wp. The full Hamiltonian of the
system and the reservoir reads [41,43]

H = H0+HI+Hpump+Hbath7 (D

where
Hy = wya'a + onb'b + WS, (2a)
Hi = 3o(S_a' + S,a) + ga'a(d' + b). (2b)

The first part Hy is the free Hamiltonian of the cavity
mode, the mechanical oscillator, and the atoms. The af(a)
and b'(b) denote the creation (annihilation) bosonic operators
of the optical and mechanical mode, and S, = Y"1, o7 is the
collective z- spin operator of the atoms. The second term H;
describes the optomechanical and the atom-field interaction,

where gp = ZzN=1 g(()i) / N represents the averaged atom-photon

coupling strength with g(()' ) being the single-photon coupling
strength of the ith atom, and g is the single-photon op-
tomechanical coupling strength. The coherent pumping of the
optical mode is described by Hyump = Q*a + Qa', where Q
is the pumping strength. The last term, Hpup, describes the
system-reservoir interaction, which results in the dissipations
of the system. The expression of Hp,y will not be shown
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http://dx.doi.org/10.1103/PhysRevA.92.033841
http://www.phy.pku.edu.cn/~yfxiao/index.html

CHEN, LIU, PENG, ZHI, AND XIAO

explicitly here, but its effect will be included in the quantum
Langevin equations.

The spin algebra of the atoms can be transformed to a
collective bosonic operator, ¢ = S_/+/N. For a sufficiently
large atom number N and a weak atom-photon coupling
80, S. ~ —N/2 + cfc. We can apply a displacement trans-
formation to linearize the Hamiltonian, a —- o +a, b —
B+b, c = &+ c, where o,B,€ are ¢ numbers denoting the
steady-state displacements of the optical, mechanical, and
collective atomic modes. The linearized Hamiltonian in the
frame rotating at input laser frequency o is

H = —AaaTa — ACCTC + a)mbTb
+G@" +a)b' +b) + Gola'e + cfa),  (3)

where Gy = go+/N is the collective atom-photon coupling
strength, and G = |ag]| is the cavity-enhanced optomechanical
coupling strength, where the phase of o has been incor-
porated into the operators. A, = @y, — w, + 2G? Jwm 1s the
optomechanical-coupling modified detuning from the cavity
resonance, and A, = oy, — w, is the laser detunings from the
atomic resonance.

Using the linearized Hamiltonian, Hp, and taking into
account the effect of the thermal bath, Hp,m, the system
quantum Langevin equations read

a= (z‘Aa - %)a —iGOb' +b) — iGoc — Vicaw, (4)
. . Ym . 1
b= —ta)m—7 b—iG(a+a') — /Ymbin, (4b)

¢ = (iAC - %)c —iGoa — JTicin. (4c)

The corresponding noise operators ai,, bj,, and
cin satisfy correlations (ai()aih(t')) = (cin(t)ch(t)) = 8@t —
), {ah(Dan(t)) = (ch®)en)) =0, Binbh() = (1 +
1)8(t —¢'), and (bifn(t)bin(t/)) = nud(t —t'). To analyze the
steady-state cooling, it is preferred to transform Eq. (4) to the
frequency domain:

UO) _ _iGF (@) + B(@)] — iGoi(®) — vkan(@), (5a)
Xa(w)
;((“’w)) = —iGoii(w) — /Telin(®), (5b)
DO _ i Glae) + 3 @) — Vi) (50)
Xm(a))

where Xa(@) ' = —i(@0+ A +1/2, x(0) ! =

—i(w+ Ac) + Vc/zva(a))71 = —i(® — ®m) + Ym/2 arc
corresponding susceptibilities.

III. COOLING ENHANCED BY GROUND-STATE ATOMS

In Fig. 1(b), we present the energy levels of the coupled
system in the displaced frame. Due to the atom-photon cou-
pling, quantum interference may take place among different
excitation processes. For example, interference exists between
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FIG. 1. (Color online) (a) An optomechanical system with a
cloud of ground-state atoms coupled to an optical cavity mode.
The optical mode is coherently driven by an input laser. (b) The
energy-level diagram of the system in the displaced frame. |n,,n.,m)
represents a state of the whole system with n, photons, n. atomic
excitations, and m phonons. The destructive quantum interference
can take place between the excitation |1) — |2) and |1) — |2) —
|3) — |2) to suppress heating, similar to the constructive interference
between the two cooling excitation processes, |1) — |2’) and |1) —
[2'y — |3') — |2'), to enhance cooling.

the heating excitations |1) — |2) and |1) — |2) — |3) — |2),
as well as the cooling excitations |1) — |2/) and [1) —
|2y — |3’) — |2/). Thus, we could harness the interference to
suppress the excitations of heating and to enhance the cooling
excitations. This effect may enable efficient cooling even in
the highly unresolved sideband regime, K >> wp,.

Intuitively, there are two cooling schemes for this system.
The sketches shown in the insets of Figs. 2(a) and 2(b) indicate
that, for the narrow atomic linewidth, y. < wy,, the atoms can
modulate the cavity profile either at the red sideband to increase
the cooling rate by the constructive quantum interference or
at the blue sideband to suppress the heating rate by the
destructive quantum interference. Using Eq. (5), we calculate
the optical force spectrum Spp(w) = [* F'(0)F(o)dw/,
where the optomechanical force in the frequency domain
is F(w) = —Gla(w) + a'(w)]/xzpr, with xzpp denoting the
zero-point fluctuation of the resonator. The cooling and heating
rates A can be expressed as A_ = Sgp(wp)x2pr and Ay =
Spp(—wm)x%PF. The full expression of Spp(w) reads

GZ
Ser(@) = ——|x (@) (€ + v Gglxe(@)I?), (6)
XzZPE
where x(w)™! = xa(0)™! + G% Xc(w) accounts for the total

susceptibility of the optical and atomic mode. For the
highly unresolved sideband regime, x > wp, the system
can be approximated by the atomic mode ¢, the mechani-
cal mode b, and an effective coupling between them (see
Appendix A), having the following -effective system
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FIG. 2. (Color online) EIT and Fano line shapes of the optical
force spectrum Spr(w) under |A,| < k and |A,] > «, respectively. In
[(a) or (b)], the blue dashed and red solid curves represent SEL (w) [or
SFan°(w)] and Sgr(w). Insets: Sketches of the cavity profile modulated
by the atoms. The black dashed curves denote the cavity line shape
and the green solid curves represent the line shape of the atoms.
The heights of red and blue peaks at —w,, and wy, correspond to
the heating and cooling rates. The parameters are k = 10°wy, y. =
0.1on, Gy = 100w, G = 100w,,, A, = 5000w,,, and A, = w,, in
(a) and « = 10wy, Gy = 200w,, G = 100w, A, = 0.3w,, and
A, = JZ/(AC + @p) in (b).

parameters (A, > A.):

Keft = Ve + 0K, (7a)
At = Ac — 0* Ay, (7b)
Gerr = 1G, (70)
G
n= 2—0 (7d)
(5) + a2

The optical force spectrum can also be modulated by the
cavity detuning A, for the following two cases.

(1) For the case of A, < «, the optical force spectrum can
be approximated by an EIT line shape:

SET (@) =~ S5~ (w) — S M(w), (8)

in which Spg=°(w) is the optical force spectrum in the

absence of atoms, and ?F M(w) —KeffGeff| Keir(w)]? /)cZPF
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corresponds to the spectrum of the effective coupling between
the atomic and mechamcal modes with xefi(w) ™' = —i(w +

Actr) + (kefr/2). Since SFF_ (w) is flat over a wide frequency
range and n*A, < wp,, the optimal cooling takes place for

Agitopt = @m = A, where the heating effect is mostly reduced

due to the destructive quantum interference. The SE- (w) and
the exact Sgr(w) for this case are displayed in Fig. 2(a),
showing a good agreement.

(i) For A, > «, the optical force spectrum behaves as a
Fano line shape:

SEO(w) = Spe M(w). )

For this case, the optimal cooling takes place for AS&‘}gpl =

—wp. Figure 2(b) shows that S Fa“"(w) is consistent with
Srr(w). The detailed deductions of Egs. (8) and (9) can be
found in Appendix B.

Considering the weak atom-photon coupling strength Gy,
a small A, is preferred for sufficiently large effective optome-
chanical coupling G, corresponding to EIT line shapes (see
Appendix B). Thus we will focus on the cooling properties
of the EIT scheme. For the exact solution of the steady-state
phonon number, we refer to the master equation [31,41]:
t

p=ilp.H]+ g(zapaT —alap — pa'a)

+ %(ZC,OCT — cTc,o — ,ocTc)

+ %‘“(nm + 1)Q2bpb' — bibp — pbib)

+ VTmntthpr — bbTp — pbbh. (10)

The time evolution of the mean phonon number (h'b)(r)
can be obtained by solving the equations of second-order
moments  3,(0;0,) = Tr(p0;0,) = ), n,jklékél, where
0i,jk, 1s one of the operators a, al, ¢, ¢f, b, and b, and
coefficients 7 can be calculated from Eq (10). For the
EIT line shapes (A, < k, G} < kwy) with optimal cooling
conditions A, = wp,, we obtain the approximate solutions of
the steady-state phonon number in terms of the classical part
n¢ and the quantum part ng:

ng = n§ + ng, (11a)
4G, + K3
ny o TR, (11b)
4GeffKeff
ntf] 4Geff + Velkett — ¥e) wrzn (11¢)
(Keft — ¥e)? w2 = AG Y + K5 /4

where 4G kcesr /(4G + K2 is the optomechanical damping
rate, and the intrinsic damping rate y;, is neglected. While
the expression of classical cooling limit n{ remains the
same form as the case of a single cavity, the quantum part
can be considerably different [31,32]. One can check that
ground- state cooling still holds for k. << wp. The stability
criterion w?, — 4G2; + k%;/4 > Oindicated by Eq. (11) is also
identical to the single-cavity case. Since Gef = (2Go/x)G and
Keff = (4G(2) /K) + Ve, Gefr and kg can be tuned individually
by varying G and Gy.
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FIG. 3. (Color online) (a) Analytical and (b) numerical cooling limits n; for y, = 10wy, < Y. (¢) Ground-state cooling boundaries of
kerr and G for different y,, 1. The red solid, blue dashed, and orange dot-dashed curves, along with shaded regions, correspond ton ; < 1 for
Yl /@, = 10741073, and 5 x 1073, The scale of the k. axis is logarithmic. Other unspecified parameters are x = 103wy, Y = 107 @y,

ny = 10*, A, = wp, and A, = 0.

IV. LIMITATION FOR GROUND-STATE COOLING OF
MACROSCOPIC RESONATORS

The effective parameters in Eq. (7) indicate that ke << 0
can be achieved even in the highly unresolved sideband regime
of the cavity, ¥ > wy,, since the lifetimes of exited states
are long enough by employing cold atoms. However, for the
validity of treating ¢ as a collective bosonic excitation of
atoms in Eq. (3), the steady-state atomic excitation should
be much smaller than the atom number, £2 < N. Since
€2 = G3a? /(A2 +¥2), Ac = @p, and Y K @y, the number

of atoms satisfies
2 2
G
N> (5) ( eff) . (12)
8 2w

This requirement will be strict for massive resonators of
low frequency wp,. In the following, we define the collective
excitation number as Ny = (k/g)*(Gesr/2wm)” in Eq. (12).
For certain «/g and wy, Ny can be reduced by obtaining the
minimal G capable of ground-state cooling from Eq. (11).

For Ger < 0m, Keff < ©p, and (Yo, Ymim) K Om,
Eq. (11c) can be further simplified for the following two
situations regarding the atomic linewidth.

(1) Ye < Ymnm- The quantum part of the cooling limit
reduces to

G2
ndl = 4= (13)
Kefr

analytical n;

numerical 72,

Geff/w m
Geftl Wi

In Fig. 3(a), we present the cooling limit n; = n{ 4 n?’l for
this case, showing a good agreement with the numerical result
[Fig. 3(b)]. Figure 3(c) shows the boundaries of ground-
state cooling for different yy,ny. The minimum effective
optomechanical coupling strength for ny = 1 can be obtained
as Gegr = Gg}jfnl ~ 1.7%mNh.

(i1) Ymnm < ¥e < wp. For this case, the quantum part of
the cooling limit is

2
nd? = 4G Ye
f (Keft — Vc)2 Keff — Ve

(14)

The analytical cooling limit n; = nf + n?’z for this case
[Fig. 4(a)] is in accordance with the numerical result [Fig. 4(b)]
as well. Figure 4(c) displays the ground-state cooling boundary
for different yy,ng. The minimum effective optomechanical
coupling strength can be similarly calculated as Geg =
G, ~ 1.2 /VeVmhun. Comparing GI§", with GIi",, we find
that the optimal atom linewidth is y. < ymny, in order to obtain
the minimum N,.
By plugging the optimal g}‘fnl into the expression of Ny,
the minimal wy, of ground-state cooling is
. 1 «T
wpt = 1.1 x 10" — :
" VNo 8Qm
In experiments, cold atoms with ultranarrow linewidths hold
great potential for cooling low-frequency resonators, but the
achievable number of atoms is limited [46,52-54], which

(15)

1

0.1 0.3 0.5 0.7 0

Keftl Wm Keftl Wiy

L 0.11 2.0 T T T T
@) (b) B’ 0a2fle)__ o
15 0.10f === ymnmjwmilgjo_s L >’ ]
¢ 0.08f T Yonw/wp= - ]

3 'l
1.0 < 0.06} . ]

k: :
0.04} ) ]
0.5 0o} LT :
0.0 0.0 : , | Moo 0.00t : : ' -
A 0.3 0.5 0.7 : :

FIG. 4. (Color online) (a) Analytical and (b) numerical cooling limits ny for y. = 0.1wy,, which satisfies y. > ymnn and y. < on.
(c) Ground-state cooling boundaries of ke and G for different y,,ny. The red solid, blue dashed, and orange dot-dashed curves, along with
shaded regions, correspond to n; < 1 for ypng/wn = 10741073, and 5 x 1073, Other unspecified parameters are the same as those in Fig. 3.
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FIG. 5. (Color online) Maximum mass of the membrane for
ground-state cooling at 7 = 1 mK. The red solid, blue dot-dashed,
and orange dashed lines are the cases of /g = 10%, 10°, and 10%. In
the light-blue shaded region, ground-state cooling of the membranes
of m > 1 mg can be achieved.

brings difficulties to cooling. In particular, for a reasonable
No=10°% k =1 MHz, g =0.0lwy,, T =0.1 K, and Q,, =
107, ground-state cooling can be achieved for an object of
frequency o, = 10 kHz.

Finally, as a concrete example, we relate w, to the
mass m of a Si3zN4 membrane resonator, with mass density
p =2.7 g/cm’. The eigenfrequency of such a membrane
is given by wm(j,k)/2m = /f/40~ j*/1; +Kk*/1}, where
f =50 N/m is the tension per unit length and o is the mass
surface density [55]. Here we focus on the fundamental mode
(j = k = 1) of asquare membrane with side length /, thickness
h,and o = ph = m/I?, and thus obtain

g0m\’
Mmax = 8.2 X 10—201\/0(—“‘) . (16)
kT

The maximum mass of the membrane for achievable ground-
state cooling is plotted in Fig. 5, with respect to the mechanical
quality factor Q., and «/g. For example, it would be possible to
cool membrane resonators with mass m > 1 mg, as indicated
by the blue shaded region in Fig. 5, for small /g and large
Om and at lower temperature.

V. CONCLUSIONS

We have studied the ground-state cooling of macroscopic
mechanical resonators in a coupled atom-optomechanics
system. In this system, net cooling can be enhanced by either
constructive quantum interference to strengthen cooling or
destructive interference to suppress heating. Using the co-
variances of the system master equations, the steady-state
cooling limit is obtained analytically. Furthermore, to validate
cooling, the number of atoms N should be much larger than the
collective excitation number, i.e., N > Ny. Since Ny a)glz,
cooling of macroscopic objects might be highly challenging.
The present results may provide a guideline for both theoretical
and experimental study of cooling of macroscopic objects in
atom-optomechanical hybrid systems.
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APPENDIX A: THE EFFECTIVE ATOM-MECHANICAL
INTERACTION

The quantum Langevin equations [Eq. (4)] can be formally
integrated as

t
a(t) = a(0)e! X! =112 4 pihat=x1/2 / {[—iGb(r) — iGb'(1)
0

—iGoc(t) — kain(t)]e AT d, (A1)

1
b(t) = b(0)e"on!~1i/2 4 glomi=ynl/2 / {[~iGa(z)
0

—iGal(t) — iGoc(t) — /Ymbin(T)] ™™ 2Yd T,
(A2)

C(t) — C(o)eiActfyct/Z +eiACt7yct/2
t
x / ([=iGoa(r) — /Tecm(Dle /2 dr. (A3)
0

Since the decay rate of the cavity « is much larger than
the linewidth of the atoms, by treating the optical mode a
perturbatively, we obtain

c(t) >~ c(0)e' 2712 L Cu(0), (A4)

b(t) =~ b(0)e ™'/ 4 Byy(1), (A5)

where Ci,(t) and Bj,(¢) are the integrations of noise terms.
By plugging Eqgs. (A4) and (A5) into Eq. (A1), we can obtain
the equation of mode a. By plugging a back to Egs. 4(b)
and 4(c), with the conditions |A,| > |Acl, k > (¥, ®wn), and
®m > ¥Ym, the equation of mode ¢, with the effective coupling
between mode b and ¢, can be obtained as

e iGIb'(1) +bM]  iGocl)
0 Myt K/2  —iltK)2
— VeCin — iGola(0)e' ™' ™ + Ap()],  (A6)
from which we obtain the effective parameters:
. Ve G(z) . Keff
Ag— = ——0 At — —, A7
[ZAV 3 —iAa+K2<—>l eff ) (A7)
GoG
x| < |Gel. (A8)
LAy — E

Defining n = Go/+/(k/2)> + A2, the effective parameters can
be expressed as Eq. (7).
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APPENDIX B: THE EIT AND FANO LINE SHAPE

Under the conditions |A,| > |Acl, & > (Ye, @), and
®m > Ym of the coupled system, the optical force spectrum

J

PHYSICAL REVIEW A 92, 033841 (2015)

[Eqg. (6)] can be reduced to EIT or Fano line shape. For the
weak atom-photon coupling strength, G% <« Kwp, and under
A, < k, the EIT line shape of the force spectrum can be
obtained as

G+ A + (£)7]

Srr(w) =

VCG% i|
K
{[-il0+r)+5][—il0+ )+ 5]+ G%}z[ @+ A7 + (%)’

[ + A + (£)°] + 1.G3)

[— @+ MA@+ A+ (£)(%) + G2 + [(@ + AL + (@ + A)ET
G*{ic[(@+ A? + (£)’] + ».G2}

[0+ 802+ (5) ][0+ 202 + (5 + 22)']

~

K

2 2
Gk Geff/(eff

T A2+ (5)] @+ A0+ (%)

~ 557 %w) — S (w),

where Agg = Ac — 4G%Aa//< ~ A., and we have taken w +
A, < k. Thus, this approximated result Spp(w) =~ Sg;’:o(a)) —
S;‘;f(a)) works well for w < «, as presented in Fig. 2(a). For
Go 2 kon and A, > k, the Fano line shape of the optical
force spectrum can be calculated as

G2

Srr(w) =

[—i(a)+Aa)+§+ﬁ]z
2
X |:K + J/CGO 2:|
(0+ Ac)? + (%)
G2
{~ilo+ Ac)+%+m[i(w+%)+§]}z
x { o+ a0+ (5)] G }
@+A2+(5) @+ A0+ (5)
G2
~ S (et + yen®)

[—il@+A)+ L +n2(in+5%)]
7’ G*(kn” + ve)
[—i(0+ A — A + LT

_ Ggff’(eff
@+ At + ()’

where [(@ + Ao)® + (1e/2%1/[(@ + A + (/2] is re-
placed by n* after applying the optimal-cooling condition for
the Fano line shape, A, — n?>A, > —wy,. This approximation
also works for w < «, as illustrated in Fig. 2(b).

For a weak atom-photon coupling strength Gy = 100wy, <
K wm, the numerical cooling limit n¢ of A, and A is presented

(B2)

(BI)

(

in Fig. 6. Ground-state cooling can be achieved for A, >~ wpy,
and A, ~ 0.2k, which is the case for the EIT line shape. For
the case of the Fano line shape, cooling will be less efficient
and the detunings are very close to the unstable region. Thus,
the optimal cooling for weak atom-photon coupling strength
is achieved in the EIT line-shape regime.

1 5.0
-
EIT _ 4.0
1.04 ’ -
3.0
. 0.5+
8
< 2.0
0.0
054 1.0
Fano I
-1.0 _ : : _— 0.0
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Aa/oom

FIG. 6. (Color online) Cooling limits for different detunings. The
system parameters are k = 10°wpy, Ym = 107wy, ng = 10°, Gy =
100wy, G = 0.2Gy, and y, = 0.01w,,. Gray regions correspond to the
final phonon number n; > 5, which is close to the unstable region.
For this case, ground-state cooling can only be achieved in the region
around A, = wp, A, = 0.2k, which corresponds to the parameters
for an EIT line shape.
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