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Exploration of the nonsequential double-ionization process of a Mg atom with different delay time
in few-cycle circularly polarized laser fields
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Using the three-dimensional classical ensemble method, we investigate the nonsequential double-ionization
(NSDI) process of Mg in few-cycle circularly polarized laser fields. We demonstrate the time evolution of
the distribution of the electron energy, the repulsion energy between double-ionized electrons, the distance
between the nucleus and double-ionized electrons, and the momentum of double-ionized electrons. By analyzing
these theoretical results, we find that a few-cycle pulse would allow a single recollision event. In addition,
the correlated momentum distribution, the angular distribution between double-ionized electrons, and the ion
momentum distribution with different delay time, which is the time interval between final double ionization and
recollision, are also demonstrated and the results show that the delay time plays a key role in electron emission
processes.
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I. INTRODUCTION

Nonsequential double ionization (NSDI) has been a hot
topic in strong-field physics during the past two decades [1–3].
Since electron correlation plays an important role in the NSDI
process, much of research on double ionization (DI) has
been focused on electron correlations [4], including angular
correlation [5–7] and recollision [8–10], etc. Generally, for
most atoms, NSDI always occurs in a linearly polarized laser
field, but for Mg this is not the case. Thus, the NSDI process of
Mg observed in circularly polarized (CP) fields [11] provides
a method for studying electron-electron correlation for deeper
understanding of strong-field processes.

In the recollision picture, the first released electron has
traveled out from the core, and then it is driven back by the laser
field and shares its kinetic energy with the second electron [12].
A number of theoretical studies and experimental works prove
that ionized electron pairs have been emitted in the same di-
rections after recollision [13–17]. However, experiments with
noble gas atoms [18,19] using cold target recoil ion momentum
spectroscopy find a great number of ionized electron pairs have
been emitted in opposite directions as well. These features pro-
vide strong evidence that both correlation and anticorrelation
behaviors contribute to the NSDI process. More interestingly,
Liu et al. [20] also demonstrated experimentally that at the
laser intensity below the recollision threshold the correlated
electron pairs from NSDI of atoms drift out by opposite
emissions; this is called the anticorrelated phenomenon. Many
theoretical studies show that the anticorrelation behavior is
related to the delayed emission of the second electron after
recollision [21–24]. Most of earlier NSDI experiments have
been implemented by using many-cycle laser pulses. However,
multiple recollisions contribute to the NSDI process, which
could make it difficult to understand the detailed recollision
dynamics clearly [25]. By using the few-cycle laser pulse,
we can achieve a single recollision event in NSDI process,
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which may help us understand the electron correlation more
clearly.

In this paper, we use the classical ensemble method to
investigate the NSDI processes of three-dimensional Mg in
few-cycle CP laser fields. The ionization probability of Mg as
a function of laser intensity is calculated. We demonstrate
that a few-cycle pulse would allow a single recollision
event. Moreover, we investigate the correlated momentum
distribution, the angular distribution between double-ionized
electrons, and the ion momentum distribution with different
delay time and the results show that the delay time plays a key
role in the electron emission process.

II. THEORETICAL MODEL AND NUMERICAL METHOD

We explore the ionization dynamics of Mg in few-cycle
CP laser fields by using the classical ensemble method [26].
The model of Mg has been used before [7,9,10]. The three-
dimensional (3D) classical Hamiltonian of Mg is given by
(atomic units are used throughout unless otherwise stated)

H (r1,r2; P1,P2; t) = T (p) + V(q,t). (1)

In the above equation, T (p) is the kinetic energy and V(q,t)
is the potential energy, which can be given by

T (p) = P2
1

2
+ P2

2

2
, (2)

V(q,t) = −
2∑

i=1

2

|ri| + 1

|r1 − r2| + (r1 + r2)E(t), (3)

where q = (r1,r2) is the label of the positions of the two
electrons and p = (P1,P2) is the corresponding conjugate
momentum. The CP electric fields can be chosen as E(t) =
E0f (t)[x̂ sin (ωt + ϕ) + ŷ cos (ωt + ϕ)] with frequency ω =
0.061 a.u. (750 nm in wavelength); f (t) = sin2(πt/τ ) is the
envelope pulse; the full duration is four optical cycles (o.c.);
E0 is the peak intensity, and ϕ is the carrier-envelope phases
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(CEPs). We use the soft core potential

V(q) = −
2∑

i=1

2√
ri

2 + a2
+ 1√

(r1 − r2)2 + b2
(4)

with the soft core parameters a = 3.0 and b = 0.05 to avoid
the autoionization states and remove the singularity of the
Coulomb potentials. The first term on the right represents
the ion-electron interactions and the second term on the right
represents the electron-electron interactions, respectively.

The symplectic method is suitable for long-time many-
step calculations and preserves the symplectic structure of
the system. By solving the Hamiltonian canonical equations
numerically with the symplectic method, we can obtain the
time evolutions of electron positions and the corresponding
momentum. The Hamiltonian of the system (1) contains
separately the p and the q in T (p) and V(q,t), which is
a separable Hamiltonian system. We may use an explicit
symplectic scheme to solve the corresponding Hamiltonian
canonical equation in order to obtain the classical trajectories
of Mg in an intense laser field. For instance, we can solve the
Hamiltonian canonical equation by the four-stage fourth-order
explicit symplectic scheme [27].

In our calculation, the initial condition has the same energy,
which approximately equals the sum of the first and second
ionization energies [28], which is about −0.8 a.u. [29]. Once
the initial ensemble is confirmed, the laser field is turned on
and all trajectories in the intense laser field evolve. We can
work with large number ensembles of classical electron pairs
in a statistical manner. Here, we define an electron to be ionized
if its energy is greater than zero at the end of the laser pulse.

III. RESULTS AND DISCUSSION

Figure 1 presents the DI probability of Mg as a function
of laser intensity in CP laser fields with a wavelength of

FIG. 1. (Color online) Double-ionization probability of Mg as a
function of the laser intensity in CP laser fields with different CEPs.
The laser wavelength is 750 nm.

750 nm and different CEPs. We can see that a “knee” structure
occurs in Fig. 1, which is in agreement with the corresponding
experimental results and numerical calculations [10,11]. We
can also see that the knee structure is unchanged for different
CEPs, which means that the NSDI probability of Mg is not
influenced by CEPs. Besides, with the laser parameters we
used in this paper, the knee structure occurs in the range of
0.03 ∼ 0.07 PW/cm2.

In order to further explore or understand the mechanism
of NSDI of Mg in few-cycle CP laser fields with all
CEPs, we demonstrate the time evolution of the electron
energy (Ei = |Pi|2

2 − 2√
|ri|2+a2

+ 1√
|r1−r2|2+b2

, i = 1,2) distri-

bution [30], the repulsion energy (Ep = 1√
|r1−r2|2+b2

) distribu-

tion between two electrons, the distance distribution between
the nucleus and double-ionized electrons, and the momentum
distribution of double-ionized electrons at the laser peak
intensity I = 0.04 PW/cm2 as shown in Fig. 2.

Figure 2(a) shows the time evolution of the electron energy
distribution of double-ionized electrons. We can see that the
electron energy oscillates in the range of −0.5 ∼ −0.13 a.u.
After a period of time, the distribution splits into two branches.
One of them emerges from the positive-energy region while
the other drops to a lower negative-energy region, which shows
that single ionization occurs after the first optical cycle. The
ionized electron returns to the core during the second optical
cycle (the energy become negative) and collides with the
second electron, which corresponds to a recollision process.
By the third optical cycle, the two branches turn into one
branch and emerge at the positive-energy region, which shows
that the double ionization is completed.

Figure 2(b) shows the repulsion energy distribution between
two electrons as functions of time. Similarly, first of all the
repulsion energy also presents the oscillation in the range
of 0.15 ∼ 0.4 a.u., which lasts 0.67 o.c. Then the repulsion
energy decreases rapidly, which shows the single ionization
occurs after the first optical cycle. The repulsion energy around
the second optical cycle is as high as that around 0.67 o.c.,
which shows the ionized electron returns to the core. The
above phenomenon is in accordance with that illustrated in
Fig. 2(a).

Figure 2(c) shows the time evolution of the distance
distribution between the nucleus and double-ionized electrons.
There is a peak value at about 1.4 o.c., which shows the single
ionization occurs. Then the distance decreases rapidly up to
about 0 a.u. around 2 o.c. and then increases rapidly until
the end of the pulse. Figure 2(c) also illustrates that a single
recollision happens.

Figure 2(d) shows the time evolution of the momentum
distribution of double-ionized electrons. Similarly, first of all
the momentum also presents the oscillation in the range of
0 ∼ 0.35 a.u. which lasts 0.67 o.c. Due to the energy sharing
and subsequent electric field effect, one of the ionized electrons
slows down quickly and the other speeds up after recollision.

Thus we can conclude from Fig. 2 that there is a single
recollision event in the NSDI process in a few-cycle CP
laser field at the laser peak intensity I = 0.04 PW/cm2.
Because multiple recollisions contribute to the NSDI process
in multicycle lasers, it is difficult to understand the detailed
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FIG. 2. (Color online) Time evolution of (a) the electron energy distribution, (b) the repulsion energy distribution between two electrons,
(c) the distance distribution between the nucleus and double-ionized electrons, and (d) the momentum distribution of double-ionized electrons
in the CP laser fields with a wavelength of 750 nm and a laser peak intensity of I = 0.04 PW/cm2.

recollision dynamics clearly [25]. By using the few-cycle
laser pulse, we can achieve a single recollision event in the
NSDI process, which may help us understand the elelctron
correlation more clearly.

The time interval between recollision and final double
ionization is defined as the delay time (tD). Figure 3(a) shows
the counts of NSDI trajectories versus the delay time. We can
see that the range of the delay time is distributed from 0 to
1 o.c. and the counts of NSDI trajectories are the biggest
at about 0.4 o.c. We discuss the delay time at about 0.5
o.c. for clarity and without loss of generality. Figure 3(b)
shows the map of the double-ionization time (tDI) versus
the recollision time (tr). It clearly shows that NSDI events
are mainly continuously clustered in a single region, the

recollision time is distributed in the range of 1.75 ∼ 2.2 o.c.,
and the double ionization occurs after 2.15 o.c. We know that
the whole range of the delay time is from 0 to 1 o.c., which is
shown in Fig. 3(a). We give the delay time tD = tDI − tr = 0.5
o.c., which is indicated by the white dashed line in Fig. 3(b).
We point out that the lower region of the white dashed line
represents the short delay time (tD < 0.5 o.c.), and the upper
region of the white dashed line represents the long delay time
(tD > 0.5 o.c.). In Ref [25], it was found that NSDI events of
Ar mainly cluster two regions in the linearly polarized laser
fields with a wavelength of 750 nm and a laser intensity of
I = 0.3 PW/cm2, which is different from Mg in the CP laser
fields with a wavelength of 750 nm and a laser peak intensity
of I = 0.04 PW/cm2.

FIG. 3. (Color online) (a) Counts of NSDI trajectories versus the delay time in CP laser fields at a laser peak intensity of I = 0.04 PW/cm2.
(b) The map of the double-ionization time (tDI) versus the recollision time (tr) in CP laser fields. The white dashed line indicates the delay time
tD = tDI − tr = 0.5 o.c.
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FIG. 4. (Color online) The correlated momentum distribution of Mg at the end of the laser pulse with different delay time in CP laser fields
at a laser peak intensity of I = 0.04 PW/cm2: (a) all delay time, (b) tD < 0.5 o.c., and (c) tD > 0.5 o.c.

The correlated momentum distribution at the end of the laser
pulse is shown in Fig. 4. Figure 4(a) shows that the electron
momentum distributes in four quadrants at all delay times.
In order to explore the difference in electron correlation, we
show the correlated momentum distribution with a short delay
time and a long delay time in Figs. 4(b) and 4(c), respectively.
For tD < 0.5 o.c. [as shown in Fig. 4(b)], most of the electron
momentum is mainly distributed in the first and third quadrants
compared with that shown in Fig. 4(c) (tD > 0.5 o.c.), which
shows the correlation between two electrons is predominant.
However, for tD > 0.5 o.c. [as shown in Fig. 4(c)], the electron
momentum is mainly distributed in the second and fourth
quadrants, indicating that the anticorrelation between two
electrons is predominant.

For a short delay time (tD < 0.5 o.c.), the returning electron
collides with the other electron strongly and transfers enough
energy to it during the recollision, the other electron obtains
a little energy from the electronic field, and then the double
ionization is completed. Thus, the double ionization with a
short delay time (tD < 0.5 o.c.) following “hard-hit” recolli-
sion leads to the same emission of two electrons (correlated
phenomenon) [21]. On the contrary, if the returning electron
collides with the other electron not so strongly, the other
electron needs to obtain more energy from the electronic field

in a long delay time (tD > 0.5 o.c.), which leads to the opposite
emission of two electrons (anticorrelated phenomenon). IThis
is similar to that indicated in Ref. [21], which illustrated
that the two electrons are emitted into opposite directions for
an increasing time interval between recollision and double
ionization (delay time).

We present the angular distribution between double-ionized
electrons at the end of the laser pulse in CP laser fields in Fig. 5.
The angle between double-ionized electrons at the end of the
laser pulse is defined as θ . For tD < 0.5 o.c. [as shown in
Fig. 5(a)], the angle θ is mainly distributed at 60◦ ∼ 90◦ and
270◦ ∼ 300◦, which means that the two electrons are more
likely to be emitted into the same direction. For tD > 0.5 o.c.
[as shown in Fig. 5(b)], the angle θ is distributed at 90◦ ∼ 270◦
and the two electrons have more probability to be emitted with
150◦ ∼ 210◦, which means that the two electrons are more
likely to be emitted in opposite directions.

Finally, the ion momentum distribution at the end of the
laser pulse is presented in Fig. 6, which can reflect the
correlation between the two electrons [6]. Figure 6(a) shows
that the ion momentum distribution at all delay times presents
a circular structure. The momentum of the ion is larger if
the two electrons are emitted in the same direction than that
if the two electrons are emitted in opposite directions [6].

FIG. 5. (Color online) The angular distribution between double-ionized electrons with different delay time at the end of laser pulse in the
CP laser fields at a laser peak intensity of I = 0.04 PW/cm2: (a) tD < 0.5 o.c. and (b) tD > 0.5 o.c.
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FIG. 6. (Color online) Ion momentum distributions at the end of the laser pulse with different delay time in the CP laser fields at a laser
peak intensity of I = 0.04 PW/cm2: (a) all delay time, (b) tD < 0.5 o.c., and (c) tD > 0.5 o.c.

For tD < 0.5 o.c., Fig. 6(b) shows that the ion momentum
distribution around the origin is sparse, but the ion momentum
away from the origin is more populated, which illustrates that
the two electrons are more likely to be emitted in the same
direction. However, for tD > 0.5 o.c., Fig. 6(c) shows that
the ion momentum distribution around the origin is more
populated, but the ion momentum distribution away from
the origin is sparse, which illustrates that the two electrons
are more likely to be emitted in opposite directions. The
mechanism demonstrated in Fig. 6 is in accordance with that
illustrated in Figs. 4 and 5.

IV. CONCLUSIONS

In summary, we use the 3D classical ensemble method to
investigate the NSDI processes of Mg in few-cycle CP laser
fields. By analyzing the time evolution of the distribution of
the electron energy, the repulsion energy between double
ionized electrons, the distance between the nucleus and
double-ionized electrons, and the momentum of double-
ionized electrons, we can sufficiently illustrate that a single
recollsion event occurs in CP laser fields with the laser

parameters we used. We illustrate that the delay time plays
a key role in the electron emission process by analyzing
the correlated momentum distribution and the ion momentum
distribution. For tD < 0.5 o.c., the ion momentum distribution
around the origin is sparse, but the ion momentum away from
the origin is more populated, which means that the correlation
between two electrons is predominant. However, for tD > 0.5
o.c., the ion momentum distribution around the origin is more
populated, while the ion momentum distribution away from
the origin is sparse, which indicates that the anticorrelation
between two electrons is predominant. In addition, we also
investigate the angular distribution between the double-ionized
electrons at the end of the laser pulse with different delay time,
and the results show that the double-ionized electrons are more
likely to be ejected in opposite directions for a long delay time
during the NSDI process in CP laser fields.
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