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Cooling of macroscopic mechanical resonators in hybrid atom-optomechanical systems
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Cooling macroscopic objects is of importance for both fundamental and applied physics. Here we study the
optomechanical cooling in a hybrid system which consists of a cloud of atoms coupled to a cavity optomechanical
system. On one hand, the asymmetric Fano or electromagnetically induced transparency resonance is explored and
the steady-state cooling limits of resonators with frequency ωm are analytically obtained, permitting ground-state
cooling of massive low-frequency resonators beyond the resolved sideband limit. On the other hand, due to the
excitation-saturation effect, the validity of cooling requires the number of atoms to be much larger than the
number of steady-state excitations, which is proportional to ω−2

m . Thus, this limitation plays a minor role in
cooling higher-frequency resonators, but becomes important for macroscopic lower-frequency resonators. Under
such limitation on the number of atoms, the optimal parameters are quantified. Our study can be a guideline for
both theoretical and experimental study of cooling macroscopic objects in atom-optomechanical hybrid systems.
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I. INTRODUCTION

In cavity optomechanics [1–6], mechanical resonators can
be cooled to the level of the quantum ground state [7–10],
which promises important applications in information pro-
cessing [11–17], precision control and measurement [18–23],
and testing of the quantum-classical boundary [24–27]. In
some real-world devices, such as the Laser Interferometer
Gravitational-Wave Observatory (LIGO), the resonators to be
cooled are macroscopic and of low mechanical frequency.
However, the general dispersive ground-state cooling schemes
require the resolved sideband limit [28–32], i.e., the cavity de-
cay rate smaller than the mechanical frequency, which prevents
ground-state cooling of massive mechanical resonators.

In recent years, a few efforts have been made on op-
tomechanical cooling beyond the resolved sideband limit,
such as cooling with dissipative coupling [33–37], optome-
chanically induced transparency [38,39], coupled-cavity con-
figurations [40–42], and atom-optomechanical systems [43–
52]. Among these schemes, atom-optomechanical systems
are of particular interest due to the narrow linewidth of
atoms for cooling in the highly unresolved sideband regime,
and the experiment feasibility of coupling atoms to cavity
photons [46,52–54]. However, the limitations, for example,
the minimum mechanical frequency for ground-state cooling,
remain unknown. In this work, we analytically study the
cooling properties of the hybrid atom-optomechanical systems
[Fig. 1(a)]. By analyzing the optical force spectrum, the
Fano-like and the electromagnetically induced transparency
(EIT)-like optical force spectrum can be observed depending
on different system parameters, and the case with the EIT-
like spectrum leads to more effective cooling for a weak
atom-cavity coupling strength. In this case, we obtain explicit
steady-state cooling limits of mechanical resonators with
frequency ωm by solving the covariance equations of the master
equation. In particular, to make the cooling model valid, the

*Corresponding author: yfxiao@pku.edu.cn; www.phy.pku.edu.cn/
∼yfxiao/index.html

excitation-saturation effect leads to a “collective excitation
number” (N0), which is closely related to the number of atoms
required. Since N0 ∝ ω−2

m , N0 can be rather small in cooling
of high-frequency resonators, but becomes larger for cooling
macroscopic lower-frequency resonators. Finally, we derive
the full expressions of the optimal parameters.

II. SYSTEM MODEL

A hybrid atom-optomechanical system is presented in
Fig. 1(a). An optical cavity mode a (with frequency ωa

and decay rate κ) is coupled to a mechanical mode b (with
frequency ωm and damping rate γm) by optical force, and
N identical ground-state two-level atoms (with transition
frequency ωc and linewidth γc) are trapped in the cavity,
interacting with the light field. The cavity is driven by an
input laser with frequency ωL. The full Hamiltonian of the
system and the reservoir reads [41,43]

H = H0 + HI + Hpump + Hbath, (1)

where

H0 = ωaa
†a + ωmb†b + ωcSz, (2a)

HI = ḡ0(S−a† + S+a) + ga†a(b† + b). (2b)

The first part H0 is the free Hamiltonian of the cavity
mode, the mechanical oscillator, and the atoms. The a†(a)
and b†(b) denote the creation (annihilation) bosonic operators
of the optical and mechanical mode, and Sz = ∑N

i=1 σ (i)
z is the

collective z- spin operator of the atoms. The second term HI

describes the optomechanical and the atom-field interaction,
where ḡ0 = ∑N

i=1 g
(i)
0 /N represents the averaged atom-photon

coupling strength with g
(i)
0 being the single-photon coupling

strength of the ith atom, and g is the single-photon op-
tomechanical coupling strength. The coherent pumping of the
optical mode is described by Hpump = �∗a + �a†, where �

is the pumping strength. The last term, Hbath, describes the
system-reservoir interaction, which results in the dissipations
of the system. The expression of Hbath will not be shown
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explicitly here, but its effect will be included in the quantum
Langevin equations.

The spin algebra of the atoms can be transformed to a
collective bosonic operator, c = S−/

√
N . For a sufficiently

large atom number N and a weak atom-photon coupling
ḡ0, Sz ≈ −N/2 + c†c. We can apply a displacement trans-
formation to linearize the Hamiltonian, a → α + a, b →
β + b, c → ξ + c, where α,β,ξ are c numbers denoting the
steady-state displacements of the optical, mechanical, and
collective atomic modes. The linearized Hamiltonian in the
frame rotating at input laser frequency ωL is

HL = −
aa
†a − 
cc

†c + ωmb†b

+G(a† + a)(b† + b) + G0(a†c + c†a), (3)

where G0 = ḡ0

√
N is the collective atom-photon coupling

strength, and G = |αg| is the cavity-enhanced optomechanical
coupling strength, where the phase of α has been incor-
porated into the operators. 
a = ωL − ωa + 2G2/ωm is the
optomechanical-coupling modified detuning from the cavity
resonance, and 
c = ωL − ωc is the laser detunings from the
atomic resonance.

Using the linearized Hamiltonian, HL, and taking into
account the effect of the thermal bath, Hbath, the system
quantum Langevin equations read

ȧ =
(

i
a − κ

2

)
a − iG(b† + b) − iG0c − √

κain, (4a)

ḃ =
(

− iωm − γm

2

)
b − iG(a + a†) − √

γmbin, (4b)

ċ =
(

i
c − γc

2

)
c − iG0a − √

γccin. (4c)

The corresponding noise operators ain, bin, and
cin satisfy correlations 〈ain(t)a†

in(t ′)〉 = 〈cin(t)c†in(t ′)〉 = δ(t −
t ′), 〈a†

in(t)ain(t ′)〉 = 〈c†in(t)cin(t ′)〉 = 0, 〈bin(t)b†in(t ′)〉 = (nth +
1)δ(t − t ′), and 〈b†in(t)bin(t ′)〉 = nthδ(t − t ′). To analyze the
steady-state cooling, it is preferred to transform Eq. (4) to the
frequency domain:

ã(ω)

χa(ω)
= −iG[b̃†(ω) + b̃(ω)] − iG0c̃(ω) − √

κãin(ω), (5a)

c̃(ω)

χc(ω)
= −iG0ã(ω) − √

γcc̃in(ω), (5b)

b̃(ω)

χm(ω)
= −iG[ã(ω) + ã†(ω)] − √

γmb̃in(ω), (5c)

where χa(ω)−1 = −i(ω + 
a) + κ/2,χc(ω)−1 =
−i(ω + 
c) + γc/2,χm(ω)−1 = −i(ω − ωm) + γm/2 are
corresponding susceptibilities.

III. COOLING ENHANCED BY GROUND-STATE ATOMS

In Fig. 1(b), we present the energy levels of the coupled
system in the displaced frame. Due to the atom-photon cou-
pling, quantum interference may take place among different
excitation processes. For example, interference exists between

FIG. 1. (Color online) (a) An optomechanical system with a
cloud of ground-state atoms coupled to an optical cavity mode.
The optical mode is coherently driven by an input laser. (b) The
energy-level diagram of the system in the displaced frame. |na,nc,m〉
represents a state of the whole system with na photons, nc atomic
excitations, and m phonons. The destructive quantum interference
can take place between the excitation |1〉 → |2〉 and |1〉 → |2〉 →
|3〉 → |2〉 to suppress heating, similar to the constructive interference
between the two cooling excitation processes, |1〉 → |2′〉 and |1〉 →
|2′〉 → |3′〉 → |2′〉, to enhance cooling.

the heating excitations |1〉 → |2〉 and |1〉 → |2〉 → |3〉 → |2〉,
as well as the cooling excitations |1〉 → |2′〉 and |1〉 →
|2′〉 → |3′〉 → |2′〉. Thus, we could harness the interference to
suppress the excitations of heating and to enhance the cooling
excitations. This effect may enable efficient cooling even in
the highly unresolved sideband regime, κ � ωm.

Intuitively, there are two cooling schemes for this system.
The sketches shown in the insets of Figs. 2(a) and 2(b) indicate
that, for the narrow atomic linewidth, γc � ωm, the atoms can
modulate the cavity profile either at the red sideband to increase
the cooling rate by the constructive quantum interference or
at the blue sideband to suppress the heating rate by the
destructive quantum interference. Using Eq. (5), we calculate
the optical force spectrum SFF(ω) = ∫ ∞

−∞ F̃ †(ω)F̃ (ω′)dω′,
where the optomechanical force in the frequency domain
is F̃ (ω) = −G[ã(ω) + ã†(ω)]/xZPF, with xZPF denoting the
zero-point fluctuation of the resonator. The cooling and heating
rates A∓ can be expressed as A− = SFF(ωm)x2

ZPF and A+ =
SFF(−ωm)x2

ZPF. The full expression of SFF(ω) reads

SFF(ω) = G2

x2
ZPF

|χ (ω)|2(κ + γcG
2
0|χc(ω)|2), (6)

where χ (ω)−1 = χa(ω)−1 + G2
0χc(ω) accounts for the total

susceptibility of the optical and atomic mode. For the
highly unresolved sideband regime, κ � ωm, the system
can be approximated by the atomic mode c, the mechani-
cal mode b, and an effective coupling between them (see
Appendix A), having the following effective system
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FIG. 2. (Color online) EIT and Fano line shapes of the optical
force spectrum SFF(ω) under |
a| � κ and |
a| > κ , respectively. In
[(a) or (b)], the blue dashed and red solid curves represent SEIT

FF (ω) [or
SFano

FF (ω)] and SFF(ω). Insets: Sketches of the cavity profile modulated
by the atoms. The black dashed curves denote the cavity line shape
and the green solid curves represent the line shape of the atoms.
The heights of red and blue peaks at −ωm and ωm correspond to
the heating and cooling rates. The parameters are κ = 105ωm, γc =
0.1ωm, G0 = 100ωm, G = 100ωm, 
a = 5000ωm, and 
c = ωm in
(a) and κ = 104ωm, G0 = 200ωm, G = 100ωm, 
c = 0.3ωm, and

a = J 2/(
c + ωm) in (b).

parameters (
a � 
c):

κeff = γc + η2κ, (7a)


eff = 
c − η2
a, (7b)

Geff = ηG, (7c)

η = G0√(
κ
2

)2 + 
2
a

. (7d)

The optical force spectrum can also be modulated by the
cavity detuning 
a for the following two cases.

(i) For the case of 
a � κ , the optical force spectrum can
be approximated by an EIT line shape:

SEIT
FF (ω) � S

G0=0
FF (ω) − SA−M

FF (ω), (8)

in which S
G0=0
FF (ω) is the optical force spectrum in the

absence of atoms, and SA−M
FF (ω) = κeffG

2
eff|χeff(ω)|2/x2

ZPF

corresponds to the spectrum of the effective coupling between
the atomic and mechanical modes with χeff(ω)−1 = −i(ω +

eff) + (κeff/2). Since S

G0=0
FF (ω) is flat over a wide frequency

range and η2
a � ωm, the optimal cooling takes place for

EIT

eff,opt = ωm � 
c, where the heating effect is mostly reduced
due to the destructive quantum interference. The SEIT

FF (ω) and
the exact SFF(ω) for this case are displayed in Fig. 2(a),
showing a good agreement.

(ii) For 
a > κ , the optical force spectrum behaves as a
Fano line shape:

SFano
FF (ω) � SA−M

FF (ω). (9)

For this case, the optimal cooling takes place for 
Fano
eff,opt =

−ωm. Figure 2(b) shows that SFano
FF (ω) is consistent with

SFF(ω). The detailed deductions of Eqs. (8) and (9) can be
found in Appendix B.

Considering the weak atom-photon coupling strength G0,
a small 
a is preferred for sufficiently large effective optome-
chanical coupling Geff , corresponding to EIT line shapes (see
Appendix B). Thus we will focus on the cooling properties
of the EIT scheme. For the exact solution of the steady-state
phonon number, we refer to the master equation [31,41]:

ρ̇ = i[ρ,HL] + κ

2
(2aρa† − a†aρ − ρa†a)

+ γc

2
(2cρc† − c†cρ − ρc†c)

+ γm

2
(nth + 1)(2bρb† − b†bρ − ρb†b)

+ γm

2
nth(2b†ρb − bb†ρ − ρbb†). (10)

The time evolution of the mean phonon number 〈b†b〉(t)
can be obtained by solving the equations of second-order
moments ∂t 〈ôi ôj 〉 = Tr(ρ̇ôi ôj ) = ∑

k,l ηijkl ôkôl , where
ôi,j,k,l is one of the operators a, a†, c, c†, b, and b†, and
coefficients ηijkl can be calculated from Eq. (10). For the
EIT line shapes (
a � κ, G2

0 � κωm) with optimal cooling
conditions 
c = ωm, we obtain the approximate solutions of
the steady-state phonon number in terms of the classical part
nc

f and the quantum part n
q
f :

nf = nc
f + n

q
f , (11a)

nc
f � 4G2

eff + κ2
eff

4G2
effκeff

γmnth, (11b)

n
q
f � 4G2

eff + γc(κeff − γc)

(κeff − γc)2

ω2
m

ω2
m − 4G2

eff + κ2
eff/4

, (11c)

where 4G2
effκeff/(4G2

eff + κ2
eff) is the optomechanical damping

rate, and the intrinsic damping rate γm is neglected. While
the expression of classical cooling limit nc

f remains the
same form as the case of a single cavity, the quantum part
can be considerably different [31,32]. One can check that
ground-state cooling still holds for κeff � ωm. The stability
criterion ω2

m − 4G2
eff + κ2

eff/4 > 0 indicated by Eq. (11) is also
identical to the single-cavity case. Since Geff = (2G0/κ)G and
κeff = (4G2

0/κ) + γc, Geff and κeff can be tuned individually
by varying G and G0.
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(a) (b) (c)

FIG. 3. (Color online) (a) Analytical and (b) numerical cooling limits nf for γc = 10−5ωm � γmnth. (c) Ground-state cooling boundaries of
κeff and Geff for different γmnth. The red solid, blue dashed, and orange dot-dashed curves, along with shaded regions, correspond to nf � 1 for
γmnth/ωm = 10−4,10−3, and 5 × 10−3. The scale of the κeff axis is logarithmic. Other unspecified parameters are κ = 105ωm, γm = 10−7ωm,
nth = 104, 
c = ωm, and 
a = 0.

IV. LIMITATION FOR GROUND-STATE COOLING OF
MACROSCOPIC RESONATORS

The effective parameters in Eq. (7) indicate that κeff � ωm

can be achieved even in the highly unresolved sideband regime
of the cavity, κ � ωm, since the lifetimes of exited states
are long enough by employing cold atoms. However, for the
validity of treating c† as a collective bosonic excitation of
atoms in Eq. (3), the steady-state atomic excitation should
be much smaller than the atom number, ξ 2 � N . Since
ξ 2 = G2

0α
2/(
2

c + γ 2
c ), 
c = ωm, and γc � ωm, the number

of atoms satisfies

N �
(

κ

g

)2(
Geff

2ωm

)2

. (12)

This requirement will be strict for massive resonators of
low frequency ωm. In the following, we define the collective
excitation number as N0 ≡ (κ/g)2(Geff/2ωm)2 in Eq. (12).
For certain κ/g and ωm, N0 can be reduced by obtaining the
minimal Geff capable of ground-state cooling from Eq. (11).

For Geff � ωm, κeff < ωm, and (γc, γmnth) � ωm,
Eq. (11c) can be further simplified for the following two
situations regarding the atomic linewidth.

(i) γc � γmnth. The quantum part of the cooling limit
reduces to

n
q,1
f = 4

G2
eff

κ2
eff

. (13)

In Fig. 3(a), we present the cooling limit nf = nc
f + n

q,1
f for

this case, showing a good agreement with the numerical result
[Fig. 3(b)]. Figure 3(c) shows the boundaries of ground-
state cooling for different γmnth. The minimum effective
optomechanical coupling strength for nf = 1 can be obtained
as Geff = Gmin

eff,1 � 1.7γmnth.
(ii) γmnth � γc � ωm. For this case, the quantum part of

the cooling limit is

n
q,2
f = 4G2

eff

(κeff − γc)2
+ γc

κeff − γc
. (14)

The analytical cooling limit nf = nc
f + n

q,2
f for this case

[Fig. 4(a)] is in accordance with the numerical result [Fig. 4(b)]
as well. Figure 4(c) displays the ground-state cooling boundary
for different γmnth. The minimum effective optomechanical
coupling strength can be similarly calculated as Geff =
Gmin

eff,2 � 1.2
√

γcγmnth. Comparing Gmin
eff,2 with Gmin

eff,1, we find
that the optimal atom linewidth is γc � γmnth in order to obtain
the minimum N0.

By plugging the optimal Gmin
eff,1 into the expression of N0,

the minimal ωm of ground-state cooling is

ωmin
m = 1.1 × 1011 1√

N0

κT

gQm
. (15)

In experiments, cold atoms with ultranarrow linewidths hold
great potential for cooling low-frequency resonators, but the
achievable number of atoms is limited [46,52–54], which

(c)(b)(a)

FIG. 4. (Color online) (a) Analytical and (b) numerical cooling limits nf for γc = 0.1ωm, which satisfies γc � γmnth and γc � ωm.
(c) Ground-state cooling boundaries of κeff and Geff for different γmnth. The red solid, blue dashed, and orange dot-dashed curves, along with
shaded regions, correspond to nf � 1 for γmnth/ωm = 10−4,10−3, and 5 × 10−3. Other unspecified parameters are the same as those in Fig. 3.
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FIG. 5. (Color online) Maximum mass of the membrane for
ground-state cooling at T = 1 mK. The red solid, blue dot-dashed,
and orange dashed lines are the cases of κ/g = 104, 106, and 108. In
the light-blue shaded region, ground-state cooling of the membranes
of m > 1 mg can be achieved.

brings difficulties to cooling. In particular, for a reasonable
N0 = 106, κ = 1 MHz, g = 0.01ωm, T = 0.1 K, and Qm =
107, ground-state cooling can be achieved for an object of
frequency ωm = 10 kHz.

Finally, as a concrete example, we relate ωm to the
mass m of a Si3N4 membrane resonator, with mass density
ρ = 2.7 g/cm3. The eigenfrequency of such a membrane
is given by ωm(j,k)/2π = √

f/4σ
√

j 2/l2
x + k2/l2

y , where
f = 50 N/m is the tension per unit length and σ is the mass
surface density [55]. Here we focus on the fundamental mode
(j = k = 1) of a square membrane with side length l, thickness
h, and σ = ρh = m/l2, and thus obtain

mmax = 8.2 × 10−20N0

(
gQm

κT

)2

. (16)

The maximum mass of the membrane for achievable ground-
state cooling is plotted in Fig. 5, with respect to the mechanical
quality factor Qm and κ/g. For example, it would be possible to
cool membrane resonators with mass m > 1 mg, as indicated
by the blue shaded region in Fig. 5, for small κ/g and large
Qm and at lower temperature.

V. CONCLUSIONS

We have studied the ground-state cooling of macroscopic
mechanical resonators in a coupled atom-optomechanics
system. In this system, net cooling can be enhanced by either
constructive quantum interference to strengthen cooling or
destructive interference to suppress heating. Using the co-
variances of the system master equations, the steady-state
cooling limit is obtained analytically. Furthermore, to validate
cooling, the number of atoms N should be much larger than the
collective excitation number, i.e., N � N0. Since N0 ∝ ω−2

m ,
cooling of macroscopic objects might be highly challenging.
The present results may provide a guideline for both theoretical
and experimental study of cooling of macroscopic objects in
atom-optomechanical hybrid systems.
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APPENDIX A: THE EFFECTIVE ATOM-MECHANICAL
INTERACTION

The quantum Langevin equations [Eq. (4)] can be formally
integrated as

a(t) = a(0)ei
at−κt/2 + ei
at−κt/2
∫ t

0
{[−iGb(τ ) − iGb†(τ )

− iG0c(τ ) − √
κain(τ )]e−i
aτ+κτ/2}dτ, (A1)

b(t) = b(0)e−iωmt−γmt/2 + eiωmt−γmt/2
∫ t

0
{[−iGa(τ )

− iGa†(τ ) − iG0c(τ ) − √
γmbin(τ )]eiωmτ+γmτ/2}dτ,

(A2)

c(t) = c(0)ei
ct−γct/2 + ei
ct−γct/2

×
∫ t

0
{[−iG0a(τ ) − √

γccin(τ )]e−i
cτ+γcτ/2}dτ. (A3)

Since the decay rate of the cavity κ is much larger than
the linewidth of the atoms, by treating the optical mode a

perturbatively, we obtain

c(t) � c(0)ei
ct−γct/2 + Cin(t), (A4)

b(t) � b(0)e−iωmt−γmt/2 + Bin(t), (A5)

where Cin(t) and Bin(t) are the integrations of noise terms.
By plugging Eqs. (A4) and (A5) into Eq. (A1), we can obtain
the equation of mode a. By plugging a back to Eqs. 4(b)
and 4(c), with the conditions |
a| � |
c|, κ � (γc, ωm), and
ωm � γm, the equation of mode c, with the effective coupling
between mode b and c, can be obtained as

ċ =
(

i
c − γc

2

)
c

− iG0

{
− iG[b†(t) + b(t)]

−i
a + κ/2
− iG0c(t)

−i
a + κ/2

}

−√
γccin − iG0[a(0)ei
at−κt/2 + Ain(t)], (A6)

from which we obtain the effective parameters:

i
c − γc

2
− G2

0

−i
a + κ2
←→ i
eff − κeff

2
, (A7)∣∣∣∣ G0G

i
a − κ
2

∣∣∣∣ ←→ |Geff|. (A8)

Defining η = G0/
√

(κ/2)2 + 
2
a , the effective parameters can

be expressed as Eq. (7).
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APPENDIX B: THE EIT AND FANO LINE SHAPE

Under the conditions |
a| � |
c|, κ � (γc, ωm), and
ωm � γm of the coupled system, the optical force spectrum

[Eq. (6)] can be reduced to EIT or Fano line shape. For the
weak atom-photon coupling strength, G2

0 � κωm, and under

a � κ , the EIT line shape of the force spectrum can be
obtained as

SFF(ω) = G2
[
(ω + 
c)2 + (

γc

2

)2]
{[ − i(ω + 
a) + κ

2

][ − i(ω + 
c) + γc

2

] + G2
0

}2

[
κ + γcG

2
0

(ω + 
c)2 + (
γc

2

)2

]

= G2
{
κ
[
(ω + 
c)2 + (

γc

2

)2] + γcG
2
0

}
[ − (ω + 
a)(ω + 
c) + (

κ
2

)(
γc

2

) + G2
0

]2 + [
(ω + 
a) γc

2 + (ω + 
c) κ
2

]2

� G2
{
κ
[
(ω + 
c)2 + (

γc

2

)2] + γcG
2
0

}
[
(ω + 
a)2 + (

κ
2

)2][
(ω + 
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where 
eff = 
c − 4G2
0
a/κ � 
c, and we have taken ω +


a � κ . Thus, this approximated result SFF(ω) � S
G0=0
FF (ω) −

Seff
FF (ω) works well for ω � κ , as presented in Fig. 2(a). For

G0 � κωm and 
a > κ , the Fano line shape of the optical
force spectrum can be calculated as

SFF(ω) = G2[ − i(ω + 
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0
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c − η2
a) + γc+η2κ

2

]2

= G2
effκeff

(ω + 
eff)2 + (
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2

)2 , (B2)

where [(ω + 
c)2 + (γc/2)2]/[(ω + 
a)2 + (κ/2)2] is re-
placed by η4 after applying the optimal-cooling condition for
the Fano line shape, 
c − η2
a � −ωm. This approximation
also works for ω � κ , as illustrated in Fig. 2(b).

For a weak atom-photon coupling strength G0 = 100ωm �
κωm, the numerical cooling limit nf of 
a and 
c is presented

in Fig. 6. Ground-state cooling can be achieved for 
c � ωm

and 
a � 0.2κ , which is the case for the EIT line shape. For
the case of the Fano line shape, cooling will be less efficient
and the detunings are very close to the unstable region. Thus,
the optimal cooling for weak atom-photon coupling strength
is achieved in the EIT line-shape regime.

FIG. 6. (Color online) Cooling limits for different detunings. The
system parameters are κ = 105ωm, γm = 10−7ωm, nth = 105, G0 =
100ωm, G = 0.2G0, and γc = 0.01ωm. Gray regions correspond to the
final phonon number nf > 5, which is close to the unstable region.
For this case, ground-state cooling can only be achieved in the region
around 
c = ωm, 
a = 0.2κ , which corresponds to the parameters
for an EIT line shape.
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