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Spinor Bose-Einstein condensates of rotating polar molecules
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We propose a scheme to realize a pseudospin-1/2 model of the ! = (v = 0) bialkali polar molecules with
the spin states corresponding to two sublevels of the first excited rotational level. We show that the effective
dipole-dipole interaction between two spin-1/2 molecules couples the rotational and orbital angular momenta and
is highly tunable via a microwave field. We also investigate the ground-state properties of a spin-1/2 molecular
condensate. A variety of nontrivial quantum phases, including the doubly quantized vortex states, are discovered.
Our scheme can also be used to create spin-1 model of polar molecules. Thus we show that the ultracold gases
of bialkali polar molecules provide a unique platform for studying the spinor condensates of rotating molecules.
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I. INTRODUCTION

Recent experimental realizations of ultracold polar
molecules in rovibrational ground state [1-6] offer remarkable
new frontiers for many areas of science, such as precision
measurement [7-9], quantum information [10], quantum
computation [11], ultracold collisions [12,13], cold con-
trolled chemistry [14,15], and quantum simulation [16-18].
Particularly, from the condensed-matter perspective, the large
permanent electric dipole moment and the ability to con-
trol the hyperfine states within a single rovibrational level
[19,20] make ultracold polar molecules an ideal platform for
investigating strongly correlated many-body physics [21-23].
So far, the dipolar spin-exchange interactions [24] and the
many-body dynamics [25] have been experimentally observed
in lattice-confined ultracold KRb gases.

For rotating molecules, the net dipole moment in the
laboratory frame vanishes in the absence of a dc elec-
tric field. Hence in most theoretical many-body studies, a
strong dc electric field is assumed to align polar molecules.
Consequently, the rotational degrees of freedom is frozen.
Even though there exist multicomponent models by utilizing
different rotational states, the number of molecules in each
rotational state is independently conserved by the interactions.
On the contrary, the spin-exchange contact interaction in
atomic spinor Bose-Einstein condensates (BECs) results in
rich magnetic phenomena [26-28]. Of particular interest,
the magnetic dipole-dipole interaction (DDI) gives rise to
spontaneous spin textures in dipolar spinor BECs [29-32].

In this paper we show that a bialkali polar molecule in the
electronic and vibrational ground state can be modeled as a
pseudospin-1/2 molecule with the spin states corresponding
to two hyperfine sublevels of the first excited rotational level.
The effective DDI between molecules contains a rotation-orbit
coupling term that is capable of inducing spin mixing. Thus
a BEC formed by these spin-1/2 molecules represents a
spinor BEC instead of a two-component BEC. We also
study the ground-state phases of the spin-1/2 molecular BEC
and demonstrate that rotation-orbit-coupled DDI gives rise
to the doubly quantized vortex (DQV) phases. Although
BECs of polar molecules are studied in Refs. [33-35], the
DDI considered in these works does not contain a term that
exchanges spin and orbital angular momentum.
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This paper is organized as follows. In Sec. II, we intro-
duce the model Hamiltonian for a pseudospin-1/2 molecule.
Section III is devoted to derive the effective DDI between two
pseudospin-1/2 molecules. In Sec. IV, we present the quantum
phases of molecular condensates. In Sec. V, we briefly discuss
the experimental feasibility of our model. Finally, we conclude
in Sec. VL.

II. EFFECTIVE SINGLE-MOLECULE HAMILTONIAN

To be specific, we consider a gas of 'Li **Cs molecules
in '$(v = 0) state subjected to a bias magnetic field B =
B2. Each molecule has three angular momentum degrees of
freedom: the rotation angular momentum N and the nuclear
spins I} and I, [36-38]. Its internal states can be characterized
in the uncoupled basis |M; M, N My), where My and M; are,
respectively, the projections of N and I; along the quantization
z axis. The Hamiltonian describing the internal degrees of free-
dom includes rotational H,y, hyperfine Hy¢, and Zeeman H,
terms. Among them, the rotational term, I:Irot = B,NZ, defines
the largest intrinsic energy scale as the rotational constant B,, is
of gigahertz order. Since the rotational spectrum, B, N(N + 1),
is anharmonic, we may focus on the lowest two rotational
levels with N = 0 and 1, which are split by an energy 2B,.

Although the nuclear hyperfine interaction Hyr mixes
different internal states, it can be overcome by the Zeeman
term H, which couples B to N and I;. For sufficiently strong
magnetic field, the nuclear Zeeman effect dominates over
the hyperfine interaction such that M; and M, become good
quantum numbers. For LiCs, this magnetic field is around
40 G [39]. Focusing on the lowest nuclear Zeeman levels
(M; = I;) in the N = 0 and 1 manifolds, the relevant internal
states reduce to |N,My) = |0,0), |[1,0), and |1,£1), which
simplifies a rotating molecule to a four-level system (see
Appendix A for details). It can be verified that the hyperfine
interaction is diagonal in this reduced four-level Hilbert space.
Therefore each of these four levels indeed possesses a definite
quantum number M. In Fig. 1(a), we plot the magnetic field
dependence of the hyperfine splittings 8o —1 = Ej1,0) — Ej1,—1)
and 8, _; = Eji,1y — Ej1,—1y for a LiCs molecule. As can be
seen, the typical hyperfine splitting is around a few tens of
kilohertz for a magnetic field in the range of 100-900 G,
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FIG. 1. (Color online) (a) Hyperfine splittings as functions of the
external magnetic field and (b) level structure.

which corresponds to a temperature around 2 K. Figure 1(b)
shows the corresponding level structure.

Next, we illuminate the molecules with a position-
independent o *-polarized microwave field which couples to
the electric dipole moment of the molecule da, where d is the
permanent electric dipole moment and d is the unit vector along
the internuclear axis of the molecule. The frequency of the
microwave wp,, is assumed to be blue detuned relative to the
rotational splitting with a detuning A = 2B, /h — wnw, Where
the typical value of A is 100 MHz. The |0,0) < |1,1) transition
is then induced by the microwave with Rabi frequency €.
Assuming that all molecules are initially prepared in the |1,1)
state [19], level |0,0) can be adiabatically eliminated in the
large detuning limit |2/A| <« 1. This procedure yields an
effective level splitting § = ;. _; + Q2/A between the levels
[1,1) and |1,—1). Moreover, under the condition |§| < |80, 1],
level |1,0) becomes well separated from |1,41), which
eventually leads to the effective pseudospin-1/2 single-particle
Hamiltonian in the rotating frame (see the Appendix B):

- p*. 8,

h = 2m1+h20z, (1)
where m is the mass of the molecule, / is the identity matrix,
and for shorthand notation, we shall denote |1,1) and |1,—1)
as |1) and [|), respectively. As analyzed below, |1) and
|{) form a closed Hilbert space even in the presence of
the molecule-molecule interactions. On a side note, when
81,—1 ~ 0 under an appropriate magnetic field, we may also
realize a spin-1 model by coupling |0,0) and |1,0) states with
a large detuned 7 -polarized microwave field.

In the second-quantized form, the single-particle Hamilto-
nian for the spin-1/2 molecules takes the form

Flo =3 [ drbl @l + Un®line. @)

where @UZ% 1 1s the field operator for the spin-o molecule and
Uqp: 1s the optical dipole trap, which is assumed to be spin
independent [20,24].

III. INTERACTIONS

The electric DDI between two molecules, d&l and d &2, can
be expressed as

Vaa(R) = %[&1 4, —3@ R R B
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where g; = d?/(4m€p) is the DDI strength, with € being the
electric permittivity of vacuum, R is the vector connecting
the molecules, and R = R/|R|. For a typical density n =
10'3 cm™3 of LiCs gas, the DDI energy gyn is around 46 kHz,
which justifies the elimination of the |0,0) level. Although
there is no direct DDI between states in the N = 1 manifold,
effective DDI can be induced via the eliminated |0,0) state. As
shown in Appendix C, in the rotating frame, the effective DDI
that is time averaged over a period of 277 /@y, 1S

ﬂdd = V1 + Vz-f- V3,

A~ 4 dl’ldl'z AN A R .
Vi =Kga 5 WYzo(R) iy (r)ig(rs)

A 4 [ dridr; AN Lo A .
Vo =kga @5 WYZO(R) 1S4 (r)S-(r2)

. 8w (dridr A A
Vs = kgay 1o / ——YVo(R) 12y (1) 8_(r2): +H.c.],

IRJ?
4)

where k = Q”/A?, Y, are spherical harmonics, and /i, =
Ui, §_ = 1}1 U1, 84 = 8, and : O: arrange the operator
in normal order. Clearly, V; represents the density-density DDI
between spin-1 molecules and V5 is the dipolar spin-exchange
interaction between spin-1 and -] molecules. Of particular
interest, the dipolar density-spin interaction V5 couples the
rotational and orbital angular momenta while keeping the total
angular momentum conserved.

Compared to the DDI appearing in other spin-1/2 models of
polar molecules [23,24,33], selecting |1,1) and |1,—1) states
gives rise to the rotation-orbit coupling term V3. In addition, the
elimination of the |0,0) state with a large detuned microwave
field introduces a control knob x for the DDI. Throughout
this work, we assume that ¥ < 6 x 10~ to maintain a stable
BEC. Consequently, the typical DDI energy between states in
the N = 1 manifold is around xgysn < 27 Hz, which further
validates the assumption that |1,0) is well separated from
[1,£1).

For completeness, we also include the collisional interac-
tion term

N 27 WPy N T N
Heon = Z EE— / dryr, (0, (D)o () Y6 (r),  (5)
oo’ mn

where a,, are the s-wave scattering lengths between the spin-
o and -0’ molecules. So far, the s-wave scattering lengths
for LiCs molecules are unknown. For simplicity, we take the
typical values of ayy =a, = ay, = 100ap, with ap being
the Bohr radius. It can be estimated that the contact interaction
energy is also of a few tens of Hertz. We remark that the spin
structures presented below should not depend on the specific
choice of a,,, as ﬂco“ conserves the number of molecules in
the individual spin states.

IV. RESULTS

We now turn to explore the ground-state properties of a
molecular BEC by using the mean-field theory. To this end,
we replace the field operators 1/, by the condensate wave
functions ¥, = (Y, ), which can be obtained by numerically
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FIG. 2. (Color online) Phase diagram on the «-§ parameter plane.
The dotted line is a guide for the eyes.

minimizing the energy functional F[y,, ¥ ] = (7:{0 + Haa +
’Flcon). More specifically, we consider a condensate of N =
3.2 x 103 LiCs molecules trapped in a harmonic potential
Ugpt = ma)i(x2 + % + y27%)/2, with w, = (27)10Hz being
the radial trap frequency and y = 6.3 being the trap as-
pect ratio. For simplicity, the condensate wave functions
are decomposed into ¥, (r) = ¢, (x,y)p.(z) with ¢.(z) =
(y/m2) 4 7724 and €, = /RJ(mw,). After integrating
out the z variable, the system simplifies to a quasi-two-
dimensional system. Limited by the validity of the spin-1/2
model and the stability of the system, the numerical results
presented below cover the parameter space —10 < §/w; < 10
and 107% < x < 6 x 1074,

Figure 2 summarizes the phase diagram of a molecular BEC
in the k-8 parameter plane. The region denoted by P represents
the polarized phase and those labeled by Vi and Vy are two
vortex phases. For k > 5.7 x 107#, the condensate becomes
unstable due to the partially attractive nature of the DDI. In
Figs. 3(a) and 3(b), we plot, for a fixed effective detuning
6 =2w,, the « dependence of the numbers of molecules
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FIG. 3. (Color online) (a)-(c) The molecule number, mean or-
bital angular momentum, and peak density, respectively, as functions
of k for spin-1 (A) and -| (V) states. (d) Fidelity Fx, as a function
of «. The detuning used here is § = 2w, .
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FIG. 4. Typical condensate wave functions for the vortex phases
Vi (row 1) and Vi (row 2) corresponding to « = 1.56 x 10~*
and 4.94 x 107, respectively. The effective detuning used here is
6 = 2w, . Columns 1 and 3 show the densities of the spin-1 and -,
molecules, respectively; columns 2 and 4 show the corresponding
phases.

N, = [ dxdy|p,|* and the average orbital angular momenta
LY = —ihN; ! [dxdy¢;(xdy, — yd,)ds, respectively. In the
P phase, the spin-| state is dominantly populated and the
wave functions of both spin states are structureless; while
in the vortex phases, molecules in one of the spin states
carry orbital angular momentum. The boundaries between
different phases are clearly marked by the LY. It should be

noted that for large negative §, we still find that L(f) =2h,
even though only the spin-1 state is dominantly populated.
Figure 3(c) shows the « dependence of the peak number
densities 7i, = max(n,) with n, = |¢,|%. It should be noted
that 7iy > 7i, immediately after the spin-1 state is populated.
To further confirm these phase transitions, we calculate the
fidelity, Fa, = |[{V(x)|¥(k 4+ Ak))|, of the condensate wave
function |¥) = (W%)T, where Ax is the interval of «
between two adjacent data points [40]. Since the fidelity
measures the similarity between two adjacent states in the
parameter space, it can drop sharply across different phases
[41,42]. In Fig. 3(d) we plot the « dependence of Fp,. Two
transition points marked by the dips are consistent with the
phase boundaries obtained in Fig. 3(b).

To gain more insight into the vortex phases, we present
the wave functions for phases Vi and Vy; in Fig. 4. As shown
in the phase plots, the spin-1 state in phase V| contains two
singly quantized vortices and the spin-|, state in phase Vy has
a DQYV, in striking difference to the vortices in dipolar spin-1
atomic condensates [29]. The presence of the vortices can
be understood from Vj in the DDL By annihilating a spin-1
molecule and creating a spin-| molecule, the rotational angular
momentum is decreased by 2A. To ensure the total angular
momentum conservation, the orbital angular momentum of
spin-1 molecules must be larger than that of spin-| molecules
by 2A, which gives rise to the vortex phases. However, for
reasons which shall become clear below, the DQV in the spin-1
state of phase Vi splits into two singly quantized states such
that |L(TZ)| is smaller than 2h.

As to the density profiles, the spin-1 molecules always
occupy the center of the trap, with spin-| molecules being
pushed to the periphery. This observation holds even if the
scattering lengths are slightly tuned such that the contact
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interactions favor a miscible gas. In fact, by aggregating at the
trap center, the spin-1 cloud becomes less oblate such that the
intraspecies DDI, \71, is lowered. Additionally, in a less oblate
dipolar condensate, a DQV becomes more unstable against
splitting [43]. The immiscibility of the spin-1 and -| clouds is
induced by V», as a miscible mixture in a pancake-shaped trap
normally results in a positive dipolar spin-exchange interaction
energy due to the anisotropic nature of Yp. In this density
configuration, spin-1 gas acts effectively as a pinning potential
for spin-| molecules, which stabilizes the DQV in spin-|,
state [44]. Nevertheless, this DQV can still split. In fact,
in the vicinity of the stability boundary, the orbital angular
momentum L(f) drops slightly, signaling the splitting of the
DQYV in the spin-| state.

This layered density structure also leads to other nontrivial
behavior of the condensate. In dipolar spinor condensates, it is
usually energetically favorable to have vortices emerge in the
less populated spin state due to the kinetic energy associated
with the vortex state. Here we see that near the phase boundary
between V| and Vj, the vortex emerges in the spin-| state,
even though NV, is still larger than ;. This can be understood
as follows. Since the spin-| cloud occupies the outer layer,
adding vortices to it will hardly modify its density profile and
costs only the kinetic energy associated with the gradient of the
phase. However, for the spin-1 state, the appearance of vortices
will significantly change its density profile, which results in ex-
trakinetic energy contributed by the gradient of density. In fact,
we have examined the kinetic energies contributed from each
spin state in the vicinity of the phase boundary. It is found that
the kinetic energy of the spin-1 state drops dramatically during
the transition from the V| to V; phases, while only a moderate
change occurs for the kinetic energy of the spin-| state.

In Fig. 5(a), we plot the DDI energies as functions of x. The
negativity of (V; ) indicates that the spin-1 condensate is indeed
of cigar shape, whereas it is confined is a pancake-shaped trap.
Moreover, the fact that (V,) roughly remains zero over a wide
range of « is consistent with the immiscibility of the system.
For (V3) it can be rewritten as

I dridr, . 2
(V3) = kgq I ny(ry) sin” Og

X [sx(rz) cos(2gr) + 5,(r2) sinQeg)],  (6)

: i N o
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logyo(r)

FIG. 5. (Color online) (a) ¥ dependence of the DDI energies per
molecule for § = 2w, . (b) Typical planar spin structure for the vortex
phases.

PHYSICAL REVIEW A 92, 033624 (2015)

where Og and ¢gr are the polar and azimuthal angles of R,
respectively, s, = %((Slr) +(8_)), and sy = %((3‘4_) — (8.
Clearly, \73 aligns the planar spins; = (s,,s,) such that (\73) is
always negative. In fact, as shown in Fig. 5(b), s, always forms
a spin vortex with winding number 2 in the vortex phases.
In competing with Vs, it is energetically favorable to have
a large overlap between ¥, and v, for V3. Consequently,
(V}) and (Vs) significantly increase with « in the strong
DDI regime. Since (V3) also depends on ny, it explains why
N; continuously grows with « [Fig. 2(b)], instead of being
saturated at around A//2. Finally, it is worthwhile to point
out that the condensate becomes unstable when the DDI
interaction energy is comparable to the contact interaction
energy. The critical value of « is insensitive to §, as the
spins are free to rearrange themselves to minimize the dipolar
interaction energy.

V. EXPERIMENTAL FEASIBILITY

The realization of the proposed model requires the
molecules to possess a large hyperfine splitting such that the
effective DDI would not mix the unwanted rotational sublevel.
In fact, the nuclear electric quadrupole coupling constants for
all bialkali polar molecules with known molecular parameters
are of order 100 kHz [36], indicating that the proposed scheme
is also applicable to other bialkali polar molecules.

As to the experimental detection, similar to imaging an
atomic spinor condensate, we may construct a Stern-Gerlach
apparatus by utilizing the rotational Zeeman shift, —g, uyN -
B, where g, is the rotational g factor of the molecule and uy
is the nuclear magnetic moment. It can be estimated that for a
modest magnetic field gradient of a few T/m, the spin-1 and
-} states of the LiCs molecules are spatially separated after
200 ms of free expansion and can be directly observed with
absorption image measurement [45].

VI. CONCLUSIONS

We have demonstrated that a rotating bialkali polar
molecule can be modeled as a pseudospin-1/2 particle by uti-
lizing external magnetic and microwave fields. In this model,
a control knob for the effective molecular DDI is naturally
introduced that can be used to stabilize the condensates of
polar molecules with large electric dipole moment. We have
also shown that the rotation-orbit coupling term in the effective
DDI gives rise to DQV phases of the molecular condensate.
Finally, the proposed scheme also works for the ultracold gases
of fermionic polar molecules, in which the effective DDI may
lead to exotic superfluid pairings.

Note added. Recently, we became aware of the work by Wall
et al. [46] for realizing unconventional quantum magnetism
with symmetric top molecules in which the effective DDI also
exchanges the spin and orbital angular momentum.
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APPENDIX A: HYPERFINE STRUCTURE OF 'y BIALKALI MOLECULES

Here we demonstrate how to reduce the internal states of a 'Y bialkali molecule to a four-level system. The Hamiltonian
describing the internal degrees of freedom of a '3, diatomic molecule subjected to a bias magnetic field B = Bz is [36,38,47]

Hiy = Hyo + Fie + Hz, (A1)

where H,o, = B,N? is diagonal in the uncoupled basis {|M; M N My)}.

The nuclear hyperfine interaction contains four contributions: nuclear electric quadrupole interaction H, nuclear spin-rotation
interaction H; y, and tensor H; and scalar Hy. nuclear spin-spin interactions. Explicitly, the hyperfine Hamiltonian can be expressed
as

Hig :I:IQ + Hiy + H, + Hy,

= 22: VoleQig) TPC)- TP, 1) + ZZ: NI —esV6 TPC) - TP, L) + cl, - I (A2)
P 4]1(21l _ 1) 1y *1 p 1 1 ’ ’
where T(C) is the second-order un-normalized spherical harmonic with components Tq(z)(C) = C§12>(9,¢) = 4?”Yz’q(e,(p),

with (8,¢) being the spherical coordinate and 7 (I; ,I;) represents the spherical tensor operator of rank 2, formed by the vector
operators I; and I;. Moreover, eQ; is the electric quadrupole moment of nucleus i, g; characterizes the negative of the electric
field gradient at nucleus i, ¢; represents the strength of the nuclear spin-rotation coupling for the ith nucleus, and c3 and ¢4 are,
respectively, the strengths of the nuclear tensor and scalar spin-spin interaction. The matrix elements of the hyperfine interaction
in the uncoupled basis are [21,23,38]

A e i _ -
(M{MyNMy|Ho|M;MyN'M)y) = Z ( %‘1) Sm:m: Z(—l)” My+li=Mi JON + 1)2N' + 1)
i=1,2 p
N 2 N\(IL 2 L\(N 2 N\( L 2 I\ A3
“N-my p M )\-Mm;, —p M J\0o 0o o)\-1 0o 1)~
Y / ! a7/ —My N 1 N
(M\MyNMy|Hiy|M{MiyN'My) = Sy Z(—l)‘”N My /N(N + DN + 1)<_MN q M§v>
q
I —M: I; 1 I;
x Zci(_l)' Suay/ T + DRI+ 1) M, —q M) (A4)

i=1,2 !

(M MyN My | H \M{M,N' MYy = —es9/63/I (I + DRI + DY L(L + DL + 1)Y/2N + DN’ + 1)
N 2 N _1\P—Mn+h—M\+L—M, N 2 N’
X(o 0 0)2( D My p M}
P

_ L1 I 1 I
X Z(l,m,l,_P—m|2,_P>(_Ml m M{)(-Mz —p—m Mé>’ (AS)
(M MyN My | Hye | M{M{N'M}y) = cadnnSuym, v/ Ti(Ii + DRI+ Dy/L(L + D2L + 1)

1 1 I I 1 I
_NI—Mi+L—M, 1P 1 2 2 2
e S A [ A A RS

(

wherei =3 —i. For convenience, we list in Table I, the molecular
Finally, the Hamiltonian describes the Zeeman term is parameters for several bialkali molecules. As can be seen,
the rotational constants are of order 1 GHz and therefore

2 define the largest energy scale of the internal states. In

H; = —g.uyN-B — Z&MNI;’ ‘B(1 — 0;), (A7) addition, with the help of Eqs. (A3)-(A6), we note that (i)

H;y does not couple states with different N and it plays a

very small role in the spectra due to the smallness of the

where 1y is the nuclear magnetic moment, g, is the rotational ~ Parameters ¢; and ¢»; (i) H; often has a negligible effect as
g factor of the molecule, g; is the nuclear g factor for the ith ~ ¢3 1S usually of order 10-100 Hz; (iii) Ho does not affect

nucleus, and o; is the nuclear shielding parameter. Clearly, A,  the N = 0 level, however, it dominates for the N =1 level;
is diagonal in the uncoupled basis. and (iv) Hy splits the various levels according to their total

i=1
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TABLE I. Molecular parameters for bialkali polar molecules.
Subscripts 1 and 2 refer to the less electronegative and to the more
electronegative atom [20,36,39].

Molecule Li'Pcs YK¥Rb YK ¥Rb  TRb 'YCs
I 3/2 4 3/2 3/2
L 7/2 3/2 5/2 7/2
8 2.171 —0.324 0.143 1.834
& 0.738 1.834 0.541 0.738
B, (GHz) 5.636 1114 1.104 0.504
(eq Q)1 (kHz) 18.5 452 —298 —872
(eq Q), (kHz) 188 —1308 —1520 51

o1 (ppm) 108.2 1321 1321 3531
o, (ppm) 6242.5 3469 3469 6367
¢i (Hz) 32 —24.1 10.4 98.4
¢, (Hz) 3014 420.1 413.1 194.1
¢; (Hz) 140 —48.2 21.3 192.4
cs (Hz) 1610 —2030.4 8962 17345.4
& 00106  0.0140  0.0138 0.0062
d (Debye) 5.52 0.566 0.566 1.25

nuclear spin 7, and it is the dominant hyperfine contribution
for N = 0 in the absence of external electric field.

To obtain the level structure shown in Fig. 1, we diagonalize
Hi, in the uncoupled basis. The resulting eigenstates clearly
show that M, and M, are good quantum numbers when B
is larger than 40 G. Now we may focus on states with the
same nuclear magnetic quantum numbers M| and M;. Using
Egs. (A3)—(A6), it can be verified that the hyperfine interaction
is diagonal in Hilbert space formed by four rotational levels in
the N = 0 and 1 manifolds with given M;. A convenient choice
of the nuclear magnetic quantum numbers is to let M; = I;,
which corresponds to the lowest nuclear Zeeman levels of
the LiCs molecule. Within this Hilbert space, the effective
Hamiltonian describing the internal degrees of the molecule
now becomes

Hn=2B, Y |Lg)(Lgl+hs 1,1)(11]
q=0,%1

+ hdo,—111,0)(1,0]. (A8)

APPENDIX B: DERIVATION OF THE PSEUDOSPIN-1/2
SINGLE-PARTICLE HAMILTONIAN

Here we show that by applying a o *-polarized microwave
field,

E(t) = Epwe '“™'e + c.c., (B1)

the reduced four-level system can be further simplified to a
pseudospin-1/2 one, where Ey,y, is the position-independent
amplitude and the spherical vectors & = 7 and €| = F(X £+
i$)/~/2 are defined in the space-fixed frame, representing the
ot (&), m (&), and o~ (é_;) polarization of the microwave
with respect to the quantization z axis. The microwave field
couples to the dipole moment dd of the molecule through the
Hamiltonian

Hyw = —dd - E(7)

= —Eny(die™ ™ 4 dlefom?), (B2)
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where  d; =dd-& =dC{(0.9) with CN(0.9) =
‘/%”Yl,q(G,(p). Now, the single-molecule Hamiltonian
in the microwave field becomes
Hin + Ay =2B, Y [1,9){1,q|
g=0,%1
+ hdy,—111,1){1,1] + Ado,—111,0)(1,0]
— hQ(e”'*™"11,1)(0,0] + H.c.), (B3)

where the Rabi frequency is AQ2 = Enw(1,1|d;]0,0) =
dEmny /3.

To proceed further, we rewrite the Hamiltonian (B3) in
terms of the annihilation operators ¥y M,y as

I:Iin + I:Imw ZZBU Z @I[q&lq
q=0,%1

+ 7151,—11/7}11}11 + 7150,—11%01@10
— hQ(l@L I/A/()()e_iwmwl + H.c.).

We note that the spontaneous emissions of the excited
rotational levels (N = 1) are ignored due to the long lifetime
of the rotational state. By introducing a rotating frame defined
by the unitary transformation

U =exp(—iH't/h) (B5)

(B4)

with H' = ﬁAxZAIJOI/Afoo + 2B, Zq:O,il 1/}12 ﬁlq, we obtain the
time-independent Hamiltonian

N A A A ad
Hin + Hmw - U*(Hln + Hmw)u - lhI/{TEu’

= Bl—APdPoo — Q| Yoo + Hee)
+ 8110 dn + S0 Yol
In the rotating frame, the equations of motion for the
annihilation operators are
ivo0 = —Avroo — Q1
iV = 811911 — oo,
ivr10 = 80.-1V10,

i =0.
Assuming that all molecules are initially prepared in the
[1,1) state and |A| > |2],|81,-1],|80,—1], the ]0,0) level can
be adiabatically eliminated to yield
, QY
Yoo = A
The adiabatic elimination of the |0,0) level also induces a
Stark shift, Q2 /A, to the |1,1) level, such that the effective
single-particle Hamiltonian becomes
Hin + Ao = hSY 11 + 50.—11@:()1&10), (BY)

with § =8, _1 + Q%/A. Choosing §/2 as the origin of the
energies, the above Hamiltonian can be rewritten as

(B6)

(B7)

- 5.t 8\t o bt o
Hi+Hyw =1 5%1%1-}- 50,71—5 Wlolﬁlo—zlﬁ]qlﬁlq .

033624-6



SPINOR BOSE-EINSTEIN CONDENSATES OF ROTATING ... PHYSICAL REVIEW A 92, 033624 (2015)

As analyzed in the main text, by choosing an appropriate Stark presence of the molecule-molecule interactions (see below).
shift or magnetic field strength, we may realize the condition After dropping the |1,0) state and taking into account the
|8] < |80.—1]. Consequently, the |1,0) states becomes well center-of-mass motion, we finally obtain the effective spin-1/2
separated from the nearly degenerate |1,=£1) states, even in the single-molecule Hamiltonian, Eq. (2).

J

APPENDIX C: DERIVATION OF THE DDI IN THE PSEUDOSPIN-1/2 SYSTEM

For convenience, let us first write down the matrix elements of the dipole moment operator d in the rotational state basis
INMy):

<NMN|dq|N'M’N>:<—1>2NMNdJ(2N+1><2Nf+1)(_]AV4N ; jj)(g : ﬁ) €

In the Hilbert space {|0,0),|1,0),|1,%£1)}, the dipole-dipole interaction (DDI), in the second-quantized form, reads
A 8d 16 dl’ldl‘z
Haa = Va5 f R {Yzo(R)[‘%o(ﬁ)wu(1'2)%0(1'2)1#11(1’1) + ‘ﬁoo(ll)‘#l L (x2)Proo(r2) ¥ 1 (ry)

— 20 DT o) P00 P10 — Yao R DT o) P11 (X2 F11(r1) + Pl ()Tl () F10(2)d10(ry) + Hec.])
8d 167 dl’]dl‘z Aot ~t ~ ~ At At ~ ~

2V s [ W{Y2—1(R)[lﬂoo(l'l)lﬁoo(l'z)lﬁl—l(1‘2)%0(1‘1) + YooY o (X2)Yoo(r2) Y —1(r1)

— YooV, (e do0@)r0(r) — P ()P (r2) oo (x2)Poo(r)] + Hec.}
8d 8 dl‘ldl’z

-y E/ R’ —— (Y2 H(R)[ 1/foo(l'l)1,/f()()(l'2)1,/f1 ()P 1 (ry) — 21/f11(1'1)1ﬂ00(1'2)1ﬂ1 1(2)Yroo(r)

+ I/Afj](1‘1)1/731(1‘2)1/f00(1‘2)1/Af00(1‘1)] +H.c.}, (C2)

where we have arranged all terms according to the components of the spherical harmonics. From Eq. (C2), it is apparent that the
DDI conserves the total (rotational 4 orbital) angular momentum. Next, in the presence of the microwave field, we apply the
same unitary transformation, Eq. (B5), which yields the DDI Hamiltonian in the rotating frame as

N N 16 drid A ot oy N N . . R .
Hdd—>Z/{7LHddZ/I— ,/ 4;1f Il'112|31'2 Yao(R)[Wgo (Y| (r2) Yoo (X)W1 (r1) + Yoo ()Y (x2)Wo0(r2) i 1(r)

— 290DV o) P00 (x0T — Yao BRI (r )Tl (02 P11 (X2) Py (e~
F U@ DU )10 Pio(r e % + H.c.])
ga 167 dl']dl'z —2iwmwt
—? F / |R|3 {Y2 1(R)[w00(r1)w00(l’2)wl 1(1'2)1)010(1‘1)@ + 1p()o(rl)1;010(I'Z)Kb()()(rZ)lbl l(rl)
— DDV ()P0 drio(rr) — (e (r2) Yoo (r2) foo(rp e ] + Hc.)
/8 drid A N N N . . . X N
_g?d % / %{YZ—Z(R)[I/fgo(I'l)I/fgo(rz)llfl—l(Pz)lﬂl—l(l'l)elew"‘wt — 20, )V (r2) -1 (22 oo (1)

+ 91 DY )P0 oo (r)e? ™ 4 Hee.). (C3)

As estimated in the main text, the rotational splitting 2B, is much larger than the DDI energy for a typical gas density.
Consequently, the spin dynamics induced by the DDI is much slower than the Rabi oscillations induced by the microwave field.
We may therefore use an effective DDI which is time-averaged over a period of 27 /wny, 1.€.,

84 167 drldl‘z
—?\/g/ R’ {Yzo(R)[Woo(l'l)W11(r2)1ﬂ0()(l‘2)1ﬂ11(1'1)+lﬂoo(rl)% 1(1'2)1/f00(l'2)1/fl 1(r)

~t At A A 8d 167 drldrz
= 2Yg0(r DY o(r2)Yoo(r2)¥io(r)]} — 5 1—5/ R —— (Yo 1(R)Woo(hWlo(l‘z)iﬁoo(l‘z)% 1(ry)

8w dl‘]dl‘z A 7T ~t ~ ~
- Iﬁoo(l‘1)1ﬁ|1(1‘2)%0(1‘2)%0(1‘1) +He} - = / R [—2Y2 > (R)Yr |, (1) Yo (r2)Yri—1 (r2)Yroo(r1) + Hoc.].
(C4)

033624-7



Y. DENG AND S. YI

PHYSICAL REVIEW A 92, 033624 (2015)

The adiabatic elimination of the |0,0) level from the interaction Hamiltonian (C4) can be achieved by simply performing the

substitution 1}00 = —Qt}] 1/ A, which leads to

A 16 drid A o o R R N n o
s / DL oo RO (), ()1 ()1 (1) + 3 )b ()i ()i (1)

IRJ?

Kkgq |l16m
= 20, e0d e e oml) - S [ F /

8
— 0 )Y, )P () o)) + Hee ) — @ / 1757 /

dl’ldl'z
IRJ?

Yo R, e dr o e dr (e ()

dl'ldl‘z
IRJ?

[—2Y272(ﬁ)1ﬂl(1‘1)&L(l‘z)%q(l‘z)lﬁn(ﬁ) + H.c.].
(C5)

As can be seen, the elimination of |0,0) level gives rise to the factor « to the DDI strength, which can be used as a control knob
for the DDI. For the parameter regime considered in this work, the DDI energy xg4n is much smaller than the level splitting
between |1,0) and |1,%1). Therefore, with the assumption that all molecules are prepared in the |1,1) state, the |1,0) level is
essentially unoccupied during the time scale considered here. As a result, we may simply drop all terms containing /19 in Hyq,

which eventually leads to the effective DDI Hamiltonian, Eq. (4).
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