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Nonlinear dynamics of an optomechanical system with a coherent mechanical pump:
Second-order sideband generation
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Second-order sideband generation in a coherent-mechanical pumped optomechanical system is discussed,
and the features of the coherent mechanical pump induced enhancement of second-order sideband generation
are identified. We show that the coherent mechanical pump induced enhancement of second-order sideband
generation exhibits an essential difference between the case of a weak control field and a strong control field.
In the weak control field case, the efficiency of second-order sideband generation increases as the amplitude
of the mechanical pump increases. In the strong control field case, the effect of optomechanically induced
transparency occurs and increasing the amplitude of the mechanical pump does not always bring an enhancement
of second-order sideband generation. The phase-dependent effect of the second-order sideband generation with
a coherent mechanical pump is also discussed, and it is shown that the phase difference φ plays an important role
in the process of second-order sideband generation.
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I. INTRODUCTION

A generic optomechanical system consists of an optical
Fabry-Perot cavity, in which one mirror is fixed while the
another is movable and treated as a mechanical resonator with
the effective mass m and frequency ωm. Many novel effects
arise due to the backaction of mechanical motion acting on
the dynamics of the cavity field. Cavity optomechanics, which
explores the coupling between the optical field and mechanical
oscillation, has attracted great interest in the past ten years
[1] due to its importance in both fundamental physics and
practical applications, such as high-precision measurements
and the manipulation of a mechanical vibrator on the quantum
level [2].

Recently, nonlinear optomechanical interactions have
emerged as an important new frontier in cavity optomechanics
[3]. In the classical mechanism, nonlinear optomechanical in-
teraction leads to sideband generation [4] and optomechanical
chaos [5]. On the quantum level, nonlinear optomechanical
interactions are predicted to exhibit large optical Kerr non-
linearity and photon blockade in the single-photon strong-
coupling regime [6]. It has been shown that the preparation
of nonclassical states in the internal dynamics can only be
achieved in the nonlinear optomechanical interaction regime
[1–3].

On the other hand, the introduction of the mechanical co-
herence by an additional coherent driving force has led to more
complex quantum coherent and interference phenomena, and
it is found that effects based on the linearized optomechanical
interaction, such as optomechanically induced transparency
and amplification, can be controlled by simply adjusting the
phase and amplitude of the mechanical pump [7]. Further work
shows that a large group delay of the output probe field can be
achieved in the presence of the coherent mechanical pump [8].
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Studying the nonlinear optomechanical interactions in the
presence of a coherent mechanical pump is an interesting topic.
It has been shown that there are second- and higher-order
sideband generation in an optomechanical system due to the
nonlinear optomechanical interactions [4]. The second-order
sideband generation is that if the strong control field with
frequency ω1 and the weak probe field with frequency ωp

are incident upon the optomechanical system, then there are
output fields with frequencies ω1 ± 2� generation, where the
frequency component ω1 + 2� is the second-order upper side-
band while ω1 − 2� is the second-order lower sideband. The
signals at the second-order sideband are of great importance in
understanding the nonlinear optomechanical interactions, for
example, the nonlinear quantum nature of the optomechanical
interactions as well as the effect of photon blockade may be re-
vealed even in the weak-coupling regime through the signal of
optomechanically induced transparency at the second sideband
[9–12]. Here we focus on the process of second-order sideband
generation in the presence of a coherent mechanical driving
force, and show that second-order sideband generation can be
tuned by adjusting the phase and amplitude of the mechanical
pump. Our discussions may also be applicable to a DNA–
quantum-dot hybrid system [13] with a mechanical pump.

Experimentally, there are some ways to realize the coherent
mechanical driving in the optomechanical system, such as
using Josephson phase qubits [14], microwave electrical driven
[15], and other time-varying weak forces. It’s worth noting
that a cascaded optical transparency was recently observed
[16] by applying a mechanical driving to an optomechanical
system with both the optomechanical coupling and parametric
phonon-phonon coupling.

There are several advantages of the mechanical pump in
optomechanical systems. First, increasing the power of the
control field may reduce the controllability of the optome-
chanical systems. For example, when the power exceeds the
20 mW level, stimulated Raman scattering would inevitably
appear [17], which may make the system too complicated
for controlling the second-order sideband generation. Second,
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similar to the phaseonium systems, in which atomic coher-
ences are generated by the direct drive at the microwave
frequency [18], the mechanical pump can directly produce
mechanical coherence in the optomechanical systems, which
is useful in optomechanical control.

This paper is organized as follows. We give a derivation
of second-order sideband generation under a coherent me-
chanical pump in Sec. II, where the amplitude of both the
first- and second-order sideband are obtained analytically. In
Sec. III, we discuss the features of coherent mechanical driving
induced enhancement of second-order sideband generation,
including the weak control field case and the strong control
field case. In Sec. IV, the features of the phase-dependent
effect are discussed. Finally, a conclusion of the results is
summarized in Sec. V.

II. DERIVATION OF SECOND-ORDER SIDEBAND
GENERATION IN THE PRESENCE OF A MECHANICAL

PUMP

We consider that the optical cavity is driven by a strong
control field and a relatively weak probe field. The frequency
of the control field ω1 is detuned by �̄ which approximately
equals to −�m from the cavity resonance frequency, and
the frequency of the probe field ωp is offset by the tunable
frequency � from ω1. The line width of the cavity resonance
frequency is κ . An external coherent mechanical pump
with amplitude sm, frequency � = ωp − ω1, and phase φm

is imposed to the mechanical resonator. The Hamiltonian
formulation [19] of such a system is

Ĥ = Ĥ0 + Ĥm + �Gx̂â†â + i�
√

ηκ(â†Sin − âS∗
in), (1)

with

Ĥ0 = p̂2

2m
+ mω2

mx̂2

2
+ �ωcâ

†â, Ĥm = −smx̂ cos(�t + φm),

Sin = s1e
−iω1t + spe−i(ωpt+φp), (2)

where x̂ and p̂ are the position and momentum operators
of the mechanical resonator, respectively, â is the photon
annihilation operator of the cavity fields, ωc is the cavity
resonance frequency, and G is the optomechanical coupling
constant. κ is the total loss rate of the cavity fields and consists
of an intrinsic loss rate κ0 and the wave guide coupling rate
κex. The coupling parameter η = κex/κ can be continuously
adjusted, and we choose η = 1/2 throughout the work [19].
s1 = √

P1/�ω1 and sp = √
Pp/�ωp with P1 and Pp the powers

of the control and probe field, respectively. φp is the phase
difference between the probe and control fields.

In a frame rotating at ω1, and introducing the decay
rate γm of the mechanical oscillator phenomenologically, the
Heisenberg-Langevin equations, which describe the evolution-
ary dynamics of the optomechanical system, can be obtained
as follows:

˙̂a = −[κ/2 + i(−� + Gx̂)]â + √
ηκ[s1 + spe−i(�t+φp)]

+
√

η′κâin,
(3)

˙̂x = p̂/m,

˙̂p = −mω2
mx̂ − �Gâ†â − γmp̂ + sm cos(�t + φm) + F̂th,

where � = ω1 − ωc, η′ = 1 − η, and âin and F̂th are
the quantum and thermal noises of the mechanical
oscillator and the cavity, respectively, with 〈âin(t)â†

in(t ′)〉 =
δ(t − t ′), 〈âin(t)〉 = 0, 〈F̂th(t)F̂ †

th(t ′)〉 = γm

∫
e−iω(t−t ′)

[coth(�ω/2kBT ) + 1]dω/2πωm, and 〈F̂th(t)〉 = 0.
In the present work, we focus on the mean response of this

system, so we can reduce the operators to their expectation
values, viz., 〈x̂〉 = x, 〈p̂〉 = p, 〈â〉 = a, and the noise terms
can be dropped because of the properties 〈âin(t)〉 = 0 and
〈F̂th(t)〉 = 0. The reduced Heisenberg equations then become

ẍ + γmẋ + ω2
mx = −α|a|2 + β cos(�t + φm), (4)

ȧ= − [κ/2 + i(−� + Gx)]a+√
ηκ[s1 + spe−i(�t+φp)], (5)

where α = �G/m and β = sm/m. Equations (4) and (5)
are nonlinear and coupled equations due to the parametric
coupling between the optical and mechanical modes. The
linearization of Eqs. (4) and (5), which corresponds to the
linearized dynamics of the optomechanical system with a
mechanical driving, are studied in Refs. [7,8], where optome-
chanically induced transparency and slow light have been
discussed. To discuss second-order sideband generation, the
nonlinearity of these equations must be taken account. We can
calculate the amplitudes of the first- and second-order sideband
by using the following ansatz [4]:

x = x0 + X1e
−i�t + X∗

1e
i�t + X2e

−2i�t + X∗
2e

2i�t ,
(6)

a = a0 + A−
1 e−i�t + A+

1 ei�t + A−
2 e−2i�t + A+

2 e2i�t ,

Substituting Eqs. (6) into Eqs. (4) and (5) leads to six algebra
equations: three of them describe the process of the first-order
sideband which corresponds to the linear case, while the other
three equations describe the amplitude of the second-order
sideband generation. After some derivation, we can obtain
A−

1 , and A−
2 as follows:

A−
1 = p(�)

√
ηκspe−iφp − iGa0sme−iφmm(�)/2, (7)

A−
2 = e−iφ′[

smθ1(�) + smθ2(�) + s2
mC4(�)e−iφ + C5(�)eiφ

]
,

(8)

with

p(�) = [1 + i · f (�)]/ε(�), m(�) = χ (�)/ε(�),

ε(�) = 2�̄f (�) + κ/2 − i(�̄ + �),

f (�) = �a0χ (�)D1(�), χ (�) = 1/δ(�),

δ(�) = m
(
ω2

m − �2 − iγm�
)
,

θ1(�) = C1(�)C3(�)D4(�) + 2C2(�)D3(�)D4(�),

θ2(�) = √
ηκspp(�)C1(�)D3(�),

σ1(�) = iαG/(−2i� + τ ∗),

σ2(�) = iαG/(−2i� + τ ),

B(�) = δ(2�) + σ1(�)|a0|2,
C1(�) = [iGB(�) + αD1(�)]/D2(�),

C2(�) = σ1(�)D1(�)/D2(�),

C3(�) = −iGm(�)a0/2,
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C4(�) = C1(�)C3(�)D3(�) + C2(�)[D3(�)]2,

C5(�) = √
ηκspC1(�)p(�)D4(�) + C2(�)[D4(�)]2,

D1(�) = G2a∗
0/(−i� + τ ∗),

D2(�) = (2i� − τ )[B(�) − σ2(�)|a0|2],

D3(�) = m(�)(τ − i�)/2,

D4(�) = √
ηκsp[(� + iτ )p(�) − 1]/Ga0, (9)

where φ = φm − φp, φ′ = φm + φp, x0 = −�G|a0|2/mω2
m,

a0 = √
ηκs1/τ , τ = κ/2 − i�̄, and �̄ = � − Gx0. The am-

plitude at the frequency of the probe field consists of two terms
in Eq. (7): the first term presents the driving source from the
probe field, while the other term arises from the mechanical
pump. The phase difference between two sources, φp − φm,
plays an important role in the phenomena of optomechanically
induced transparency and slow light. For the case that sm = 0,
viz., there is no mechanical pump, Eqs. (7) and (8) reduce
to A−

1 = p(�)
√

ηκspe−iφp and A−
2 = C5(�)e−2iφp , which is

exactly the results obtained in previous works [4,19].
The output field of the optomechanical system can be ob-

tained by using the input-output relation Sout = Sin − √
ηκa.

In a frame rotating at ω1, the output fields are

Sout = c0 + c−
1 e−i�t + c+

1 ei�t + c−
2 e−2i�t + c+

2 e2i�t , (10)

where c0 = s1 − a0
√

ηκ , c−
1 = spe−iφp − √

ηκA−
1 , c+

1 =
−√

ηκA+
1 , c−

2 = −√
ηκA−

2 , and c+
2 = −√

ηκA+
2 . The trans-

mission of the probe field is defined as tp = c−
1 /spe−iφp , and

can be obtained as follows:

tp = 1 − ηκp(�) − √
ηκ

sm

sp

C3(�)e−iφ. (11)

If there is no mechanical pump, viz. sm = 0, then

tp = 1 − ηκp(�) = 1 − ηκ
1 + i · f (�)

κ/2 − i(�̄ + �) + 2�̄f (�)
,

(12)

which has been obtained and discussed in detail in previous
works [19]. The mechanical pump results in a phase-dependent
modification of the transmission, which has been discussed by
Jia et al. [7].

The term of c−
2 e−2i�t describes the second-order upper

sideband process, in which the output field with the frequency
ω1 + 2� can be produced, while the term of c+

2 e2i�t describes
the second-order lower sideband process, in which the output
field with the frequency ω1 − 2� can be produced. In what
follows, we will give a discussion on the amplitude of
the second-order upper sideband. One also can discuss the
amplitude of the second-order lower sideband similarly.

III. COHERENT MECHANICAL PUMP INDUCED
ENHANCEMENT OF SECOND-ORDER SIDEBAND

GENERATION

To describe the process of second-order sideband genera-
tion, we use the efficiency of second-order sideband generation
[4] ηs = | − √

ηκA−
2 /spe−iφp |, which can be obtained as

follows:

ηs=√
ηκ|M1(�)+smpsmC4(�)e−iφ + ηκspM2(�)eiφ|, (13)
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FIG. 1. (Color online) The efficiency of second-order sideband
generation ηs as a function of � under different mechanical pumps
and control fields. The powers of the control field are (a) 10, (b)
100, (c) 300, and (d) 600 μW. The other parameters are �m/2π =
51.8 MHz, m = 20 ng, G/2π = −12 GHz/nm, �m/2π = 41.0 kHz,
κ/2π = 15.0 MHz, � = −�m, and φ = 0. The wavelength of the
control field is 532 nm, and the power of the probe field is a hundred
times less than the power of the corresponding control field.

where M1(�) = √
ηκC1(�)p(�)D4(�) + smpθ1(�) +

smpθ2(�) and M2(�) = C2(�){[(� + iτ )p(�) − 1]/Ga0}2

with smp = sm/sp, sp �= 0, and sm �= 0. The coherent
mechanical driving leads to an additional second-order
sideband with the amplitude −√

ηκ[smθ1(�) + smθ2(�) +
s2
mC4(�)e−2iφm ] except for the second-order sideband induced

by the probe field; thus one should expect an enhancement
of the second-order sideband generation when the coherent
mechanical pump is imposed on the optomechanical system.

The efficiency of second-order sideband generation ηs as
a function of the frequency of the coherent mechanical pump
� is shown in Fig. 1. The only difference between Panels
(a)–(d) is the power of the control field. If the control field is
lower than the threshold value, there is no optomechanically
induced transparency signal [19–21]. In Fig. 1(a), we use
a weak control field whose power is 10 μW to ensure
that the effect of optomechanically induced transparency is
absent: the probe field is almost completely absorbed near
the resonance condition � = ωm. First, we consider the case
that the second-order sideband generation is totally induced
by the probe field, viz., without the coherent mechanical
pump. The efficiency of second-order sideband generation ηs

is very small (the red solid line). The maximum value of ηs is
about 0.75% which can be achieved at the resonance condition
� = ωm. As expected, the second-order sideband generation
is enhanced when a coherent mechanical pump is imposed on
the optomechanical system (shown by the dotted lines), and ηs

increases as the amplitude of the mechanical pump increases.
The maximum values of ηs are about 3.28, 7.34, and 19.94%
corresponding to the amplitude of the mechanical pump at
0.5, 1, and 2 nN, respectively. We note that the condition of
achieving the maximum value of ηs is not exactly the resonance
condition � = ωm but shift a small frequency in the presence
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of the mechanical pump. For sm = 2 nN, the shift frequency
is about 2 × 10−4ωm.

For a stronger control field (the power of the control field is
larger than the threshold value), the effect of optomechanically
induced transparency occurs and a dip of the efficiency ηs

arises at the resonance condition � = ωm in the absent of the
coherent mechanical pump. In Fig. 1(b), the control field is
100 μW, and it is shown that ηs induced by the probe field
reaches its local minimum at � = ωm (the red solid line).
The two maximum values of ηs (about 2.77%), which are
much larger than the weak control field case in Fig. 1(a),
can be achieved symmetrically near the resonance condition
� = ωm. As shown by the dotted lines in Fig. 1(b), the
second-order sideband generation is also enhanced by the
coherent mechanical pump: the maximum value of ηs increases
with the amplitude of the mechanical pump. However, the
maximum value of ηs is about 9.55% corresponding to the
2 nN amplitude of the mechanical pump, which is much lower
than the weak control field case in Fig. 1(a). We also note
that the coherent mechanical driving induced enhancement
of second-order sideband generation is mainly concentrated
on the left side of the resonance condition � = ωm. The
enhancement is not obvious on the right side.

The dip deepens as the power of the control field increases.
Without the mechanical pump, the maximum value of ηs is
about 3.81 and 4.34% corresponding to the control field with
powers 300 [Fig. 1(c)] and 600 μW [Fig. 1(d)]. In the presence
of the mechanical pump, the second-order sideband generation
is enhanced on the left side of the resonance condition � = ωm

while subdued on the right side. The maximum values of ηs

are about 6.41 [Fig. 1(c)] and 5.71% [Fig. 1(d)] corresponding
to the 2 nN mechanical pump.

We can summarize the following features of coherent
mechanical driving induced enhancement of second-order
sideband generation from Fig. 1:

(i) The enhancement of second-order sideband generation
is remarkable when the power of the control field is small,
and ηs increases as the amplitude of the mechanical pump
increases.

(ii) As the power of the control field increases, the
second-order sideband generation is subdued instead of being
enhanced as expected in the presence of a coherent mechanical
pump. Under the same 2 nN mechanical pump, the maximum
value of ηs decreases with the power of the control field. It
should be stressed that the conclusions are obtained by fixing
the phase difference.

(iii) Increasing the amplitude of the mechanical pump does
not always bring an enhancement of second-order sideband
generation. Second-order sideband generation is subdued on
the right side of the resonance condition � = ωm when the
control field is strong enough.

IV. PHASE-DEPENDENT EFFECTS OF SECOND-ORDER
SIDEBAND GENERATION

The analytical expression of the efficiency of second-order
sideband generation, viz., Eq. (13), shows that the second-
order sideband generation is phase dependent. In what follows
we will show that the phase difference φ between φm and φp

FIG. 2. (Color online) The efficiency of second-order sideband
generation ηs varies with � and φ under different external mechanical
pumps. sm = (a) 0.05, (b) 0.3, (c) 1.0, and (d) 2.0 nN. We use
�m/2π = 51.8 MHz, m = 20 ng, G/2π = −12 GHz/nm, �m/2π =
41.0 kHz, κ/2π = 15.0 MHz, and � = −�m. The wavelength of the
control field is 532 nm, and the powers of the control and probe fields
are 0.1 mW and 1 μW, respectively.

plays an important role in the process of second-order sideband
generation.

Figure 2 shows ηs varies with � and φ under different
external mechanical pumps. In Fig. 2(a), the external mechan-
ical pump is weak and the second-order sideband generation
is mainly induced by the probe field. The two bright lines
correspond to the two maximum values of ηs , while the dark
line corresponds to the dip at the the resonance condition
� = ωm. There is hardly any phase-dependent effects shown
in Fig. 2(a), and the efficiency of second-order sideband
generation is low (the colors are mainly blue or pale blue). As
the amplitude of the external mechanical pump increases, the
maximum value of ηs is enhanced. From Fig. 2(b) to Fig. 2(d),
the amplitudes of the mechanical pump are 0.3, 1.0, and 2.0 nN,
respectively. The emergence of the yellow zone in Fig. 2(c)
and the red zone in Fig. 2(d) confirms the enhancement of the
efficiency of second-order sideband generation. The parameter
range of getting robust second-order sideband generation
becomes wider and wider as the mechanical pump goes up.

Another typical feature of the second-order sideband gener-
ation with a coherent mechanical pump is the phase-dependent
effect, which is absent if the mechanical pump is weak or
absent. With the strengthening of the mechanical pump, the
phase-dependent effect beginning to appear [Fig. 2(b)], and
becomes remarkable when the mechanical pump is strong
[Figs. 2(c) and 2(d)]. The phase-dependent effect occurs near
the resonance condition � = ωm. The parameter range of
getting a robust phase-dependent effect also becomes wider
and wider as the amplitude of the mechanical pump goes
up. Such a phase-dependent effect makes the second-order
sideband generation more tunable in the coherent-mechanical
pumped optomechanical system, and the process of the
second-order sideband generation can be tuned flexibly by the
combination of the control and probe fields, and the mechanical
pump.
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V. CONCLUSION

In conclusion, we have discussed the second-order sideband
generation in a coherent-mechanical pumped optomechanical
system. The analytical expressions that describe the amplitude
of the first- and second-order sideband are obtained. We
found that the features of the coherent mechanical driving
induced enhancement of second-order sideband generation
are radically distinct between the weak control field case
and the strong control field case. In the weak control field
case, the effect of optomechanically induced transparency is
absent and the efficiency of second-order sideband generation

increases as the amplitude of the mechanical pump increases.
In the strong control field case, the effect of optomechan-
ically induced transparency occurs and the second-order
sideband generation is subdued. In this case, increasing
the amplitude of the mechanical pump does not always
bring an enhancement of second-order sideband generation.
Furthermore, we discussed the phase-dependent effect of the
second-order sideband generation with a coherent mechan-
ical pump, and showed that the phase difference φ plays
an important role in the process of second-order sideband
generation.
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