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Sums of matrix elements of spin-dependent two-body momentum-independent interactions and sums of their
products are calculated analytically in the basis of many-body states with given total spin—the states built from
spin and spatial wave functions belonging to multidimensional irreducible representations of the symmetric
group, unless the total spin has the maximal allowed value. As in the first part of the series [V. A. Yurovsky, Phys.
Rev. A 91, 053601 (2015)], the sum dependence on the many-body states is given by universal factors, which are
independent of the Hamiltonians of noninteracting particles. The sum rules are applied to perturbative analysis
of energy spectra and to calculation of two-body spin-dependent local correlations.
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I. INTRODUCTION

The present paper continues analyses (see Ref. [1] for
a more comprehensive introduction and definitions) of the
sum rules for many-body systems of indistinguishable spin—%
particles. The particles can be composite, e.g., atoms or
molecules, and the spin can be either a real angular momentum
of the particle or a formal spin, whose projections are attributed
to the particle’s internal states (e.g., hyperfine states of atoms).
In the latter case, the spin % means that only two internal states
are present in the system. This formal spin is not related to the
real, physical, spin of the particles, which can be either bosons
or fermions.

The many-body wave functions are represented here, as
well as in [1], as a sum of products of the collective
spin and spatial functions. These functions depend on spin
projections and coordinates, respectively, of all particles and
belong to multidimensional, non-Abelian representations of
the symmetric group (see [2—-5]), unless the total spin has the
maximal allowed value. For spin-% particles, the representation
is unambiguously determined by the total many-body spin.
This approach is applicable to the Hamiltonians which are
separable to spin-independent and coordinate-independent
parts. It differs from the conventional approach (see [6]
and [1]), where each particle is characterized by its spin
projection and coordinate, and the total wave function is
symmetrized for bosons or antisymmetrized for fermions over
permutations of all particles. The total many-body spin is
undefined in this case. As follows from the Heitler’s results [7]
(see also [1]), an exact wave function for particles with spin-
independent interactions cannot be obtained in the approach
with defined individual spin projections. Many-body states
with defined total spin [8—15], including the collective spin
and spatial wave functions [16-19], were applied to spinor
quantum gases (see [20-30]). Such states were also proposed
for implementation of permutation quantum computers [31].
Other kings of entangled states with nontrivial symmetry have
been analyzed for quantum-degenerate gases of spin-1 [32] and
spin-2 [33] bosons. A more comprehensive review is presented
in Ref. [1].

The well-known mean-field approach (see [6,24]), where
the interactions between particles are replaced by the self-
consistent field, is generally applied to states with defined
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individual spin projections and undefined total spins. It can
be applied to certain states with defined total spins if the
interactions are spin independent. For bosons, the many-body
mean-field wave function contains a single spatial orbital,
determined by the Gross-Pitaevskii equation (see [24]). For
fermions, the Hartree-Fock wave function (see [6]) contains
double-occupied spatial orbitals. Such wave functions have
the total spin S=N/2 or S=0 for N spin-% bosons
or fermions, respectively, and describe quantum-degenerate
gases with multiple occupations of the spatial orbitals. The
present approach describes states with arbitrary total spins and
is suitable for nondegenerate gases.

For spin-independent two-body interactions between parti-
cles, sums of matrix elements directly follow from Heitler’s
results [7], while the sum of the matrix element squared moduli
was calculated in [1]. Matrix elements of spin-dependent
interactions depend on the total spin projections of the coupled
many-body states. For spin-dependent one-body interactions
with external fields, this dependence was factorized using the
Wigner-Eckart theorem and sums of the matrix elements and
their squared moduli were calculated [1].

The present work is devoted to spin-dependent two-body
interactions between particles. As well as in Ref. [1], the matrix
elements are calculated in the basis of noninteracting particles
with single occupation of spatial modes. The interactions are
expressed in terms of irreducible spherical tensors and their
matrix elements are related to ones for the maximal allowed
projections of the total spins using the Wigner-Eckart theorem
in Sec. II. Sums of these matrix elements and their squared
moduli are calculated in Sec. III for zero-range spin-dependent
interactions. The sum rules are applied to perturbative analysis
of energy spectrain Sec. IV. Average two-body spin-dependent
correlations are analyzed in this section too. These correlations
allow us to distinguish between the many-body states with
defined total spins and individual spin projections. Appendixes
contain the calculation of sums, used in Sec. I11.

References to equations in the previous paper [1] (Paper 1
of this series) are referred to as “(I.x)”. The present paper,
as well as [1], uses the following notation for the universal

factors. In the ratios of the 3 j-Wigner symbols X gl,cs',q)’ giving

the dependence on the total spin projections, S and S’ are the
maximal and minimal total spins of the coupled states, ¢ is
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the rank of the spherical tensor, and S, and S, + k are the spin
projections for S and S’, respectively. The factors Yi(S’m)[A]
and Yl.(S"m)[A, B1, respectively, appear in the sum rules for the
matrix elements of A and products of the matrix elements of
A and B for the maximal allowed spin projections. Here A
and B are arbitrary operators, S is the maximal total spin of
the coupled states, and m is the number of changed spatial
quantum numbers (it is omitted if the factor is independent of
m). If the sum rule contains several factors Y, they are specified
by the subscript i.

II. SPIN-PROJECTION DEPENDENCE

Let |1) and ||) denote two spin states of the particles.
Permutation-invariant momentum-independent two-body in-
teractions between particles with arbitrary spin dependence
can be decomposed into irreducible spherical tensors of ranks
0, 1, and 2 using general relations [34] between irreducible
spherical and Cartesian tensors. In the present case the
Cartesian tensors are proportional to the products §,(j)8,(j')
of the spin components of two particles, where « and &’ can
be either x, y, or z. The z component of the jth particle spin
is

8:() = 3IPGN DI = LGN LD, (1
while 8.(j) = 3[8+()) +3-()] and $§,(j) = —5[8:(j) —
§_(j)] are expressed in terms of the spin raising and lowering
operators

§+() =1L -G = HUNOI

There are two zero-rank tensors (spherical scalars),

V=> vVir;—r)) 2)
J#J
and
X 1.
VO = _E(VZZ + Vi),
where
Voo = Y Vo = 108.()8:(),
J#J
X / 3)
Vio= ) Ve — )88
J#J
Here

VE®) =3[V £ V(-1

are the even and odd parts of the two-body potential function
V(r),

The three components of the rank-1 spherical tensor V)
can be expressed as

(7 1 S o\ A ./
Vo' = — § Vo — )8 (D3-(j),
J2 =~
J#J
V= =3 v — 108 ()S ()
J#J
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Finally,

N 1 N N

Vs = @V Vi),

VE =Y v —e)8.(05 (.
J#J

> 1 A o\ A .

V3 = 2 3 Ve =180
J#J

are the five components of the rank-2 spherical tensor V. The
even or odd rank tensors depend, respectively, on the even or
odd components V*(r) of the potential. Therefore the rank-1
tensor vanishes in the case of even two-body interaction, while
the scalars and rank-2 tensor vanish for the odd interaction.

The interactions conserving the z projection of the total
many-body spin are expressed in terms of the scalars and zero
components of the tensors,

Vit = )V, =)t OGN DI G

i1
_ \/; 0o %Vg‘” +05 440, (4a)
Vi =Y v — )OI GY DG
i
_ \ﬁv@ Ao gy Ly (4b)
- 3 0 \/g 0 0 4 ’
W = Z V(r; =)t HGN DG
]
_ voL oo _p- 1y 4
_—§0+%0—0+Z, (C)
Vo= Ve =) tGY G DG
i#1
N R LRV (4a)

Here
Vit =Y VvEr; —18()
J#J
are zero components of spherical vectors (see [34]). Equa-
tions (4a) and (4b) lead to the relation

Vo = 2V = V). )

The interactions changing the spin of one of the colliding
particles,

Vo= Ve — )OI G DI G
J#J
A .
=V 4V +—v,
A V2 ©)
Vo, = Z Vr; —r)LGNHGN DG
i
1

+—=V_..
V2!

—_ _v® %)
) Ar U
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involve also

Vi = «/_ Z V(r; —r;)sL(j),
J#J
which form a spherical vector together with Vy = V;’ + VZ_
(see [34)).
The interaction

= Z Vr; —r)LGNNGN DG
J#E
=2VY (7)

changes spins of both colliding particles. Other spin-changing
interactions are obtained by the Hermitian conjugation of
Egs. (6) and (7), taking into account that

SN _ 0@ @ 52)
(V) =v3. (VQ)'=-v

(1) (1) 14l 0 ®
(V) =V, V==V

Consider matrix elements between wave functions \IJ( )
with the defined projection S of the total spin S. The exphc1t
form of \Ilfl 5)7, given by Eq. (I.16), is not used here. The multi-
index n labels different functions with the same S and S..
According to the Wigner-Eckart theorem (see [35]), the matrix
elements of the spherical scalars are diagonal in spins and

independent of the spin projection,

(g [V1W0) = 8ssds.s: (9,55 V[ W5,
(0 [ V” [9,5) = 858,55 | Vo |9,

The matrix elements of the spherical vectors and the
rank-1 tensor follow the same relations (I.23) as the one-body
interactions,

(Wie | Ak Wig) = 855 e X550

wsh )

n's

where the factors

(5.5 s—s.—k (S S q
Xsi =060 <Sz _S. —k k)

y (S A q )1
s -5 §-5

are expressed in terms of the 3 j-Wigner symbols. Here A,
can be either Voi, \70, or VO(I), and Ail can be Vil, or Vill).
According to the properties of the 3j-Wigner symbols, the
matrix elements (9) vanish if |S — S| > 1 (in agreement to
the selection rules [19]). The factors X g,‘cs/’l) for 8’ < § are
presented in Table I in Ref. [1]. The Hermitian conjugate
of Eq. (9), together with Eq. (8) and relations (Vojt)T = Voi,
Vo)t = Vo, and (Vi")f =
for§'=S+1.

The matrix elements of the components of the rank-2
spherical tensor \7,:2) can be expressed in terms of the matrix
elements for the maximal allowed spin projections (S’ < S) in
the same way,

(s

—‘70( 1), give us the matrix elements

Vk(Z)|‘IJ(S)> _ (SS /s, +kX(S s, 2)<‘I,(S’

VW) (10)
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According to the properties of the 3j-Wigner symbols, the
matrix elements (10) vanish if |S — §’| > 2 (in agreement to
the selection rules [19]). The nonvanishing factors X(Sf,’csl’z),
calculated with the 3 j-Wigner symbols [6,35], are presented
in Table I. The symmetry properties of the 3j-Wigner
symbols [6,35] lead to the relation

X(SS_Skq) _ (—I)S_S"H’X(_Ss,;'(’),
providing the factors X (Sf,‘{s/’z) for k < 0. The matrix elements
for S+1<8 < S+2are given by Hermitian conjugation
of Eq. (10), taking into account Eq. (8) and the relation
Vet = 032,

Thus, each permutation-invariant two-body interaction
between particles is expressed in terms of irreducible spher-
ical tensors. Their matrix elements for arbitrary total spin
projections are related to ones for the maximal allowed spin
projections using the Wigner-Eckart theorem. The next section
deals with the later matrix elements.

III. SUM RULES
A. Matrix elements for zero-range interactions

The sums of the matrix elements and sums of their squared
moduli will be evaluated here for zero-range spin-dependent
two-body interactions with the even potential function

V(r) = 4(r), 11

where r is a D-dimensional vector. This function is generally
used for description of interactions of cold atoms in free
space, when D = 3, and under tight pancake- or cigar-shape
confinement, when D = 2 or D = 1, respectively. In the three-
and two-dimensional cases the § function has to be properly
renormalized.

For the even potential function, we have V*(r) = V(r),
V=(r) = 0, and, therefore, V" = V;” =0, V,_ = V;"_. Be-
sides, the identity [1(j)) (1 ()] + 14 ()) (L (J)| = 1leads to the
relation

Viy =3V =Vy = V). (12)

The zero range of interaction allows us to relate the
matrix elements of VT , and \7+,, defined by (4c) and (4d),
respectively, in the following way. Wave functions of indistin-
guishable particles W obey to the quantum exclusion principle
P;i¥ = £W, where the sign + or — is taken for bosons or
fermions, respectively. Therefore

=+ ) (WIDNGNSE; 1))
J#ET

x (LDIAGOIP ).

The permutation operator P;;; permutes both spins and the
coordinates r; and r;. However, the § function sets r; =r
and the coordinate permutation has no effect. Acting to the left,
permutation P;;» of spins is restricted by the bra (| (j)[{1(j")]
of the interaction operator, therefore

(/| VW)

(Vo [9) = £ (WG GNE; — 1))
J#i’

X (LGN DIW) = £(W' VW),
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TABLE L. Coefficients X" > in Eq. (10).

S—

k 0 1 2

0 352-S(S+1) s §2-852 3[(S—1)2—821(52—52)
S25—1) =1 S2S—1) 28(5—1)(25—1)(25-3)

1 _ (1428)/6(SF5.+ DS —57) S428,41 [ (S=S.—1)(S—S;) _\/(s—sz—2)<s—sz—1)(s2—s§)
25(25—1) S—1 25(25—1) S(S—H2S—1)(25-3)

) 6(5—5; —D(S—8)(8+5- + D(S+5-+2) 1 [ [S2 (S D2U(S— S —2)(5—S2) (S—8,—3)(5—8,—2)(S—S,—)(S—5,)
2525—1) S—1 25(25—1) 45(S—DH(25—1)(25=3)

Then (4c) and (4d) for the even potential function, together
with (12), lead to

N 1 ~
(V01w = —mw’wm

vy = 2wt v - Lo
(W|Vy” ) = 2( |2(m+ 1) 3 V),

, 1 . .

(W'VolW) = E(W’IVm = Vi) (13)
for bosons. Thus, matrix elements of scalars and zero compo-
nents of the vector and tensors are expressed in terms of V,
Vi, and V|| . The nonzero components of the vector and tensor
are obtained from (6) and (7),

N 1 .
©)
Vi= E(VfT - Vo,
N 1 . .
V 1 = E VfT + Vfi),
N 1.
v = SV (14)

and their Hermitian conjugates.

For fermions, matrix elements of Vi, and V| are equal to
zero, in agreement with the Pauli principle—two particles with
the same spin cannot have equal coordinates. This leads to the
zero matrix elements of the spherical vector and tensors. The
matrix elements of the spherical scalars are related as

3,
%(qﬂww). (15)

(0

(W' V0| w) =

The sums of the matrix elements of V and sums of

their squared moduli are derived in Ref. [1]. Other relevant
interactions are analyzed below.

B. Matrix elements for noninteracting bosons
Let us evaluate matrix elements of VTT’ Vu, ‘7,¢, V_ 1»and
V__ between wave functions

= () —1/2 (S) H(S)
Voims, = fs Z@ S, (16)

tri{n}
t
[see Eq. (I.17)] of noninteracting bosons with defined projec-
tion S, of the total spin S, where fs is the dimension of the
respective irreducible representation of the symmetric group.
The representations and functions within the representations,
respectively, are labeled by the standard Young tableaux » and ¢
of the shape A = [N/2 + S,N /2 — S] (see [4,5]). For bosons,

the spatial functions of N noninteracting particles (I.11) are
represented in the form

&)(S) 3 fS 1/2 o N
trin} — m Z Drt (P) 1_[ ¢np_, (rj)v (17)

P j=1

where P are permutations of N symbols, ¢,(r) are the spatial

orbitals, and the relation for the Young orthogonal matrices
D(P™h) = DI\(P) (18)

[see (I1.7)] is used (see Ref. [}] for other notation). Each matrix
element, e.g., the one of Vi, can be decomposed into the
spatial and spin parts,

<\I’r(§{2’}sg|‘7ﬁ|q’£fr2)sj>
=(fsfs)'? Z Z (ég,){n,ﬂV(r,- —ri

tt il
X (B I ENAOIN|ER 855 (19)

Using Eq. (17), the spatial matrix elements can be expressed
as

tr{ n}>

(85 |V, — 1|85,
= VfoS ZD?,J(Q)DB](R)

X [P, (6007, V0 = 1000 00, (5

< T 8uynmr- (20)
i i i

The Kronecker § symbols appear here due to the orthogonality
of the spatial orbitals ¢, and the absence of equal quantum
numbers in each of the sets {n} and {n’}. Due to the § symbols,
all but two spatial quantum numbers remain unchanging.
Supposing that the unchanged n;~ are in the same positions in
the sets {n} and {n'}, one can see that the Kronecker symbols
allow only Q@ = R or Q = RP;;. Therefore

( (S) |V(r, —r,)|(l>(s) )

«/foS Z D[’\](R) p¥ (R) + D[,M(Rpii/)]

r't’ r't’

x (il Vingings) - [T 8w,mes @D
Ri'#j"+Ri
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where for the zero-range potential (11) the matrix elements are invariant over permutations of n} and n), as well as of n;
and n,.

(n|n5|Vniny) = (nhn||Vinin,) All matrix elements are related by the Wigner-Eckart

theorem to ones for the maximal allowed spin projection, S, =

= / daP 7@ (D)@ (D)@, ()¢, (1) S’, S, = S. The spinor matrix elements include projections of

the spin wave-functions (I.14), derived in [36],

J

N/2+S, N
2% =Css. Y D™ [ neiy [ 1@,
P j=1 j=N/24S+1
with the normalization factor
1 (28 + 1)(S + S,)!
Css, = i (22)
(N/2+ SHUN/2 =SV (N/2+ S+ DRSS — S.)!
The projection
Al Al N
(P@OITEN]EY) = Css Z DIGP)Y simserr [] 1P T WP
£l I£j#l Jj=hi+1

(recall that A; » = N /2 £ §) can be transformed, using substitution P = QPj,,_1Pr,,, to the form

A2 N
(tOIraH|EY) = CSSZZDI[O]@PM, 1P)8i 0o ndon [ IMQ0) T Q.
Q 1Al j=1 Jj=A+1

The permutations Pj,,—;1 and Py, permute symbols in the first row of the Young tableau [0]. Therefore, Dl[[l(}](QPMl,lpl/M) =
D}?(}](Q) [see Eq. (I.8)], the summand in the equation above is independent of / and [/, and the projection can be expressed as

r—=2 N
(PN T(z)|"“))—xl<xl—1>CSSZD,[O]<Q)8,QQ, néron [ 11 T 14Qi).
j=1 Jj=Ar1+1

The projections involved into matrix elements for other interactions are evaluated in the same way,

N

(LI w>|"<S>)—Az(xz—1>cssZD,[0](Q>6, 00,181 QQIH)]_[M@J) [T 14@in.
j=1 Jj=M+3
r—1 N
ol w>|"<”)—AIAZCSSZDHO,(% ondiacn [ [ 1@ T 14@i).
j=1 j=h42

In the spin matrix elements of Vi,

(0 DIAOIEES)

= [M0a = DCssT? Y Did(D8i.00,- 18101, ZD, i (R)Si mo -1 R0 >, SR 0P
Q Pf P//

the last Kronecker symbol appears due to orthogonality of the spin states and means that the permutations R and Q can be
different by permutations of particles in the same spin state. They are the permutations P’ of the first A; — 2 symbols and P” of
the last A, ones. As the permutations P’ and P” do not permute symbols between rows in the Young tableau [0], the equality
D}%[%](QP/P”) = D[[,’H)](Q) [see Eq. (I.8)] can be applied, leading to

(&

DA (MO EL) = 22 !hi (0 — DCEs Y DI QDI (D)8, 00, 18,0, -
Q

Let us substitute this equation and Eq. (21) into Eq. (19), perform the summation over ¢ and ¢, using the relation

> il = DEl(PQ), (23)

t
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[see Eq. (1.6)] and substitute P = Q~'R~!, j = Ri, and j' = Ri’. Then the Kronecker symbols leadto Pj = Q~'i = A; — 1
and Pj’ = Q~'i’ = A,. Equations
PPiP~" = Ppipi 24)
(see [5]) and (1.8) lead then to D (RPi Q) = DUt (P~1Q 7Py Q) = DL (P~ P 3,-1) = DU (P~1). Then using Eq. (18)
we get
(B [Vt [ B0 6) = 2855h Malhy (g — DCE VI Gy = 1) (25)
with
VIS @ =" DL PIDGL (PYsp s pyetn IVIngny) [T Sutme (26)
i P JEIE

Matrix elements of other operators are calculated in the same way,

(OS5 Va9

(B ,}S,|V_¢|‘IJ(S s) = 289 s—1A11 2241 — D(A2 + DCs5Cs—15- 1V

)=
( n}s'|V—¢|‘I' S> 2855
)=

(55 V] 950

where A’ = [N/2+ S',N/2 — §'].
C. Sums of the matrix elements and their squares and products

For the matrix elements which are diagonal in the total spin
and r, one can calculate their sums and write them out in the
form

2 (s Val Brys)

2fs

A
(N —1)

x DA Vinng) [T b

i<y’ J#]"#E]

(28a)

where V, is any two-body interaction, which does not change
the spin projection. In each term of the sum over j and j’,
only two spatial quantum numbers can be changed. For the
operators Vi and V| the factors

YOIV =200 — D, YOIV =200, - 1),

calculated using Egs. (25), (27), (22), (26), (23), and (18),
are proportional to the numbers Aj(A; — 1) and Ay(A, — 1) of
particle pairs with spins 4 and |,, respectively. For the spherical
tensor components, the factors are calculated with Eq. (13),

YO[VP] = \/25(25 —1), YO[V,]=28(N —1).
(28b)

The sum of the matrix elements of the spin-independent
interactions (I.45a) can be expressed for bosons and the
zero-range potentials (11) in the form (28a) too with

YOIV = 2NW —2) +25(S + D). (28¢)

The sums of squared moduli of the matrix elements (25)
and (27) and their products are proportional to the sums of

1A 1000 + DCssCs_15— 1V

s) = 2855h1 1 lha(ha — DCE VI + 141 +2),

A1 — LAy,
(27)
i ,{,, JALA+ 1),

Ssrs—2A1!A21(A2 + 1)(Ay + 2)CssCs_n5— 2V I ,{,, (A1 = 1Ay,

(

products of the functions (26), which can be expressed as

010 )
2 Vi (DY (2. 15)

r,r’

— (S S) ’
- Z Z Jiiizs HCRIREREVIY il |V|n11n11)
AT 2
< T 8wy Vi) [T 6y
IR AL #D

(29)
where

8 by =YY DI LD, (P8, p 8

Juiti2
[A] [A]
x Z Dy, (Q) Dy, ()81, 0,81, 03 -
Q

(30)

The sums of squared moduli contain different func-
tions E(S namely » (55 (A1 — LA,A — 1,Ay) for VTT,

Nilids? Juitiz
SED 00+ LA+ 2,00 4 1As +2) for Py, 2650900 —

JlJ JzJ
Lay) for oy, 2970200040 + Lag.ay + 1) for

LA = it

V,i, and E;ISJ jf)(k — 1,A1,A1 — 1,Ay) for V__. Calculation
1

of the sums of squared moduli of the matrix elements of

spherical vectors and tensors with (13) and (14) requires

also sums over r and r’ of the products of matrix elements.

The latter sums contain Eisjsj)] A =LA+ LA +2)

for products of the matrix elements of Vi by V| and

» -1 A
X i 31— LAvanag + 1) for V_+ by V_,. The sums
(5'.9)
Juiii2s A
The sums of products of matrix elements of V [expressed

by (1.44) with the zero-range potential function (11)] by \A/TT

. are calculated in Appendix A.
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or Vu are proportional to the sum

3 A 71985

=Y Y [N-21+ Ejfj i GOV Ingn )

N#EI 12#]
1_[ Sn iy n]2 i |V|nj2njz> l_[ n,,f,’”nié"
JEI D BERER
(€1))
where
(S) [A] [2]
Jljljzjv( 1) = Z Z D[O]r’(P)D[O]r(P)‘Sl.Pﬁ51/,731‘{
A
x D(P,,i) (32)

is calculated in Appendix B. Equation (31) contains

& )
i = LAy and B0 (4 LAy +2) for Vip and

Vu, respectively. The sums of squared moduli of the matrix
elements and their products are expressed in different forms if
the set of spatial quantum numbers is changed ({n} # {n'}) or
conserved ({n} = {n'}).

D. Changing set of spatial quantum numbers

If the sets of spatial quantum numbers {n} and {n’} are
different by two elements, the product of Kronecker symbols
in (29) and (31) does not vanish only if either j, = j,, j| = j}.
or ji = j5, j| = ja. Since E(U ]f)(ll,l{,lz,lg) is independent of
particular values of j and j' (see Appendix A), the sum (29)
attains the form

Z Vr[’)E;J’[]);]{n] (ll ’li )Vr[’){g}[j{]n/} (12 ’lé)

r,r’

=255 VWL L) Y 1y |V n ) P

i<J
l_[ Sn},,,nju
J'#I"#]
with
25 V0 by = 0L G) + B350 0.

(33)

Then for any two-body spin-dependent interactions V,, and
Vi, the sums of squared moduli of the matrix elements and
their products can be written out in the form

Z("II(S) S"V ‘\IJ(S) ><\p(;§/n s

’

Vb | \IJ(S) >*

r{n}S

rr

A A 2fS/
— y(S.2) § : ’or 2
=Y [Vava]N(N_l) j<j/|<njnj/|v|njn]’>|

| | (S 4
Ny, nin
ot

J'#J"#E]

(34a)

with §” < §. Each term in the sum above changes two of
the spatial quantum numbers, conserving other ones. Since S
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and S’ are equal to the spin projections, S is unambiguously
determined by the operators V, and V,, such that §'=§
for V, Vﬂ, and \A/u and §' =S + k for ‘7,((2) and V,. The
factors YS-D[V,,V,] are expressed in terms of the sums
E;S/’S)(ll 1,1,1}). For example, the factor Y $-2 [V, Vit ] takes
the form

PN N(N —1
YO0y, V] = [t O — DEL YN ZD ; )
S
x BV = Lana — L),
Similarly, the sum (31) leads to the factor
N(N — 1)

YOSV, V] = 4a aathi O — DC 7
S

< [(N =21+ 250 — L],

The factors in the sums of squared moduli and products of
matrix elements of other operators are expressed in a similar
form. Explicit expressions for the factors are obtained using
the normalization factors (22) and sums E(f jf, and E;f)J i
calculated in Appendixes A and B, respectively. For example,

YOV, V] = N22S + 1
Vi, Vir] 25 +3 @5+D
2N(4S3 +8524+ S —1)+2528% +558% — 5)}
S+1 '

Equations (13) and (14) lead to the following factors in the
sums of squared moduli of the matrix elements of spherical
tensor components and their products:

528 -1 N +2)?
Y. 2>[V<2) V<2)] ( ) 3( +2 4S ), (34b)
6(2S + 3) S+1
YS9y Vol = S( 45 + N?—4 (34c)
: S+1 )
) 2(N+2)82s—1)
yS2p® gl =./= , 34d
Vo™ Vol = /3 S+1 40
o) A 2
Y(S’z)[Vo(z),V] - 4\/;5(25 -1, (34e)
YOIV, V] = 8S(N — 1), (346)

(N+2)(N=25+2)(S—-1)

S2ro®@ v@71
YOeRIVEL V] = 2S+ 1) oW
YSDIV_ V1= (N—=2)(N—2S+2), (34h)
YS2[PR V] = f(N 25 +2)(S — 1), (341)
Y202 1] = ( N —25+2)(N —2S+4).  (34j)

The sum of squared moduh of the matrix elements of the spin-
independent interactions (I.47a) can be expressed in the case
of bosons with the zero-range potentials (11) in the form (39a)

too with
YSD[V V] =6N(N —2)+8S(S + 1). (34k)

The case of a single changed quantum number will be
considered elsewhere.
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E. Conserving set of spatial quantum numbers

If the set of spatial quantum numbers is unchanged, {n} =
{n'}, the Kronecker symbols in sums (29) and (31) are equal
to 1 for any ji, j», ji, and j;. Then these sums contain

: : : :2]111]2]2 ]1]1 1212

h#ii #)
2

=Sy Vi | 4B 4% Y Vi
J#J J#EIE]"
+(Zo— T3 4+2350) ) Vi (39)
J#J

where the matrix elements of zero-range interactions (11) are
symmetric over permutations of n; and n j/,

ijr = (njnjr|V|njnjr) = (njrnj|V|njnj/) = (njnj/|V|nj/nj)

- f dPrlg,, (0, (OF. (36)
and %, 1, ; can be either D% (11,17, b, ) or B (1,1)

[see Egs. (30) and (32)] with arbitrary superscripts and
arguments. These functions depend on relations between
their subscripts, rather than the subscript specific values (see
Appendixes A and B). Then X4 = X jr;, 5 for ji # jo # j}
and ji # jo # Ji» T = Tjjjjr + jpjri + Bjjjir+ Dy
for j'# j# j" # j',and ¥y = X+ Xjjyp for j#£ .
The sum (35) can be further transformed to

: : : :EJlllJsz ]1}1 j2/2

NFi h#D

= N(N — DI(N = 2)(N = 3)Z4 + (N —2)%3 + S, [(V)?

+N(N — DX(Z3 — 454)(A, V)?

PHYSICAL REVIEW A 92, 033618 (2015)

Here

2
V=375 ,Z, Vi (37)

is the average value of the matrix elements (36) and

1 N
dvyP=<d g 2V =W
N Jj=1 N B Héj
2 _ 2 P 2
(B2V)? = S E(VH (V) (38)

measure their average deviations [in consistency with
(1.48)]. Then the sums of squared moduli of the matrix
elements and their products can be written out in the
form

Z (qu(’S{Z}S/ ’ ‘7“ |‘T’ff3;s)<‘f’fi2w | Vb | ‘T‘f{si;s)*
rr’

= fo (Y5 V0, Vo l(V)2 + Y5OV, V1A V)2

+Y2 01V, V(AL V)?) (39a)
with S < S. The factors Yi(s,()) here are calculated using results
of Appendixes A, B, and C. The first factor can be represented
for all considered \7[, and \7;, as

Y 100 V] = 855 YOIDIY OV, (39b)

[see Eq. (28)]. Since S’ — S is unambiguously determined
by V, and V, (§' =S for V and &' = S +k for V,fz) and
Vk), Yés'o)[Va, V,] = 0 for k # 0 components of the spherical
vectors and tensors, when S # S’. Other factors are expressed

+ NN — 1)(Zy — T3 +2Z0)((A, V)2 as
|
YOO[Y p0] = (N = (N =28)(N +25+2)S2S — 1) <3N +3 85) 39)
3(N — 2)(N —3)(2S + 3) S+1
SOre@ ooy (N =28)N +285+2)S2S — 1) -1
HOT ] = 6(N — 2)(N — 3)(2S + 3) < S+ 1 85) (39d)
Y SO0y, ] = (N = DN —28)(N +25 + Z)S (39%)
S4+1
YOI, f(N — 1)(N —28)(N +2S +2)S25 — 1) 39
(N—=2)(S+1) ’
0[P p (N — 1)(N —28)(N 4+ 25 +2)S2S — 1)
Y20V, = 2[ VDN —3) , (392)
") A 2(N —28)(N +25+2)S28 — 1
YZ(S,O)[VO(Z)’V] __ §( )N + 28 +2)S( )’ (39h)
(N —2)(N —3)
Y SO0, 7] = 2(N — DN —28)(N + 25 + 2)5’ (399)
N -2
S,0rv@2 Q2 _ _ N _ 2(N + 1)S2 - N(N + 3) .
YPOVE V] = (N =DV —25+2)(S - 1) NN —HETD (39))
Y(S 0)[V(2) V(z)] (N — DN = 28)(N +28)(N — 285 +2)(S — 1)’ (39K)

2N =2)(N =3)(S+1)
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YOV, V1= N(N — 1)(N — 25 +2), (391)
~ o) A V2N(N = 1)(N =25 +2)(S = 1)
O AN , (39m)
(N -2)
N2 A (N =12(N =28 +2)(N =25+ 4)
YfS’O)[VfZZ),VEZZ)] - _ , (39n)
(N —=2)(N —3)
A(D) A (N—1)(N —25+2)(N —25+4)
YZ(S’O)[VEZQ)’VS)] _ . (390)
2(N —3)
[
The vanishing factors are omitted above, namely (in the case of spin-dependent interactions the energies depend

YZ(S’O)[‘A/Q,V;,] = 0 when \Aﬂ, or Vb is Vk. The sum of squared
moduli of the matrix elements of the spin-independent inter-
actions (I.47b) can be expressed for bosons and the zero-range
potentials (11) in the form (39a) too with

_(N — DN =28)(N +25+2)

A (N —3)

S+1
34521, 39
><< N_2> (3%p)
Y5OV, V] = (N — 28)(N 425 +2)
3N(N —4) —4S(S + 1) + 12
( S+D+12

2(N —2)(N —3)

They are equal to the factors (1.47c).

Thus, sums of matrix elements and their squared moduli are
expressed in terms of universal factors, which are independent
of the spatial orbitals, and sums of one-body matrix elements
(or their squared moduli), which are independent of many-
body spins and the spin dependence of the interaction. The
sum rules, combined with the spin-projection dependencies (9)
and (10), provide information on each matrix element for any
two-body spin-dependent interaction between the particles.

IV. MULTIPLET ENERGIES AND CORRELATIONS
FOR WEAKLY INTERACTING GASES

A. Average multiplet energies and energy widths

Consider a general spin-dependent two-body interaction,
conserving the particle spins,

Vit = %gﬁVm + %gu Vi + g1 Viys (40)

where the potentials are defined by Egs. (4a)—(4c) with
the zero-range potential function (11). Here the interaction
strengths g, are proportional to the s-wave elastic scattering
lengthes a,, for corresponding pairs of spin states. For
example, in three-dimensional geometry g, = 4w h*a, 4 /m,
where m is the particle’s mass. The factors % in Eq. (40) appears
due to double counting of the interacting pairs in Vﬁ (4a) and
V|1 (4b).

In the case of weak interaction, the average multiplet
energy can be evaluated in the zero order of the degenerate
perturbation theory, in the same way as in the case of
spin-independent interactions [see derivation of Eq. (1.52)]

i 1 _ o
Ess, = 7 DT Ve Tis.) (41)

on the total spin projection S,).

For bosons with zero-range interactions, matrix elements
of the potentials are related to ones of the irreducible spherical
tensor components by Eqgs. (4a)—(4c) and (13),

Y7 / 2 5 (2) 'y 1

(U VW) = (] §Vo +Vo+§V|‘I’),
1Y / 2 7 (2) ’ 1

(W V) |W) = (V] §Vo —Vo+§V|‘1‘),
no / 2000 1y

(W |Vy W) = (W] — §V0 +8V|\Il).

These equations allow us to expand the interaction Vio in terms
of irreducible spherical tensors, which matrix elements can be
related to the ones for the maximal allowed spin projections
by Eqgs. (9) and (10). Then the sum rules (28) lead to

_ 1 N N
ESS: ZE(gY(S)[V] +g_Xg6S’1)Y(S)[VO]

2 .\
R R L))

where g =(gn +gy +81)/3, &+ =g+ 8 — 281y,
g— =gmn — &y, and the average matrix element (V) is
defined by Eq. (37). Substituting the coefficients X and Y
from Table I'in [1], Table I, and Eq. (28) one gets

Feo = 3 1 8+
ss. =8 ZN(N_2)+S(S+ 1) — §S(S+ 1)?

+ SN — l)g—_+S§g—+}<V>. (42)
g g

Here the first two terms in the square brackets provide the aver-
age multiplet energy (I.52) for spin-independent interactions.
Spin dependence of the interactions leads to the third term,
which is independent of the total spin projection S;, as well
as to the linear and quadratic in S, shifts (the fourth and fifth
terms, respectively). The corrections are proportional to the
ratios g4 /g, which are determined by the scattering lengths.
For example, g, /g ~ —0.001 and g_/g ~ —0.049 for 8'Rb.
In this case, the two states, generally used in experiments,
1) =|F=2mp=-1) and ||) =|F =1,my = 1), have
the scattering lengths [37] ay; &~ 95.5ag, a); ~ 100.4ap, and
ay) ~ 98.0ap, where ap is the Bohr radius. One-body spin-
dependent interactions with external fields lead only to linear
shifts [see Eq. (1.54)].
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The root-mean-square multiplet width can be evaluated in
the same way as in the case of spin-independent interactions
[see derivation of Eq. (1.53)]

(AEss.)? = Z’ (@05, Vi T )N — B

Expanding the interaction Vi in terms of irreducible spherical
tensors, expressing their matrix elements in terms of the ones
for the maximal allowed spin projections, and applying the
sum rules (39) we get

2
1 NN ) A A
(AEss)*=1 Z[gzn“”[v,V1+(g-X§fzf’”) vV, Vol
i=1
2 (S.5.202 (S0 (2 Q)
+ §(g+ 5.0 )Y Ve Ve

+ 2g-g X5 VYO, V]+2\/;g+gX(SS2)

~ ) 2
% Y,»(S’O)[VO(Z),V]+2\/;g+g X(SS])X(SSZ)

« IC(S’O)[VOQ),VO]}(AL'V)Z-
Here the matrix element deviations (A;V)? are defined by
Eq. (38) and the terms proportional to (V)2 are canceled
due to relation (39b). The first term in the square brackets
gives the width for the spin-independent interactions (1.53).
Corrections due to spin dependence of the interactions are
proportional to the small parameters g /g. Leading terms in
the coefficients before each power of S, can be obtained using
explicit expressions for X from Table I in [1] and Table I,

2 2
g S0t 2 S+1
E 2 Y! V,V _2\/j_
s )= Z,-l[ e F

N D) A 2 I
x YOI V]E 4 SO0 Vs,
8 8

2V6 VO ysorpe ] tg2y 26
S2s—-1) ! S$228 — 1)
. N 6
YA(S,O) V(Z),V 8- 8+ S;
X i [ 0 ] + 52(25 )
x 14(5*0)[\752’,1752)]&;—;5;‘}<A,-V)2. 43)

The consideration above was devoted to the case of
bosons. For fermions, matrix elements of VTT, and \A/u vanish,
according to the Pauli principle (see Sec. III A). Then, due to
Egs. (4c) and (15) matrix elements of Vior are equal to ones
of g4, V. Therefore, the muliplet average energies and energy
widths are independent of S, and can be calculated using Eqgs.
(1.52) and (1.53) for spin-independent interactions.

B. Average correlations

The probabilities of finding two particles with given (either
equal or different) spins in the same point, the two-body
local spin-dependent correlations are expectation values of

PHYSICAL REVIEW A 92, 033618 (2015)

operators

Poro, = 8(r1 —r2)|o1(1)|02(2) (o1 (D{02(D)].  (44)

The spin projection o ; can be either 1 or | . Due to permutation
symmetry of the total wave functions, the expectation values
of ps,s, are proportional to matrix elements of the spin-
dependent potentials \7(,1 o, with the potential function (11). The
multiplet-averaged correlations can be evaluated in the same
way as the average multiplet energy (41). However, Eq. (41)
already contains all necessary information, as, according
to the Hellmann-Feinman theorem [38,39], the correlations
are proportional to derivatives of the average energy over
respective coupling constants

1 N
(5.5 _ )
P =7 D (Fs,

r

Porer| ¥ris.)

a -

14 66,0, s

T N(N — 1) 3g0,0,

Then the dependence of the multiplet-averaged correlations

oo N
2 =<§Y(S)[V] + X5 YOV]

2 (8.8 v (7D 1
+ 4/ =Xso 7YV, 0)),
Y 3450 [Vo”] NN = 1)(,02( )
~(S.5;)

1 A N
Py =<§Y(S)[V] _ ngfbs’l)y(S)[VO]

2 N 1
—X(S’S’Z)Y(S) V(Z) 0)),
+ \/; 5.0 Vo] NN -1 1)(’02( )
_(5.5.)

1 N 12 A
(5.5.2) (2)
Py <6y(S)[V] — §XS:0 Y(S)[VO ])

X =T O

on the total many-body spin S and its projection S, is
factorized to the universal factors, which are independent of
the spatial Hamiltonian and occupied spatial orbitals. These
factors are expressed in terms of the coefficients X and Y.
The dependence on the spatial state is given by the average
two-body density [19], {0,(0)), which is independent of S and
S, and equal to the average matrix element (V) (37) for the
potential function (11), (02(0)) = (V). Similar factorization
was proved [19] for spin-independent local correlations of
particles with arbitrary spins. Substitution the coefficients X
and Y from Table Iin [1], Table I, and Eq. (28) leads to explicit
expressions for the universal factors in terms of S and S,

5.5 (pm(0)) (1 _ 2
= =T 1)( N(N —2)+ 2N — 1)S. +28 )
5.5 (m(0) (1 _ 2

A = 1)( N(N —2)—2(N — 1)S, + 251),
5.5 (pm(0)) (1 )

Y = S 1)( N(N —2)+ S(5+1)— 28 ) (45)

The local spin-independent correlations [19] are multiplet-
averaged expectation values of §(r; — ry) and can be calcu-
lated with the characters from Table II in [1] for both bosons
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and fermions (the signs + and —, respectively, below),

xs({2})

pM0) = <1 + )(pz(O»

_ le452+N2+45—4N
B 2N(N — 1)

) (02(0)).  (46)

They are related to spin-dependent correlations, ,55”(0) =
ﬁ#’s") + ﬁjf'sf') + 2,6%‘1’31), as can be proved in the same way
as (12), and are independent of ;.

In an alternative description, each particle is characterized
by its spin projection and coordinate, and the total wave
function is symmetrized for bosons or antisymmetrized for

fermions over permutations of all particles [see Eq. (I.19)],

N
iy = (NDT2 D" sen(P) [ | @np, (X )lop; (), (47)
P

Jj=1

where the factor sgn(/P) is the permutation parity for fermions
and sgn(P) = 1 for bosons. Given total spin projection S,
the set {o} contains Ny = N/2+ S, spins 1 and N| =
N/2 — §; spins |. For these wave functions the correlations
are calculated as expectation values of the operators (44) and
averaged over all distinct choices of N, particles with spin up,
leading to

1
v L sy v 10,

i T NN-=-1D
_(NyNy L+ sgn(Pra)
oy =mN¢(N¢ — D(p2(0)),
_vy.Ny  (p2(0))
P TN N

The transposition parity sgn(P2) = 1 leads to the factor 2 in
,6%\]7’]\]” and ﬁ(NT’N” for bosons. For fermions, sgn(Py;) = —1
and correlations of particles with the same spins vanish,
according to the Pauli exclusion principle. Using relations
between S, and N, |, one can see that the average correlations
of bosons with the same spins are the same as for wave
functions with defined collective spins and individual spin
projections, ﬁ%f’sl) = ,6%\’“]\]”, ﬁif‘si) = ™™ However,
average correlations of particles with opposite spins are
different,

(/02(0)) 2 2 N
+m<5 _Sz “I‘S_?).

The same is valid for average local spin-independent corre-
lations, calculated as a sum of spin-dependent correlations.
For the defined individual spin projections we have for both

J

_(S,S.) __ =(Ny.Ny)
Pry =Py

PHYSICAL REVIEW A 92, 033618 (2015)

bosons and fermions (the signs + and —, respectively, below)

_(N4,N. _(N4,Ny) ~(N4+,Ny)
p%T ¢)+puT ¢+2p;ﬁ i
N?+48? —2N
= _—_— O s
< 2N(N — 1) ><p2( 2

which depends on the total spin projection, unlike ﬁg\](O) [see
Eq. (46)]. For fermions, the average correlations of particles
with opposite spins, being equal to a half spin-independent
one, are different for the two kinds of states too. Thus the
spin-independent correlations, as well as the correlations of
particles with opposite spins, allow us to determine the kind
of the many-body state.

V. CONCLUSIONS

Matrix elements of spin-dependent two-body interactions
[Egs. (4), (6), and (7)] in the basis with collective spin and
spatial wave functions (16) can be calculated with group-
theoretical methods. These matrix elements agree to the
selection rules [19]. The interactions can be decomposed into
irreducible spherical tensors, whose explicit dependencies on
the total spin projection [Egs. (9) and (10)] are obtained using
the Wigner-Eckart theorem. Analytic expressions are derived
for sums of these matrix elements (28) and their squared
moduli [Egs. (34) and (39)] over wave functions with the
fixed total spin, its projection, and the set of spatial orbitals.
Dependence on the many-body states in these sums is given
by the 3j Wigner symbols and the universal factors Y,
Y©:2), Yés’o), YI(S’O), and YZ(S’O). These factors are independent
of details of one-body Hamiltonians and are expressed in
terms of the total spin and number of particles. The sum
rules can be applied to the evaluation of changes of the
spin-multiplet average energies (42) and energy widths (43)
due to weak spin-dependent interactions. Mutiplet-averaged
two-body spin-dependent correlations (45), calculated with
the sum rules, are factorized to universal factors, which are
independent of the spatial orbitals, and the average density,
which is independent of many-body spins. The difference
between these correlations and ones for the many-body states
with defined individual spin projections allows identification
of the many-body state kind. Other possible applications of
the sum rules include estimates of the spin-multiplet depletion
rates due to spin-dependent two-body perturbations.
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APPENDIX A: CALCULATION OF THE SUMS (30)

The sums (30) and (32) contain the Young orthogonal matrix elements D[[S]][O] (R), which have been calculated by Goddard [40]

in the following way. Each permutation R can be represented as

Nex

R=[]P.PP" (AD)

k=1

where P’ are permutations of symbols in the first row of the Young tableau [0] (A; first symbols), P” are permutations of symbols
in the second row (X, last symbols), and Pié i¢ transpose symbols between the rows as i; < A; and i}’ > A;. Then [40] the matrix
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element is inversely proportional to the binomial coefficient,

A\ ! Nex (A1 — Ney)!
Al Tex 1 _ lex | €X 1 X
D[O][O](R) =(-=1D < ex) =D %. (A2)

Using relations (23) and (18) and substitution R = QP~!, the sum (30) can be represented in the following form:

s, » )
=l = Do (RIDi5i0(R) Y 81,281,280, = 231, R -
R P
where A = [N/2+ S,N/2 — S]and ' = [N/2+ §',N/2 — §']. Only the sums with j; # j| and j, # j; are used here. This
implies /; # [j and [, # . The sum remains unchanged on simultaneous permutation of arguments and corresponding subscripts,

(5,5) / N (S8LS) N (8.8 7o
Ejljsz.jé(ll’{l’lz’lz). = Ej{jljzjz'(l 711712712) - Ejljl/jz/jz(ll’ll’l2’12)'

If ji = j2and ji = j;,

S0 = (N =2 Dl (R)DI o (RS =i, 815 1 (A3)
R

since there are (N — 2)! permutations P such that /; = Pj; and [; = Pj|{. This sum is independent of j and j’. Due to
the invariance mentioned above, £ 7311, b, 13) = £ 70 11,5, l) and B 50 1l b) = 2555501, ). The identity
S, ) = 457 )(1.13,11.1}) can be proved by the substitution R = R~

If j{ = j;, but ji # j», we have

Z311,73_/‘,31;,7),"312.7173]'251;,7%73," = 8.y, Z 3. R 2511,73_/l 817501 pjr = (N = 3)!8, ru 2512,721(1 = du, — ).

P LAAL P 7
Then
2Dl ds) =Y DI (RYDI G (RYN = 30161 iy (1 = 81,71, — 81,17
R
1 : 1 ,
_ S 11y S8, g
_(N DN —2) Ejj (1.5) —N — szj’jj’(ll’llvlblz)
(81, 1,8, 71 = 0, since [, # 15) is independent of j” and ji # j». Here the sum
=570 = N = DY Do (ROl (R (a4)
R

is calculated in Appendix C. The sum

=70 = B L) + 25 () + B3 L) + 5 (1)

in Eq. (35) can be expressed as

' / ’ 1 ' / ’ 2 ' / /
=1 1) = mzim(ll,zl,zz,lz) -5 % Dl bk, (A5)
where
£ V0 by = 250 + 250D + 25 V) + 251 (A6)

and =359(1,.1).1,.1}) is defined by Eq. (33).
Finally, if j; # j» # ji and j; # j, # Jjo, the sum is expressed using the following identity:

2511,791'1 1. pji 0. RP 0L RP ), = Z 81, R1 Z 8, rr 2511,791'1 81.pj181pj0r P,
P LA ey P
=(N -4 2512,72151;,7@(1 —8u,) (1 = 8y ) (1 = 8p,) (1 = 817

Lr

Then zj.f;*{jzjé(zl,lg,zz,zg) = 393,.1].1,.15) [see Eq. (35)] is independent of jy, j», j|, and j} and

SO L) =Y Dl (RIDIG (RIN — 8 = 81, 71, — 81,ri; — Smiy — Sr.mi; + 81, .m0, + 81,7, 81 m1,)
R
_ NN —4)! 1 6.9
T fs YT N-DIN-2(N -3 (N —2)(N - 3)
[see Egs. (I.5), (33) and (A6)]. Therefore, each sum (30) is expressed in terms of (A3) and (A4).

sED0L0 L) (A7)

(1, 11,0,0) +
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Let us at first calculate the sums (A3) for S = §". If [, =1, = Ay — 1, I{ =1} = X, the Kronecker symbols in Eq. (A3)
select the permutations of the form (A1) with " which do not affect /; and /| and /; # i; # I{. Therefore there are (A; — 2)!
permutations P’, A,! permutations 7P”, and number of distinct choices of the sets of i; and i; are given by the binomial coefficients
(x’;;z) and ( ::X), respectively. Then Eq. (A3) can be transformed as follows:

i =2\ A
(S.5) _ -
Ejj,jj,(kl — 1L,A,A — LA =(N —2)! Z(M - 2)”»2!< N )(”ex) <nex)

Nex=0

_ NIV —2)! [ ~ 2, . 4, }
~ fshiOa — 1) =D —=224+3) A — DO — A +2)(A — A +3) |

If [, =1, = Ay — 1,1} = I, = Ay, the permutations

ki
R =Py, [ [Py PP (A8)
k=1
satisfy the Kronecker symbols if P’ do not affect /; and /| and [; # i; # I{. Since Py, is a transposition of symbols in the first
row of the Young tableau [0], n.x = k,,, and
5D 00— Larana — D =390 00 — LA — Lay)
Ify =1, =1 +1,1] =15 = A + 2, the proper permutations are given by (A1) with P” which do not affect /; and /| and
Iy # i # 1}, and with no additional restrictions to P’ and i;. There are A;! permutations P’, (A, — 2)! permutations P”, and
number of distinct choices of the sets of i; and i} are given by the binomial coefficients ( :‘ ) and (Aflfz), respectively. Then

» M\ (2 —2\ A\ 2
SED 0+ LA+ 2,40 + LA +2) =(N — 2)! xlz(xz—z)!( )( )( )
P nex:O nex neX nex
_ NN —2)! [1 2 }
~ fsha(a — 1) M—A+3]

Ifl; =15 = A& + 1,1} = I, = Ay + 2, the Kronecker symbols are satisfied by the permutations (A8) with the same restrictions to
P” and i}/ as in the previous case. Since P}, is a transposition of symbols in the second row of the Young tableau [0], nex = ky,
and

BED O+ L+ 2.0 + 20 + D= S50 00 + LA +2.0 + Ly +2).
Ifly =x — LIy =A, b =X+ 1,and I = A; + 2, the permutations
km
R =P, Py [ | Pu PP (A9)
k=1
satisfy the Kronecker symbol if P’ do not affect /; and [ and [y # iy # I}. If [, # i} # I, for any k, Py,;,and Py, are additional
transpositions between the rows of the Young tableau [0], and nex = k,, + 2. Otherwise, if one of i}’ is equal to I, P}, LPin, =
Pii1,Piriy» Nex = ki + 1. By the same reason nex = k,, + 1 if one of i} is equal to ;. If two of i}/ are equal to [, and 1, nex = k.
Then

ho -2 -2
A= 2\[ [y —2 A Ay —2 Al
2S5 0 — LA + L +2) =(N —2)! A —2)1,! 2
ey LA+ LA +2) =(N = 2)1 ) (= 2! ‘. ) e 2GS

k=0

N <x2—2> (A1>—z] 3 2N!(N —2)!
km —2) \kn © fshQa — Dy — A+ 2 — A +3)

This derivation is valid for the case of [; = A; — 1,1] = Ay, [, = A; +2,and I, = A, + 1 as well, giving

2SS 00— Lana + 204+ 1) = 25000 — Las a4 LA +2).

Ji'Ji Ji'jj
Consider now the case of §'=8— 1. If [, =, = A; — 1, I] =1} = A, the Kronecker symbols in Eq. (A3) select the
permutations of the form (A1) with P’ which do not affect /; and /] and I; # i} # [{. Then

A —1 —1 2
_ AM=2\ [ 22\ [ A r—1 NIN = DN (A=A ho+21—2)
=LA = L) = (N=2)1 Y (L=2)1a! - .
s ( 1 b 1) ( ) ( : ) ? Nex Mex Nex Hex fS)\l()‘l_l)z()‘l_)‘Q + 2)

Nex=0
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If [y =1, =X — 1, I{ =1, = X, the permutations (A8) satisfy the Kronecker symbols if 7P’ do not affect /; and /{ and
Iy # i} # 1]. Since Py, is an additional transposition between the rows of the Young tableau [0] of the shape A" = [A; — 1,4, + 1],
Nex = kyy and nl,, = k,, + 1. As aresult,

A2 -1 -1
A =2\ /A A A —1
SO0 — LA = D=— N =21 Y ", — 2! ! ) !
i LALAL— 1) ( )Z(l e k. i P

k/n:o
_ NIN =20 +2)
T fshGa — D20 — A +2)

If [y = I, = A1, 1] =15 = X1 + 1, the Kronecker symbols in Eq. (A3) are satisfied by the permutations of the form (A1) with
P’ which do not affect /;, P” which do not affect I{, i, # [1, and i} # []. Then

A2 -1 -1
- M—=—1\ /) —1 A A —1
2O A+ LALA + 1) =(N — 2)! A — DIon — D! 2 ! !
G Ok A LA+ D) =(N =)L Y Ga = D102 = DT

ex Nex Nex Nex
nex=0

NN =10y — o+ D)
 fshha(h — A +2)

Ifl, =1, = A1, 1] =1, = A1 + 1, the permutations (A8) satisfy the Kronecker symbols if P’ do not affect /;, P” do not affect
I, i, # 1, and i] # I{. Since Py, is an additional transposition between the rows of the Young tableau [0] of the shape A,
nex = kyy + 1 and n, = k,,. As aresult,

A2 -1 -1

A =1\ (A —1 A A —1
2SO LA FLAa) == (N =2y (A = DIw — D™ 2 : :
S L LA == (N =21 Y (g = DIy — 1) ‘ o L

k=0 m
B NN —2)!
fshira(h — Ay +2)

Ifl, =i — 1,1 =1, = A1, I, = 1 + 1, the proper permutations are given by (A8) with P’ which do not affect /; and /|
and I} # i, #1}. Py, is an additional transposition between the rows of the Young tableau [0] of the shapes A and A’ and
Nex = N, = ky + 1, unless i = Ay + 1, when ney = n, = ky,. Then

A2 -1 -1
_ AM=2\[(r—1 Al A =1
TS E00 = Laa + La) =(V =21 Y (0 — 2)1hy! !
i o = Lanar+ L) =( ) (A1 = 2)!hy K K kot 1 ko 41

k=0

N (xz_ 1)(,\1>—1<,\1 — 1)-‘] B NN —2)!
km — 1) \kp, km C fsha — DO — A +2)

Ifly = A& — 1,1} = I, = A1, 1, = Ay + 1, the Kronecker symbols are satisfied by the permutations (A9) with the same restrictions
to P’ and i; as in the previous case. Since Pix,—1Pan+1 = Pra+1Pr—ia+10ex = Ny = kyy + 1, unless i) = A; + 1, when
Nex = nL, = ky, as in the previous case, and

205700 = Ladada + D = 257500000 = Lad + 1.

The last relevant case is &' =S —2. If [y =1, = A, — 1, I} =1} = Xy, the Kronecker symbols in Eq. (A3) select the
permutations of the form (A1) with P” which do not affect /; and /] and /; # i; # [}. Then

A2 -1 -1
_ A =2\ 2\ [ A A —2 NI(N —2)!
2290 — 1A — LA = (N — 2)! AL — 2)!A,! -
i LA 1= ) nz=o( 1 Az Tex Hex ) \Mex Nex fshii(Ap — 1)

If iy =1, = A — 1, [} = I, = Ay,the Kronecker symbols are satisfied by the permutations (A8) with the same restrictions to
P’ and i; as in the previous case. Now P, is a transposition within the same row of the Young tableau [0] of the shapes A or
A = [A — 2,A2 + 2]. Therefore

5900 — Lananas = ) = S5-5900.00 — Lagag — D).

APPENDIX B: CALCULATION OF THE SUMS (32)
The sum (32) is expressed using the relations (23) and (18) as
() [A] -1
=50 =Y Digjoy (PP P~ 8p8r py
P

Only the sums with j; # j| and j, # j; are used here. This implies / # /.
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If ji = j» and j| = jj, or ji = j; and j; = j;, there are (N — 2)! permutations P which satisfy the Kronecker symbols, and
the identity (24) leads to

SO =38 W1 = (N = 2D (P

171 Ji'J'J

Therefore

Eg)ﬁ A — LA = Eﬁf)” M+ LA +2) =N =2)!,

since [/ and [’ are in the same row of the Young tableau [0] of the shape A [see Eq. (I1.8)]. Then
=P = 1,00) = 2000 4 1,41 +2) = 2(N - 2)! (B1)
in Eq. (39).
If ji = jo, but ji # j, # Jji,
(S)
2:JJ/JJ’(Z )= Z D[O][O](Pll )ZSI Pjdr, P S, Py = (N —3)! Z D[o][o](PII”)
Z#l”#l/ l;él”?ﬁl/

Similarly,

(S) (S) (S) (S)
2:/1 Ij(l I = me(l I = z:/ Jiis (1) = 2”/”,(1 1.

Ifl =X — 1,1’ = Ay, forl” < Ay — 2,1 and!” are in the same row of the Young tableau [0] of the shape A, and D[[é]][o] Pyr) = 1.
For!” > XAy, and [” are in different rows of this Young tableau, and D[[(})‘J][OJ(PUH) = —1/X [see Eq. (A2)]. Then

=0 (-1 Al)_(N—3)'<A1 —2—%)

JJ J] 1
Similarly,
zjf?”,()\l + 1,0 +2) = (N —3)I(h — 3).
Then
P00 — LA = 4N = 3y — 2 = Az/Ap),
2000 + LA +2) = 4N = 3)10; = 3) (B2)
in Eq. (35).

If ji # j2 # j; and ji # j5 # jj, we have

=& [+] — [*]
Ju s () = Z Z Dygyo(Prrr) Z&,p]. 8. pjidrppdir Py = (N —4)! Z Z Do) (Prri).
LAV A TA A 1A P TAL A TA 1AL

Using the same values of the Young matrix elements as in the previous case, one gets

500 = LA = 2} 00 = 1) = (N = 4)‘[@1 2)(/\1—3)+A2(x2—1)—2(/\1—2)i—?],

Jviti2s

00+ 10 +2) = BP0+ L +2) = (N =02 = 20 = 5) + 400 = D, (B3)

APPENDIX C: CALCULATION OF THE SUMS (A4)

The sum (A4), expressed as

SO =W = DY Dl (R)Dl 0 (RS R (Cl)
R

is denoted for consistency with the sum E;f,’s) [see Eq. (I.LA1)], which is its special case for [ =1’ = A;. Since D{O]][O](R‘l) =
D%S]I[O] (R) and 6y z; = 8, r-1r, the substitution R = R~! transposes arguments / and /’. Therefore

=5V = 259, (C2)

Consider at first the case S = §’. If [ = I’ < A1, the Kronecker symbol in Eq. (C1) selects the permutations of the form (A1)
with " which do not affect [ and i # I. Therefore there are (A; — 1)! permutations P’, A,! permutations P”, and number of
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distinct choices of the sets of i; and i;’ are given by the binomial coefficients (l,‘l_l) and ( :2), respectively. Then this sum, being
independent of the particular values of /, is equal to Z;?’S)()\l M) = Eg’s), calculated in the Appendix in Ref. [1],

N!(N - 1)! A
=390 = VN — D 5 ) [/\1 -— ]
1 fs)‘l )\.1 —)\.2+2
If I #1U',butl < Ay and !’ < Ag, the Kronecker symbol in Eq. (C1) selects permutations
kin
R="Pu[[PyyPP", (C3)
k=1

with the same restrictions to P’ and i;.. Since both / and [’ are in the first row of the Young tableau [0], E;f’s)(l ) = Eﬁf‘s)(l )
in this case.

If I =1’ > Ay, the Kronecker symbol in Eq. (C1) selects the permutations (A1) with 7" which do not affect " and i/ # I.
There are A;! permutations P’, (A, — 1)! permutations P”, and number of distinct choices of the sets of i; and i, are given by
the binomial coefficients ( :ﬁ‘x) and (AZ;I), respectively. Then Eq. (A4) can be represented as

Ao -2 do—1
(5.8, M\ (P2 =1\ (M _ (A1 — nex)!
soan=ov -3 wes - )(5, ) () =i s 3 e
_ N!(N—l)![l_ 1 ] (C4)
Sfsha A=A +2

Ifl #1',but! > A; and!” > Ay, the Kronecker symbol in Eq. (C1) selects permutations (C3) with the same restrictions to P”
and i;’ as in the case of / = [’ > A,. Since both [/ and !’ are in the second row of the Young tableau [0], Eg's)(l,l’) = E;j‘s)(l,l)
in this case.

If I < Ay < I', the permutations (C3) satisfy the Kronecker symbol in Eq. (C1) if P’ do not affect / and i’y # [. If i} # I’ for
any k, Py is an additional transposition between the rows of the Young tableau [0], and ne = k,, + 1. Otherwise, if i} =1,
since 'Pll/lpz/,‘]’( = 'le‘,;'P]l/, Nex = kyy. Then

Xo -2 -2
S N Z _ Ar—1 A —1 Al A — 1\ (A NN -
B == 2 DMZ!( Kin >[( kin )(km+1> +<km—l)<km> :|_fskl(kl—k2+2)'

k=0

The next case is ' = § — 1. If | =1’ = X, the sum was calculated in Appendix in Ref. [1],

N!(N — 1)!
fshi

If Il =1’ = & — 1, the Kronecker symbol in Eq. (C1) selects permutations

(5—-1,9) _ v(S-LS)
=90 =30 =

Kin
R=[]PyiPuiPP. (C5)
k=1

if P’ are permutations of the A; — 2 first symbols, P” are permutations of the A, last symbols, ip # A; — 1, i, < i; —2, and
i’ > A1. The numbers of transpositions n¢ and n., between rows of the Young tableau [0] of the shapes A and A’, respectively,
depend onip. If ip = A1, nex(io) = nl(io) = kn . Ifig < A1 — 2, nex(io) = ki, 0., (i) = ky + 1, unless iy = i; forany k. In the last
case, nex(io) = ky, and, since Py Pyir = Pii; Piiys ney(io) = k. Similarly, if i > A1, ng (i0) = ki, nex(io) = kpy + 1, unless
io = i}, when ne(ig) = ky,. Thus for 2k, + 1 values of iy we have nex(io) = n.,(io) = k., for A; — 2 — k,y, values nex(io) = ki,
nl(io) = ky, + 1, and for Ay — k,,, values ne,(io) = ki + 1, n, (i) = k. Then the sum (A4) is expressed as

) A A =2\ /X (= 1)
%5 I’S)(M—l,xl—1)=(N—1>!Z(“_2)M2!< b )(kni)[(zk’ﬁl)(k;) ( o )

k=0

M\ -1\t M N -0 My =1
—Oa—2—k( " : —Oa—tk( ™ ! - MW=
km km+ 1 km+1 km fS)"l()"] - 1)
If ] = &, 0" = Ay — 1, the Kronecker symbol in Eq. (C1) selects permutations (C3) if P’ are permutations of the A; — 1 first
symbols, P” are permutations of the A, last symbols, i; < A; — 1, and i/ > A;. NOW nex = ki, ny =k, + Lunless i, =4 — 1
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(0

for any k, when nex = nl,, = k,,. Then

X -1 -1
) AV A=2\ (-1
sE=LOaa — 1) = (N = 1)! A — DIAy!
JJ ( 1,41 ) ( ) kXZ:O( ! ) 2 km km km —1 km

NN -1
fshi(g = 1)
A general relation can be derived for [ > A; + 1 and arbitrary /’, when the Kronecker symbol in Eq. (C1) is satisfied by

R =Pr~nPPin (C6)
with arbitrary P € Sy_i, such that PN = N. Then D{é]][o] (R) = D}(’}]][O](P/r ~N'P), since both / and N are in the second row of the

Young tableau [0] of the shape A [see Eq. (I.8)]. If ' < S and A] < A4, D{éiEO](R) = D[[())\],EO](PI/NP) by the same reason. Using
Eq. (23), the sum can be expressed as

=5V = (N = DUy D (Pen) Dy (Pen) Y DIy (PYDEG (P
! ,PESN,]
As P are elements of the subgroup Sy_; of permutations of N — 1 first symbols, a reduction to subgroup (see [4]) can be used,
DE?](P) D[”(P) where the Young tableaux 7 and 7, correspondmg to the same Young diagram A, are obtained by the removal

of the symbol N from the tableaux r and #, respectively. (Dr, (P) = 0if 7 and f correspond to different Young diagrams due to
different placement of the symbol N in r and ¢.) The summation over P can be then performed using the orthogonality relation
(see [4,5])

N!
Z D[/A ,](Q)D[”(Q) —————— 8 i (CT)
R fi-n,(N =1

where fs(N — 1) is the representation dimension for N — 1 particles. The symbol N is placed in the end of the second row in
the Young tableau [0]. Therefore, A = [A;,Ay — 1], A’ = [A|,A;, — 1], and A = A" only if A} = 4|, or § = §’. As aresult,
2SI o« 85 =0
whenever/ > A; + 1 and S’ < S. Due to Eq. (C2), the sum vanish whenever I’ > 1 4 1 for arbitrary / too. This general relation
provides the sums appearing in the present calculations
200 =L+ D =300 + D =20 W + L) = 250 + L+ D =0.

Another general relation restricts difference between S and S’. Equations (23), (C6), and the reduction to subgroup lead

to Digjo(R) = X,., Dig, (Pr N)D[”('P)Dz[?(}](,PIN) and D[O][O](R) Do D{é], (Pz/N)DE'\I,](P)Dt[,)\[gl(PlN). Then the sum (C1)
contains

> D P)DI(P) o 55
PeSy_1

[see _Eq. (C7)]. Now the symbol N can be placed in the_end of either row of the Young tableau. Then both A = [A{,A; — 1]
and A = [A; — 1,A7] are allowed, as well as two similar A’. Therefore, [A; — A|| < 1, or |S — §’| < 1. This provides the sums
appearing in the present calculations

S0 - L4 =D =2872900 - 1ap = 252000 - ) =8V =0.
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